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On Laplace—Carleson embeddings, and
LP-mapping properties of the Fourier transform

Eskil Rydhe

Abstract. We investigate so-called Laplace—Carleson embeddings for large exponents. In
particular, we extend some results by Jacob, Partington, and Pott. We also discuss some related
results for Sobolev- and Besov spaces, and mapping properties of the Fourier transform. These
variants of the Hausdorff-Young theorem appear difficult to find in the literature. We conclude
the paper with an example related to an open problem.

1. Introduction

Throughout this note we let 1<p,g<oo, and p’:ﬁ, so that %+i:1. By
R and C; we respectively denote the set of positive real numbers (0, 00) and the
complex upper half plane {z€C|Im z>0}. We let u be a positive Borel measure on
C... Preliminaries and notation not covered in this section is deferred to Section 2.

In particular, we postpone the definitions of the following standard function spaces.

HP(C4) - Hardy space of analytic functions on Cy;

AP(C;) — Standard weighted Bergman space;

wp —  Sobolev space of tempered distributions on R
Fra —  Triebel Lizorkin space on R%;

B4 —  Besov space on R

X —  Homogeneous counterpart of X e{WPp, FP9 Br1}

This work was supported by the Knut and Alice Wallenberg foundation, scholarship KAW
2016.0442, and produced while the author was a postdoc at University of Leeds, UK.
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The notion of Laplace—Carleson embeddings was coined in [13], and refers to
maps of the type

L: LP(RJF) _>Lq((c+7 dﬂ)? f»—)[:f ::/000 f(t)€2ﬂ-it' dt.

A priori, the above map is strictly formal. However, if LLP(R ) is indeed contained
in LY(C4,du), then the inclusion is continuous by the closed graph theorem.

One may of course also consider more general spaces in place of LP(R, ), for
example weighted Sobolev spaces. In this direction, we will only summarily consider
spaces of order 0 and with simple weights.

We now recall some basic problems and results from [13]: Given an interval
ICR, with length |I|, we define the so-called Carleson box

Qr:={ax+iy|lzel,0<y<|I|} CCy.

If 1<p,g<o0, and L: LP(R;)—L9(CL,du) is bounded, then the measure y neces-
sarily satisfies

(1) w(Qr) S|P for all intervals I CR.

The motivation for this paper arose from the question of to which extent the nec-
essary condition (1) is also sufficient for £: LP(Ry)—L%(C,,du) to be bounded.
The following results can be found in [13, Section 3].

(I) If 1<p<2 and p' <g<oo, then (1) is also sufficient for £: LP(R;)— L(Cy,
du) to be bounded.

(IT) If p is sectorial, i.e. there exists a ¢>0 such that p has support in the
sector {z€C |Im z>¢|Re z|}, and 2<p<g<oo, then (1) is sufficient.

(III) If s is sectorial, 1<p<2, and p<g<oo, then (1) is sufficient.

(IV) If 1<g<p<oo, then (1) is not sufficient, even under the assumption that
4 has support on the imaginary axis.

It may be useful for orientation to consult the (1/p,1/q)-diagram in Figure 1. Our
primary contribution to this body of knowledge is that the hypothesis of sectoriality
may be removed in case (II).

Theorem 1.1. If 2<p<g<oo, and (1) holds, then L: LP(Ry)—L(Cy,du)
is bounded.

Consider the case (I), i.e. 1<p<2, p’<g<oo. The proof that (1) is sufficient in
this case consists of two main steps: The Hausdorff-Young theorem readily implies
that £ is a bounded map from LP(R) to H?' (C,), the standard Hardy space of the
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Figure 1. It is previously known that for (p, q) corresponding to the region labelled (I), condition
(1) is necessary and sufficient for the Laplace—Carleson embedding £: LP(R4)—L?(Cy,dp) to
be bounded. In the regions (II) and (III), (1) is necessary and sufficient under the additional
hypothesis that p is sectorial. In (IV), (1) is not sufficient, even for sectorial measures. Theorem 1.1
states that in (II), (1) is necessary and sufficient without any particular conditions on the measure.

upper half plane. The Carleson—Duren embedding theorem (Theorem 2.1 below)
then states that H? (C,)—L9(C.,dp) if and only if u satisfies (1). The proof of
Theorem 1.1 has the same structure:

We let A2 (C,) denote the standard weighted Bergman space of analytic func-
tions on C,. For p>2, we have the following substitute for the Hausdorff-Young
theorem:

Theorem 1.2. If 2<p<g<oo, then L: LP(R_F)%AZ/]?,_Q((CJF) is bounded.

Remark 1.3. By case (I), Theorem 1.2 remains valid for p=2, provided that
q>2.

Theorem 1.1 is immediate from Theorem 1.2, and a Carleson embedding type
theorem for Bergman spaces, stated below as Theorem 2.2.

For readers with a particular interest in Bergman spaces, we also derive an ana-
logue for analytic functions on the open unit disk . We let dA signify integration
with respect to area measure on C.
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Theorem 1.4. If 2<p<g<oo, then there exists C=Cp >0 such that

0o q 1/q 0o 1/p
(/ > apwt (1—|w|2)q/P'2dA(w)> §C<Z|ak|p>
D k=0

k=0
for any sequence (ar)72,.

