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EXISTENCE OF DIFFUSION ORBITS
IN A PRIORI UNSTABLE HAMILTONIAN SYSTEMS

CHONG-QING CHENG & JUN YAN

Abstract

Under open and dense conditions we show that Arnold diffusion
orbits exist in a priori unstable and time-periodic Hamiltonian
systems with two degrees of freedom.

1. Introduction and results

By the Kolmogorov, Arnold and Moser (KAM) theory we know that
there are many invariant tori in nearly integrable Hamiltonian systems
with arbitrary n degrees of freedom. These tori are of n dimensions and
occupy a nearly full Lebesgue measure set in the phase space. As an
important consequence, all orbits are stable in autonomous system with
two degrees of freedom, or time-periodic system with one degree of free-
dom, in the sense that the actions do not change much along the orbits.
However, the KAM theory does not guarantee such stability when the
system has three or more degrees of freedom for the autonomous case
or when it has two or more degrees of freedom for the time-periodic
case, simply because the KAM torus cannot separate the phase space
(or integral manifold) into two disconnected parts.

In his celebrated paper [1], Arnold constructed an example of nearly
integrable Hamiltonian system, where some orbits are unstable. His
example is a time periodic system with two degrees of freedom. In
Arnold’s example, the perturbations are chosen so specifically that all
hyperbolic invariant tori preserve in the perturbed system. Hence,
one can use the so called Melnikov method to construct transition
chain along which the action has substantial variation. However, in
a generic case, the perturbed systems do not possess such a good prop-
erty; some resonant gaps between invariant tori break up the transition
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chain. Thus, it seems unclear whether one can apply Arnold’s method
to find diffusion orbits. Despite this technical difficulty, Arnold asked
whether there is such a phenomenon for a “typical” small perturbation.
After nearly four decades of study, some remarkable generalizations of
Arnold’s result have been announced [8],[16],(20]. A few years ago, Xia
[20] announced that Arnold diffusion exists in generic a priori unstable
systems. Recently, Mather announced [16] that under so-called cusp
residual condition, Arnold diffusion exists in a priori stable systems
with two degrees of freedom in time-periodic case, or with three degrees
of freedom in autonomous case. They claim that diffusion orbits can
be constructed by variational method. Using geometrical method, some
demonstration was provided in [9] to show that diffusion orbits exist in
some types of a priori unstable and time-periodic Hamiltonian systems
with two degrees of freedom.

In this paper, we study generic perturbations of a priori unstable
Hamiltonian systems which have two degrees of freedom and are time-
periodic, and give a complete proof of the existence of diffusion orbits by
using variational method. The approach of our proof is different from
the approaches proposed by Mather and by Xia (cf. [16] and [20]).
The starting point of our proof is based on the previous work of Mather
([14], [15]). With his deep insight, Mather developed a new varia-
tional method to study Hamiltonian dynamics in higher dimensions. In
[14], Mather established the variational set-up of time-dependent pos-
itive definite Lagrangian systems and showed the existence of minimal
measures. By exploiting the properties of barrier functions in [15], he
introduced the idea of C-equivalence and pointed out a possible way
to construct connecting orbits. However, the difficulty in applying this
method to interesting problems in higher dimensions is that we do not
know the structures of related c-minimal orbit sets. In this paper, we
have succeeded in getting sufficient information about the topological
structure of the relevant Mané sets and in providing the proof of a the-
orem of connecting C-equivalent Mané sets formulated by Mather in
[15]. Consequently, we are able to construct the diffusion orbits cross-
ing the gaps. However, it appears unclear whether such C-equivalence
can be established at the place where uncountably many whiskered tori
cluster together. Fortunately, this is the place where there is no big
gap. Arnold’s mechanism can be used here because a transition chain
of whisker tori clearly exists in this case. Crucially relying on such geo-
metric structure, we are able to establish local variational principle (cf.
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[6], [6]), the local minimum corresponds to some diffusion orbits crossing
these whisker tori. It is the variational version of Arnold’s mechanism.
Another step in our proof is to show that we can join the orbits con-
structed by C-equivalence smoothly with the orbits which realize the
minimum of the local variational principle. In this way, we do find some
diffusion orbits in generic systems.

Given a Hamiltonian function H (p, ¢, t) the Hamiltonian equation has
the form:

OH OH
1.1 j=—, p=——.
The Hamiltonian function studied here has the following form:
(1.2) H(p.q,t) = f(p1) + 9(p2, 2) + P(p, ¢, 1),

where p = (p17p2) S RQ? q = (Q1aQ2) € T27 HecC" (T > 3)7 Pis a
time-1-periodic small perturbation. We assume it satisfies the following
conditions:

1. f+ g is a convex function in p i.e., the Hessian matrix 0,,(f + g)
is positive definite, finite everywhere and has superlinear growth
in p, (f +9)/Ip]l — o0 as [lp] = oo,

2. it is a priori unstable in the sense that ¢ has non-degenerate saddle
critical point, i.e., Jpygo9? — Opops90angng > 0 at (p3,q3). The
function g(p3,¢2) : T — R attains its maximum at ¢3: g(p3, ¢3) =
maxg, ¢(p3, q2). Without loss of generality, we assume (p3,¢3) = 0.

Let Bk denote a ball in the function space C"({(p,q) € T? x R? :
llp|| < K} — R), centered at the origin with radius of e. Now, we can
state the theorem which was formulated by Arnold in [1).

Theorem 1.1. Let A < B be two arbitrarily given numbers and as-
sume H satisfies the above two conditions. There exists a small number
€ > 0, a large number K > 0 and an open and dense set S, g C Be i
such that for each P € S¢ k there exists an orbit of the Hamiltonian
flow which connects the region with p1 < A to the region with p; > B.

We shall use variational argument to complete the proof. In Sec-
tion 2, by using Legendre transformation we follow Mather’s work [15]
and put this problem into the Lagrangian formalism. The diffusion or-
bits are found by searching for the minimal action of the Lagrangian.
Some properties such as upper semi-continuity of some set-valued func-
tions are also proved in this section. In Section J, we investigate the
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topological structure of some relevant Maifié sets. Section ¥, is devoted
to the study of the barrier function when the Aubry set contains a codi-
mension one torus. In Section A, by making use of the semi-continuity
property shown in Section &, we obtain the proof of a theorem of con-
necting C-equivalent Mané sets, formulated by Mather in [15]. Based on
the understanding of the topological structure of the relevant Mané sets
shown in Section B, we establish the C-equivalence among those relevant
Mané sets and use this C-equivalence to construct the diffusion orbits
crossing resonant gaps. In virtue of the techniques developed in [6] and
the analytic expression of the barrier function obtained in Section 4, we
join the orbits constructed by C-equivalence smoothly with the orbits
constructed via transition chain. Thus, we obtain the diffusion orbits.
In Section &, we show the open and dense property.

2. Variational set-up

Roughly speaking, the diffusion orbits are constructed by connecting
different c-minimal orbit sets, along which the Lagrange action takes its
minimum. Therefore, we shall study the Lagrangian equation equivalent
to the Hamiltonian equation (I.1):

d (OL\ OL
2.1 Bl () I
@1 dt<5Q') dq 0

where the Lagrangian function L(q,q,t) is obtained from the Hamil-
tonian function (I.I) by using Legendre transformation £: (p,q,t) —
(¢, q,t) such that

(2.2) L(g,q,t) = mgx{m q) — H(p,q,t)}-

Here, ¢ = ¢(p, q,t) is implicitly determined by ¢ = %—ZI. Since we study
a nearly integrable system, the Lagrangian has the form of

L = LO(q27(j) + Ll(Qa Cj,t),

where Lg corresponds to f + g through the Legendre transformation.

Throughout this paper, we use ¢’ to denote the Euler-Lagrange flow
determined by L, use ® to denote the Hamiltonian flow determined by
H. To specify the Euler-Lagrange (Hamiltonian) flow determined by
other functions, we add the subscript, e.g. qﬁtLO, @}Jrg, etc.
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Clearly, Equation (2.1) corresponds to the critical point of the func-
tional

A = [ Ll

We can think that L is a function defined on TM x T where M = T2
As f+ g is an integrable system and H is its small perturbation, every
solution of H is well defined for ¢ € R. By the assumptions on H, we
see that L satisfies the following conditions introduced by Mather [14].

Positive definiteness. For every (q,t) € M x T, the Lagrangian
function is strictly convex in velocity: the Hessian Ly, is positive defi-
nite.

Superlinear growth. We suppose that L has fiber-wise superlinear
growth: for every (q,t) € M x T, we have L/||¢|]| — oo as ||¢|| — oo.

Completeness. All solutions of the Lagrange equations are well
defined for all t € R.

Under these conditions, Mather established the theory of c-minimal
measure and ¢-minimal orbits [14, 15]. To introduce some basic results
of Mather, let us observe the fact that the functional | Ldt has the same
critical point as [(L—mn.)dt does if 1. is a closed 1-form on M x T, whose
first de Rham co-homology class is ¢, i.e., [1.] = ¢, in other words, their
Lagrange equations are the same.

Let I = [a,b] be a compact interval of time. A curve v € CY(I, M)
is called a c-minimizer or a c-minimal curve if it minimizes the action
among all curves ¢ € C1(I, M) which satisfy the same boundary condi-
tions:

b

(23 ) = min [ (L= no(de(e) e

¢@)=v(a) Jq

§(b)=(b)
As we have the condition of completeness, the minimizer must be a C'-
curve by Tonelli’s theorem. Without the completeness, the minimizer
can fail to be [2]. If J is a non-compact interval, the curve v € C*(.J, M)
is said a c-minimizer if 7|7 is c-minimal for any compact interval I C
J. An orbit X(¢) of ¢' is called c-minimizing if the curve m o X is
c-minimizing, where the operator 7 is the standard projection from
tangent bundle to the underlying manifold along the fibers; a point
(2,8) € TM x R is c-minimizing if its orbit ¢!(2,s) is c-minimizing. We
use G1,(¢) € TM x R to denote the set of minimal orbits of L — 7, (the



462 C.-Q. CHENG & J. YAN

c-minimal orbits of L). We shall drop the subscript L when it is clear
which Lagrangian is under consideration. It is not necessary to assume
the periodicity of L in ¢ for the definition of G. When it is periodic in
t, G (¢) C TM x R is a non-empty compact subset of TM x T, invariant
for the Euler-Lagrange flow ¢

We can extend the definition of action along a C''-curve to the action
on a probability measure. Let 91 be the set of Borel probability mea-
sures on TM x T. For each v € M, the action A.(v) is defined as the
following;:

(2.4) A) = [(L o

Mather has proved [14] that for each first de Rham cohomology class c,
there is a probability measure p which minimizes the actions over 91

Ac(p) = inf [ (L —ne)dv.

This p is invariant to the Euler-Lagrange flow. We use M(c) to de-
note the closure of the union of the support of all such measures, use
—a(c) = Aq(p) to denote the minimum c-action. It defines a function
a: H'(M,R) — R, usually called a-function. Its Legendre transforma-
tion B: Hi(M,R) — R is usually called S-function. Both functions are
convex, finite everywhere and have super-linear growth [i4]. As M(c)
is defined as the limit measure of c-minimal orbits, the following lemma
is a straightforward result of topological dynamics:

Lemma 2.1. For each co-homological class ¢ and each positive num-
ber €, there exists a positive number Ty = Ty(c,€), such that if T > Ty
and v: [0,T] — M x T is a curve minimizing the action of L — 1.,
[ne] = ¢, then there is t € [0,T] such that

d(dy(t), M(c)) <e.

Before starting the existence proof of diffusion orbits, we need to
introduce some more concepts and investigate some relevant properties,
which shall be made use of below for our purpose.

We have defined the sets M(c) and G(c). It is easy to see that M(c)
is contained in the set G (c). Between the set G and set M, we can also
define so-called Aubry set A(c) and Mané set N'(c) as well as the limit
point set £(c).
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As all orbits are well defined on the whole R, they have w-limit sets
and o-limit sets. Let @(c) be the union of w-limit points of c-minimal
orbits X (t) : [0,00) — T'M x T, let &(c) be the union of a-limit points of
c-minimal orbits X (t) : (—o0,0] — TM x T. We call L(c) = &(c) Ud(c)
the limit set.

To define the Aubry set and the Mané set, let us define

t/
(2.5) he(z, 2’ t,t') = min / (L —ne)(dvy(s),s)ds + (' —t)a(c),
yecl ([t,¢'],M) J¢
()= () =2’
F.(z,2',s,s') = inf he(z,2' t,t).
s=tmod 1
s/::/ mod 1
t/>t+1
(2.6) he(z,2') = he(z,2',0,1), F.(z,2") = F.(x,2',0,0).
Let
n—1
h!(z,2") = min { Z he(mi,mis1) = mo = x, my, =2’
i=0
andmiEMforOSiSn}
and let
(2.7) he®(z,2") = liminf Al (z,2"),
n—oo
(2.8) de(z,2") = hP(z,2") + h (2, ).

Mather showed in [15] that d. is a pseudo-metric on the set {x € M :
he°(z,x) = 0}. A curve v € CY(R, M) is called c-semi-static if

Ac(Vfap)) + ale)(b —a) = Fe(v(a),7(b),amod 1,bmod 1)
for each [a,b] C R. A curvey € CY(R, M) is called c-static if, in addition
Ac(Ya)) + ale)(b — a) = —Fe(y(b),7(a),bmod 1,amod 1)

for each [a,b] C R. An orbit X(¢) = (dv(t),tmod 1) is called static
(semi-static) if ~ is static (semi-static). We call the Maiié set A(c) the
union of global c-semi-static orbits, the set A(c) is defined as the union
of global c-static orbits, we call it Aubry set.
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We use M(c), L(c), A(c), N(c) and G(c) to denote the standard
projection of M(c), L(c), A(c), N(c) and G(c) from TM x T to M x T
respectively. We have the following inclusions [4].

(2.9) M(c) € L(c) € A(e) € N(e) € G(o).

The set G (c) and N (¢) have the good property of upper semi-continuity
in ¢. Restricted on A(c), the map 7~ : A(¢) — A(c) is Lipschitz. We
use N, (c) = N(c)|i=s to denote the time section, and so on.

When necessary, we use the symbols Gr.(c), Nz(c), AL(c) and M (c)
to denote the minimal orbit set, Mané sets, Aubry set and Mather set
determined by some Lagrangian L respectively, omitting the subscript
L when the Lagrangian is clearly defined.

To describe these minimal orbit sets, Mather introduced two kinds of
barrier functions B, and B, it is defined as follows

Be(q) = h°(q,9)

(2.10) B:(g) = min{hc*(§, q) + h(g,m) — heo(€m) =V §,n € Mo(e)}.

Clearly, we have 0 < BY < B.. When d.(£§,n) = 0 for all £,n € My(c),
then B. = B [i1§]. It is not hard to see that Ay(c) = {z € M : B.(z) =
0}. The following lemma is a modified version of the Proposition 2.1 in

[4].

Lemma 2.2. Let M be a compact, connected Riemannian mani-
fold. Assume L € C"(T'M x R,R) (r > 2) satisfies the positive defi-
nite, superlinear-growth and completeness conditions. Considered as the
function of t, L is assumed periodic for t € (—o0,0] and for t € [1,00).
Then, the map L — Gr, C TM xR is upper semi-continuous. As an,
immediate consequence, Q(c) 18 a non-empty compact set in TM x T
and the map ¢ — G(c) is upper semi-continuous if L is periodic in t.

We can consider t is defined on (T V [0,1] VT)/~, where ~ is defined
by identifying {0} € [0, 1] with some point on one circle, and identifying
{1} € [0,1] with some point on another circle. Let Uy = {((,q,?) :
(¢,;t) € M x (TV[0,1] VT)/ ~, |¢]| <k}, U2 Uy = TM x R. Let
L; € C"(TM x T,R). We say L; converges to L if for each ¢ > 0 and
each Uy, there exists ig such that || L — L;||y, < e€if i > i.

