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Multiple solutions for two classes of quasilinear
problems defined on a nonreflexive
Orlicz-Sobolev space

Claudianor O. Alves, Sabri Bahrouni and Marcos L. M. Carvalho

Abstract. In this paper we prove the existence and multiplicity of solutions for a large
class of quasilinear problems on a nonreflexive Orlicz-Sobolev space. Here, we use the variational
methods developed by Szulkin [34] combined with some properties of the weak* topology.

1. Introduction

This paper concerns the existence and multiplicity of weak solutions for a class
of quasilinear elliptic problem of the type

{ —Agu=\f(z,u), in Q,

(P) u=0, on 01,

where QCR?Y is a smooth bounded domain, N>1, A is a positive parameter and
f:QxR—R is a Carathéodory function verifying some conditions that will be men-
tioned later on. It is important to recall that

Agu=div(¢(|Vu|)Vu),

where ®:R—R is a N-function of the form
[t]
(1) = / sé(s) ds
0
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and ¢:(0, +00)— (0, +00) is a C! function verifying some technical assumptions.

We would like to point out that this type of operator appears in a lot of physical
applications, such as: Nonlinear Elasticity, Plasticity, Generalized Newtonian Fluid,
Non-Newtonian Fluid and Plasma Physics. For more details about the physical
applications we cite [14], [16] and their references.

Motivated by above applications, many authors have studied problems involv-
ing quasilinear problem driven by a N-function ®, we would like to cite Bonanno,
Bisci and Radulescu [6], [7], Cerny [8], Clément, Garcia-Huidobro and Mandsevich
[9], Donaldson [13], Fuchs and Li [18], Fuchs and Osmolovski [19], Fukagai, Ito
and Narukawa [17], Gossez [22], Le and Schmitt [23], Mihailescu and Radulescu
[24], [25], Mihailescu and Repovs [27], Mihailescu, Radulescu and Repovs [28], Mu-
stonen and Tienari [29], Montefusco and Pucci [30], Orlicz [31], Pucci and Temperini
[32] and their references, where quasilinear problems like (P) have been considered
in bounded and unbounded domains of RY.

In all of these works the so called As-condition has been assumed on ® and &),
which ensures that the Orlicz-Sobolev space W (Q) is a reflexive Banach space.
This assertion is used several times in order to get a nontrivial solution for ellip-
tic problems taking into account the weak topology and the classical variational
methods to C'* functionals.

In recent years many researchers have studied the nonreflexive case, which
is more subtle from a mathematical point of view, because in general the energy
functional associated with these problems are in general only continuous and the
classical variational methods to C! functional cannot be used. For example, in
[20], Garcia-Huidobro, Khoi, Mandsevich and Schmitt considered the existence of
solution for the following nonlinear eigenvalue problem

(1.1) {—A@U:)\\P(u), in Q

u=0, on 99,

where 2 is a bounded domain, ®:R—R is a N-function and ¥:R—R is a continuous
function verifying some others technical conditions. In that paper, the authors
studied the case where ® does not satisfy the well known As-condition. More
precisely, in the first part of that paper the authors considered the function

(1.2) O(t)=(e"—1)/2, VteR.
More recently, Bocea and Mih4&ilescu [5] made a careful study about the eigenvalues

of the problem

—div(elVul? —Au= i
(1.3) { div(e Vu)—Au=Au, in Q

u=0, on 0.
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After that, Silva, Gongalves and Silva [10] considered existence of multiple
solutions for a class of problem like (1.1). In that paper the As-condition is not also
assumed and the main tool used was the truncation of the nonlinearity together with
a minimization procedure for the energy functional associated to the quasilinear
elliptic problem (1.1).

In [11], Silva, Carvalho, Silva and Gongalves studied a class of problem (1.1)
where the energy functional satisfies the mountain pass geometry and the N-function
® does not satisfies the As-condition and has a polynomial growth. Still related
to the mountain pass geometry, in [3], Alves, Silva and Pimenta also considered
the problem (1.1) for a large class of function ¥, but supposing that ® has an
exponential growth like (1.2).

Motivated by above study involving nonreflexive Banach spaces, we intend to
consider two new classes of problem (P) where Wy'® () can be nonreflexive. The
plan of the paper is as follows: In Section 2 we done a review about the main
properties involving the Orlicz-Sobolev spaces that will be used in our approach. In
Section 3 we consider our first class of problem assuming the following conditions:

(¢1) t—tp(t); t>0 increasing;
(62) limto(t) =0, lim_to(t)= +ox.
(¢3) t—t2¢(t)  is convex and 20 >1>1, Vt>0.