We also obtain some results for the power weighted spaces LP (R, z® dx). The
next result is a simultaneous analogue of Theorem 1.2 and [5, Theorem 1].

Theorem 1.5. If2<p<g<oo, and a<p/q —1, then
L: LP(Ry,z%dx) — Ag/p,_Q_aq/p(C+)

is bounded.

We also obtain:

Theorem 1.6. If 2<p<oo, then

L: LP(Ry,2P~%dx) — HP(Cy)

1s bounded.

A weighted analogue of Theorem 1.1 becomes:

Theorem 1.7. Let 2<p<qg<oo, and a<p/q'—1. Then
L: LP(Ry,z%dx) — LY(Cy,dp)
is bounded if and only if u satisfies
w@n S |I|q/p/_”‘q/p for all intervals I CR.

We now transition into a discussion about the Fourier transform F, and the
Hausdorff-Young theorem. In what follows, the underlying domain of any space of
distributions is R?, unless we indicate otherwise. For example, LP denotes LP(R?).
We let |z| denote the Euclidean norm of x=(z1, ..., x4) €R.

The Hausdorff~Young theorem states that if 1<p<2, then F: LP —>L”/7 or
equivalently F~': LP —LP". The original version of this result was an analogous
statement about periodic functions, see [10] and [21], whereas the essence of the
present statement is found in [17]. For a more careful historical account, we refer
to the survey [3].

If p>2 and feLP, then f;:]—‘*lf in general needs to be interpreted as a
tempered distribution. As an indication of this, we mention a theorem by Hardy
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and Littlewood [8, p. 237], stating that the formal series Y 37 | 5 cos(k*mz) is not
the Fourier series of any function.

Interpreting f as the distributional boundary values of £f, Theorem 1.2 gives
us a quantitative estimate on the regularity of f . The proof of Theorem 1.2 is based
on the relation between £ and F~!, iterated use of the Plancherel theorem, and
complex interpolation. By a similar (in fact simpler) argument we obtain a stronger
result:

Theorem 1.8. Let p>2. If feLl, then

—2

[ ordes [ i (Hw) da.

While Theorem 1.2, and the proof leading up to Theorem 1.8, was discovered
independently, the corresponding theorem for periodic functions of one variable
dates back to Hardy and Littlewood [9, Theorem 3]. By the inequality of geometric
and arithmetic means, and the equivalence of norms on R¢, Theorem 1.8 implies
the following result, which appears to be a folklore generalization of the theorem
by Hardy and Littlewood.

Theorem 1.9. Let p>2. If fEL', then

/ FQrdss / |F(@)Pla| @~ da
R4 Rd

Even though Theorem 1.2 will eventually be derived from Theorem 1.9, The-
orem 1.8 seems interesting in its own right, as an example of a weighted inequality
for the Fourier transform, where the weight is non-radial.

Let WP denote the standard Sobolev space of fractional order s, and WP its ho-
mogeneous counterpart. Although Theorem 1.9 is part of the folklore, the following
(nearly immediate) consequence appears to be absent in the literature.

Theorem 1.10. Ifp>2, then F: Lp—>W is bounded.

d(2/p—1)

A technical remark may be in order. Take p>2, and s=d(2/p—1). In partic-
ular, s<0. Moreover, let feLP. If in addition, |f\p| |(P=2)d {5 integrable, then
the Riesz potential fractional order antiderivative I, f is well-defined as a tem-
pered distribution, and I, fGLp . For general feLP, this understanding of I, f is
to naive. Instead, one needs to identify feS’ with the equivalence class [f]€S’/P,
where P denotes the space of polynomials. Then I,[f]€S’/P is well defined. The
Littlewood—Paley theorem offers a canonical way to identify I, [ f} with an element
of LP. By said identification, WP becomes a proper subspace of WP? (recall that
$<0). We therefore obtain a variation of the above result:



442 Eskil Rydhe

Theorem 1.11. If p>2, then F: Lp—>W( 2/p—1) 18 bounded.

This result is less subtle: If feLP, then the Bessel potential fractional an-
tiderivative I, f is a tempered distribution, and an element of LP.
. 12 P
By the duality (W?) =W?_ we obtain:

Theorem 1.12. If pe(1,2), then F: Wd(2/p 1

A related observation is that Theorem 1.10 does not extend to p<2. In-
deed, if F: L? —>W d(2/p—1) Was bounded for some pe(1,2), then F: W A2/ —1) "

—LP is bounded.

L*" would also be bounded, again by duality. Since all the function spaces in
question are 1nvariant under the reflection operator R=7F2, we would have that

Fl=F3: Wd(2/p, 1)—>Lp/. By Theorem 1.10, this map would be invertible, and
F: LP %W A(2/p'—1) would be bounded below. But this is not true. Consider for

example the (essentially) L -normalized indicator function R(4=1/7'1 Ap of the
annulus Ag={z€R% R<|z|<R+1}. It is easy to show that ||L4,]|/,, ~1, while

||]lARHWp —0 as R—o0.
/e’ 1)
Using the formalism of homogeneous Triebel-Lizorkin-spaces, we note that

WP=FP2CFP? for p>2, since the spaces FP9 increase with ¢. A more general
statement is that Wg’cF;{;q, provided that ¢>p>2, and s—d/p=s,—d/q. This fol-
lows from a standard embedding result, stated below as Theorem 2.3. Theorem 1.10
implies that F~1=7F3: LP —>F§(1 Jq—1/p)- Theorem 1.2 is now a consequence of the

relation between F~! and £, and the fact that the analytic part of F%9(R) is
contained in A? ., (Cy) when s<0.