Proof. Since M is connected and compact, any two point x1, xo € M
can be connected by a geodesic. Let ¢(x1,x2) be the length of the
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shortest geodesic connecting these two points, there is an upper bound
K; > 0 of ¢(x1,x2) uniformly for all x1, 29 € M. Let
K = max L(q,¢,t).

(g,t)ET2 X (TV[0,1]VT)/~
IK<Ky

Given time interval [a, b] with b—a > 1, if we reparametrize the shortest
geodesic v(s) by ¥(t) = v(l(z1,22)(t — a)/(b — a)), then F(t) is a C'-
curve such that y(a) = z1, 7(b) = z2. Clearly, the action of L along
this curve is not bigger than K (b — a). Obviously, there is an upper
bound uniformly for all minimizing action of L’ if they close to L on
{II¢]| < K1}, still denoted by K (b — a).

Since the super-linear growth is assumed, there are two constant C
and D such that L'(q,¢,t) > C||q|| — D for all (¢, ¢,t) € TM X [a,b] and
for all L close to L. It follows that

dist(y(a),2 (1) _ 1 [P (K + D)

(211) P <o [ < 55
if v is a minimizer. As (2.11) holds for any b—a > 1, it implies that there
must be some 7; € [a+1i,a+1i+ 1] (i € Z) such that ||5(7)|| < C~1(K +
D). By the compactness of M x (TV[0, 1]VT)/~, we see that there exists
Ky > 0such that Usepo190°({¢,§,t = (q,1) € M x(TV[0,1]VT)/~, [|§]| <
CU K +D)}) © {g,6.t 5 (q,) € M x (T [0,1] VT)/ ~, [I6] < Ko},

Let L; € C"(TM x R,R) be a sequence converging to L, let ~;:
[a,b] — M be the minimizer of L; with b — a > 1. By the argument
above, we see there exists some Uy, D {{,q,t: (q,t) € M xR, ||£]| < K2},
so that ||(L(z,t) — Li(z,t)||v, < €. Here, ¢ — 0 as i — oo. Thus,

b
(2.12) / L(dvi(t), )t < (K + )b — a).

As all ~; is a C'-curve and the actions of L on each 7; are bounded
by (2.12), the set {7;}icz, is compact in the C%-topology (cf [14]).
Moreover, this set is compact in the C*([a,b], M)-topology as we have
%]l < Ka and as 92L/d4¢?* is positive definite. So, we can write the
Lagrange equations in the form of ¢ = f(q,q,t), which implies ~; is
bounded in C%-topology.

Let v: [a,b] — M be one of the accumulation points of this set.
Clearly, v: [a,b] — M is the minimizer of L and we have

Au(9) = tim [ Lu(dni(t), )t

1— 00 a
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We let I; = [-T;,T;] and let T; — oo, there is a sequence of minimizers
of L;, v;: I; — M. By diagonal extraction argument, we can find a
subsequence of v; which converges C! uniformly on each compact set
to a C'-curve v: R — M which is the minimizer of L on any compact
interval of R. This proves the upper semi-continuity of L — Gr.

Given L periodic in t, we let L. = L — 7. where 7. is a closed one
form such that [n.] = ¢. 7. is a linear function in ¢. If ¢; — ¢, we
can choose a sequence of closed 1-form 7., such that [n.] = ¢ and
Me; — Meljgy<x, — 0. In this case, L., — L. implies ¢; — c. Since
the c-minimal orbits are independent of the choice of 7;, applying the
argument above, we obtain the upper semi-continuity ¢ — G (). q.e.d.

In the application, the set g(c) seems too big to be used for the
construction of connecting orbits in interesting problems. Mané sets
seem good candidates. In the time-periodic case, Mané set can be a
proper subset of G(c), N'(¢) € G(c). It is closely related to the problem
whether the Lax—Oleinik semi-group converges or not, some example
can be found in [10]. To establish the connection between two Maiié
sets, we consider a modified Lagrangian

Lyp=L-n~-p,
where 7 is a closed 1-form on M such that [n] = ¢, p is a 1-form de-
pending on t in the way that the restriction of p on {t < 0} is 0, the

restriction on {t > 1} is a closed 1-form i on M with [] = ¢ — ¢. Let
mo, m1 € M, we define

Ty
(213)  hDTi(mg,my) =  inf / (L — 1 — ) (dv(t), )dt
’ (=To)=mo J —T,,
¥(T1)=my
+ Toa(e) + Tral(d).
Clearly, 3 m* € M and some constants C},, Cy, ,,, independent of Tp, 17,
such that

hIoT (mg, ma) < BLP (mo, m*) 4+ hE2 (m*, ma) + C,

< Cypp-
Thus, its limit infimum is bounded
(2.14) by (o, my) = Ylérjr;ll_r)lgo h;‘]F?ATl (mo,my)

< Chp-
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Let {Tg}iez+ and {Tf}ieZJr be the sequence of positive integers such
that T} — oo (j = 0,1) as i — oo and the following limit exists
. TET
Zlirglo hp% ' (mg,my) = h;’ifu(mo,ml).
Let ~;(t,mo,m1): [-Tg,T{] — M be a minimizer connecting mgo and
mi

o T}

T T? 1 . .

i (o, smn) = [ (L= p){ava(0) 0t + Tha() + Tia(e)
~T

From the proof of Lemma 2.2, we can see that for any compact interval

[a, b], there is some I € Z, such that the set {v;};>s is pre-compact in

C'([a, 0], M).

Lemma 2.3. Let v: R — M be an accumulation point of {~;}. If
s > 1, then

@) A, Gl =t [y 0.0a

T —TEL,TI>s
7 (s)=7(s)
7 (r1)=1(7)

+ (1 —7)al(d),
if T <0, then

(215b)  Ap,(l[s.7]) = o /T<L—n—u><dv*<t>,t>dt

81 —8€ZL,s1<T s1
7 (s1)=7(s)
Y (T)=7(7)

— (s1 = s)a(c),
if s <0 and 1> 1, then

T1
@159 A, Ols) =t [ @@
s1—S€L,T1—TEL s1
s1<0,711>1
Y*(s1)=7(s)
7 (r)=y(r)
— (51 — s)a(e) — (11 — T)a(d).

Proof. To show that, let us suppose the contrary, for instance, (2.155)
does not hold. Thus, there would exist A >0, s <7 <0, 1 <7 <0,
s1—s € Z and a curve ¥*: [s1, 7] — M with v*(s1) = v(s), v* (1) = v(7)

such that
Ar, . (V[s, 7)) = / (L —n—p)(dy*(t),t)dt — (s1 — s)a(c) + A.

S1
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Let e = iA. By the definition of limit infimum, there exist 7} 80 > 0 and
T7° > 0 such that

(2.16)  hloT (mg,ma) > h°,(mo,my) —e VY Ty > Tg0, Ty > T},

there exist subsequences T]““ (j=0,1, k =0,1,2,...) such that for all
k>0

(2.17) Tk — T > 5 — sy,
Tik ,Tik
(2.18) |hn " (mo, my)—hp, (mo, my)| < e.

By taking a further subsequence, we can assume ~; — <. In this
case, we can choose sufficiently large k such that +;, (s) and v;, (1) are
so close to y(s) and «(7), respectively that we can construct a curve
i+ [s1,7] — M which has the same endpoints as v;,: 77 (s1) = 7i(s),
v (1) = vi(7) and satisfies the following

(2.19)
ALy, (iglls, 7)) 2 / (L —n— p)(dy;, (£),t)dt — (s1 — s)a(c) + ZA.

S1

Let T} = Ty* + (s — s1), if we extend 7 to R — M such that

’Yik(t_51+8)7 t§817
Vi, = § %, (1) 51 <t <,
Vzk(t)a tZ T,

then, we obtain from (2.18) and (2.19) that

T/,Tik . . .
hof * (mo,ma) < Ag,, (07, 1= 10, T1*]) — Ti*a(c) — Tpa(c)

. . . . 3
< Ap,, (e |-T5 T = Tikald) = Tgkofe) - 1A
S h;;?”(mo,ml) — 2¢.

but this contradicts (2.16) since T} > Tp° and T{* > T, guaranteed by
7). C

217). 2154) and (215 c:) can be proved in the same way. q.e.d.

We define
Nop=1{dvy€Gr,,: (2.15a), (2.15b) and (2.15¢c) hold}.

This definition is similar to the definition of a Mané set, but L is replaced
by L pu-
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Lemma 2.4. The map (n,p1) — Ny, is upper semi-continuous.
/\77;,0 = N(c) if [n] = ¢. Consequently, the map ¢ — N(c) is upper
Semi-continuous.

Proof. Let n; — n and p; — p, let v € Nni,m and let v be an
accumulation point of the set {; € /\7,71.7“1. }iez+. Clearly, v € ./\777#. If
v ¢ Ny, there would be two points 7(s),y(7) € M such that one of the

following three possible cases takes place. Either v(s) and v(7) € M

can be connected by another curve v*: [s + n,7] — M with smaller

action
Ap (Vs 7)) < Ay (Vs +n, 7)) — na(e),
in the case 7 < 0; or there would a curve v*: [s,7 4+ n| — M such that
Ay (s, 7)) < Apu(V s, 7 + 1)) — na(d),
in the case s > 1, or when s < 0 and 7 > 1, there would be a curve ~*:
[s + n1, T + ng] — M such that
Apu(V[s, 7]) < Ay (Y |[s + 11, 7 + n2]) —nia(e) - naa(c’),

where s +n; < 0, 7+ n9 > 1. Since v is an accumulation point of
v;, for any small ¢ > 0, there would be sufficiently large ¢ such that
v = villors,g <€ it follows that v; ¢ Noyi s but that is absurd.

Let us consider the case that y = 0. In this case, L —n is periodic in
t. If some orbit v € ./\777,0: R — M is not semi-static, then there exist
s<teR, neZ, A>0anda curve v*: [s,7 +n] — M such that

v*(s) = v(s), v (T +n) = (1) and
Apo(V|[s, 7)) = Apo(Y|[s, T+ n]) — nalc) + A.

We can extend v* to [s;,71 + n] — M such that s; < min{s,0},
min{7, 7 +n} >1, 71 > 7 and

’Y(t)a Slgtgsu
v =< (1), s<t<T+n,
vyt —=n), T+n<t<T7+n.

Since L — 7 is periodic in t, we would have
Ano(Wlls1, 1)) 2 Ago(r™7[[s1, 1 + n]) — na(c) + A.
but this contradicts to (2.15¢). q.e.d.
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The upper semi-continuity of ¢ — N (c) will be fully exploited to
build the C-equivalence among some N (¢), the construction of diffusion
orbits in this paper depends crucially on this property. Towards that, we
shall also make use of the Lipschitz property of the Aubry sets. Let =
TM xT — M xT be the projection along the fibers. Mather discovered
the following (cf. [14, 15]).

Lemma 2.5. 7: A(c) — M x T is injective. Its inverse (considered
as a map from A(c) = wA(c) to A(c)) is Lipschitz, i.e., 3 a constant
Cr, such that for any z,y € A(c), we have

dist(7 ! (z), 7 (y)) < Crdist(z,y).

The concept of regular Lagrangian is useful for us in this paper. L is
said to be c-regular if the following limit exists for all (z,2/, s, s")

(2.20) he(z, ', s,8") = klim hE(z, 2 s, ).

Lemma 2.6 ([4]). If M(c) is minimal in the sense of topological
dynamics and if there exists a sequence 7, of n-periodic curves such that
Ac(vm) — 0 as n — oo, then L. is reqular, hence A(c) = N(c) = G(c).

For the completeness sake, we shall present his proof in the appendix.
Applying this lemma to the area-preserving twist map, we have the
following:

Corollary 2.7. Let w € R\Q be the rotation number and c = f3'(w),
then L. is reqular and G(c) = A(c).

3. Structure of some c-minimal orbit sets

Our construction of connecting orbits between different ¢-minimal or-
bit sets exploits fully the upper-semi continuity of the set-valued func-
tion ¢ — N(c), and the structure of the relevant Mané sets.

Let us consider the Hamiltonian flow ®! which is a small perturbation
of <I>§c+g. Let ® and ®,, be their time-1-maps. As the cylinder T xR x
{(g2,p2) = (0,0)} = ¥y is the normally hyperbolic invariant manifold
for @7, , and the a priori unstable condition is assumed, it follows from
the fundamental theorem of normally hyperbolic invariant manifold (cf.
[11]) that there is € = €(A, B) > 0 such that if || P||cr < € on the region
{|p| < max(|Al,|B|)+1} the map ®*** (k € Z) also has a C"~! invariant
manifold ¥(s) C R? x T2, provided that r > 2. This manifold is a small
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deformation of the manifold Xo|{|,,|<max(|4],|B|)+1}> and is also normally
hyperbolic and time-1-periodic. Let ¥ = ¥(0), it can be considered as

the image of a map ¢: ¥g — R?* x T?, 3 = {p1, q1, p2(p1, 1), ¢2(p1, 1) }-
This map induces a 2-form 1*w on ¥

Prw = <1 + O(pa: a2) QQ)> dp1 A dq.
(p1,q1)
Since the second de Rham co-homology group of ¥ is trivial, by using
Moser’s argument on the isotopy of symplectic forms [17], we find that
there exists a diffeomorphism 1, on 20’{\p1|§max(|A\,\B\)+1} such that

(3.1) (Y oth1)'w =dp1 Ndq1.

Since ¥ is invariant for ® and ®*w = w, we have
(Wovn™o®o@oun)) dp Ada =dpi Adg

i.e., (Y orp1) Lo ® o (o) preserves the standard area. Clearly, it
is exact and twist since it is a small perturbation of ®;. In this sense,
we say that the restriction of ® on ¥ is obviously area-preserving and
twist. If » > 4, there are many invariant homotopically non-trivial
curves, including many KAM curves. As it still remains open whether
the invariant curves of irrational rotation number must be differentiable,
we can only assume all these curves are Lipschitz. Given p € R, there
is an Aubry—Mather set with rotation number p, which is either an
invariant circle, or a Denjoy set if p € R\Q, or periodic orbits if p € Q.
Under the generic condition, we can assume there are no homotopically
non-trivial invariant curves with rational rotation number for @[5, and
there is only one minimal periodic orbit on ¥ for each rational rotation
number.

Let us consider the Legendre transformation £. By abuse of termi-
nology, we continue to denote X(s) and its image under the Legendre
transformation by the same symbol. Let

S = (=), 9),
seT
which has the normal hyperbolicity as well. Under the Legendre trans-
formation, those Aubry—Mather sets (invariant curves, Denjoy sets or
minimal periodic orbits) on ¥ correspond to the support of some c-
minimal measures. Recall H!(M,R) = R2. We claim that each of these
sets corresponds to an interval or a rectangle in H'(M,R). In other
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words, for all ¢ in this interval (rectangle), the time-1-section of the
support of the c-minimal measure is exactly this Aubry—Mather set.
Towards that goal, we introduce the coordinate transformation

(p17 q2, P2, Q2) - (plu q2, P2 + C(QQ)v q2)7
where ( is defined in the way such that

(32) S (Cla2) ) =0

and let ¢'(p2,q2) = g(p2 + ((q2), q2). By the assumption on g, we now

have oy oy
a—qg(0,0) <0, 320D (0,g2) = 0.

To simplify the notation, we still use g to denote the function g’. Let

Lo be the Lagrangian obtained from f + g by Legendre transformation.