(1)

The Carathéodory function f:Q2xR—R satisfies:
(fo) There exist a constant C'>0 and a function a: [0, +00)— (0, +00) such that

|f(z,t)]| < Cl(a(t)t+1), ae. 2€Q, t[0,00),

where

a(t)t?
is a N-function satisfying 1 <m4 :=sup <.
>0 A(t)

(f1) There exits §>0 such that t— F(x,t): fo x, $)ds is decreasing in [0, J)
a.e. in Q;
(f2) There exits t; >0 such that

F(x,t1)>0, a.e. in Q.
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A model of nonlinearity satisfying (fo)—(f2) is
fla,t)=t""" =171 teR,

where t, =max{t,0} and 1<g<p, which was considered in [26]. However, our hy-
pothesis are more general than those in [26], because in our case, ® does not satisfies
the Ay-condition and t+— ®(1/t) does not need be a convex function. Another model
of nonlinearity satisfying (fo)—(f2), which was not treated in [26], is

P

— gt teR,
In(1+t,) I+

fi(z,t) =ptt  In(1+ty)—

where 1<¢<p. Related to the conditions (¢1)—(¢3), it is possible to show that the
functions below satisfy these conditions:

(1) 2()=(1+[t*)* =1, € (1, 55),

(i1) ®(t)=tP In(1+¢]), 1< =N o e N1, N >3,

(iid) ®(t)=[1"! s (sinh " 5)%ds,0<a<1 and B>0,

(iv) @(t):%|t|p for p>1,

(v) @(t):%|t|p+%\t|q where 1<p<g<N with g€ (p,p*),

and

(vi) ®(t)=(el'” —1)/2.

From now on, we say that ue W, '* () is a weak solution of (P) whenever

/ o(|Vu|) VuVo de = /\/ flz,wvde, Yve W, Q).
Q Q
Under these assumptions the main result in this section can be stated as follows:

Theorem 1.1. Assume (fo)—(f2) and (¢1)—(¢p3). Then there exists \*>0
such that problem (P) has at least two nontrivial weak solutions for all \>\*.

In Section 4, we study a second class of problem, where we require the following
structural assumptions on ¢, ® and f:

(64) 0<l—1=infy=g % < % <m—1, t>0

(f3) There exist C'>0 and 0<a<1 such that

F(z,0)€L®(Q) and |F(z,t)| < CB(t)*, teR\{0}.

The condition (¢4) does not guarantee that Wy () is reflexive, because it per-
mits to work with the case /=1, where we have a loss of reflexivity, because in
this situation ® does not satisfies the Ao-condition. For /=1, we have as model
O (t)=|t|log(14]t|). In this section our main result is the following
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Theorem 1.2. Assume (¢1),(d2), (04), (f1)—(f3). Then there exist \*>0
such that problem (P) has at least two solutions ul,uQGWOl’q)(Q)ﬁLOO(Q)\{O} for
all A>\*.

Before concluding this introduction, we would like to point out that Theorems
1.1 and 1.2 complement the study made in [26], in the sense that we are considering
new classes of N-functions that were not considered in that reference. Moreover,
the above theorems are the first results in the literature involving multiplicity of
solutions for a class of quasilinear problems driven by a N-function ® whose the
Orlicz-Sobolev space W,'* () can be nonreflexive.

2. Basics on Orlicz-Sobolev spaces

In this section we recall some properties of Orlicz and Orlicz-Sobolev spaces,
which can be found in [1], [33]. First of all, we recall that a continuous function
®:R— [0, +00) is a N-function if:

(7) ® is convex.

(i7) ®(t)=0<1t=0.

P(t D(t

(iiz)hmﬁ 0 and lim Qz—i—oo

t—+oo t
(iv) <I> is even.

We say that a N-function ® verifies the As-condition, if
(2t) <K®(t), V>0,

for some constant K >0. For instance, it can be shown that functions ® given in
(i) — (v) satisfy the As-condition, while B(t)=(e"’ —1)/2 does not verify it.