We briefly compare Theorem 1.11 with a result by Hoérmander [12, Theo-
rem 7.9.3]: If p>2 and s<d(1/p—1/2), then F: LP—-W2. By Theorem 2.3, this
implies that F: LP—W? whenever s<d(2/p—1). In relation to this, we point out
that the target space in Theorem 1.10 is optimal within the scale of homogeneous
Sobolev spaces, and at least close to optimal in terms of Triebel-Lizorkin spaces.
The next result is a precise formulation of this statement.

Theorem 1.13. Let2<p<oo, 1<r,q<oo, and seR. If F: Lp—>FST’q is bound-
ed, then s=d(1/p—1/r"). Moreover, it holds that r>p, and if r>p, then W5(2/p_1) ¢

Fr4. In particular, if F: LP W is bounded, then Wd(2/ QW;, with equality

S
if and only if r=p and s=d(2/p—1).

Having discussed FL? for p>2, it seems natural to add an observation about
p<2: The typical proof of the Hausdorff-Young inequality uses complex (Riesz—
Thorin) interpolation between F: L?—L? and F: L' — L. This argument com-
pletely disregards the fact that if f€ L', then f is not only bounded but also contin-
uous. However, it seems reasonable to expect that if feLP ) 1<p<2, then f should
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be more regular than an arbitrary L -function. A striking manifestation of this is
a result by Tomas [18], stating that for any fixed p with 1<p<2(d+1)/(d+3),

(@4&@?%@>m5(@u@mmf”,faﬁ

Here do signifies integration with respect to (d—1)-dimensional surface measure.
We refer to [16] for a background on Fourier restriction theorems, and to [2] for a
more recent development.

The proof of Tomas’ result is based on a dyadic decomposition of frequen-
cies, and averaging the Hausdorff-Young inequality over different frequency scales.
Similar arguments appear also in Hormander’s treatment of the (closely related)
Bochner—Riesz problem [11]. However, the following result does not appear to be
recorded.

Theorem 1.14. If 1<p<2, then F: LP%Bg/’pﬁBg/’p is bounded.

In the above theorem, Bg/’p and Bg/’p respectively denote homogeneous and
non-homogeneous Besov-spaces. Theorem 1.14 is significantly stronger than the
Hausdorff-Young theorem. Consider for example the embeddings

/7 /7 /72 ’
BYT G R PG R = 17,

valid for 1<p<2, e.g. [19, Proposition 2.3.2.2]. The inclusions are strict by [19,
Theorem 2.3.9].

A way to think about Theorem 1.14 is as follows: It is known that if M(R.)
denotes the space of finite complex measures on Ry, then LM(Ry)C B> (R), e.g.
[20, p. 257]. The case p=1 of Theorem 1.14 is but a simple variation of this result,
while the case p=2 is the Plancherel theorem. Once again, the intermediate cases
can be obtained by complex interpolation, e.g. [1, Theorem 6.4.5]. Since Bgo’l is a
space of continuous functions, the interpolation argument now reflects the fact that
FL' consists of continuous functions. This may explain why arguments similar to
the proof of Theorem 1.14 also appear in the literature on restriction theorems.

A key tool for us is the method of complex interpolation. The basic idea is that
ifT: LPo+ [Pt — L%+ [ is a linear map, and T': LPi — L% is bounded for j€{0,1},
then T': LP— L9 is bounded whenever (1/p, 1/¢) belongs to the straight line segment
connecting the points (1/po,1/qo) and (1/p1,1/q1) in R2. Now note that if p=¢=1,
then (1) just means that p is a finite measure, while for any feL'(R,), Lf is a
bounded function on C,. Hence, (1) implies that £: L'(Ry)—L'(C,,du). Based
on Figure 1, it seems difficult not to imagine the existence of an interpolation result
which allows for the hypothesis of sectoriality to be relaxed also in case (IIT). We do
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not resolve this problem, but we do note by means of an example that Stein—Weiss
interpolation, in the sense of Theorem 2.4 below, applied in a simple but quite
general way, is not sufficient for this purpose.

The remainder of this paper is organized as follows: In Section 2, we recall
some basic results and standard notation. We prove the Theorems 1.8 through
1.14 in Section 3, and apply these to the Laplace transform, in order to prove the
Theorems 1.1 through 1.7, in Section 4. In Section 5, we give an example related
to the above case (III) for non-sectorial measures.

2. Preliminaries and notation

Given two parametrized sets of non-negative numbers {A;};c;r and {B;}ier,
we write A; <B;, i€, to indicate the existence of a constant C'>0 such that i€
11— A;<CB;. The index set [ is often implicit from context, in which case we
allow ourselves to suppress it in our notation. If A; <B; and B; S A;, then we write
A,~B,.

Given an analytic function F': Cy —C, and y>0, define F,,: R—C by F,(z)=
F(x+iy). The Hardy space HP(C,) is the space of analytic function F': C; —C
such that

| Ellze(cyy :=sup [|Fy |l rw) < 00
y>0

If FeHP(C,), then the limit bF(x)=lim, o+ F,(r) exists for Lebesgue a.e. x€
R. Moreover, F,—bF in LP(R), and we may recover F from bF via the Poisson
extension operator;

F(z+iy) = (P,+bF) (z) = % /t . (x_t)%?ﬂbm) dt.