It has the form

Lo(q2,4) = 1(d1) + 2(q2, 42),
where ¢; and ¢y are the Legendre transformation of f and g, respectively.
As g is a convex function in pa, 42 = G2(p2,q2) = Op,9(p2,g2), we find
from (8.2) and the convexity of g that ¢2(0,¢2) = 0 and 9¢z/Ops > 0.
Thus, ¢5 can be written in the form

05(q2,42) = V(g2) + Ulq, 42),

where V(q2) = —g(0,42), U > 0 is a convex function in ¢o with super-
linear growth, attains its minimum at go = 0 (Vg2 € T). By the assump-
tion, V' has a global minimum at ga = 0 which is non-degenerate.

Now, let us consider the 3 function of Ly. Under the flow ¢! ,» Al
invariant circle on ¥ with irrational rotation number p is the support of
a unique minimal measure /i, ) whose rotation vector is (p,0). There
exist ¢; € R and —00 < ¢; < 0 < ¢ < oo such that H(p,0) 18 c-minimal
for ¢ € {1} x [c5,c3]. We have ¢; < cj since the 3 function of the
twist map has corner at rational numbers. [ is differentiable at some
rational number p/q if and only if there exists a homotopically non-
trivial invariant curve of rotation number p/q, and consists entirely of
periodic orbits of period ¢ [B], [13]. From the property that both  and
[ functions are finite everywhere and has super-linear growth we find
that —oo < ¢, and c; < 00.

Next, let us consider the a function of L. We use ¢ = (c1,¢2) € R? to
denote a first de Rham cohomology class of M. For each ¢ € Rx (¢, c3),



EXISTENCE OF DIFFUSION ORBITS 473

the action variable on each c-minimal orbit of Ly takes value (p1,0)
which is independent of ¢. Let A*, B* be such numbers that for each
c € [A*, B*] x (cy ,c) the corresponding p; satisfies the condition

A-1<p <B+1

Lemma 3.1. There exists g > 0, if || P||cz < €0 on the region {|p| <
max(|A|,|B|) + 1}, there is a strip C = [A*, B*] x [~c3, ¢ € HY(M,R)
(¢ > 0), such that for each ¢ € C, the c-minimal orbit set G(c) C X.

Proof. Note the Lagrangian flow of Lg is integrable and is decoupled
between two phase sub-space (q1,q1) and (g2,G2). The second compo-
nent of the flow ¢7 , ¢}, has two homoclinic loops I'* and I'~, which can
be thought as the graph of the functions G*(g2), i.e., 't = {g2, GT(q2)}.
The orbit alqgr on I'" encircles the cylinder T x R in counter clockwise
direction (g2 > 0), the orbit dg; on I'" encircles the cylinder in clock-
wise direction (g2 < 0). Clearly, we have some positive numbers Cj‘c >0
such that

| et o6 =cx.

Let . .

5 =5-Ch =504

It is obvious that for each ¢ € R x (—c5,cy), Gr, is contained in 3.
By the upper semi-continuity of the set function (¢, L) — Gy (¢), there
exist € = €(A,B) > 0 and ¢5 > 0 such that if ¢ € [A*, B*] x [—c3, 3]
and if ||L1]|c2 < €, then G(c) is contained in a small neighborhood of
Gr,(c). Here, || - ||z is the norm in the function space C%({(¢,q) €
R? x T? : ||4|| < K},R), K > 0 is a sufficiently large number. Since
G(c) is invariant, by the normal hyperbolicity of the invariant cylinder,
LCX. q.e.d.

Although the structure of minimal measures is unclear in general case,
we know very well the structures of those M(c) C 3 since the time-1-
map P is an area-preserving twist map when it is restricted to 3. Under
the projection from T'M x T to T'M x {t = 0}, the support of those c-
minimal measures are the image of those Aubry—Mather sets under the
Legendre transformation £, they are homotopically non-trivial invariant
curves, Denjoy sets or minimal periodic orbits on X. We use I' to denote
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those Aubry—Mather sets on ¥ in the Hamiltonian formalism, let I'(t) =
! (1) C X(t), I' = Uer(L(T(2)), 1).

Before going onto the study of some c-minimal measures, let us note
a fact as follows:

Proposition 3.2. Let ', c* € HY(M,R), y’ and u* be the correspond-

ing minimal measures respectively. If (¢ —c*, p(p')) = (¢ —¢*, p(p*)) =
0, then a(d) = a(c*).
Proof. By the definition of the a function we find that
o / — f L _ , — L o , /
o) = int (= nody = [(L—n)a
- /(L — e )y + (" = ¢, p(i'))
> —a(ch).
In the same way, we find that a(c*) < a(d). q.e.d.

Lemma 3.3. Assume I' € M(G) for some ¢ = (¢1,G) € [A*, B*] x
[—ch, c5]. There is an interval I = I(¢1) = {(c1,c2) € HY(M,R) : ¢; =
c1,a(c1) < ca < ber)} with —oo < a(er) < 0 < b(ey) < oo, such that
M(c) =T forall c € IntI, M(c) DT forc € dI. If there is an invariant
curve containing T, we have further M(c) =T for all ¢ € I.

Proof. Let ji be a ¢-minimal measure. We have shown in the lemma 3.1
that the support of i must be contained in 3. Note the time-1-map
is an area-preserving twist map when it is restricted on the cylinder,
supp(ft)]i=o is exactly an Aubry-Mather set. When the rotation num-
ber is irrational, it follows from the theory for twist map that g is
uniquely ergodic; if the rotation number is rational, we have assumed
that there is only one minimal periodic orbit. Thus, the minimal mea-
sure of consideration here is always uniquely ergodic, i.e., supp(fi) = I.
Let ¢'(z,0) € TM x T be the Lagrangian flow, z; be the TM component,
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7) = dge. For any invariant measure p, if supp(p) C ¥, we have

(3.3) [ =7 /0 s [0 6%)a

-7/ Cas [t zducz)
1 i, za)ds| du(2)
27

S?—’O

IN

as T — oo. Since [7dy is independent of T, [fdp = 0. Therefore,
it follows from the Proposition 3.2 that a(¢) = a(é) if both & and é-
minimal measures are on ¥ with @ — ¢ = (0,¢p). As the 8 function
for a twist map is strictly convex, M(¢) = M(é). Let I(¢) = {c €
HY(M,R) : ¢; = ¢, M(c) D T}. As the o function is convex and has
super-linear growth, I is connected and —oco < a < 0 < b < co. What
remains to show is that I is closed. If not, there was a sequence ¢ — ¢
such that T € M(cg) and T ¢ M(c), consequently, there would exist p
such that A.(pp) > Ac(p), where pyf is the invariant measure on . Let
k be sufficiently large so that ¢ is sufficiently close to ¢, then

Ay, (1) = / Ldp — (p(p), ck) = Ac(p) — (p(p); e — €) < Ac(pp)-

On the other hand, it follows from (¢ — c, p(pg)) = 0 that A.(up) =
Ae, (pr). Thus, we have A, (1) > Ag, (1), but it contradicts the fact
that pf is cp-minimal measure.

If there is another measure p which can also minimize the c-action
of L when a(c1) < ¢a < b(cy), then (dga, ) = 0. Indeed, for all a(cy) <
ch < b(cr), we have

/ (L —caq — Clzé&) dpr
= / (L —c1q1 — 6242)dur
= / (L — 141 — @qj)du (by assumption)

= / (L — Clql — c/2q2)du + (0/2 — CQ)(dQQ,u>.
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Thus, we can choose ¢ in the way that (¢} —c2)(dgo, ) > 0if (dga, u) #
0, but this contradicts to the minimality of ur. Consequently, we always
have

/(L —c1G1)dp = /(L — c1G1)dpg,

which is independent of the value co takes between a(cp) and b(cq),
it implies that p = py since pg is the only c-minimal measure when
lea] < .

Let us consider the case when I' is contained in an invariant curve
and co € JI. Recall that there exists an invariant curve if and only
if the Peierls’ barrier function is identically equal to zero, the Aubry
set A(c) contains a co-dimensional one torus in this case. Let 7 be the
projection TM x T — M x T. Because the inverse map 7! defined
the Aubry sets is Lipschitz and #I' contains a codimension 1 torus, any
c-minimal curve v C A(c) cannot cross the 2-torus 71" € T2 x T. Thus,
there exist 0 > 0 such that for any 7" > 0

-6 < ‘/i%(t)dt‘ <27+ 4.
So, if u is also a c-minimal m;asure and ¢ = (¢1,0), then
Ao (pp) = /(L — c1q1)dpy
= /(L — ¢1G1 — ¢2G2)dp (by condition)

- [@-aide (v 33)
= Ac’(lu')

it implies that the only minimal measure is pj. q.e.d.

It follows from the lemma 3.3 that there is a strip S = {(¢1,¢2) €
HY(M,R) : c; € R, a(er) < ca < b(ey), A* < ¢1 < B¥, —00 < afer) <
0 < b(c1) < oo}, such that if ¢ € intS, the c-minimal measure is on %
and is uniquely ergodic. If ¢ € SN {A* < ¢; < B*} and I’ € M(c) is
contained in an invariant curve, the c-minimal measure is also uniquely
ergodic. In these cases, we have A(c) = N(c).

In the following, we use I(c1) = {c = (c1,¢2) : a(e1) < e < b(c1)} to
denote the maximal interval in the following sense: for each ¢’ = (¢q, ¢}
with a(c;) < ¢, < b(c1), the ¢-minimal measure has some I' C ¥ as
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its support, this [ is not contained in the support of any ¢*-minimal
measure where ¢* = (¢1, ¢5) with either ¢} < a(c1) or ¢ > b(cy).

Lemma 3.4. Let I' C % be the support of some minimal measure
for @ € I(cy), we assume that it has dense orbit. Then, N(c) C %
for each ¢ € intl(c;) = {(c1,¢2) : alc1) < ca < b(er)}. If T is an
invariant curve or a Denjoy set contained in an invariant curve, and if
cedl ={(c1,c2): ca = aley) or ¢ = b(c1)}, we have further that N(c)
consists off and the c-minimal orbits homoclinic to T.

Proof. Let us consider a c-minimal orbit dy with ¢ € intl(c1) (¢ €
I(cy) if T is an invariant curve). If this orbit is not contained in M(c) =
I, then dv is semi-asymptotic to I as ¢ — +oo. We say an orbit
is semi-asymptotic to an invariant set I' as t — oo if every invariant
subset of its w-limit set that is minimal in Birkhoff sense is contained
in I'. We use the argument in [7] to show it. Let N be a minimal (in
Birkhoff sense) invariant subset of the w-limit set of d, there exists a
sequence tp — oo such that dist(dy(tx), N) — 0. We claim that there
is a sequence T}, — oo such that

(3.4) lim sup{dist(dvy(t),N) : tx <t <ty + T} — 0.

k—oo

If not, there exist d > 0, T' > 0 and a subsequence t; of the sequence
tr such that dist(dvy(t), N) > d for every j and some s; € [t;,t; + T7.
As ~(t) is a c-minimal curve, dv lies in a bounded region of T'M x T,
the closure of the orbit is compact. Thus, for some subsequence t; of
the sequence t;, the sequence dv(t;) and dvy(s;) are convergent to some
points x € N and y € TM x T respectively, where dist(y, N) > d.
Consequently, ¢ (z) = y for some 0 < to < T. This contradicts the
invariance of N to the Euler—Lagrange flow.

Let p, be the probability measure evenly distributed along dy|t, tx +
Tx], 1 be an accumulation point of {y,}. As dvy is a c-minimal orbit of
the Lagrange system f is a c-minimal measure, i.e., p = pg. From (3.4),
we see dist(N,f) = 0. As T has dense orbit, N = T, i.e., the w-limit
set of dvy has only one minimal invariant subset I’ (in Birkhoff sense).
In the same way, we can show that the a-limit set of dvy has only one
minimal invariant subset T also.

Let ¢ € int] and dy € N(c). Note N'(¢) = A(c) in this case. For each
§en(l),if kjj — oo (i =1,2) as j — oo are the two sequences such
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that dy(—ki;), dy(kej) — 7~ 1(£), then we claim that

k‘Qj
(3.5) lim Ao (t)dt = 0.

J=00 J _ky

In fact, for any € m(I"), there exist two sequences k;; — oo as j — oo
(i = 1,2) such that dy(—k;;) — 7~ 1(£) and dy(kg;) — 7 1(£) as j — oc.
It follows from the fact that v is c-static that

B (1(=hag), 7(0)) + e (3(0), 1 (k) — 0.

If (3.5) does not hold, by choosing a subsequence again (we use the same
symbol), we would have

koj
lim / %(t)dt‘ > 27 > 0.

J=00 J ke

In this case, let us consider the barrier function B}, where ¢/ = (c1,¢5).
Since ¢ — ¢ = (0,cg — ), we obtain from Proposition 8.2 that a(c') =
a(c), so

ko
Buy(0)) < limint [ (Ldy(0)0) - exin(6) - chinlt) — () di

I J_ky

koj
<timint [ (Ldy(0,) - exin(t) - exialt) ~ alo) de

J=00 Sy,

kgj

+ (c2 — ¢) lim Ao (t)dt

5= J gy,
< —2|cg =yl < 0

as we can choose ¢, > ¢3 or ¢y < ¢y accordingly. But this is absurd since
barrier function is non-negative.

Now, let us derive from (3.3) that there is no c-semi-static orbit that
is not contained in Y. In fact, we find that dy € N((c1,0)). To see
that, we obtain from (3.5) that the term co52 has no contribution to the
action along the curve y[[_p,, 1,

kaj kaj
(3.6) / (L —c1y1 — coyo)dt — (L —c1jn)dt  as j — oo.
—k1; —k1;

Note kij — 00 as j — oo (i = 1,2). If dy ¢ N((c1,0)), there would
exist j' € ZT, k' € Z, E > 0 and a curve (: [—kyj, koj + k'] — M such
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klj/
k2j/+k‘/ .
> (L(d¢(t),t) — c1Ci + a((c1,0)))dt + E
_klj’
> F(cl,O)(PY(_klj’)v ’Y(k‘?])) +E
and
k2j/+k‘l .
(3.8) / Cadt| — 0,
_klj’

The second condition (.8) follows from the facts that A'((¢;,0)) € &
and that v(—k;;) — £ € Mo((c1,0)) = Mo(c). Let j — j' be sufficiently
large, we construct a curve ¢’: [—kij, kgj + k'] — M such that

v(t), t € [~ky, —kiy],
¢'(t) = § <), t € [~kijr, kojr + K],
'y(t — k,), t e [kJQj/ + k‘/, k:gj + k‘/].
It follows from (3.5-3.8) that
ko +k' '
[ @ - e

—k1;j

kgj
< [ (2o - vy - £

—ky,

kaj E
< [ @@ - eind - 5
_klj
but this contradicts the property that dy € N(c).

Finally, let us consider the case when ¢ € 0I and there is an invariant
circle containing I'. In this case, we obtain from the Lemma 8.3 that
g is the only minimal measure still. According to the upper semi-
continuity of the set-valued function ¢ — AN(c) that AN'(¢) should be
in a small neighborhood of N(c) if ¢ is close to ¢. It implies that
N (¢) should contain some orbits outside of X. If this is not true, N'(¢')
would be in a small neighborhood of 3 for some ¢ = (c1,c,) with
ca < afcr) or ca > b(c1). As we have normally hyperbolic structure in
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the neighborhood of 3, any invariant set should be on 5, consequently,
we would have M(¢) =T as the map induced by the Euler-Lagrange
flow on this manifold corresponds to a twist area-preserving map on .
But this contradicts the definition of I(¢).