In what follows, fixed an open set QCRY and a N-function ®, we define the
Orlicz space associated with ® as

LQ(Q):{uGLllOC(Q): /(I)(|1;>dm<+oo for some )\>0}
Q

The space L*(2) is a Banach space endowed with the Luxemburg norm given by

||u||<1>=inf{)\>0:/Q (' |)dm<1}

The complementary function ® associated with ® is given by its Legendre’s trans-
formation, that is,
D(s)= r{lggc{st—tb(t)}, for s>0.
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The functions ® and ® are complementary each other. Moreover, we also have a
Young type inequality given by

st <®(t)+P(s), Vs, t>0.

Using the above inequality, it is possible to prove a Hélder type inequality, that is,
‘/ uvdx‘ <2||ulle|v]|z, VYueL®(Q) and Vv ELZI;(Q).
Q

The corresponding Orlicz-Sobolev space is defined by

Wl"I’(Q):{uGL‘I’(Q) : g—ueL‘I’(QL i:17...7N},
i

endowed with the norm
[ulli,0 = IVullo+|ule.

The space Wol"b(ﬂ) is defined as the weak* closure of C§°(2) in WhH¥(Q).
Moreover, by the Modular Poincaré’s inequality

/<I>(|u\)dx§/<1>(d|Vu|)dx, Vu e W (Q),
Q Q

where d=diam(Q), and it follows that
lulle <2d|Vulls,  ueWy®(Q).

The last inequality yields that the functional ||-||:=||V-||¢ defines an equivalent
norm in I/Vol’(I> (). Here we refer the readers to the important works [21], [22]. The
spaces L®(Q), Wh®(Q) and W)'*(Q) are separable and reflexive, when ® and d
satisfy As-condition.

If E®(Q) denotes the closure of L°°(Q) in L®(Q) with respect to the norm
| [|&, then L®(Q) is the dual space of E®(Q), while L?(Q2) is the dual space of
E®(Q). Moreover, E®(Q2) and E®(Q) are separable spaces and any continuous
linear functional M:E®(2)—R is of the form

M(v)z/gv(x)g(m) dx  for some gGL(i(Q).

We recall that if ® verifies the As-condition, we then have E®(Q)=L?((Q).
The next result is crucial in the approach explored in Section 3, and its proof
follows directly from a result by Donaldson [13, Proposition 1.1].
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Lemma 2.1. Assume that ® is a N-function and ® verifies the Ag-condition.
If (un)CWOl’q)(Q) is a bounded sequence, then there are a subsequence of (uy), still
denoted by itself, and ue Wy®(Q) such that

Uy —u in Wol’q)(Q)

and

Ou, F3
/unvdx—> uv dz, /&wdx—> uwdx, Vo, w e E*(Q)=L*(Q).
Q Q Q 0% Q 0%

The lemma just above is crucial when the space VVO1 ’(b(Q) is not reflexive, for
example if ®(t)=(e’” —1)/2. However, if ® is one of the functions given in (i)—(v),
the above lemma is not necessary since ¢ and ® satisfy the As-condition, and so,
W, ®(Q) is reflexive. Here we would like to point out that (¢3) ensures that &
verifies the As-condition, for more details see Fukagai and Narukawa [17].

Lemma 2.2. Suppose (¢1), (¢2) and either (¢3) or (¢4). Let (Un)CWOl’é(Q)
be a fized sequence such that |uy||—o00. Then there exists ng €N such that

/<I>(|Vun\)dx2||un||l7 Vn >ng.
Q

Hence
||tun | —> +oo implies that / O (|Vuy,|) de — +oo.
Q

Proof. The proof is similar to that given in [17, Lemma 2.1]. O

3. Proof of Theorem 1.1

Note that under hypotheses (¢1)—(¢3), we cannot guarantee that ® satisfies
A,-condition, then W, “®(Q) can be a nonreflexive space. When @ does satisfies
As-condition, it is also well known that there exists uEW()l ?(Q) such that

/ O (|Vu|) dz = +oc.

Q

However, independent of the As-condition, (fy) guarantees that the embedding
Wy ®(Q)—=LA(Q) is continuous. Having this in mind, the energy functional

I: W (Q)—RU{+00} associated with (P) given by

(3.1) I(u):/Qtl>(|Vu|)da:—)\/QF(ac,u)dx, we Whe(Q)
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is well defined. Hereafter, we denote by D<1>CWO1 ?(Q) the set
Do = {u e W, (Q) : / ®(|Vu|) d < +oo} .
Q

The reader is invited to observe that Dg :VVOI’<I> (Q) when ® satisfies the As-condition.
As an immediate consequence of the above remarks, we cannot ensure that I
belongs to C*(W; (), R). However, the functional F:W,'®(Q2)—R given by

F(u) :/ F(z,u)dz
Q
belongs to C*(W,'® (), R) and its derivative is given by
Fuwo= [ flz,uvde, Yu,veWy® ().
Q

Related to the functional Q: Wy * () —=RU{+oco} given by

(3.2) Qu) = /Q &(|Vul)dz,

we know that it is strictly convex and l.s.c. with respect to the weak™ topology.
Furthermore, QECl(W(}’(D(Q), R) when ® and & satisfy the Ay-condition.