The correspondence between F' and bF characterizes HP(C,) as the subspace of
LP(R) consisting of functions whose Poisson extensions to C; are analytic. We refer
to [7, Chapter II, Section 3].

In the introduction, we needed the following result on Hardy spaces:

Theorem 2.1. Let 1<p<g<oo, and p be a positive Borel measure on Cy.
Then HP(C4)CLi(C4,dp) in the sense of a continuous embedding if and only if

w(Qr) S|IIYP for all intervals I CR.

In the case p=gq, this is the celebrated Carleson embedding theorem [4], while
the general case is due to Duren [6].
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Given a>—1, the standard weighted Bergman space A2 (C,) is the space of
analytic function F': C4 —C such that

IIFHig«u)::/ / |F(z+iy) [Py dx dy < oo.
y=0 JzxeR

A Bergman space analogue of Theorem 2.1 is easily derived from [13, Theorem 2.1],
or by the method outlined in [15]:

Theorem 2.2. Let 1<p<oo, a>—1, and p be a positive Borel measure on
C4. Then AP (CL)CLP(CL,du) in the sense of a continuous embedding if and only

if
w(@Qp) SI|IIPT  for all intervals I CR.

We let S denote the Schwartz class of functions on R¢, and S’ its topological
dual. The Fourier transform F: fi—f, f€S, is defined according to the convention

f&) =[] fx)e?@ede, €eR?
Rd

and extended to &’ by the relation <f, 9)=(f,9).

We note that Lf(z+iy)=F"1(e 2" f)(z). In particular, if ®€S(R) satisfies
®(&)=e"2"¢ for £>0, and P, denotes the L!(R)-normalized dilation xr—%@(?),
then Ef(ﬁc—i—z'y):(q)y*f) (z), where f=F1f. 1t feLP(Ry), 1<p<2, so that fe

v (R), then we may replace ® with the Poisson kernel P: xH%#, since Pe

LY(R) and P(¢)=e~27¢l. Consequently, £: LP(R,)—H? (C,) is bounded by the
Hausdorff-Young theorem.

The subspace SyCS is defined by the condition that [ f(z)z®dz=0 for all
multi-indices «, or equivalently that any derivative of f vanishes at the origin.
Its dual coincides with &’'/P, where P denotes the space of polynomials. For a
discussion on Sy and its dual, we refer to [19, Chapter 5]. Said monograph is also a
standard reference for the following material on Besov- and Triebel-Lizorkin-spaces.

The Bessel potential I, : frsF 1 ((1+\~|2)a/2 f) is a homeomorphism on &,

whenever a€R. Similarly, the Riesz potential I, : f—F ! (Ho‘f) is a homeomor-
phism on &'/P.

Let o€S8. Assume that ¢ is radially decreasing, p(£)=1 for [£|<1, and $(£)=0
for |¢|>2. Define a sequence (¢x)rez, by $o(§)=3(€/2) —3(€), and G (€)=20(27%¢)
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for k0. It then holds that ¢+ po, Px=1 on R% and > p- __ #r=1 on R4\ {0}.
For 1<p,g<oo, s€R, and f€S&’, let

k=0

oo 1/q
[ fllza = H (Iw*fl”Z |2k8(§0k*f)|q>

Lr

It can be shown that [|f||gr.c is independent of the choice of ¢, in the sense of
equivalent norms. Hence, we may define the non-homogeneous Triebel-Lizorkin
space FP1 as

PPt = {f €8 |||f]lspn < o0}

This is a Banach space, and the Bessel potential acts as a shift operator on the
smoothness index s: If s,a€R, then I,: FP9—F"? is a bounded isomorphism of
Banach spaces. In particular, |[Io f||fre =] f]

FS:D»‘Z.

Similarly, let

/]

o 1/q
Fpa = (Z \2ks(<ﬁk*f)|q>

k=—o0 e

Note that || f||zr.«=0 if and only if suppfC{0}, ie. if and only if feP. The
homogeneous Triebel-Lizorkin space FP'? is defined as

EPt={[f]€S'/P||f]ljwa <00} .

This is also a Banach space, with the Riesz potential acting as a shift of smoothness:
If s,a€R, then I,: FP9—FP1

2, is a bounded isomorphism of Banach spaces. In
particular, ||Iaf\|Fg;q ~||f|

FSTLQ.
Let Yp=pr_1+vr+¢k+1.- Then 1&;@51 on the support of pr. For feS8’, we
consider the formal series

fo="Y_ @rxf=Y drxprxf.
k=—o0 k=—o00

If this series converges in &', then we call fp the canonical representative of [f]e
S'/P. Tt is an exercise to show that >, ¢* f always converges in S’. As for the
other half of the series, it is trivial that

lowx fllize <27 fll ppo,  fES”
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Hence, if s<0, and fEFSp’q, then the series Z,;:lfoo prxf converges in LP. For
s=0, we first use Young’s inequality to obtain that