At the beginning of the proof, we have shown that any c-minimal
orbits must be semi-asymptotic to the support of the minimal measure
if it is uniquely ergodic. What remains to be shown is that such orbit is
homoclinic to the invariant circle in this case. As I' is contained in an
invariant circle, denoted by I'*, the Aubry set contains a codimension 1
torus I[* = Usepo) (¢ (L(I*)), 1), because P, (q) = B.(q) for all ¢ € w(I'*)
when w = 0;a(c) is irrational, and because the necessary and sufficient
condition for the existence of invariant circle is the Peierls’ barrier func-
tion is identically equal to zero. Due to the Lipschitz property of the
Aubry set, any c-minimal curve can not cross W(f*), SO

k
/ o(t)dt < 2+ O(|P|) ¥ k€ Z*.
—k

As dv is semi-asymptotic to T, dvy enters the small neighborhood of
3. If dv does not fall either on the stable manifold or on the unstable
manifold, then it will go outside of the neighborhood again. It implies
that dv is a multi-bump solution of the Lagrange equation. As we
did in the proof of the Lemma 3.1, we can construct a curve ¢ by
cutting off all other bumps and leave only one bump. In this case,
the c-action of ( is smaller than that of +, but this is absurd. Thus,
dy(t) € Wi (T*)UWE (T*)\{T*} when dy(t) is in a small neighborhood

of 3. q.e.d.

To each orbit dy homoclinic to I', we can associate an element [y] €
H{(M xT,U,7) = Z where U is a small neighborhood of w(I'*) ¢ M x T
when I' is contained in an invariant circle I'*. We can see from this
lemma that the necessary condition for a homoclinic orbit {dvy} ¢ N (c)
is [y] = £1. In general, the time-1-section Ny(c)\m(L(T")) is homotopi-
cally trivial. By definition, we mean that there exists an open neigh-
borhood U = U™, U; of Ny(c) such that U; NU; = @ if i # j, Uy is an
open neighborhood of £(I') and each U; (i # 0) is contractible to one
point. In this case, we have

i«H1(U,R) C span([¢]),
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where ¢ is the standard inclusion map, ¢ = ((1,0) : [0,1] — M with
¢1(0) = ¢1(1). By the Lipschitz property of A(c) = N(c) in this case,
we may choose bounded, mutually disjoint open sets U; in TM such
that 7U; = U; and UU; D ./\70(6). Under this assumption, we have

Lemma 3.5. Assume ¢ = (c1,b(c1)), M(c) =T and Ny(c)\x(T') is
homotopically trivial. Let ¢ = (c1,ch) with ¢4 —b(c1) > 0 being suffi-
ciently small. If M(c) is uniquely ergodic, then there exists a neighbor-

hood N of No(¢') such that i, H(No,R) = 0.

Proof. By assumption, we can choose U= U?loﬁu a neighborhood of
N (c) such that 7(U;) N7(U;) = @ if i # j, Uy is an open neighborhood
of L(I') and each U; (i # 0) is contractible to one point. By the upper-
semi continuity of ¢ — N(¢), N(¢') C U if ¢ — b(e;) sufficiently small.
We claim that for each z € Uy N N(¢/), 3 an integer k() € Z; such
that ¢*(*)(z) ¢ Uy and there is an uniform upper bound K € Z for all
these k(z). If this is not true, for any k > 0, k € Z there is 2z, € U
such that ¢'(z;,) € Uy, YO < | < k. Let v, be a probability measure
distributed evenly on ¢(z) (0 <t < k) and let k — oo, we find there is
an accumulation point v, supp(v) C Up. Obviously, v € M(c) As there
is a normally hyperbolic structure on %, the invariant set in Uy must
be on ¥, it follows that M(c) C 3, but it contradicts the definition of
I(Cl). B

By the upper semi-continuity of ¢ — A(c) and the assumption on the
intersection of the stable and unstable manifolds, we see that Ny(¢)\Up
can be covered by finite mutually disjoint open sets, each of them is ho-
motopic to a point. As each point in Uy shall go outside under the time-
l-map ¢', the whole Ny(c/) can be covered by finite mutually disjoint,
homotopically trivial open sets. Because M(¢) is assumed uniquely
ergodic, we obtain from Lemma 2.5 that N(¢) = A(¢/). The Lipschitz
property of A(c') guarantees that Ny(c') = Ay(c) is also homotopically
trivial. q.e.d.

4. Some Barrier functions

In this section we consider a co-homology class ¢ = (¢, b(c1)) such
that A(c) contains a 2-torus in T2 x T, i.e., its time-1-sections have an
invariant circle on the cylinder, and study the relevant barrier functions
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introduced in [15]. The study for ¢ = (c1,a(c;)) is the same. According
to our assumptions, the rotation number of this circle is irrational. To
go further with our proof, let us turn back to the Hamiltonian formalism
temporarily to look at something.

Let ®y = ®1; be the time-1-map of the Hamiltonian flow ®%;. It
has an invariant cylinder . Restricted to the cylinder 3, this map is
clearly twist and area-preserving, thus the invariant circle I" is Lipschitz.
When P = 0, we have the cylinder T x R x {g2 = p2 = 0} as the
normally hyperbolic manifold for ®;,,. Each orbit on this manifold
lies in an invariant circle and has zero Lyapunov exponent only. Both
the stable and unstable manifolds have two branches. Each of them
has an invariant fibration {q; = p; = constant,ps = G*(g2)} if we use
{g2, G*(g2)} to denote the homoclinic loops of ®, in the space of (ga, pa).
Under a small perturbation, the invariant circle on ¥ is the graph of a
small function, i.e., I' = {q1 € T,p = pr(¢1),¢2 = qor(q1)}. From the
theory of normally hyperbolic manifolds, we know that the fibration
has C"~2-smoothness on the base points. As I' is an invariant circle, all
stable (unstable) fibers with base points on I' constitute the local stable
(unstable) manifold W;;*(I") of I'. Both the stable and the unstable
manifolds have two branches corresponding to (c1,b(c1)) and (c1,a(cq))
respectively. Let us consider the branch corresponding to (¢1,b(c1)). In
the covering space T(T x R), one lift of a unstable manifold originates
from {p = pr(q1),q2 = qor(q1)} and extends to right, one lift of stable
manifold originates from {p = pr(¢1), g2 = gor(q1) + 27} and extends to
left. When P = 0, these two manifolds coincide with each other and are
graphs above 0 < ¢o < 2. Thus, for suitably small @ > 0, there exists
e > 0 such that if |P|| < ¢, the unstable manifold is a graph above the
region {gor(q1) < g2 < 2w —a} and the stable manifold keeps horizontal
in the region {a < ¢2 < gar(q1) + 27}, i.e., they are the graphs of some
functions in the relevant regions,

(4.1) W) ={q,p"(q) : 1 € T, qor(q1) < q2 < 27 — a},
WeT) ={¢.p°(¢) -1 € T, a < g2 < qor(q1) + 27}

Although each stable (unstable) fiber has C"~2-smoothness, the base
points of these fibers fall on a circle for which we can only assume
Lipschitz smoothness, these manifolds are at least Lipschitz, i.e., p*>*(q)
in (4.1) are at least Lipschitz. We choose suitably small a > 0 such that
the time for any d-ys to cross the strip {a < g2 < 27 — a} is longer than
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t

1. Such assumption is feasible as ®%; is a small perturbation of ® Fig

for which this assumption is clearly true.

If there is another invariant circle I'y very close to I', by the smooth-
ness of the invariant fibration, we see that W;"(I';) are also graphs
above the relevant region. Let I'(A) be the highest circle on ¥ where
p1 < A, let I'(B) be the lowest circle where p; > B. As all invariant
circles on ¥ make up a closed set, it is reasonable to assert that we
have some € > 0 such that if |P|| < ¢, the stable and unstable mani-
folds of all T" between I'(A) and I'(B) can keep horizontal in the region
{a < g2 < qor(qr) + 27} and {gor(q1) < g2 < 27 — a}, respectively.

As the Hamiltonian system under study has standard symplectic
structure, each horizontal Lagrangian sub-manifold is a graph of some
closed 1-form defined on M. We know that the stable (unstable) mani-
fold of some smooth isotropic manifold is a Lagrangian manifold, there-
fore, if we use (¢,p(q)) (p(q) € C1) to denote such a smooth manifold,
then
o1 _ om
dgz  Iq1’

it follows that there exists a C?-function S(q) and constant vector ¢ € R?
such that

(4.2)

(4.3) 3—2—1-01—2?1, g—qi+c2—p2-

If we consider the manifold as the graph of some closed 1-form, ¢ €
H'(M,R) is the cohomology class of this closed 1-form. Since a Lip-
schitz function is differentiable almost everywhere, we claim that there
exists a Ch!-function S so that (4.3) holds. Here, we use C*< to denote
those functions whose kth derivative is a-Holder.

Lemma 4.1. Let T' be an invariant circle on the cylinder %, let
WH(T) be its stable (unstable) manifold, which is a graph over a con-
nected open set U C M with ©(T') € U, then there exists C11 functions
Ssu: U — R and a constant vector ¢ € R? such that {Wg" :q e U} =
{(q,dS*"(q)) +c: q € U}.

Proof. Let us consider the case of a stable manifold. By the condition
that W*(I') is a graph, there is a Lipschitz function p = (p1,p2): U — R?
such that W*(I') = {(q,p°(q)) : ¢ € U}. Let v be a closed curve which
is the boundary of some topological disk ¢ on W?¥. Since ~ is on the
stable manifold, ®% () approaches uniformly to I, it implies that ®%, ()
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is such a closed curve going from a point to another point and returning
back along almost the same path when k is sufficiently large. As ® is
a symplectic diffeomorphism, k£ can be arbitrary large, we have

(4.4) // dp/\dq-}lgpdq—% pdg = 0.
o ¥ 2 (7)

Note p is Lipschitz, by the theorem of Rademacher [18], p is differen-
tiable almost everywhere in U. As v is arbitrarily chosen, (4.2) holds
for almost all ¢ € U. Consequently, there exists a C'''!-function S* and
¢ € R? such that p* = dS*® + c¢. In the same way, we obtain a C'b!-
function S* and ¢ € R? such that p* = dS* + . As W}, intersects W}
at the whole T, ¢ = c. q.e.d.

In fact, for almost all initial points (¢, p*(q)), p is differentiable at all
X (¢,p°(q)) (Vk € Z*). To see that, let O be an open set in U. For
each k € Z*, there is a full Lebesgue measure set Oy C 7(®%{0,p(0)})
where p is differentiable. Since ® is a diffeomorphism, the set

0" = (7 (8508 p*(01)})
k=0
is a full Lebesgue measure subset of O. For any point ¢ € O*, p is
differentiable at the points 7(®¥ (¢, p*(q))) for all k € Z+.
Let us consider the Hamiltonian flow. If the locally horizontal stable
(unstable) manifold has the form

Wi ={(g,p>"(¢,t),t) : (¢,t) € U x T}

and if we call the 2-form Q = Y dp; Adg; — dH Adt, then (p**,t)*Q = 0.
In the covering space R? x R, we find that there exists S*%(q,t) such
that dS%" = p*¥(q,t)dqg— H (p*>*(q,t), q,t)dt. By applying the standard
argument (see, for instance, the appendix 2 in [14]), we find that

(4.5) Lo = L —(9,5°",4) — 0, S>"

attains its minimum at 9,5 as the function 4. Note Ly = Li—0,5%%
is Lipschitz, dLy"/dt and Lg" exist almost everywhere. Since W™ is
a manifold consisting of the trajectories of the Euler—Lagrange flow, it
follows from the Euler-Lagrange equation dL;/dt = L, and (4.2) that
Lg" = 0 almost everywhere. The absolute continuity of L implies that

L*" is a function of ¢ alone. Therefore, by adding some function of ¢ to
S we can make L*" = 0. Note the local stable (unstable) manifold



EXISTENCE OF DIFFUSION ORBITS 485

can be thought as the graph of some function defined on {(q,t) € T?xT :
a < g2 < qor(qi,t) +2m} ({(¢;1) € T> X T : gor(qu,t) < g2 < 27 — a}),
where gor(q1,t) is such a function that 7(I') = {(q,t) : g2 = qar(q1, 1)},
qor(q1) = qar(q1,0). The first co-homology group is R x {0} x R. Thus,
there exists a function S“(q,t): {{(¢,t) € T2 x T : qar(q1,t) < q2 <
2 —a} — R, S°%(q,t): {(¢,t) €T>xT:a < q < qor(q1,t) + 27} — R
and (c}, 0, a*) such that S%%(q,t) = S*%(q,t)+ciq1 +a*t, where we have
used the fact that both the stable and the unstable manifolds coincide
with each other at T'. In this case, we obtain from (4.5) that

L>" =L —((c1,0),q) — (0,5%%,4) — 0,55

attains its minimum at W**" as the function of ¢ with L*"|yysu = ™.
Thus, for all dy on I'" we have

@6) [ (L) - ((65,0.9) - @5 (60,0,

— B S¥ U (y(t), ) — a*)dt —0.

We have mentioned before that the Kuler-Lagrange equation for L —
7. is the same as that for L if 7, is a closed 1-form. In local coordinates,
we can write 7. = (c(q), ¢). If we use H,,(p, ¢, t) to denote the Legendre
transformation

Hy, (p..t) = max {(p. @) — (L — (c(0).4) ) .

then we obtain
oL
p+clg) = 2
It implies that H, (p,q,t) = H(p + c(q),q,t). As 1. is closed, the co-
ordinate translation (p,q) — (p + ¢(q), q) is symplectic. Under such a
coordinate translation the horizontal stable (unstable) manifold is the
graph of the function p**“(q) — ¢(q).

We know that I is contained in some Aubry set A(c) = {B. = 0}
where ¢ = (¢1,c,) with a(c1) < ¢, < b(eq). From the above arguments
and the Proposition 8.2, we can see that ¢; = ¢} and o = a(c).

To study the barrier function B}, we consider the covering of T? given
by T x R, let T be the lift of T' which is close to T x {2kn} x {p1 =
const.,py = 0} x T. Without lose of generality, we single out one lift
of the unstable manifold W* that extends from Ty and keep horizontal
over {(¢q,t) € T2 x T : gar(q1,t) < g2 < 27 —a} and single out one lift of
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the stable manifold W* that extends from I'; and keep horizontal over
{(g,t) € T>* xT:a < g2 < qor(qn,t) + 27}.

Recall ¢ = (e1,b(c1)). Since L®" attains its minimum on the local
horizontal stable (unstable) manifold, for ¢ € T x (a,27 — a), we claim
that there exists only one c-minimal orbit dv$: RT — TM as well as
only one c-minimal orbit dv¥: R™ — T M such that v**(0) = ¢. In fact,
such an orbit dvyz" lies on the local stable (unstable) manifold.

There are two steps to verify our claim. The first step is to show that
~5% does not cross the codimension one torus I' ¢ T2 x T. It follows
immediately from Lemma #.2. To state this lemma, we define the set
of forward and backward semi-static curves:

N*te)={(z,5) € TM xT: 7o ¢} (z, 8)10,400) 18 c-semi-static},

N7(c) ={(2,8) € TM x T: 70 ¢l (2,5)|(_oo i c-semi-static}.

Lemma 4.2. If M(c) is uniquely ergodic, uw € Ao(c), then there erists
a unique v € T,M such that (u,v) € Ny (c)(or Ny (c)). Moreover,
(u,v) € Ag(c).

Proof. Let us suppose the contrary. Then, there would exist (u,v) €
Ao(c) and a forward c-semi-static curve . (t) with v, (0) = w and

44+(0) # v. In this case, for any u; € My(c), there exist two sequences
k;, ki — oo such that

qublzi(u’fu) — u, ’YJr(k;) — Ul
and
k;
lim (L — 1) (dY (u,v), t)dt + k;alc)

ki—oo Jg
¥,
— lim [ (L —no)(dye (). Dt + kialo)

ki—oo Jo
= h(u,uq).
Thus, we obtain that
h(m o 67 (u, ), u1)
= Fe(mo ¢! (u,v),u) + he(u, u1)
= Fumo o7 (u,0),u) + Jim_ Ok%L ) (s (1), )t

> he(mo ¢ (u,v),u1),
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where the last inequality follows from the facts that 44 (0) # v and the
minimizer must be a C''-curve. But this is absurd. q.e.d.