From the above commentaries, in the present paper we will use a minimax
method developed by Szulkin [34]. In this sense, we will say that u€ Dg is a critical
point for I if 0€9I(u)=0Q(u)—F'(u), since FeC (W, *(Q),R). Then ueDg is a
critical point of I if, and only if, F'(u) €0Q(u), what, since @ is convex, is equivalent
to

(3.3) Q(v)—Q(u)zA/Qf(x,u)(v—u)dx, o e WP (Q).

In the case where ® and ® satisfy the As-condition, we would like to point out
that the energy functional I€C 1(VVO1 ’é(Q), R), and the last inequality is equivalent
to
(3.4) I'(wyv=0, YoeWp*(Q),

that is,
/ o(|Vu|) VuVo de = /\/ flz,uvde, Yve W, Q).
Q Q
The last identity yields that u is a weak solution of (P). However, when ® does not

satisfy As-condition, the above conclusion is not immediate, and a careful analysis
must be done. For more details see Lemma 3.5 below.
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From now on, let us denote by ||-|| the usual norm in Wy'®(Q) given by

[ull = [[Vulle

||vu||¢:inf{A>o:/q><M> dxgl}.
Q A

Moreover, we also denote by dom(¢(t)t) W, * () the following set

where

dom(g(t)t) = {u € Wol’q)(ﬂ) : /Q (¢(|Vul)|Vu|) do < oo} .

As @ verifies the As-condition, the above set can be written of the form
dom(o(t)t) = {u e W Q) : o(|Vul)|Vu| € L‘I’(Q)} .
The set dom(¢(t)t) is not empty, since it is easy to see that C§°(Q2) Cdom(¢p(¢)t).

Lemma 3.1. Suppose (¢p1)—(¢2). For each u€Dg, there is a sequence
(un) Cdom(p(t)t) such that

| < [, /<I>(|Vun|)dx§/<1>(|Vu\)dx and  |[u—u,| <1/n.
Q Q

Proof. See [3, Lemma 3.2]. O

Lemma 3.2. Assume that (¢1)—(¢p3) and (fo) hold. Then, functional I is
coerciuve.

Proof. Indeed, supposing ||u|/>1, using (fp) and the embeddings W&’Q(Q)(ﬁ
LA(€) and W, *(Q)—=L'(Q), we conclude that there exist positive constants C;
and Cy satisfying

() > ||u]l" = ACu[|u] ™4 = AC: |lull-

Recalling the [>m4>1, we get the desired result. O

Lemma 3.3. Assume that (¢1)—(¢3) and (fo), (f2) hold. Then, there exists

A >0 such that I is bounded from below in Wy *(Q) and inf I(u) <0 for all
ueWy ()
A> N,
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Proof. First of all, the fact that I is coercive yields that there is R>0 such
that
I(u)>1, for |ul|>R.

On the other hand, by definition of I, a simple computation gives
W] <K, for [u]<R.
From this, there is M >0 such that
I(u)>—-M, forall ue WOI’(I)(Q),

showing the boundedness of I from below in Wy'®(Q).

Next, we will show that  inf  I(u) <0. By (f2), there exists ¢; >0 such that
uewy *(Q)

F(x,t1)>0. Let ©;CQ be a compact subset large enough and uOEWOl’q)(Q) such
that ug(z)=t1 in Q1 and 0<ug(z)<t; in Q\Qy. Note that {x€Q: F(z,uo(z))<0}C
Q\ Q. So, using (fo),

/QF(:L',uO)d:c > /Ql F(%tl)dicC/Q\QI(A(UO)+|U0|)CZSC
(3.5) > / F(z,t)de—Cl\Q | (A(tr) +|t2]) > 0
Q

provided that [2\€4] is small enough. Thus I(up)<0 for A>0 large enough. This
proves the lemma. [J

From Lemmas 3.2 and 3.3, I is bounded from below in WO1 ’@(Q). Thereby,
there is (u,) CW'® () such that

I(up,) —Io= inf I(u) as n— 4oo.
ueWwy *(Q)

Consequently, taking into account that I is coercive, the sequence (u,) must be
bounded in WO1 ’(I)(Q). Therefore, by Lemma 2.1, for some subsequence denoted by
itself, there is uq EWOL(I)(Q) such that

Up —up  in Wol’q)(Q).