[k fllor <[ Wnllzelloe® fll e =257 |[4pol| pallon* £l e

whenever %—l—é:l—k%. In particular, Z;i_oo pr*xf converges in L" for any r>p.
We conclude that if s <0, then any f€ FP 9 has a canonical representative fy. If s<0,
then it is easy to see that ¢x* fo€L?, and that foeFP9. A somewhat deeper fact is
the Littlewood-Paley theorem: With the above identification, LP=E?=FP?,

We define WP, 1<p<oo, as the space of f€S8’, such that Is;feLP ie. WP=
FP2. Similarly, WP=FP2,

The definition of the Besov spaces BP? and B?? is similar to that of 77 and
F P49 we only interchange the LP- and ¢9-norms. In other words, the norms are
given by

11

0 1/q
Bpe = (II@*fII'iﬁZ2ksqllwk*f||%p> ;

k=0

and

/]

oo 1/q
B:< > 2ksqwk*fll'ip> ;

k=—o0

and the spaces BP9C S’ and BP4CS’/P are defined by imposing finiteness of the
respective norm. Here we also allow for the endpoints p,g€{1,00}. If 1<p<oo,
then FPP=BPP and FPP=BPP,

Since the spaces ¢4(Z) increase with ¢, the same is true for the spaces FP9,
Ff’q, BP9 and Bgﬂ. A more sophisticated embedding result is given by [19, The-
orem 2.7.1]:

Theorem 2.3. If 1<pg,qo,p1,q1 <00, s1<5sg, and 80_;%:51_;%’ then

Fpoto C FPra and Ffoo’qo C Ffll’ql.
We will frequently exploit that if 80—10%281—1%7 then s1<sq if and only if
Po<p1.

We need the following instance of the so-called Stein—Weiss interpolation the-
orem, e.g. [1, Corollary 5.5.4].
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Theorem 2.4. Consider two measure spaces (X, u) and (Y,v). For j€{0,1},
let v;: X—[0,00] and w;: Y —[0,00] be measurable functions, and 1<p;,q;<occ.
Assume further that

T: LPO (X, vo dp)+ LPY (X, v1 dp) — L (Y, wo dv)+ L™ (Y, wq dv)
is a linear map, and that
T: LP (X, v; dp) — L9 (Y, w; dv)

is bounded for j€{0,1}. If

1 1-6 6 1 1-6 0
_:—+_7 _:_+_7
p Po D1 q g @1
and
1-0)L oL 1-0)L oL
v =1 S, w=w, Cwy M,

for some 0€(0,1), then
T: LP(X,vdu) — LYY, wdv)

1s bounded.

3. Proofs of Theorems 1.8 through 1.14

Given z=(z1, ..., zq) ER?, we write Hgg:]_[z:1 |z

Lemma 3.1. Let p>1. If feL', then

/ ((F2 /) (@) PTLPdr S / | ()| %11, 22 d.
Rd Rd

Proof. For a choice of a€R, it holds that

-1 2p-2 -1
(2) (e P Y S
2p 2p+1 P

Multiplying the corresponding integrand by 1=II,_,*IL,“II,_,~*Il,~“, the con-
volution

(f+f)(z)= /eRd flz—y)L—,® f(y)I, T, 1L, dy.
Y
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By Holder’s inequality,

N@P< [ 1P ), dy
Y

p—1
><< [t dy> |
yeRd

By (2), 1 <ap’<1, and a change of variables yields

/ 1 p 1 / 1 p
/ / yk: / o / / yk
yrer [Tk =Yk Y|P k|7 Syer 11— 25177 [yx|P

_ 1—204;0// 1
= | ——— dyy,.
=4 peer L=yl Ty

(In the sense of extended real numbers, the above equalities are valid even for
x=0.) Therefore,

p—1
(3) (/ Hx_y—ap Hy—ozp dy> :Cpr—l—Zap’
yEeRd

for some finite ¢>0, and

I(f*f)(x)lpﬂzp_2§Hx2”_3_2ap/ |f (@ =y)[PHa—y *P[ f () [PIL, 7 dy.

yER?

Integration with respect to z€R?, and another change of variables, yields
[ lp@pir 2 o
zER4
/ / )PILA|f () [PIL, *P 1L, 1 P52 dy dar.
T yERd
Multiplying this integrand by 1=II,*II,“II,~*II, =,

J P P 2 dy o
z,yE

[ @I ) P e, e, dy
z yeRd

To the above right-hand side, apply the elementary inequality ab< angz , with

a=|f(z)PIL°P", and b= |f(y)|PIL, 7+,



450 Eskil Rydhe

and use that the two resulting integrals are equal, to obtain that
J[ P ), o, s 2 dyda
T yeRd

// ‘QPH 2ap+aH 2p7372ap1—[y704 dy dx.
x yG]Rd

By (2), a<1, 2ap+3—2p<1, and a+2ap+3—2p>1. By an argument similar to
the one leading up to (3),

2p—3—2a - 2p—2—2ap—«a
/ ; Hx_;'_y p PHy dy:CHx P p s
yeR

for some c€R. This completes the proof. [

Proof of Theorem 1.8. The statement is that if p>2, and f€ L', then
[ feraes [ 1f@prme i
]Rd Rd

