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1 Introduction

Operational methods provide powerful techniques to solve problems both in classical and quantum mechanics. The
distinctive feature of these tools is their versatility and the possibility of exploiting them in absolutely different
contexts, from the time-dependent Schrodinger problems to the charged beam transport in accelerators. Differential
equations have been the primary motivation for the introduction of these techniques. Lie introduced the algebras
bearing his name within the framework of a program aimed to clarify the reasons why only restricted families of
ordinary differential equations (ODE) can be solved by quadrature. Operational methods have become “popular” in
applied science for their wide flexibility and have stimulated the development of new computer languages, useful
for symbolic manipulation.

In this paper, we go back to the solution of some differential equations involving vector products and we will
further develop the point of view suggested in [10,11,12], by presenting an analysis which includes a variety of
problems often encountered in applications, including classical time ordering techniques, which are not widespread
known as they should.

We will start our analysis with the following Cauchy problem:

d- - = = _
5=Tx8, Sl=0 =5, (1.1)

almost ubiquitous in physics, from classical mechanics to nuclear magnetic resonance. Although this equation can
always be written in a matrix form, we will develop our considerations using the vector notation and the properties
of the vector product because they are more concise and more insightful from the physical point of view. We
will assume, for the moment, that the torque vector T is not explicitly time-dependent, so that a straightforward
application of the evolution operator formalism yields

Sty =018, U1 =eT (0(0)=1), (12)

where U (t) is the evolution operator defined in terms of the operator 7', whose properties will be specified below.
The series expansion of the exponential provides the following solution:

SR e
S(t) = E ET S0, (1.3)
n=0

where T', called vector evolution operator (VOP), satisfies the following identities:
T()§0:§0 Tng;o:fX('fX“'('fX ('fxgo))) (1.4)
— —

n—1 times
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The use of the cyclical properties of the vector product leads to the following closed form for S110,11,12](T = |CF ):
S(t) = cos(Tt)So + sin(Tt) (7 x So) + [1 — cos(Tt)] (7t - So)@d (7 =T/T). (1.5)

This solution has an almost natural geometrical interpretation, which is recognized as a Rodrigues’ rotation (R. r.)
[27,29,32].
The solution of the non-homogenous version of (1.1),

—S=TxS8+N, S|i— =350, (1.6)

is given by
t
Sty =0(t) <§o +/ dt’frl(t’)ﬁ>, (1.7)
0

which is the solution of the first ODE with the evolution operator in place of the integration factor.

The results we have obtained so far are a more concise form for the well-known solutions of equations of the
type (1.6), often encountered in the study of problems involving the Coriolis [17] and Lorentz [20,24] forces. In the
next sections, we will discuss specific applications of the outlined formalism and we will see how it may provide
further progress when applied to actual physical problems, including time-dependent or spatially non-homogenous
fields.

2 The Lorentz equation of motion

The non-relativistic dynamics of a particle with mass m and charge e, under the combined influence of static electric
and magnetic fields, is ruled by the Hamiltonian (¢ = 1):

1, 2
H:%(p—e/r) + ed, 2.1
where p'is the canonical momentum. In the static symmetric gauge, the vector and scalar potentials are given by [21]

A:%éxf’, &=—F-F (2.2)

The equation of motion for the mechanical momentum

F=mi=p— cBxTr,
2
derived from (2.1), is the Lorentz equation:
iﬁ——ﬁxqﬂc}' (2.3)
dt ' ’
where we have introduced the following vectors:
G=SB §=2SE
m m

This equation has the same form of (1.6) (T = —57 N = Q) and its solution is given by (1.7) with U(t) = e,m'
Therefore, we get (7 = B/B)

sin (wct) o

(t) = cos (wet)To + Q+ (- 0)ii — @ x m, (2.4)

We
where we = {2 = eB/m is the cyclotron frequency, and we put

sin (wct) } Q

C

0= [1 — cos (wct)}ﬁ’o + |t —

A further integration, with respect to the time, yields the position vector, which reads as follows:

sin (wet) o+ 1- cosz(wct) G+ (7 - 6)7t — iﬁ x £, (2.5)

7(t) = 7o +
We we We
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where
: 2
5 |:t sin (wct) :| 7 |:t 1 — cos (wct):| 5.