Now, applying [20, Lemma 3.2] and [15], it follows that I is weak* lower semicon-
tinuous. As a consequence,

lim inf I (u,) > I(uy).

n—-+oo

The last estimate implies that
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From this, u; €Wy ®(Q)\ {0}, I(u;)<0 and

(3.6) Q(v)—Q(ul)2/\/Qf(x,u1)(v—u1)dac, Vo e WEL(Q).

Lemma 3.4. uy€DgNdom(¢(t)t).

Proof. Making v=0 in (3.6), using (fo) and Holder’s inequality we find

/@(|Vu1|)dm:Q(u1)§)\/f(x,ul)uldx<oo.
Q Q

This proves that uy € Dg.
In the sequel, we will show that u; €dom(@(t)t). Setting v=(1—21)u; in (3.6),

we get

/Q BV (1—1/n)ur )~ B(|Vur )] dir = Q (1—1/n)uur) —Q(ur)
1
gfﬁ)\/gf(x,ul)uldx.

Since ® is C'!, there exists 6,,(z)€[0, 1] such that

ul—l ui|)— Uy
A= VD= VAD _ o118, (@ /m) T (1= ) )] T2

n

Recalling that 0<1—6,,(z)/n<1, we know that
1=0,(z)/n>(1—0,(x)/n)? = gn(z),
which leads to

/ 6(1gn () Vs ) gn () Veur P dir < A / (@, ur)ur de, VneN.
Q Q

Letting n—+o00, we derive that

/¢(\Vu1|)|Vu1|2dx§)\/f(x,ul)ulda:.
Q Q

Recalling that
()2 = (1) +D(4(1)t), VEER

so, we have N
O(|Vur )| Vur 2 = @(|Vur ) + @ (| Vaun |) [Vua ),
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which leads to

Ul U12 xXr = (5% X o (5% U1 X
/Q¢(|V DIVur|”d /Q@(IV )d +/Q<I>(¢(|V DIVur]) d

/¢(|Vu1|)\Vu1|2dx and /<I>(|Vu1|)dm are finite, we infer that
Q Q

& (¢(|Vur|)|Vus|) de is also finite, then u; €dom(é(¢)t). This finishes the proof.

Lemma 3.5. Suppose (¢1)—(¢2) and let u€Dg be a critical point of I. If
uedom(p(t)t), then it is a weak solution for (P), that is,

/¢(\Vu|)Vqudx:)\/f(x,u)vdx, VUEW&'@(Q).
Q Q

Proof. Hereafter, we adapt the arguments found in [10, Lemma 4.5]. Given
£€(0, ) and veCE (), we set the function

Ve = ((1—e)utev).

1—

N,

Hence, as u is a critical point of I,

/Qq)(\VUEDdx—/Q<I>(|Vu|)de)\/Qf(sc,u)(vg—u)d:mVEE(0,1/2),

and so,
) dz.
Taking the limit as e—0, we get

/¢(|Vu\)Vu(Vv—Vu/2)da:2/\/ Fa, u)(v—1/2) dz
Q Q

e

Jo ®( Vo) dz— [, (| Vul)d A/fw(

or equivalently
/ o(|Vu|)VuVu da?—)\/ flr,wvde > A, YveCF(Q),
Q Q
where ) )
A=— / o(|Vu))|Vu|* do—= / f(z,u)ude.
2 Ja 2 Ja
As C§°(92) is a vector space, the last inequality gives

/¢(|Vu\)Vqudx—)\/f(ac,u)vdx:O, Yo e Cg°(Q).
Q Q

Now the result follows using the weak* density of Cg°(Q2) in W'®(Q) together
with the fact that ¢(|Vu|)|Vu|€eL®(Q). O
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As a byproduct of the last lemma is the following corollary.

Corollary 3.6. Suppose that (¢1)—(d3), (fo) and (f2) hold. Then uy is a
solution of problem (P) with I(u1)<0 for A>\*.