We will prove the statement for p=2V, N €Z>1. The general result follows by
Stein—Weiss interpolation, Theorem 2.4.
Let fo=f, and fn=fn_1*fn_1, NE€Z>1, so that fN:f2N. By the Plancherel

theorem,
Freyi2N oge £ 2 e _ 2
[ HOR de= [ 1 ©F ds= [ 1y de

Combining Lemma 3.1 with an induction argument,

A N k k
[R@F des [ 1inos@)P L s,
Rd Rd
for k=1,..., N. In particular, the desired inequality holds for p=2~. O

Proof of Theorem 1.10. With (¢ )rez as in the definition of FP4, and feL?,

let fN:Zkasz@kf, and gy (x)=|z|®fn(z), where s= d(——l) Since gy €L,
Theorem 1.9 implies that

[ lox@rass [ i@ as
R4 R4

But QN:fs f N, 0 we may use the Littlewood—Paley theorem, and the lifting prop-
erty of I, to obtain that

00 1/q
A A~ q
| xllzp = < > \2’“<sok*fw>\> SIfnlles < I ler-

k=—o0 e
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Since fy—f in L?, fx—f in 8'. Moreover, imy o0 (@r * fi)(2)=(pp* f) () for
every k and z. A standard application of Fatou’s lemma implies that f EW?. d

Proof of Theorem 1.13. First, note that F: L”—>F§’q is bounded if and only if
F~1: LP—F is bounded.
With (¢k)kez as in the definition of FP9,

oo 1/q
s q ns
lonll gra = ( Y [25 (prxen)| ) > (12" (pnxon)ll - -

k=—o00 e

By some simple changes of variables, (¢, *@,,) (2)=2"" (po*po) (2"z), and
1(@n*@n)llLr =2 [l(poxp0)ll -
If F~1: LP - F"9 is bounded, then

2n(s+d/r'

' Sllenll e S1@alle =27 Goll o

Such an inequality is only possible if s=d/p—d/r’.
In order to obtain a contradiction, assume now that F~!: LP %Fg}‘;_ e 18

bounded, and that r<p. By Theorem 2.3, F;}%—d/v-/CF;};—d/w whenever r<7.
It therefore suffices to obtain a contradiction in the case where g=r<p. Given
a sequence (o )nez€P(Z), define f=3" an2-2"/Pp,, . Using that the func-
tions (Pan), ey, have pairwise disjoint supports, || fI%,=/(Bo)|%2, 3 ez ln [P, and
(or* f)=0ap2 2K4P (pg) o). Using the assumption that F—': LP%FJ};_WT, is
bounded,

0o 1/p 0 ., 1/r
S lal) 2 [ S e o) da
n=—oo ERC k=—oc0
00 1/r
= / Z ‘QQk(d/p_d/T,)@P%*f)(x) dx
rcR4 k= —o0

50 1/r
:</ 2 Pl (e roai) (@) dx>
e

k=—o0

0o 1/r
=||(¢o*wo)| .- < Z |ak|r> )

k=—o0

Hence, we have derived that ¢ C¢", which is obviously false for r<p. 0O
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Proof of Theorem 1.14. As in the proof of Theorem 1.13, it is more convenient
to show that F~': LP—BE PNBY P, Since F(pp*f)=¢kf, the Hausdorff-Young
theorem implies that

oo oo oo

1150 = 22 o flil, < > 18uflL = /R M@F 3 18I de.
k=—o00 k=—o0 k=—o0
Since >"p2 [Pk (€)[P<1 for E€RY, ||f||Bg/,p <||fllz». To obtain control of the non-
homogeneous norm as well, it is enough to note that by Young’s inequality

lox fll Lo < llellzal Fll o <llellzel[ fllze- O

4. Proof of Theorems 1.1 through 1.7

As was mentioned in Section 2, the definition of F P4 does not depend on the
averaging kernel ¢. In fact, the definition of F P-4 i35 much more flexible than we
indicated. An example of a general result in this direction is [14, Theorem 3.2].
The following special case will help us to relate Bergman spaces to the so-called
Sobolev—Slobodeckij spaces Ff’p :

Theorem 4.1. Let 1<p,q<oo, s<0, €S, 3\3(0)#0, and Py : xr—>t%<1) (%) If
feS', and || f| pr.a <oo, then its canonical representative fo satisfies

[e%e) p/q
/ [/ |®y* fo(x) |t dt|  dx < oo.
r€R4 t

=0

Conversely, if fo satisfies the above condition, then | follgr.a<oo, and fo is the
canonical representative of [fo] € FP1. Moreover, the above expression is comparable

to | foll%.0-

Proof of Theorem 1.2. The statement is that L: LP(R+)—>Ag/p,_2((C+) is

bounded, provided that 2<p<g<oo. Choose ®€S(R) such that &J(t):e_%t for
t>0, and let feLP(R,). By Theorem 1.10 and Theorem 2.3, fe€FP?CF%4, where
:%— %. The dominated convergence theorem yields that f is its

own canonical representative, so Theorem 4.1 implies that

802%—1 and s

[ it g de S 171
zeR Jy=0 s1

One easily verifies that £f(x+iy):(1>y*f(x), and since —sjqg—1=q/p’ -2,
P <|I |2
£ eSO
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Proof of Theorem 1.4. Given 2<p<g<oo, we will use that £: LP(R,)—
Ag/p/_Q(C+) to obtain the inequality

1/q 0 1/p
wl? q/p'—2 w arlP )
(4) (/ — Jw[2)1 2 dA( >> 5(;_0| k|)