For the second step of the proof, we consider the problem in the cov-
ering space T x R and single out a lift of the stable (unstable) manifold
of the invariant circle. The stable (unstable) manifold has two branches:
WS,’LL

lr

Wt = WA {gor(q,t) < g2 < 27 — a},
W =W n{=2n+a < g < qor(q1,t)}.

These two branches of the manifold joined together smoothly at the in-
variant torus. Let us consider the unstable manifold. There is a smooth
function S*: {27 4+ a < g2 < 27 — a} — R such that graph(dS") =
W UWE. Note W|(4, #)=constant 18 below the zero section of the cotan-
gent bundle while W;*|(4, 1—constant 15 above the zero section if we restrict
them in the sub-cotangent bundle T*T. If L, is sufficiently small, then
there exist some ¢, > 0 and a periodic function ¢o = ¢2(q1,t) such that
a2(q1,t) < a, |g2(q1,t) — a| very small and

Su(q17 2m — CD(QIJ)J) - Su(qlv _qQ(qlat)at) - 27TC/2 =0.

Thus, we can extend S" — c,go periodically so that S* — chqs is a contin-
uous function defined on T? x T. Note that this function is not differ-
entiable at the 2-dimensional torus {(¢,t) € T? : g2 = ¢2(q1,t)}. Since
L"+a(c) = 0} when it is restricted on W*N{—q2(q1) < q2 < 27—q2(q1)}
and strictly positive elsewhere, the backward c-semi static orbits must
lie on W} if it approaches [ from the right-hand side.

There might be another possibility that the backward c-semi-static
orbits approaches I" from the left-hand side. Similarly, there exist é < 0
and a periodic function §a = G2(q1,t) with |G2(q1,t) — a| very small such
that

Su(Qlad?(Qlat)at) - Su(qla —27 + Cj2(Q17t)at) - 27-(52 = 0.

In this case, we can also extend S™ — ¢ago periodically so that S* — ¢éago
is a continuous function defined on T2 x T. Because v*(0) € {a < g2 <
2w —a}, and ¢ = (¢1,b(c1)), it is clear that the c-action along the orbit
lying on W} is bigger than the c-action along the orbit lying on W},
This asserts our claim.
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Since L** + a(c) = 0 on W, for arbitrary 7' > 0, we have

4 [ (P00 - e30) - a@)ar
— SU(34(0),0) — SU(3A(=T), ~T) — bler) (725(0) — 75(~T)),
/ " (L(0.0) - (320 - alo))a
— S (AT),T) — S°(32(0),0) — bler) (32 (T) — 725(0)).

Since ® is an area-preserving twist map when it is restricted on the
cylinder, from the Lemma 2.0 and the Corollary 2.7, we see that L. is
regular. Therefore, for any ¢ > 0,0<s<1,0<t<1and ¢,¢* € M,
there exists Ky € Z* such that

|h°(q', q*, s,t) — hf(q’,q*,s,t)] <e VKy<KcZ.

Since M(c) is uniquely ergodic in this case, for any 6 > 0, 0 < t < 1,
v RY — M with v%(0) = ¢ € T X (a,27 — a) and ¢* € M;(c) there
exists a sequence of {K;}3°, (K; € Z") such that

d(v*(t + Ki),q%) < 6.

It is easy to construct an absolutely continuous curve (: [s, K; +t] — M
such that ((t) = v*(t) as s <t < K; +t — 2, d(d((t),dy*(t)) < 0 as
Ki+t—2<t<K;+tand ((K; +t) = ¢*. As L* attains its minimum
at W* for each (q,t) € U, it follows from the convexity of L in ¢ and
(4.7 that

0< / o (Letdc(),1) — ale) )t

= 8%(¢" +(0,27),t) + 5°(¢, ) — ble1)(¢5 — ¢2)
< 0(9),
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where Lo = L — (¢, q). If vt [s,K; +t] — M is the minimizer of
hEi(q,q*,s,t), then

o< [T Ltk 0. - a0)a

— 8(q" + (0,27), ) + (., 5) + b(er) / Sica(t)dt

< [T (petact.0) - o)

—5%(¢" +(0,27), 1) + 5°(q, 8) + b(c1) (a2 — 42)
< 0(9).

It is easy to see that dyj. (t) keeps close to the branch of the stable
manifold which corresponds to the cohomology class ¢ = (c¢1,b(c1)) if
K; is sufficiently large. Thus, we have

K;+t
/ S a (Ot = G5 + 27 — go.
S

Therefore, we assert that for all ¢ € T x (a,27 — a), ¢* € ©(I';(c)) and
s,teT

(4.8)
h(q,q",s,t) = S%(q¢" + (0,2m),t) — S°(q,s) — b(c1)(g5 + 2m — q2),
hgo(q*7Q757t) = Su(Qﬂ 5) - Su(q*,t) - b(cl)(QQ - q;)

In fact, we have seen that (4.8) holds for ¢* € M(c), ¢ € T x (a,27 —a)
or ¢ € 7(T'|5). As there exists an invariant circle on which the rotation
number is irrational, we see that B.(¢) = P,,(¢) = 0 for all ¢ € 7w(I"), thus
d.(¢,q*) =0 for all ¢* € M(c) and § € 7(T"), where w = d1a(c), P, is the
Peierls’ barrier function. Consequently, we have h°(q, ¢) = h°(q,q") +
he°(g*,q). Therefore, we obtain (4.8) for any ¢ € T X (a,27 — a) and
any ¢* € w(T;). As dS®|yry = dS"|xr), by adding a constant, we
can assume that S*(q + (0,27),t) = S%(q,t) if (¢,t) € n(T). Since the
c-minimal measure is uniquely ergodic, we have the following:

Lemma 4.3. Let g € T x (a,27 — a), then
(4.9) Bi(q) = 5%(q,0) — 5%(q,0) — 2mb(c1).
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Proof. Since M(c) is uniquely ergodic, by definition of B[, the prop-
erty S*(q + (0,2m),t) = S"(q,t) if (¢,t) € (") and (4.8), we have

BE(€ ) + hE®(a,m) = () : €m € M(c) |

B2 (€.) +hi(g,€) € € M(0) |
=5 (q,O) - Ss(q’o) - 27Tb(01).

BX(q) = ngn

C

q.e.d.

Next, we consider the stable (unstable) manifold of all invariant cir-
cles. Different invariant circle determines different stable and unstable
manifold, so we have a family of these manifolds. We claim that this
family of stable (unstable) manifolds can be parameterized by some pa-
rameter o so that both p{" and p5™ have 3-Hélder continuity in o.
Indeed, we arbitrarily choose one circle Iy and parameterize another
circle I', by the algebraic area between I', and I'g,

1
(4.10) o= / (T (a1) — Dolar))das.

This integration is in the sense that we pull it back to the standard
cylinder by 1 o ¢y € diff($, %) (cf. (8.1)). In this way, we obtain
one-parameter family curves I': T x S — ¥ in which S C [4',B’] is a
closed set. Usually, S is a Cantor with positive Lebesgue measure, A’
and B’ correspond to the curves where the action p; < A and p; > B
respectively. Clearly, for each o € S, there is only one ¢; = ¢;1(0)
such that Ty = Mog(c) for all ¢ € I(c1(0)) as the rotation number is
irrational. We can think I', as a map to function space C° equipped
with supremum norm I': S — C%(T,R),

||F01 - FU’QH = max |F(Q1a Ul) - F(Q170'2)|-
€T

Direct calculation shows
2
1
o1 — 09| > —— | max|['(¢g1,01) — I'(q1,0 ,
ol 2 5 (maxv(aron) - Dlar,o)] )
where (Y}, is the Lipschitz constant for the twist map, it follows that

1
(4.11) IToy = Top || < Cslor — 0nf?,

where Cs = /2C},. Since the stable (unstable) fibers have C"~2-smooth-

ness on their base points on ¥, py" is also i-Holder continuous in
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o. Thus, there exist two families of C1! functions S%(q,t): {(q,t) :
gor, (q1,t) < g2 < 2m —a} — M and S3(q,t): {(¢;t) 1 a < g2 <
qor, (q1,t)+2m} — M, which are also %—Hélder continuous in 0. Remem-
ber for each o € S, B:(U)(q) can always take the value zero as its mini-

mum in the region {a < g2 < 2w —a}, it follows from the 3-Hélder conti-
U

nuity of Sj(a) and the expression of B, given by (1.9) that b(cy (o)) also

has 5-Hélder continuity in o. For z € T, there is unique z,(t) € 7(Toy)
such that z,(t) = (z,qor, (2,t)). Let ¢(o) = (c1(0),b(c1(0))), we have:

Lemma 4.4. For all ¢ € T x (a,27r —a), z € T and s,t € T the
functions 53" (q), b5 (0, 20 (1), 5,8), BEX, (20 (), 0, 51) and B, () are
%-Hb'lder continuous in o € S.

Different from B}, h2° depends on the choice of the closed 1-form 7,

(cf. [15]). To guarantee the Holder continuity, we choose 0. = {(c(c), q)
in above lemma.

5. Construction of connecting orbits

Throughout this section, we shall make the following hypotheses,
their verification shall be postponed to Section &.

(H1): For each o € S C [A/, B], the set {Bioy =0tNnfa < g <
21 — a} is totally disconnected.

Remark. By the choice of a, the set {B:(U) =0}n{a < q <2m—a}
is not empty since dvy, cannot cross the strip {a < g2 < 2r—a} under one
step of the map ¢, there must be some points on time-1-section of the
minimal orbits whose projection fall into the strip. By the definition of
S, for each o € S, Ay(c(o)) contains an invariant circle on the cylinder.
In this case, we have an explicit expression of B}(¢) in the strip. The
hypothesis (H1) implies the minimal critical point set of Sg(a) — Sg(a)
consists of discrete points, and there must be some minimal points in
the interior of this strip.

(H2): If the rotation number of I' is rational, then the associated
c-minimal measure has its support only at a periodic orbit. The set of
minimal homoclinic orbits in Y to this periodic orbit is topologically
trivial.

Before making the third hypothesis, let us note that the union of
all invariant circles on the cylinder forms a closed set. These circles do
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not intersect each other, so the complementary set consists of countably
many invariant annulus.

(H3): Let I" be an invariant circle on ¥, associated with co-homology
class c. If this circle is on the boundary of a gap, then for small § > 0,
there exists ¢ = (¢1,c,) with either 0 < ¢, —b(cy) < d or = < ¢y —
a(eq) < 0 such that M(¢') is uniquely ergodic.

According to the study in the last section, we know that Ny(¢) is
homotopically trivial, but this does not guarantee that Ny(c’) is also ho-
motopically trivial on M, since the projection from N'(¢') — N (¢) is not
necessarily injective. If M(c) is uniquely ergodic, then N'(¢/) = A(c).
The Lipschitz property of A(c¢/) implies that Ny(¢’) is homotopically
trivial in this case. Given arbitrary small d > 0, there are only finitely
many invariant circles which are the boundary of some annulus with
width not smaller than d. Actually, we require the third hypothesis
only for these tori.

The first task in this section is to build a C-equivalent sequence
{1 where cgl) = ¢1(0’), a(cgl)) < cgl) < b(cgl)), cgm) = c1(0"),
a(cgm)) < cgm) < b(cgm)) and o/ < o* correspond to two invariant cir-
cles which make up the whole boundary of a gap. Thus, a theorem of
connecting C-equivalent Mané sets is used to construct the diffusion or-
bits crossing this gap. This kind of theorem was discovered by Mather
in [15] where the proof was sketched. To make use of this theorem, we
shall give a complete proof first. A theorem of connecting different G(c)
was proved by Bernard recently [4].

To any subset A of M, we associate a subspace of Hi(M,R)

(5.1) V(A) = ﬂ {iU*Hl(U, R) : U is an open neighborhood of A},

where ig: H1(U,R) — H{(M,R) is the map induced by the inclusion.
Clearly, there exists an open neighborhood U of A such that V(A) =
iv«H1(U). Let V+(A) be the annihilator of V(A). In other words, if
c € H'(M,R), then ¢ € V= if and only if {c,h) = 0 for all h € V(A).
Given ¢ € H'(M,R), we define
(5.2) R(e) =Y (VNi(e))*

teT
In [4], R(c) is defined by using G(c) instead of using N(c).

We say a continuous curve I': R — HY(M,R) is admissible if for
each t € R there exists § > 0 such that I'(¢) — I'(tg) € R(I'(¢p)) for all
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t € [to — d,t0 + 6. We say ¢, ¢ € H(M,R) are C-equivalent if there is
an admissible curve I': [0,1] — M such that I'(0) = cand I'(1) = ¢.

Let U be an open subset of M x T, we can think it as the open subset
in M x R of points (g, t) such that (¢,¢ mod 1) € U. The 1-form p on
M x R is called a U-step form if there is a closed form g on M x T,
also considered as a periodic 1-form on M x R, such that the restriction
of u tot < 0 is 0, the restriction of 4 to t > 1 is i, and such that
the restriction of p to the set U U {t < 0} U {t > 1} is closed. In the
application in this paper, [i is chosen as a closed form on M.

If the first de Rham cohomology class d € R(c), then there exists
an open neighborhood U of N'(¢) and a U-step form p such that || =
d. Such a neighborhood U will be called an adapted neighborhood.
Indeed, similar to the arguments in [4], let us fix a time ¢ € [0,1] and
a cohomology class d € V(N;(c))*. There exist an open neighborhood
Q of M(c) and a & > 0 such that V(Q2) = V(N(c)) and such that
Ns(e) € Q for all s € [t —0,t + 6]. As d € R(c), we can take a closed
form 1 on M whose support is disjoint from € and such that [g] = d.
Let p: R — R be a smooth function such that p = 0 on (—o0,t — ],
p=1lon[t+d00)and0<p<1lforallteRandlet U=M x ((0,t—
NU([E+9,1) U x[t—0d,t+0]. Obviously, the form

p=p(t)n
is an U-step form satisfying the required conditions.

Let T: [0,1] — H*(M,R) be an admissible curve such that I'(0) = ¢
and I'(1) = ¢/. For each t € [0,1] and an adapted neighborhood U(t),
let n(t) be a closed 1-form on M such that [n(t)] = I'(t). There exists
d(t) > 0 such that I'(s) — I'(t) € R(I'(t)) and a U-step form pu(s) with
[A(s)] =T(s) —T'(¢) if s € (t — 6,t + ). According to the upper semi-
continuity (1, 1) — N, proved in Lemma 2.4, we can assume that

(5.3) W(Nn(t),u(S)) + €(t) C U(t)

if we take suitably small §(¢). In this paper, we use U + a to denote
the set {x € M : dist(z,U) < a}. Clearly, there is a finite increasing
sequence {t; }o<i<n such that

N
(5.4) Ut = 8(t), i+ 6(t:)) o [0,1],
1=0
tio1 >t — (5(ti), ti+1 <t;+ (5(151)
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and (b.3) holds for each t;, and each s € (t; — 6(¢;),t; + 6(t;)). In the
following, we shall use €;, d;, U;, n; and p; to denote €(t;), 6(t;), U(ti),
n(t;) and p(t;) respectively. Thus, we have

i—1
(5.5) mi=no+ > .
=0

Let us fix some 0 < i < N and consider the function A1t (mg,m.)

defined in (2.13). For each small € > 0 and (mg,m1) € M x M there

exists (T, T7) = (T¢, Ti) (X, mg, m1) € Z* such that

(5.6) R (mo,my) > h?

myui(mO’ml) —€ VT > T;, 7=0,1.

Obviously, there are infinitely many 7; > Tj‘ (j = 0,1) such that

(5.7) |WI0 T3 (g my ) — hS°

ioHi Miskbi (mo,m1)| < Ej'

Let ~; (t, mo, m1, To, Th) : [=To, T1] — M be the minimizer of h;‘ipfﬁ;l
(mo, my), it follows from Lemma 2.3 that if € > 0 is sufficiently small,
Tj (j = 0,1) are sufficiently large, and Ty, 77 are chosen so that (5.7)
holds, then

(58) d’)/i(t,mo,ml,To,Tl) S Nm,m(t) +e6 VO<t<I1.