We are going to use the Mountain Pass Theorem to find a second critical point
of I. To this end, we define

0 if t<0;
gz, t):=< f(z,t) if 0<t<uq(x);
flz,uq) if t>uq ().

Now, let us consider the functional J: W, “®()) > RU{+00} defined by
(3.7) J(u) :/ (I>(|Vu|)dx—)\/ G(z,u)dz
Q Q

where G(x,t): fo x, s)ds. Due to Lemma 3.5, we can follow the same ideas found
in [26, Lemma 2] to prove the lemma below

Lemma 3.7. If u is a solution of problem

(PA) {A@U—/\g(x,u), in

u=0, on 09,
then u<uj.

The next lemma establishes the first mountain pass geometry.

Lemma 3.8. Suppose that (¢1)—(¢p3), (fo) and (f1) hold. There exist r, p>0
such that J(u)>p for all uGW()l’é(Q) with ||u||=r.

Proof. Condition (f;) implies that there exists >0 such that
F(z,t)<0, 0<t<4.
Define Q,,:=[u>min{d, u1 }]. From the last inequality,
G(z,u(x))=F(z,u(x)) <0, a.e. in x € Q\Q,.
On the other hand,

G(z,u(x)) <0, a.e. in Q,N[u; <u<d].
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Let Qy,6:=Q \ [u1 <u<d], Q;ﬁ::Qu,m[ugul] and Q:,ézzﬂu’gﬁ[u>u1]. From (fo),
Wo® (Q)=L®(Q) =LY Q)L (Q) for s€(ma,l). Then,

/\/Q G(z,u)dr < )\O/_ (A(Iu\)+|u\)da:+A/ (F(z,u)+f(z,u1) (u—u1)) do

+
w,8 Qs

SAé/’<Awm+mDm
o w{(2). (2"}

(3.8) < )\% /
’ Q

where C, Cs and Cs are positive constants. Therefore, considering |lu|>1, by
Lemma 2.2 and (3.8),

[ul? da < T ],
N

u

J(u) = HUIII—>\/Q G(a, u)dz > [|uf'(1=ACslul*~").
u,d

This proves the lemma. [

Lemma 3.9. J is coercive.

Proof. By (fo)
|F(x,t)| <Ca(A()+]t]), teR

and
flzyur)(t—ur) <2CA(A(t)+t]), VE>uy.

Thus, for ||u||>1,
/<I>(|Vu|)dx—)\/G(:C,u)dx:
Q Q
:/ (I>(|Vu|)da:—)\/ F(J:,u)dx—)\/ F(z,u1)+ f(z,u1)(u—uy)dz
Q u<ui u>uy
Z/Q<I>(|Vu|)d:v—3>\CA/Q(A(u)+|u|)dx

(3.9) = lull’ =X [lul™* = Aezul,

where c¢1, co are positive constants. As 1<m 4 <[, we get the desired result. O
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Proof of Theorem 1.1. Gathering Lemma 3.8 with the fact that J(u;)=1(u;)<
0 for A>\*, we can apply the Mountain Pass Theorem found in [4, Theorem 3.1]
to guarantee the existence of a (PS) sequence (u,)CWy'®(Q) associated with the
mountain pass level of J, that is, J(u,)—c¢>p and 7,,—0 in R such that

(3.10) Q(v)—Q(un)ZA/g(x,un)(v—un)dI—TnHv—unH,

Q

for all ve W, *(€) holds true for all neN, where

;= inf J(y(t
ci=inf max (v(®))

and
L={yeC[0,1][ 7(0)=0, v(1) =u1 }.
By Lemma 3.9, (u,) is bounded. Hence, we can assume without loss of generality
that u, ~uy in W' *(Q).
In the sequel, we will show that us€dom(¢(t)t). By Lemma 3.1, there is
(v,) Cdom(¢(¢)t) such that

ol < [tnls  on—un|| <1/n and /@(an\)dxg/(b(\VunDdx, VneN.
Q Q
Consequently,

Qo) —Q(un) > A / 95, ) (0—1tn) dar— |7 =12,

for all UEW(}‘D(Q). Setting v=v, — v, we get

1 1 1
Q(Un*ﬁvn)*Q(Un) Z/\/Qg(xvun)(vn*ﬁvnfun)dx*|7—n| anfﬁvnfun”»

that is,
/ (‘P(|an—%an|)—(I)(|an|))
Q

1

dz <

n

fn)\/ g(x,un)(vnfun)der)\/ 9(@, up ) vy de+n|7,| ||vn —un ||+ 70| [|on]l-
Q Q

As (uy,) is bounded in Wy * (), (g(z, u,)) is bounded in L 4(Q), (7,,) is bounded in
R and [jvp, —uy|| < %, it follows that the right side of the above inequality is bounded.
Therefore, there is M >0 such that