The quantity r;, = vg/we is called Larmor radius.
It is interesting to stress the contribution 77 x 1, that appears when the initial velocity and/or the electric field
are not parallel to the magnetic field. It is given by

B x 1y B 25in2 (w;t)ﬁd, o ExB (2.6)

7 X m = sin (wct) Uy Bz
where ¥y is the drift velocity [21,30]. In physical terms, it can be understood as the component of the velocity which
allows the balance between electric and magnetic forces in the Lorentz equation of motion. In fact, if we decompose

the velocity as v = u + V, and impose that
eB x V = ¢E, .7)

solving for \7, we recognize that, in the case BV = 0, this vector coincides with the drift velocity vector defined
in (2.6). It is evident that the presence of a further force acting on the particle will induce an analogous drift. By
replacing £ with E 4+ E’ in the Lorentz equation, we obtain the composed drift velocity

. E+E)YxB
7y = %. 2.8)

The role played by the drift velocity can be further stressed by noting that it can be associated to the conservation of
the so-called pseudo-momentum vector [6,21,30],

I =m(7 - 0) +e(B x 7 —tE), (2.9)
which is ensured by (2.3), and has been used as an a posteriori check of the correctness of our computations.

3 Lorentz-type equations and damping

It is evident that terms of non-electric/magnetic nature' can be added to (2.1). An example is represented by the
simplified Drude-like models [18], where a term is introduced depending on the velocity and a relaxation time and
that may be associated with electromagnetic-type interactions. From the mathematical point of view, the problem to
be treated is the search of the solution for the following vector differential equation:

Co=-Gxi+G- 0 3.1

<

The presence of a velocity-dependent contribution does not modify the procedure described before and the solution
is given by (1.7) and written for the following evolution operator:

0(t) = exp { 7t<%+f2)}, (3.2)

and N = Q.

The Lorentz equation (2.3) is mathematically equivalent to the one describing the falling of a body under the
influence of the Coriolis force. It has been stressed, within the framework of the so-called gravito-magnetic theories
[8], that effects like the Foucault rotation can be associated to a vector potential of the type reported in (2.2) and
the relevant analysis has been conducted using the perspective of parallel transport and covariant derivative [22].
The supposed existence of such a potential has given the opportunity of developing further speculations as those
associated with a possible observation of the Aharonov-Bohm [1] effect involving the Coriolis vector potential. This
phenomenon, suggested by Aharanov and Carmi [2], has been observed experimentally using the techniques of
neutron interferometry [28].

' We mean that the magnetic and/or electric field do not appear explicitly in its expression. As shown in the following, genuine non-
electric/magnetic effects, like the gravitational term, can also be included.
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For the above, reasons we will treat in detail the solution of the equation of motion of a body falling on the Earth
under the action of the Coriolis force. If we include the effect of a velocity-dependent force, due, for example, to air
friction, we can write this equation as follows:2

%ﬂ:-awxﬁ—na+@ (@ = wi), 3.3)

where w is the angular velocity of Earth rotation. Also in this case, with an obvious redefinition of the vectors, the
formal solution is given by (1.7). The explicit form for the velocity vector is

—

F(t) = e " cos(2wt) Ty + {a —e [a cos(2wt) — bsin(2wt)] }§+ (-0 —n xm, 34

where
e —nt — 1 —nt 1 . —
l=e [1 — cos(th)]vo + i a—e 0o acos(2wt) + bsin(2wt) | ¢4,

U sin(2wt) 7o + {b —e [a sin(2wt) + bcos(2wt)] }f]’,

n 2w

= —=—n——— b:i
¢ n? + 4w?’ % + 4w?’

while, for the position vector one has

7(t) =70 + {a —e M [a cos(2wt) — bsin(2wt)} }170

5 o (3.5)
—b ) cos(2wt) — 2ab sin(2wt)] }§'+ (- 0)i — 7 x P,

+ {at —a? + b2 +e [(a

G= {% —a—e M [% — acos(2wt) + bsin(Zwt)} }170
1 1 2 2, —nt| 1 2 2 . - (3.6)
+ E—a t—?—i—a —b"+e 77—2—(a —b)cos(2wt)+2absm(2wt) g
p= {b —e [a sin(2wt) + bcos(2wt)] }170 + {bt —2ab+e M [(QQ — b2) sin(2wt) + 2ab cos(2wt)} }§