From the Lipschitz property of hi-0;lt (mg, my) in (mg, m;) and the com-

pactness of M, we see that there are T]‘ = T]’(ez) (j =0,1), independent
of (mg,m1), so that (5.4) holds for all 7} > T]’ We can see also that
there exist 77 (€;) > Tj(e;) (j = 0,1) so that for any (mg, m1) € M x M,
there are T; = Tj(mg, m1) with T]’ <T; < T]’ (j = 0,1) such that (5.7)
and consequently (_6;53) hold. Note that for different (mg, m;), we may
need different T > T]’

We are now ready to construct a connecting orbit joining N (cg) and

N(cn). We consider 7; as the time translation (¢,t) — (¢,t + 7;) on
M x R, and define the modified Lagrangian

N—-1

(5.9) L=L-n— > (~7)
=0
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For each 7 = (19, 71,...,7n-1), the following variational problem
To,TN !/ =
hi (ma m, T)

N-1

TN+TN-1

= inf / L—mny— E (—7)% i | (dy(t),t)dt
v(=Tp)=m ,J=To i=0

VIN+TN—1)=m

N—-1
— Z (1i — mi—1)a(c;) — Toa(cp) — Tya(en)
=1

has a C'-minimizer ~(t,m,m’, 7, Ty, Try) which is clearly the solution
of the Euler-Lagrangian equation determined by L. We need to show
that it can be the extremal of L if we suitably choose 7, Ty and Tx. We
define

A= {%’ e ZN i max{Ty, Ti" ' +1} <7 — 71 < max{Tg, 7171 +1}

v1gz‘§N—1,m:o}

and take the minimum of hgo’TN (m,m/,T) over A
(5.10) F;(m,m/, Ty, Tn) = I_I}i/I\l RIIN (m, m! | 7).
TE

Let 7(Ty,Tn) be the minimal point about 7. If ~(¢t,m, m', Ty, Tx) is
the minimizer of F; (m,m’, Ty, Tiy), we claim that for t € [, 7; 4+ 1] and
0<i<N-1

(5.11)  dy(tm,m! To, Tn) € (=) (N le) + e

In fact, let us to choose m; = y(ri—1+1), m; = y(ri41) for 0 <i < N—1.
Since v(t,m,m’, Ty, Tx) is the minimizer of F; (m,m’, Ty, Tx), thus

(5.12)
Ty Tl
g ) = it (D @ (0,0
Y (=To)=m; J_Ty
y*(T1)=m]
T“ggTogfg
T{<T <T}

— Tooz(ci) — Tla(ci_H).
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So, we obtain (5.11}) from (5.6-5.8), (5.12) and the choice of T]‘ as well
as T! (j =0,1). We define the infimum limit of Fj (m,m’, Tp,Ty)

(5.13) hSe(m,m') = liminf Fj(m,m’, Ty, Tn).

To,T1 —o0

Let Tf ( =0,N) be the subsequences such that Tf — 00 as k — o0

|Fi(m,m’,T§,TJI§) — hoio(m,m’)| < min{ej, en} VY E,

as well as

lim Fi(m,m’,Té“,T]]f,) = h%o(m,m’)

k—oo
and let 7y (t, m, m') = ~y(t, m, m', T}, T%) be the minimizer of
F;(m,m/, TF,TY). It is easy to see that (5.11) holds also for i = 0, N.

From (5.3), (p.12) and the definition of U;, we obtain that dvyy(t) is
the extremal of L with the boundary condition v (—=7F) = m, v (T +
Th_1) = m’. Clearly, for any compact interval [a,b] the set {7x},~j is
pre-compact in the C'([a,b], M) topology if k is suitably large. Let 7:
R — M be the accumulation point of {74}, then dv is the solution of
the Euler-Lagrange equation determined by L and

a(dy) € Alco),  w(dy) S Alew).

Consider a bi-infinite sequence (...,¢;,...) of C-equivalent cohomol-
ogy classes and a sequence (...,&;,...) of small positive numbers. Let
{7i}2°,, be a monotone sequence of integers such 79 = 0, 7; — £o0 as
1 — £oo. Let

N
VN = Z CONTE
i=—N
For each 75 = (7_n,...,7N—1), we consider the following variational
problem
;}N’TN(m,m/,FN)

TN+TN-1
~ inf / (L~ mo — ) (d(0). )
YT N=T_N)=m T Ny—7_ N
’Y(TN+TN71)=m/

N-1
- Z (Ti — Ti_l)a(ci) — T_NOé(C_N) — TNOé(CN).
i=—N+1



EXISTENCE OF DIFFUSION ORBITS 497

Let Ay be the set of 2N dimensional integer vectors defined in the same
way as for A with the subscripts ranging over (—N,..., N — 1) instead
of (0,...,N —1). Let yn(t,m,m’, T_n,Tn) be the minimizer of

. T_n,T
Fi(m,m’,T,N,TN) = 7%1/1\111\7 hi NN

m,m’, 7y).

With the same arguments above, we can make vy (t, m,m', T_n,Txn) be
the extremal of L by choosing suitably large 7y, and T. From (5.3)
and (p.11!), we can see that dyy passes within a distance of &; of each
L(¢;) for =N < i < N if we set Zf’; suitably large for each j = 0,1 and
each —N < i < N. Let v: R — M be an accumulation point of the set
{IN}Rsn,e d7 clearly determines a trajectory of the Euler-Lagrange

flow of L which passes within a distance of &; of each A(¢;) for all i € Z.
Therefore, we have proved the theorem:

Theorem 5.1 ([15)]). Suppose co and cy are C-equivalent classes.
Then, there is a trajectory of the Fuler—Lagrange flow of L whose a-
limit set lies in A(co) and whose w-limit set lies in A(cy).

Consider a bi-infinite sequence (..., ¢;,...) of C-equivalent cohomol-
ogy classes and a sequence (..., &;,...) of small positive numbers. Then,
there is a trajectory of the Euler—Lagrange flow of L which passes within
a distance of €; of each A(c;) in turn.

The next step is to establish C-equivalence among some Mané sets
of the special L given by (2.2). Let us consider the first de Rham
cohomology class ¢ € H'(M,R) such that the support of c-minimal
measure uniquely sits on I' € 3. First, we consider the case that I' is a
Denjoy set and there is no invariant circle containing I'. The rotation
number of I' is irrational. By the well-known knowledge, we see that the
B-function for the twist map is differentiable at the point of irrational
number, it implies that there is only one ¢; such that I is the support
of c-minimal measure if ¢ € intI(c;). We see from the Lemma 3.4
that N'(c) = M(c) when a(e;) < ¢ < b(c;). By the upper semi-
continuity of ¢ — N(c), we find that there exists § > 0, if ¢ € J =
((e1 =0, c1+6)x (a(cy)+6,b(c1)—6), then N'(c) is in a small neighborhood
of m(I"). Thus, each of such Ny(c) is homotopically trivial. Therefore,
all ¢ € J are C-equivalent.

Next, let us consider the case when I' consists of single periodic or-
bit. Since the [-function of the twist map has a corner at the ra-
tional rotation number, there is a flat piece of the a-function of the
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twist map, over the interval [c], ¢]]. Consequently, there is a rectangle
(c1,c)) x (ale1),b(c1)) € HY(M,R) such that all c-minimal measures
have their support on [ if ¢ is in this rectangle. When ¢; < ¢1 < cf,
a(cr) < ca < b(er), /\7(0) = /\;l(c) When a(c1) < ¢z < b(eq) and ¢1 = ¢f
or¢; = ¢, N(¢) = M(¢)U{minimal homoclinic orbit in }. Due to the
upper semi-continuity of ¢ — N (c) and the hypothesis of (H2), we find
that there exists § > 0, if ¢ € J = ((¢] —d,¢f +6) x (a(e1)+8,b(c1) —6),
then Ny(c) is homotopically trivial. Thus, all ¢ € J are C-equivalent.

Finally, we consider the case when I' is contained in an invariant
circle on the boundary of a gap. In this case, I' is the support of that
c-minimal measure with ¢ € I(¢1) = {(¢1,¢c2) : a(c1) < c2 < b(é1)}-
Because of the hypotheses (H1), (H3) and in virtue of the Lemma 8.3
8.5, we have Ny(c) C U = U U;, where U; N U; = @ if i # j, Up is an
open neighborhood of T'; all other U; (i # 0) are open set contractible
to one point. Let J = (¢1 — 6,¢1 + 0) X (a(¢1) — 0,b(¢1) + J). Due to
the upper semi-continuity of ¢ — N(c), we can see that Ny(c) C U for
all ¢ € J if § > 0 is sufficiently small. To establish the C-equivalent
relationship between any two ¢, ¢’ € J, let us consider first the special
case when ¢, ¢ € Jand c—c = (0,c2—c%). Let I'(s) = (c1, sca+(1—5))ch
for 0 < s < 1, obviously, [dgs] is the annihilator of Vi) (t) Vs € [0,1],
t € T. Thus, I'(s) is an admissible curve. Second, let us consider the
case when ¢ = (¢1,¢2) € J, but ¢a > b(¢1) or co < a(¢1). Under the
hypotheses (H1) and (H3), for any ¢ > 0, there exists ¢ = (¢1, c2) with
b(é1) < cg < b(é1) + 8 or a(éy) — 6 < ca < a(c1) such that Ni(c) is
homopotically trivial for any ¢ € T. Therefore, 3 6’ > 0 such that for all
¢ € By(c), No(¢') is homotopically trivial. Replacing 6 with ¢ in the
definition of J, we find that all ¢ € J are C-equivalent. In fact, given
any two ¢, ¢ € J, we can construct the admissible curve as follows. Let
r: [0,3] — HY(M,R),

sc+ (1 —s)e, 0<s<1,
I(s)=<(s—1)c+(2-9)d, 1<s<2
(s—=2)d +(3—-s)d, 2<s<3
in which ¢ and & € J are defined in the way é = & > b(¢1) or ¢ =
~/ ~ N\ = o ~ ~/ :
& < a(é), ¢ = ¢ and & = ¢, both MVy(¢) and N;(¢') are homotopically
trivial.
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Lemma 5.2. We assume the hypotheses (H1-H3). Let ¢ = (c1(0”),0
and & = (¢1(0™),0) be two co-homology classes such that No(¢) and Ny(é
make up the whole boundary of some given gap with o' < o*. Then, ¢
and ¢ are C-equivalent.

Proof. By assumption, there is no other invariant circle between Ny (¢)
and Ny (¢). In this case, we have shown that for any ¢; (o) < ¢1 < ¢1(0*),
there is an open rectangle J(c;) C H'(M,R) containing (c1,0) such
that all ¢ € J(c1) are C-equivalent. By the compactness of the inter-
val [¢1(0”), c1(0™)], there is a sequence {ng) ", such that U;’;OJ(CgZ)) D
[c1(0”),c1(0*)] x {0}. Obviously, the C-equivalence has transitivity.
q.e.d.

This C-equivalence establishes the existence of the diffusion orbits
crossing gaps as we have the Theorem 5.1

To go further, we need to know more details of U-step forms. Let 7;
be any given closed 1-form such that [n;] = c9) for j = 1,k. A natural
question is whether there exists such kind of pu(t) so that u(t) = n; for
t <0 and p(t) = ng for t > 7 + 1 even though ¢(!) is equivalent to ¢(*)?
In general, we do not know whether it is true or not, but in our case,
the answer is yes.

Lemma 5.3. Let ¢V = (c(ll),c(;)), clk) = (cgk),cgk)) be two cohomol-
ogy classes connected by an admissible curve I', where a(cgl)) < 0(21) <
b(cgl)), a(cgk)) < c(2k) < b(c(lk)), and M(c), M(®)) c 2. Let n1,
be two closed one forms such that [m] = ¢V, [np] = ¢®). Then, there

exists a composition of finite U-step forms u(t) such that pu(t) = m for
t <0 and p(t) =ng fort > 1+ 1.

Proof. Since @ is an area-preserving twist map when it is restricted

on the cylinder, by the hypothesis (H2), there is some ¢ with cgl) <

c < cgk), ¢co = 0 such that its semi-static minimal orbit set consists of
single m-periodic orbit with m > 1. Thus, for each s € T, Ny consists
of several points, Ns(c) = U{gi(s)}. Consequently, there exist & > 0,

and 0 < s1 < s9 < 1 such that

(U daits1)} +36) N (U {ails2)} +30) = 2.

There also exists € > Osuch that 0 < s1—e < s1+e< s9—€e < s9+e <1
and U{g;(s)} C U{qi(s;)} + 26 when |s — s;| < e for j = 1,2.
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Let n be an any exact 1-form, we claim there exists a U-step form
v such that v(t) = 0 for t < 0 and v(t) = n for ¢t > 1, where U is
a neighborhood of N(¢) = User U; {qi(s)}. Let F: M — R be the
function such that n = dF'. Let As(q): M — R be a smooth function
As = 1 when ||¢]] < 0,0 < As <1 when § < ||| < 26 and A5 = 0 when
llg|| > 26. Let

k k
= (1 =3 nsla - m») FoF= (Z Asla - qi<51>>) F,
i=1 =1

obviously, supp(dF*) N (W{gi(s1)} +26) = @, supp(dF) N (W{gi(s2)} +
20) = @. If we choose

v=p(t—s1+€e)dF*+ p(t—so+ e)dF,

where p = 0 fort < 0,0 < p < 1for0 <t <2 andp =1 for all
t > 2¢, then v(t) = 0 for t < s; — e and v(t) = dF for t > sy + €. Let
U = Uj=12((H{ails;)} +6) x [sj — €55 +€) UM x ([0,51 — €] U[s1 +
€,82 — €] U [s2 + €,1]), then dv|y = 0.

Since both [m1] and [n2] are C-equivalent to ¢, there are two compo-
sitions of U-step forms vq, v such that

m+vi(t) = (c,dg) +dFy, t>T;
v (t) = 0, t< T+
<C,dq>+V2(t):772—|—dF2, t> To.

By the demonstration above, there is a U-step form v such that v(t) =
—d(Fy + F») when t > 1. Clearly, the 1-form p = (—71)*v + v1 + o is
what we are looking for. q.e.d.

The remaining work in this section is to join the orbit crossing the
gaps smoothly with the orbit constructed via Arnold’s mechanism. We
shall make use of some ideas developed in [5] and in [6], it is showed
that the diffusion orbits in several examples, constructed by transition
chains, are actually the orbits which locally minimize the Lagrangian
action.

Let us consider the barrier function of those cohomology classes cor-
responding to an invariant circle I'. on the cylinder. In this case,
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Mo(c) C T and d.(£,&) =0 for all £,¢" € n(T';). Thus
(5.14) Bi(q) = min {hZ(&,q) +hZ(g,n) — hZ(En)}
&meM(c)

=hZ (& q) +hl(q,§) VEem(le)
Under the hypothesis (H1), the set {BZ‘(U) =0}NTx (a,2mr —a) is
totally disconnected for all o € S. Thus, for any given ¢ € S and any

€ > 0, there are finite and mutual disjoint balls B¢(g;) and § = §(o,€) > 0
such that UBc(¢:) D {By,) = 0} N T x (a,27 — a) and

min{B:,(q) : ¢ € 0B(:),¥i} = 26, Bl(,(a:) = 0.
In other words, as a function of q. B;‘(U) reaches its minimum in {a <

g2 < 27 — a} away from the boundary

5.15 min B* ~ min B* > 95,
| : q€0Bc(q:) C(J)(Q) q€Be(q:) C(U)(Q)_

Recall for each z € T, there is unique z, € 7(I'y) such that z, =
(2,qor, (2)). From (5.14), (5.15) and the Hélder continuity guaranteed
by Lemma 4.4, we find that for each z € T

(5.16) min (20, q) + b (€5 207)

q€0B.(q:) c(o c(o’!
3
— min hX2\(25,q) + b0 (0, 267) > =0,
q€Be(gs) C(U)( ? ()(q ) 2

provided that ¢’ is sufficiently close to o. As these functions depend on
the choice of closed 1-form 7., to obtain (p.18) we choose 7. = {(c(c), §).
In general, hg(oa)(za,q) + hg(oa,)(q, z,) is also the function of z, but its
variation over z € T is very small if ¢/ is sufficiently close to o, because
gor, () has 3-Holder continuity in o. Since S is compact, there exist
§ = d(e) and €1 = €1 (¢, ), independent of o, such that (5.15) and (5.16)
hold if |0 — 0’| < €.