/ (2(|Von— 3 Von|) —2(|Vvn]))
Q

T de <M, VneN.

n
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Using again that ® is C, there exists 6,,(z) €10, 1] such that

(V0 =5 Voul) = @UVOD _ 11 g, () /) T ) (L= () /)] T 2.

n

Recalling that 0<1—6,,(z)/n<1, we know that
1=, (2)/n> (1=6,(x)/n)?,
which leads to

/Q O(1(1=00 () /) V0nl) (1~ 00 () /)2 Vn [ dz < M Yn€N.

As up S uy in Wi®(Q), we also have (1—0,(z)/n)v,—uy in Wo'®(Q). Therefore,
using the fact that ¢(¢)t? is convex, we can apply [20, Lemma 3.2] to obtain

liminf/¢(|(1—Hn(x)/n)anD(l—9n($)/n)2|vvn\2da?Z/ O(|Vuz)|Vuz|* dz,
Q Q

n—-+oo

and so,

/ (| Vug|)|Vug|? d < M.
Q

Recalling that N
B2 = B(1)+B(6(D)1), VIER,

we have

3(|Vua )| Vua|? = &(|Vuz| )+ @((| Vua|) | Vus|),
which leads to

u 'LL22 xTr = U9 X o U9 u xX.
/Q¢<|v )| Vsl d /Q<I><|v )d +/Q<I><¢<|v )| Vus]) d

Since /¢(|VuQ|)|VuQ|2da: and /(I)(|VU2|)dJ? are finite, we see that
o o

/ O (¢(|Vug|)|Vus|) dz is also finite.

Q

Claim. J(u,)—J(uz2) as n—-+oo.

comp

In fact, from (3.10) and Wol’q)(Q) — LA(Q),
/ G(w,un)dx—>/ G(z,ug)dx and
Q Q

/Qg(x7un)(v—un)dx—>/Qg(x7u2)(v—u2)dx.
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Since (J(up)) is bounded sequence, for some a subsequence of (uy), still denoted
by itself, we can assume that

lim Q(u,)=0L.

n—00

Using the fact that @Q is lower semicontinuous with respect to the weak* topology,
we derive that

Q(uz) < lim inf Q(u,) = L.

On the other hand, making v=uy in (3.10), we conclude that
Q(u) > lim inf Q(un) = L,
n—oo

and so,

lim Q(u,) = Qus):

n—oo

Thus, J(u,)—J(uz)=c. Now, we can use the same ideas of Lemma 3.4 to prove
that us€ DgNdom(¢p(t)t). Letting n—+oo in (3.10), we conclude that uy is a
critical point of J. Using similar idea explored in the proof of Lemma 3.5, us is a
weak solution of (PA). From Lemma 3.7 we obtain that ug <up, then g(z,us(z))=
f(z,uz(x)) for all €, from where it follows that us is a weak solution of (P) with
J(uz)=1I(uz). Moreover, by Lemma 3.5, uy is a weak solution of (P). But, from
Lemma 3.3, I(u1)<0<c=I(uz), from where it follows that u;7#us. This finishes
the proof. O

4. Proof of Theorem 1.2

In this section we will use the same approach of the last section. In order
to avoid some repetitions, we are going to show only the different accounts. For
example, it is important to point out that if (¢4) holds, then Dg=dom(tp(t))=
Wy *(Q).

Lemma 4.1. Assume that (¢1), (¢2), (¢4) and (f3) hold. Then the functional
I s coercive.

Proof. Initially, from (f3),
(41) P, < Saye.
Q

Using (4.1), Holder’s and Poincaré’s Inequalities, there exist positive constants Cy
and C satisfying

I(w) Z/S)@(\Vu\)dx—/\g/ﬂ[‘b(u)]adx
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2/9<I>(|Vu\)dx—/\01 (/Q <I>(|Vu|)d3:>a
2/9<I>(|Vu\)dx 1ZACh (/Q<I>(|Vu|)da:>a_1].