We begin with a reduction to the case p=¢g. By Holder’s inequality,

oo [e'e) 1/]) 00 1/1’/
> apwt| < (ZI%I”) <Z wl’”) :
k=0 k=0 k=0

5 |

k=0

Since
- 1
kp’
> fw ST wED
k=0
oo p [e’e) q—p
Zakw —|w|?) ‘J/p = Zakw Zakw (1—|w|?)2/P' =2
k=
oo p 0o q/p—1
S| (Smr) o
k=0 k=0
and (4) follows from
P

/

To prove the above inequality, assume without loss of generality that the right-
hand side is finite. Since 220:0 arw®=limy_ o0 Zszo arw® for weD, Fatou’s lemma
allows us to only consider sequences with finitely many non-zero elements. Also, by
another application of Holder’s inequality,

o 1 )

kl < p

apw” | S ooy lakl”
,;) (1= wfz)r=t k;

Since the right-hand side is dominated by Y - , |ax|P on any compact subset of D,
it is sufficient to prove that

E akw

k=0

—|w[*)P~* dA(w <Z|ak|p

p

p

(1= |w]*)P=% dA(2) <02|ak|p

N

/r<w|<1 Z

k=0

akwk
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for some r close to 1, and C independent of N. By the substitution w=e?"%?,

z=x+1y,

N P
/ > apw®| (1= |w|*)P~3 dA(w)
r<|w|<1 |L"o
2mikz —4nry\p—3 —4rny
=4 /ﬁ <1 Za e —e P e dz dy,
O<y<e k=0

for some small e>0. For z in the above domain of integration, 1—e~ %" ~y, and

62;:;1 ‘ml. If we let F(z):% ZQ;O are® %% then
N p
k _
/ Zakw (1—|w|?)P 3dA(w)§||F||i£73(C+).
r<|w|<1 |LZo

But F=Lf, where f:Z,iV:O a1 (g p41y. Since ||f||L,, ®:) ZQLO |ax|?, the result
follows from Theorem 1.2. [

Proof of Theorem 1.5. In general, the map fi|-|*/? f takes LP (R, z® dz) iso-
metrically onto LP(R,.). Furthermore, we assume that 2<p<g<oo, and a<p/q' —1.
By Theorem 1.10, the definition of the Riesz potential, and the lifting property,

Fi LP(Ry, 2% dz) — 1o ), WP

2/p—1 (R) = Wg)o (R)a

where 80:2'*'7‘1—1. By Theorem 2.3, WS?’O (R):Fspf(R)CFg{q(R), where 31:1"‘7‘1—

L. By our assumption on «, s1<0, so, as in the proof of Theorem 1.2, we are

therefore allowed to apply Theorem 4.1 to conclude that
L:LP(Ry,2%dx) — AT, 1(Cy) :Ag/p’72faq/p((c+)' O
Proof of Theorem 1.6. Let p>2. By the argument in the previous proof,
F: PRy, 2P~ 2 dx) — WE(R) = LP(R).
The statement follows from the relation between F~! and £. O

Proof of Theorem 1.7. Let A\; denote the midpoint of @y, and f(t)= ’2’”)‘”
t>0. Then

LHG) =g 2 2€Q,
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and this bound is independent of the interval I. It follows that
p@) i [ 1)
+

Assuming that £: LP(Ry,z*dx)— L9(C,,du) is bounded, we obtain that pu(Qr)<
|I|‘1||f|\(£p(]RJr vo dzy- Computing the norm of f, it holds that

Q) S| ealr.

Under the assumptions 2<p<qg<oo, and a<p/q’ —1, this necessary condition
is also sufficient for £: LP(Ry, z* dx)— LI(C4, du). For a<p/q'—1, this is implied
by Theorem 1.5 and Theorem 2.2. For a=p/q’—1, we use instead Theorem 1.6 and
Theorem 2.1. I

5. A non-result for case (III)

If £: L3/?(R,)—L%?(Cy,du) is bounded, then y satisfies
(5) w(Qr) S|I|M?  for all intervals I CR.

Whether or not the converse holds is an open question, unless p is sectorial, in
which case the answer is positive.

One might attempt to use Stein—Weiss interpolation, Theorem 2.4, to prove
that (5) implies £: L3/?(R)—L3/?(C,, dp) also for general measures. In order to
do so, it appears necessary to find a measure M, and two functions wgy, w;: C;—
[0, 00], according to the following three conditions:

(6) w(A) :/ wowy dM  for all measurable sets ACCy;
A
(7) / widM <1 for all intervals I CR;
Qr
(8) / w?dM S |I| for all intervals T CR.

I

If this could be done, then L£: L'(R,)—L'(Cy,w2dM) and L: L?*(R.)—
L?(Cy,w?dM) would both be bounded, and Theorem 2.4 would imply that
L: L32(R,)—L3?(C,,du) is also bounded.

The following example shows that the above strategy fails.
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Ezample 5.1. Consider a sum of unital point masses p=> -, §,24;. Then
w(Qr)=#{n€Zs1;n* €I} whenever |[I|>1,

and p(Qr)=0 otherwise, so clearly u satisfies (5).

Assume now that M, wp, and wy satisfy (6)—(8). Then p is absolutely contin-
uous with respect to M, and it is no restriction to assume that M has the same
support as . Hence, we may assume that M :ZZO:I Cn0n24; for some numbers
cn>0. For notational convenience, we let w; ,=w; (n%+44).