We say o is linked with o1 by transition torus with some persis-
tency if 011 € S is so close to o such that

(5.17) e1(05) — er(o )| < 79

and (p.16) holds where we replace o and o’ by o; and 041, respectively.
We say o; is linked with o by transition chain with some persistency if
there there is a sequence 0, 0j41,...,0,—1, 0% in S such that for each j <
1 < k o0y is linked with 0,41 by transition torus with some persistency. To
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be brief, we shall say in the following that they are linked by transition
torus (chain). Note that S C [A/, B'] is compact, we can find finitely
many o € S (0 < k < K) such that we have one of the following
alternatives for each k < K: either oy, is linked with o4 by transition
chain, or I';, and I'y, ., make up the boundary of an annulus of Birkhoff
instability, i.e., there is no other invariant circle between I';, and 'y, , , .
In the following, we shall use I'; to denote I',, and use z; to denote z,.

Let us consider a sequence of invariant circles I'; (i = 0,1,...,¢,0+1)
on the cylinder ¥ such that I'y is linked with I'y through the transition
chain I'a, ..., I'y_1, and there are two annuli of Birkhoff instability, one
has T'g and I'; as its boundary, another one has I'y and I'yy; as its
boundary. By the construction of this transition chain, we know that
for each 1 < i < { there is z; € {B )= 0} N (a,2m — a) such that for

c(o;
any z € T
(5.161) qegllgi:(l:vi) heton (Zis @) + Bl 1) (a5 2it1)
: [e.e] o0 3
~cum hon (Zis @) + Mo, ) (@5 Zi1) = 55.

As in [B], let us consider the covering of T? given by M = T x R. For

each x;, we identify it with its lift in the region T x (0,27) and single
out a point on its lift, z; = z; + (0, 2i7). We also identify each z; with
its lift z; + (0,2im). For ¢ € (1,2,...,¢ — 1), we introduce a smooth
function ¥;: T x R — R which vanishes outside {q : |¢ — Z;| < 2¢} and
such that

(5.18) VVU,(q) = c(oiq1) — c(o) Vg: |lg—2; <e
If we set

(5.19) ¢i(q) = c(oi) + V¥;(q),

then

he; (z.q) + heg 1 (4, 2) = hefey (2,0) + hely,, (4 2) + Wira(q) — Pilg).
Note ¥;11(q) = 0 as g € Bc(q;). If we require further that ;41 is so
close to o; that (5.17) holds, we obtain from (5.16i) and (5.18) that

(5.20) qegnBir(lm) hes (zisq) + e, (4, ziv1)

B qerél:(ral;l) hEi (ZZ’ q) + h67;+1 (q7 ZZ-‘rl) Z 5
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Let B = Be(xl) X BG(:CQ) X X Be(xf—l)) Q = (Q17~~-aQZ—1), n o=
(no,n1,...,ng) € Z+1 and define

(521) h(Qazlazfa Zh?;j:ll nZ qZ7Q’i+1)

+ h?f nO(Zh(Jl) + hnl e 1(%—1,24).

We see that b, as the function of @), takes its local minimum in the
interior of B if n;11 — n; is sufficiently large for all 1 < i < ¢ —1. In
fact, let } be the point where the function of ¢ hZ°(2;, q) +he, (q,zi+1)
attains its local minimum in B (z;), we find that the function of @

Z hg (zis qi) + he, (4, zit1)

takes its local minimum at the point (x7, 23, ..., x;_;) which is obviously
in the interior of B. Thus, the local minimum of § is in the interior of
B if the following holds

(5.22) W he T (g gin) = s (@0 ziv) R (2ig1, Giv)-

Nj41—N;—00

To show this, let us state a lemma.

Lemma 5.4. Assume M(c) has a dense orbit. For any mg,my € M,
let v: [0, K] — M be c-minimal curve connecting mg and my, v(0) =
mo, Y(K) =my. For any 6 >0, any K1 € Z" and any z € Moy(c), 3
Ko € Z*, if K > Ky, then there exists T € 7" such that v(T) € Bs(z),
TZKl cdeo—TZKl.

Proof. For any 6* > 0, there is Ky € Z, and k € Z" such that
dy(k) € My(c) + 6* if K > Ky, otherwise there would be another c-
minimal measure. For any z € My(c), by choosing sufficiently small
5* and sufficiently large Ky, there is some T € Z* so that (7)) is in
d-neighborhood of z. Clearly, for any K; € ZT, there exists such T
so that T' > Ky and Ky — T > Kj, otherwise there would be another
c-minimal measure also. q.e.d.

Applying the lemma to this problem, we find that for each m &
M(c;), each small § > 0 and each large K > 0, there exist n* € Z*
such that if n > n*, then there exists z, € Bs(m) such that

he(q,q") = e (g, zn) + he? (20, 4'),
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where n = n1 4+ ng with ny,ny > K. Using the Lipschitz property of
hi (m,m') in (m,m’) we find that for each small ¢ > 0 the following
holds
‘h:}z (q7 q/) - h:}zl (q7 m) - h:}f (m7 q,)| <¢€

if 0 is sufficiently small and n* is sufficiently large. Since we consider
the M(c¢;) which is on the cylinder with irrational number, thanks to
the corollary 2.7, we know that L — (¢;(q),q) is regular for each 0 <
i < 0+1, (p.22) follows from the property that d.,(m,m’) = 0 for all
m,m’ € 7(T;). Denote the corresponding minimizer by v: [ng, ng] — M,
we use 7;(t) to denote its restriction on the time interval [n;, n;41]. Once
v(t) reaches its local minimum in the interior of B, standard argument
shows that

OLe. OLe,

L(dyi(t),t) = —2L (dyigpq (t),t
(0. 0) = Ze (@ (0.

holds at ¢t = n;11. Note that Ls, = L in the neighborhood of B.(z;)
by the definition of ¥;(q), we get

Cit1

Yi(nit1) = Fiv1(nit1),
thus, y(t) is a solution of the Euler-Lagrange equation over the time
interval [ng,ng.

In fact, we can remove the restriction on z; and z, that thereis z € T
so that z; = (z,qor,(2)) for j = 1,£. We can replace z; by any point
z; € M(c;) simply because dc; (m,m’) = 0 for all m,m’ € n(I';). Thus,
the function of Q@ = (q1,...,qr—1)

-2
> (i q) + h (@i zie1) + B (2, @) + b (qr, 7))
=2

/-1
= > h&(zi,qi) + hey, (@i zie1) + 0 (21, 21) + he, (20, 27)
i=1
also reaches its local minimum at the point (z7,z3,...,27_;). So,

the Lipschitz property of hl' enable us to assert that there exist large
(Ani, Ang, ..., Any) and small 6* > 0, if n; —n;—1 > An,, z; € Bs- (z]*)
for j = 1,4, then as the function of @, h(@Q, 21, z¢, ) reaches its local
minimum in the interior of B.

Now, we are ready to construct an orbit v: R — M such that «(dvy) D
I'y and w(d’y) D) Fg_H.
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By the condition, I'; and I';;; make up the boundary of the resonant
zone Z; for i = 0,£. For i = 0, + 1, we let ¢ be a co-homology class
such that {B; = 0} =T}. For i = 1,¢, we let ¢ be a co-homology

) (D) g Yy : _ _
class spch that ¢ = (¢;”,b(c;”)), in this case, {B,) =0} =1U
{its ¢¥-minimal homoclinic orbits}. Since the C-equivalence between

¢ and ¢ Yhas been established for i = 0,¢, in analogy to the proof
of Theorem 5.T, we can find the composition of finite U-step forms v;

N;
vi=> (=) u, =12
=0
such that their cohomology classes are [v(t)]:<o] = 0, [11 (t)\t>TI1V 41 =
27y, +1!

M — O vy(t)|4<0] = 0 and 2 (®)lizrz 4] = D — e where 7/ is
- . 2 - -

the time translation (¢,t) — (g,t + 7/). Moreover, by Lemma 5.3, we
can choose those v such that vi(t)t<o = 0, ul(t)\t>TI1V 41 = (@alg) —

- - - 1

c(00),dq), va(t)lt<o = 0 (see (5.18) for the definition of &(g)) and
VQ(t)|t2712\,2+1 = <C(U€+1)_C(O—€)7dQ>' Let 77(% = <C(O-0)7dQ>’ 77(2) = <E€(q)7 dQ>7
=+ Yoy, and ¢ =[], then ny ;= (@1(q),da), NRysy =
(c(0p+1),dg). Based on the proof of Theorem 5.1, we can choose each

], the adapted neighborhood Uij and ef > 0 so that

(5.6ij) TNy o)+ CUl Vj=12 0<i<N;

For each eg* > 0, there exist TJZ,T,‘gZ € Z4 with Tlgz > Z/v’,gz, (k=0,1)
such that

(k=0,1),
v (mo,ml) eMx M

J
;1 Rt

R0 (mg,my) > B (mo,mi) — € Y T, > T)

'

for any given (mg,m1) € M x M, there exists T, = Tj(mo, m1) with
T}, < Ty, < T}, such that

(5.71j) R (mo,mi) = S (moyma)| < €

Let fyg (t, mg, my, To, Th) : [=To, Ti] — M be the minimizer of
To, T j

J o,
Rl

(mg, mq). Let T,‘gz be set so large and eg* > 0 be set so small such
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that if (5.7i}) holds, then

(5.8ij) v (t,mo, m1, Ty, Ty) € N+ e vo<t<l
: =j _ (] J
We define the index set for 77 = (17,77, ... ,TNj)

N = {Fj c ZNi maX{Tg(i_l),Tfi +1}

< Tij — T,L-jil < max{Tg(iil),
and introduce a modified Lagrangian depending on the parameters 77
(j=1,2) and 7@

7Y+ 13,1 < < Ny, = 0}

L —(c(00),4) — (5, + 1)*u1, t <,
[ R CCARNTONAFICORE nj_1 <t <nj,

L— <C(0—f)7 q> + (’I?,g + 7—12\/'2 + 1)*1/27 t> ny—1,
where p; is a smooth function such that o;(t) = 0 for ¢ < L(n;11 +n;),
0 < 0j <1 when 3(njq1+n;) <t < i(njs1+nj)+1and g; =1 when
t > %(njjl + nj;) + 1, this function is well defined if n; — nj_1 > 4.
Clearly, L is smooth in

/-1 /—1
(4,q,t) € TM x {R\ U{ni}} U TBe(ai) x <n 1+ 1)
i=1 i=1
For each (m,m') € M x M, Q = (q1,-..,q0—1) € B let
T0, Ty 11 / 1 =2 =
hi (m7m7Q7T77—7n)

T .
= inf / L(d~(t),t)dt
V(=Tg)=m J Ty
Ty, g )=m'

+ (ng — ne—1)ace) + Toa(co) + Topro(cesr)

where Ty =Ty + T}Vl + 1’, _TE*H =Ty1+n0+ 7'12\[2 + 1 and T, Tp4+1 > 0.
In virtue of the Lemma 5.4, we can take sufficiently large n} so that
any c(oq)-minimal curve v1: [0,n1] — M with n; > n) has a point
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71 (no) € Bs=(2]) with ny —ng > Any. Similarly, we can take sufficiently
large Anj so that any c(o,)-minimal curve ~: [ng_1,n)] — M with
ny — ng—1 > Anj has a point v(ng) € Bs«(z¢41) with nj —ng_q >
ng —ng—1 > Any. We can also take suitably large n; (i =2,3,...,0—1)
so that n;y1 —n; > An,; for each 1 < i < £ —1. Under these conditions,
Ty (m’ m/’ Q, 7—_»1’ 7—_»2

we take the minimum of / 1o, ,7) over B

h€07T5+1(m m/ -1 7—_»2’ﬁ) glelﬁh To, /+1(m’m/’ Q,;l,%a,ﬁ)-
Let v(t) = y(t,m,m’, 7', 72,7) be the minimizer of hTO’T“l(m m', 7,

72,1). Recall that the support of ¥, is a small ball. For each cohomology
class under our consideration here, the support of the minimal measure
is on the cylinder, the hyperbolicity of the cylinder. Let us see that ~(t)
is outside of the support of VW; if both t —n; and n;11 —t are suitably
large. In other words, for t € [$(niy1 + n:), 5 (nig1 + ny) + 1, ¥(t)
falls into the area where (0;(t)V¥;(q),dq) is exact. Thus, dvy solves the
Euler-Lagrange equation of L for t € [ng, n] if we repeat the argument
for the function h(Q, 21, z¢, 77).

Next, by choosing sufficiently large values for Tle, T11N1’ T()QO and TOQO,
we can assume TllN > n} and TOQO > ny_1 + Anj. In this case, let us
consider the minimum of A ToTets (m,m/, 71, 72, 7) over Al x A% x {TllNl <

n1 < Ty, } > {T5 + ne S ne < T +nea}

To,T, ) To,T,
R0 (mym) = min RO
L 7leal 72¢A2 L

1 1
TlN <nj <T1N

Ty +ne_1<ne<To+ne_1

(m,m/, 7', 72 7).

Denote by 7/*, n} and nj where the the minimum is reached. Let
To,Te+1(m m'). Let

T = le—TNl 1, Toj =T —|—7‘N +1+ny. From the proof of Theorem6 ],,
we can see that (5.6i]), % (b.71}) and (5.8i}) hold for (—7;;)*y at j = 1,2,
0 <14 < Nj except for (Z,j) 0,1), (Ng, 2).

As the third step, we consider the limit infimum

v(t) = y(t,m,m’, TO,Tg_H) be the minimizer of h

(m,m') = liminf A" (m, ')
Te+1~>oo

h%
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Let T, T £+1 be the subsequence so that T — oo, TEJrl — 00 as k — oo,

‘hTO’THl(m,m) hoo(m m)‘ <m1n{eo ,GNQ} vk,
and
. Tk Tk 00
Ji 1oty = o)

k k

and let y: [~TF* Té+1] — M Dbe the minimizer of hTO ’T‘“’l(m,m’),
where T”‘:’k Tk + TNl +1, ng_l = Tg+1 +ny + 75, + 1 By the similar
argument to prove Theorem 5.1, we can see ("6_6_1]) (5.7i1), (5.8ij) hold
for (—75)* vk at (i,5) = (0,1), (IV2,2) also. In this case, dy is a solution
of the Euler-Lagrange equation induced by L. For each small 4, dv
connects T'g+ 4 with Fg+1 + 4 if k is sufficiently large. Let v: R — M be
the accumulation point of {vi}rez+, then a(dy) = I'g and w(dy) = 41
since A(¢;) =T for i = 0,0+ 1.

The construction of diffusion orbits can be done in the same way
when there are finitely many resonant gaps.

6. Generic property

The construction of diffusion orbits is under the hypotheses (H1)—
(H3). The task here is to show these hypotheses are dense properties
in C"-topology for r > 3. Since we are interested in the diffusion from
{p1 < A} to {p1 > B}, a compact domain for {||p|| < K} x T? satisfies
such an requirement if K > 0 is sufficiently large. The C"-topology is
endowed in the usual sense for functions {||p|| < K} x T? — R.