As a€(0,1), the Lemma 2.2 ensures that I is coercive functional. This finishes the
proof. [

Lemma 4.2. Assume that (¢1), (¢2), (¢4), (f2) and (fs) hold. Then, there
exist A\.>0 such that I is bounded from below in Wy (Q) and inf I(u)<0

ewy ()
for all A> ..
Proof. Since the boundedness of I from below follows as in Lemma 3.3, we will

omit this part. The rest of the proof follows as the same ideas of Lemma 3.3. But,
we need to change the inequality (3.5) by

/QF(x,uo)dx > /Ql F(x,tl)dxfC’/ D (ug)dx

A\

(4.2) z/ﬂ Fla, t1)dz—C|O\ Q4 |®(1)" > 0.

Here, we point out that in the first inequality we have used (4.1). O

Corollary 4.3. Suppose that (¢1), (¢2), (1), (f2) and (f3) hold. Then, there
exists a solution uy of problem (P) such that I(uy)<0.

Proof. Since I is lower semicontinuous in weak™ topology, we can use Lemmas
4.1 and 4.2 to obtain u; EWOL(D(Q) such that

I(ui):= inf  I(u)<O0.
ueWy *(Q)

Since I is Gateaux differentiable, it follows from [34, Prop. 1.1] that u, is a critical
point of I. Moreover, using the fact that ® satisfies the As-condition, we obtain that
D¢=dom(¢(t)t):W&’¢’(Q). From Lemma 3.5, we conclude that wu; is a solution of
problem (P). O

Now, we shall consider the functional J defined by (3.7).

Lemma 4.4. Assume (¢1), (¢2), (¢4), (f2), (f3) and m<I*. Then there exist
r, p>0 such that I(u)>p for all ue Wy ® (Q) with |ul|=r.
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Proof. We shall use the same ideas of Lemma 3.8, but we need to do some
adjusts. Assume that ||ul|<1. We will change the inequality (3.8). For this end, by
(f3), (4.1) and choosing s€(m,l*),

)\/ G(z,u)dr < /\C’/
Qu,s Qs
< /\U/ O (u) da

Qu,s
o[ () (o

u,8
C _
(4.3) g)\é—j/ |ul® da < Cs|ul|®.
Qu,s

O (u)” da:Jr)\C'/ (F(x,u1)+f(z,ur)(u—uq)) dx

+
Qs

Thus, from (4.3),

T2l A [ Gle,wyde > " (- 2Tslul ). O
Qu,&

The Lemma 4.4 combined with the equality J(u;)=I(u;)<0 permit to use
again the Mountain Pass Theorem to obtain a sequence un)CWO1 ’®(Q) such that
J(up)—c>p>0 and (3.10) holds.

Lemma 4.5. Assume (¢1),(d2), (d4) and (f1)—(f3). Then (uy,) is bounded.

Proof. Using similar idea of Lemmas 4.1 and 3.9, we can prove that J is coer-
cive, and so, (u,) must be bounded. O

Proof of Theorem 1.2. Initially, by Lemma 4.5, u,, —us, for some us GWol’q)(Q).
Moreover, u, —usy a.e. in £ and there exists he L®(Q) such that |u,|<h.

Claim. J(u,)—J(uz2) as n—-+oo.

Firstly, we will prove that

(4.4) /Q Gz, un)dz —> /Q Gz, us)dz.

In fact, by (4.1),
|G(z,t)| = |F(z,t)| < CP*(¢), 0<t<uy.

Now, using [12, Theorem 1.6], we have u; € L>°(2). From this,

|G(z,t)| < |F(z,ur)|+|f(z,u)|[t—ui| < C1+Cst, wuy <t.
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Consequently,

|G (2, u,)| < C14+C®Y(h)+Ch e L' ().

Now, (4.4) follows from Lebesgue dominated convergence theorem. A similar argu-
ment works to prove that

/g(:c7un)(v—un)dx—>/g(gg7u2)(v_u2>dx’ UGWOL‘I’(Q)
£ Q

As in the proof of Theorem 1.1,

lim Q(uy,)

n—oo

Q(u2).

Thus, J(u,)— J(uz)=c. Letting n— o0 in (3.10), we conclude that us is a critical
point of J. Using the same ideas explored in the proof of Lemma 3.5, it is easy to see
that usy is a weak solution of (PA). Arguing as in the proof of Theorem 1.1, ug is a
weak solution of (P) with J(ug)=1I(u3). But, from Lemma 3.3, I(u1)<0<c=1I(uz),
this implies that w;#us. Moreover, From [12, Theorem 1.6], us€ L (£2), which
finishes the proof. [
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