By (6), wonwincn=1 for every n. In particular, w3 ,,cn=——. By (7),
’ 1,nCn

e}
E wg,ncn :/ wi dM < oo,
n=1 Cy

50 lim,, 00 w3 ,,¢, =0, and lim,, o, w?,,c,=00. But by (8),

wincn :/ w?dM < 1.
Q

[712 ,712+1]

This contradiction shows that M, wg, and w; cannot be chosen according to the
conditions (6)—(8).

Acknowledgments. During the preparation of this paper, I have enjoyed in-
teresting conversations with Jonathan Partington, Maria Carmen Reguera, Amol
Sasane, Alexander Strohmaier, Jonathan Bennett, Charles Batty, Sandra Pott, and
Alexandru Aleman. I would also like to thank Tino Ullrich, and the authors of
[14] for their efforts in explaining [14, Theorem 3.2], and the anonymous referee for
carefully reading this manuscript.

References

1. BERGH, J. and LOFSTROM, J., Interpolation spaces. An introduction, Grundlehren der
Mathematischen Wissenschaften 223, Springer, Berlin-New York, 1976.

2. BOURGAIN, J. and GUTH, L., Bounds on oscillatory integral operators based on mul-
tilinear estimates, Geom. Funct. Anal. 21 (2011), 1239-1295.

3. BUTZER, P. L., The Hausdorff-Young theorems of Fourier analysis and their impact,
J. Fourier Anal. Appl. 1 (1994), 113-130.

4. CARLESON, L., Interpolations by bounded analytic functions and the corona problem,
Ann. of Math. (2) 76 (1962), 547-559.

5. DUREN, P., GALLARDO-GUTIERREZ, E. A. and MONTES-RODRIGUEZ, A., A Paley—
Wiener theorem for Bergman spaces with application to invariant subspaces,
Bull. Lond. Math. Soc. 39 (2007), 459-466.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

On Laplace—Carleson embeddings, and LP-mapping properties of the Fourier transform 457

DUREN, P. L., Extension of a theorem of Carleson, Bull. Amer. Math. Soc. 75 (1969),
143-146.

GARNETT, J. B., Bounded analytic functions, Graduate Texts in Mathematics 236,
1st revised ed., Springer, New York, 2007.

HARrDY, G. H. and LITTLEWOOD, J. E., Some problems of diophantine approximation,
Acta Math. 37 (1914), 193-239.

HArDY, G. H. and LiTTLEWOOD, J. E., Some new properties of Fourier constants,
Math. Ann. 97 (1927), 159-209.

HAUSDORFF, F., Eine Ausdehnung des Parsevalschen Satzes iiber Fourierreihen, Math.
Z. 16 (1923), 163-169.

HORMANDER, L., Oscillatory integrals and multipliers on FL?, Ark. Mat. 11 (1973),
1-11.

HORMANDER, L., The analysis of linear partial differential operators. I. Distribution
theory and Fourier analysis, 2nd ed., Classics in Mathematics, Springer, Berlin,
2003. [Springer, Berlin; MR1065993 (91m:35001a)].

JAcoB, B., PARTINGTON, J. R. and PoTT, S., On Laplace-Carleson embedding theo-
rems, J. Funct. Anal. 264 (2013), 783-814.

LiANG, Y., SAwANO, Y., ULLrICH, T., YANG, D. and YuaN, W., New character-
izations of Besov—Triebel-Lizorkin—Hausdorff spaces including coorbits and
wavelets, J. Fourier Anal. Appl. 18 (2012), 1067-1111.

LUECKING, D., A technique for characterizing Carleson measures on Bergman spaces,
Proc. Amer. Math. Soc. 87 (1983), 656—660.

STEIN, E. M., Harmonic analysis: real-variable methods, orthogonality, and oscilla-
tory integrals, Princeton Mathematical Series 43, Princeton University Press,
Princeton, NJ, 1993. With the assistance of Timothy S. Murphy, Monographs
in Harmonic Analysis, III.

TrrcuMmArsH, E. C.; A Contribution to the Theory of Fourier Transforms, Proc.
London Math. Soc. (2) 23 (1924), 279-289.

Tomas, P. A., A restriction theorem for the Fourier transform, Bull. Amer. Math.
Soc. 81 (1975), 477-478.

TRIEBEL, H., Theory of function spaces, Monographs in Mathematics 78, Birkhauser
Verlag, Basel, 1983.

VITSE, P., A Besov class functional calculus for bounded holomorphic semigroups, J.
Funct. Anal. 228 (2005), 245-269.

YounG, W. H., On the Determination of the Summability of a Function by Means of
its Fourier Constants, Proc. London Math. Soc. (2) 12 (1913), 71-88.

Eskil Rydhe

Centre for Mathematical Sciences
Lund University

Sweden

eskil.rydhe@math.lu.se

Received July 26, 2019
in revised form February 6, 2020


mailto:eskil.rydhe@math.lu.se

	On Laplace–Carleson embeddings, and Lp-mapping properties of the Fourier transform
	1 Introduction
	2 Preliminaries and notation
	3 Proofs of Theorems 1.8 through 1.14
	4 Proof of Theorems 1.1 through 1.7
	5 A non-result for case (III)
	References