The hypothesis (H1) is made only for those co-homology classes ¢ =
(c1,b(c1)), such that Mo(c) is contained in an invariant circle on the
cylinder. Its Mafié set N(c) consists of the invariant circle and its
minimal homoclinic orbits, i.e., { B} = 0}. Let us look at this issue from
the Hamiltonian dynamics point of view.

Since the system is positive definite in p, it has a generating function

G(q,q")

1
(61) Gled) = _int [ L)), 5)ds
vecl((o.1],81) Jo
7(0)=g¢,7(1)=q
where (q,¢) is in the covering space M = R? x R?. Clearly, G(q +
2mm, ¢’ +2mm) = G(q,q') for all m € Z2. The map ®: (p,q) — (¢, ¢)
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is given by
(6.2) P =0yG(q.qd"), p=-0,G(a.q).
Let 71 be the standard projection from R? to T?, let ¢ € R? and

Gelq,q') = G(q,q') — (c.d' — q)
then
(6.3) he(z,2') = min G.(q,q') — alc) (see (2.6))
A
As the system is nearly integrable, the matrix 83/ ,G 18 non-degenerate
everywhere. Thus we can solve the second equation in (6.2) and obtain
somehow more explicit form of the map (6.2)

oG
(6.4) p = a—q,(q,q’(p, 9), d=4d({q).

Let us consider a small perturbation G(q,q") + k(g — ¢')G1(¢') of the
generating function in which 0 < k(¢—¢') < 1, k(¢—¢') = 1if|¢—¢'| < K
and k(¢ —¢') =0if |§ — ¢'| > K + 1. We choose sufficiently large K so
that {||p|| < max(|A|, |B|)+1} is contained in the set where |[¢—¢'| < K.
In this set, the map will have the form

oG oG,
r Y& /
(6.5) V=5 (0.4 (p,q)) + o7

Note that both stable and unstable manifolds of I' keep horizontal over
the strip U = {a < g2 < 27 — a}, restricting ® to W* and to W* where
they keep horizontal, and projecting it to the underline manifold M
along the fibers, we obtain two maps f* and f* on M such that To® =
f#" om. We choose G; € C" satisfying its support supp(G1) = By(q*)
mod 27m C U mod 27m where m € Z2. We see that (f*)~1(By(g*)) N
By(¢*) = @ and f*(By(¢*))NBy(q*) = @ if b > 0 is chosen suitably small.
Let us consider the problem in the covering space T x R and assume
one lift of the unstable manifold starting from ¢s = 0 to the right, one
lift of the stable manifold starting from g = 27 to the left. From (6.5),
we can see that the local stable manifold is not deformed W¥|[¢5 — b <
g2 < 21 + qor(q1)] = {¢.dS® + (o) = ¢35 —b < g2 < 27 + qor(q1)},
but the unstable manifold undergoes slight deformation, W*"|[gar(q1) <
@ < g5+ b ={q,dS" +dG1 + c(0) : qor(q1) < g2 < g5 + b}. It is easy
to see that the barrier function has the form:

(6.6) Bry)(a) = Se(p) (@) — S50y (@) —Gi(q) +2mb(er (o)) ifq € By(q™).

(d(p.q9), d=dpaq.
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We should note the total action of the minimal orbit may be changed
because of the perturbation, in other words, the associated cohomology
class may be subjected to a small perturbation (¢1,b(c1)) — (¢1,b(c1) =

€).
Let Rg = {qg € M : |¢n —dqf| < d, |2 — g3 < d} C By(g¥), let
S, = Sg(a) — Sg(a) — (G we define

Z(o) = {q € Ry: So(¢) = min SU}.

qeRy

We say a connected set V' is non-trivial for Ry if either II;(V N Ry) =
{¢i—d<q <gi+d} or Ia(VNRy) = {q5 —d < g2 < ¢5+d}, where II;
is the standard projection from T? to its i-th component (i=1,2). Let
Mg q(S) = {q : S(q) = mingep,g) S}, we define a set in the function

Space g(da q*) - CO(Rd(q*)aR)v

3(d,q") = {S €5(d.q") : Mag-(8)
contains a set non-trivial for Rd(q*)}.
Let
3=
32 =

$ €3(d,q") : (M (5)) = {ai —d < @1 < g +d} },

S €3(d,q") : Wa(Mag+(9)) = {a3 —d < g2 < g5 + d} .

{
{

3(d,q") = 31 U 3.

Our first task is to show for each generating function G € C"(M x M, R)
and each ¢ > 0, there is an open and dense set $(d,¢") of B.(0) C
C"(R4(q*),R), for each G; € 9(d,¢*), the image of S, from [A’, B'] to
F has no intersection with the set 3;.

Obviously, the set 31 is a closed set and has infinite co-dimensions in
the following sense, there exists 9, an infinite dimension subspace of §,
such that (S + F') ¢ 3 for all S € 3; and F' € 91\{0}. In fact, for each
non-constant function F(q;) € C°([¢f — d,q} + d],R) with F(q;) = 0
and each S € 31, we have S + F' ¢ 3;. Thus, we can choose 91 =
C%(lg; —d, ¢; +d], R) /R, which we think as the subspace of C°(Ry(q*), R)
consisting of those continuous functions independent of gs.
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On the other hand, as S,: [A’, B'] — § has %—Hélder continuity, the
image is compact and its box dimension is not bigger than 2

(67) DB (3(7) S 2.

where §, = {S, : 0 € [A/,B]}. Clearly, this set is determined by the
generating function G.

Lemma 6.1. There is an open and dense set M* C N such that for
all F € 9t*

(6.8) @ +F)N3=2.

Proof. The open property is obvious. If there were no density prop-
erty, there would be m-dimensional e-ball B, C O for some ¢ > 0,
such that for each I’ € B, there exists S € §, such that I'+ S € 3;
or FF'+ S € 35. For each S € §,, there is at most one F' € B. so that
S+ F € 31, for, otherwise, there would be F’ # F such that F'+S € 31,
but we can write IV + S = F/' — F + F + S where F + S € 3; and
F'— F € :M\{0}, it contradicts the definition of 9. Given F € B., there
might be more than one element in Sp = Sp={S € §,: S+F € 31}.
Given any two Fy,Fy € B, for any S; € 6, and any Se € Gp,, we
have

(6.9) d(S1,8) = max |Si(q) — Sa(q)]

qE€R4(q*)

>  max min  S1(q1,92) — min  S5(q1, g2
lg1—qf|<d ||lg2—q5|<d ( ) lg2—q5|<d ( )
1

> §Va1"‘q1,qﬂ§d‘F1(QI) - FQ(ql)‘
1

> §d(F17F2),

where d(-,-) is the C%-metric. It follows from (6.9) and the definition of
box dimension that

DB(%G) Z DB(BE) =n,

but this is absurd if we choose n > 2. The same argument can be
applied to the set 3s. q.e.d.
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As C7 is dense in C% an open and dense set $(d, ¢*) of B, C
C"(R4(q*),R) clearly exists such that for each perturbation of gener-
ating function G| € H(d, ¢*), we have

S.N3d,¢")=2 VoeS,

where, by abuse of terminology, we continue to denote S, and its re-
striction R4(¢*) by the same symbol.

Recall we have defined the set U = T x [a, 2m—a| before. Let My (S) =
{¢q : S(q) = mingey S} and

3= {S € CYU,R) : My(S)is totally disconnected}.

Given d; > 0, there are finite g;; such that U; Ry, (¢;;) D U. Thus, there
exists a sequence d; — 0 and a countable set {¢;;} such that

(| 9di.a;) |[)3=2.

i=1,5=1

Therefore, there is a generic set in B, C C"(U,R), the hypothesis (H1)
holds for each (G} in this generic set. Note U is an annulus, we can write
G1 = G + G7 so that both G} and G have simply connected support.

The perturbation to the generating function G can be achieved by
perturbing the Hamiltonian function H — H' = H +§H. Let ®' be the
map determined by the generating function G + kG, the symplectic
diffeomorphism ¥ = & o ®~! is close to identity. We choose a smooth
function p(s) with p(0) = 0 and p(1) = 1, let @/, be the symplectic map
determined by G+ p(s)xG’ and let U, = ®.0®~ L. Clearly, ¥, defines a
symplectic isotopy between identity map and W. Thus, there is a unique
family of symplectic vector fields X4: T*M — TT*M such that

d
—U =X, 00,

By the choice of perturbation, there is a simply connected and com-
pact domain D such that W7« M\Dy = id. It follows that there is a
Hamiltonian Hi(p,q, s) such that dH{(Y) = dp A dq(Xs,Y') holds for
any vector field Y. Re-parametrizing s by ¢, we can make H; smoothly
and periodically depend on ¢t. To see that dH; is also small, let us make
use of a theorem of Weinstein [19]. A neighborhood of the identity in
the symplectic diffeomorphism group of a compact symplectic manifold
M can be identified with a neighborhood of the zero in the vector space
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of closed 1-forms on M. Since Hamiltomorphism is a subgroup of sym-
plectic diffeomorphism, there is a function H’, sufficiently close to H,
such that (I>H1 o (I>H = (I>jq/|t:1~

Thus, the density of (H1) is proved.

For the hypothesis (H2), let us consider the twist map on the cylinder.
In this case, each co-homology class corresponds to a unique rotation
number. Given any rational number p/q € Q, it is obvious that there is
an open dense set in the space of area-preserving twist map such that
there is only one minimal (p, ¢)-periodic orbit without homoclinic loop.
Taking the intersection of countably open dense set, we obtain that (H2)
is a generic property.

To verify the (H3), let us consider an invariant circle I'; on ¥. There
is an interval I(c1) = {c¢ = (c1,¢2) € R? : a(c1) < co < b(ep)} such
that supp(My(c)) C Ty iff ¢ € I(¢q). Let U be a small neighborhood
of m(T'y). Under the hypothesis (H1), the set {B} = 0}\U is homo-
topically trivial for ¢ = (¢1,a1(c1)) and for ¢ = (c1,b1(c1)). By the
upper semi-continuity of Mafié sets ¢ — N(c), the set Np(¢) is in a
small neighborhood of {B} = 0} if ¢ = (¢1,b(¢1) + 0) with § > 0 suf-
ficiently small. Let us consider such a minimal measure M(¢/). Let
1 be an ergodic component of M(c), there exists €* > 0 such that
dist(suppy, Ty) > 3€* for all ¢ € S. For any € > 0 with ¢ < €*, we can
define a C"-smooth function Lf : TM x T — R so that Lf (z,t) =0

if (z,t) € suppu + 2757 te, LY = 27Fe" L if (2,t) ¢ suppu + 2 %€ and
L7 takes the value between 27kt and 0 elsewhere. Obviously, y is
the unique ergodic component of ¢-minimal measure of the Lagrangian

1 o0
L? :L+FZL27€
T k=1

and ||LZ — L||cr < e. Since (H3) is required only for countable o € S, we
can choose even smaller ¢, so that the supports of these L7 — L have
no intersection.

Note the perturbation we introduced for (H1) has compact support
which has no intersection with the cylinder, the perturbation we intro-
duced for (H3) does not touch the set {B:(J) = 0} for all 0 € S, and
there is a dense set for P such that (H1)-(H3) hold. Thus, we obtain
the density of the perturbation. Since the time for each orbit drifts
from p; < A to p1 > B is finite, the smooth dependence of solutions of
ODE’s on parameter guarantees the openness.
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Therefore, the proof of the Theorem i1 is completed.

Appendix

In this appendix, we present the proof of the Lemma 2.6, given by
Bernard [4], for the completeness sake.

Lemma 2.6. If M(c) is minimal in the sense of topological dy-
namics and if there exists a sequence 7y, of n-periodic curves such that
Ac(v) — 0 as n — oo, then L. is regular, hence A(c) = N(c) = G(c).

Proof. As the first step, we show that the following limit exists for
all (z,t) € M x T:
(A1) lim F.(x,z,t,t+n)=0.

n—oo
By the condition, we can suppose these n-periodic curves -y, are mini-
mizers, their n-periodic orbits X,,(t) = (dy,(t),t) is a compact subset
of TM x T. Each subsequence of X, has a convergent subsequence
in the sense of Hausdorff topology. The limit set of such a sequence
is obviously an invariant subset of M(c). Since M(c) is minimal, this
limit set has to be M(c) itself. Therefore, the sequence of subsets X,
converges to M(c) in the Hausdorff topology. It follows that each point
(z,5) € M(c) is the limit of a sequence (y(t,), s) with t, = s mod 1 for
each n. As F, is of Lipschitz, we have
limsup Fe.(z,z,t,t +n) = limsup F.(yn(tn), Yo (tn), t,t +n)
n—oo n—oo

= limsup A, (Vn)

which implies (A.1).

Next, we claim that (A.1) implies that L — 7, is regular, i.e., for any
(x,s), (2',8") € M x T, e >0, there exists T' such that

Fo(z, 2" t,t") < he(z, 2, t,t') + ¢

if t and ¢’ satisfy t = s mod 1, ¢/ = s’ mod 1 and ' >t + T. Indeed, let
K be the common Lipschitz constant of all functions F.(,-,¢,t") with
t' > t+1, let tp = s mod 1, t{; = s’ mod 1, let v: [ty,ty)] — M be a
minimizer with y(¢t9) = = and y(t)) = 2/, i.e., Ac(y) = Fe(x, 2/, to,tp).
We can make t(, — t¢ is sufficiently large so that 3 ¢; € [to, t] such that
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dist(y(t1),y) < €/4K for some y € M(c)|i=¢,, in virtue of standard ar-
gument of topological dynamics. Since h.(x,2’,s,s") = liminf F,(x, 2/,
t,t'), we can suppose in addition that

F.(z,2' to,ty) < he(x, ', s,8") + ;
Let x1 = y(t1), we have
Fo(z,2' o, ty) = Fe(w, 21, t0,t1) + Fe(z1, 2’ 11, 10).
It follows that:
|Fe(, ' to, t{)) — Fe(z,y,to, t1) — Fely, o't t())‘ <

DO

thus
FC('T7 Y, tOu tl) + FC(y) 'T,7 tla t{)) S hC('T7 'T,7 S, 8,) + €.
By the choice of ¢ and t/, we know that 3 n € N such that ¢/ — ¢t =
ty — to + n. So, we have
F.(z,2' t,t') = Fo(x, 2/ to, to +n)
< FC(J?, Y, to, tl) + Fc(y7 Y, t1,t1 + 7’L)
+ Fo(y, o', t1 + n,ty +n).
Let n — oo, thanks to (A.1), we obtain
limsup Fo.(z, 2, t,t") < he(z,2',5,8") + €.
As this holds for arbitrary € > 0, we see that L is regular.
As the third step, we claim that L is regular implies that G = N. Let
v € CY(R, M) be a minimizing curve, let ¢, — —o0o be a sequence such
that s = t; mod 1 for all k¥ € Z and such that o = lim(t), let ¢}, — oo

be a sequence such that s’ =t} mod 1 and such that w = lim~(¢}). In
this case

A(V’[tk,t;}) - F(V(tk)v ’Y(tgq)a ke, ti}) - h(Oé, W, S, 3/)'

Let us consider a compact interval of times [a,b], where s’ = a mod 1
and s = b mod 1. For k sufficiently large, we have

Ac(W @) = AVt t1)) — AcOVity,a) — AcWpty))-
Taking the limit, we obtain
Ac(Vap) = helo,w,s,8") = he(a, v(a), s, 5) — he(y(b), w, 8", 8').
On the other hand, we observe that if L is regular, then
he(a,w, s,8") < he(a,y(a),s,s) + ®c(v(a),v(b),s,s) + he(y(b),w, s, s")
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it follows that
A(V]ja) < Pe(y(a), y(b), s, s")

hence 7 is semi-static. It has been shown in [15] that N'(c) = A(c).
q.e.d.
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