We expect that after some time the motion will be dominated by the so-called limit velocity occurring in any
problem characterized by a damping term due to friction, and that is reached when the total force acting on the
moving body is zero. By imposing this condition to the case of (3.3), we find

25 X T+ —§=0. 3.7
This is a kind of algebraic equation having the velocity vector as the unknown quantity. By applying the method
developed in this paper, we find for this equation the following formal solution:

R 1
D 77_~_2@g, 3.8)

and taking into account the Laplace transform identity

L (3.9)
A=), se 7, )

valid also if A is an operator, we obtain the following expression for the limit velocity:

o —ns —2sG 1 4
o= [ ase e [0 2+ 26 9], (3.10

The results obtained in the present and the previous sections are valid if the vectors defining the VOPs do not
depend on time and space coordinates. If it is not the case, we have a completely different phenomenology, that will
be discussed in the next sections.

2 The term associated to the centrifugal force has not been included. We will comment later on the possibility of including this type of
contribution in the formalism discussed in this paper.
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4 Field inhomogeneities and the Lorentz-type equations

Before getting into the specific details relevant to the solution of the equation of Lorentz-type for space and/or time-
dependent fields, it is important to remind some important issues regarding operational ordering problems emerging
from the non-commutative nature of the vector product.

We will illustrate the associated difficulties considering, as an example, the Lorentz equatlon in absence of
electric field and with a magnetic field consisting of two (non-parallel) components B = B + By. We may wonder
whether the Lorentz equation can be solved in such a way that the solution reflects the above decomposition.
The evolution operator can be expressed in terms of the VOPs Ql’g associated with the two components of the
magnetic field, as U = exp [t(fh + 92)}, but, as a consequence of the non-commutative character of the vector
product, the exponential function does not possess the semi-group property exp(A + B) = exp(A)exp(B) =
exp(B) exp(A) [34]. More sophisticated disentanglement procedures of the exponential are in order, as, for example,
the Zassenhaus identity [26], which provides a formula yielding a disentangled expression for the exponential
exp(A + B) in terms of successive commutators of A and B, namely,

eAHg — ABel1 22 . 4.1
with
. 1rs : 1 B[4 7 A TA B
le_i [AvB]v 22:6(2 [B’ [A’BH_F[A’ [A’BH)

The evolution operator containing the sum of two non-parallel VOPs cannot be naively disentangled and, accord-
ingly, the associated dynamics cannot be simply expressed as two successive R. r. The identity (4.1) can be applied
and we will illustrate its usefulness by keeping only the Z; correction,

2
Zl = 7% [Ql,f}g} = 7t261 X ﬁg,

and, thus, writing the evolution operator as follows:?
et(Ql-‘ng) ~ etﬁletf??e_t2(ﬁl><§2). (42)

The truncation of the Zassenhaus formula at the first commutator holds for quasi-parallel vectors and/or for small
times, that is, when the following inequality is satisfied:

2|3 x G| < 1, 4.3)
and, therefore, the approximate solution for the velocity vector can be written as
5(t) ~ e Pt 2 (1), (4.4)

where, on account of the condition (4.3) and (1.5), ¥’ can be written as

o
7 (t) > e IXRG Gy — weqwe,at? (71 X 7i2) X T, (4.5)
with
eBk N ék
=22k =2k (k=1,2). 46
wc,k m I N Bk ( I ) ( )

The successive action of the exponential operators is that of providing two consecutive R. r. of the vector 7.
For example, if we consider the motion of a charged particle under the action of the terrestrial magnetic field,
gravity and Coriolis force, we should write the equations of motion as
d

mgﬁ = —(eBT + 2m¢3) X U+ mg, 4.7

3 The symmetric split disentanglement exp[t(£21 + 22)] ~ exp(%fh) exp(t22) exp(%fh) yields an integration more accurate than
that provided by (4.2) because it is of the order O(¢2). The inclusion of further orders in the Zassenhaus expansion may give a better

approximation. The symmetric split provides an easier interpretation in geometrical terms since it can be understood as three successive
R.t.
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where ET denotes the terrestrial magnetic field. According to the previous discussion, the above equation can be
solved by introducing a kind of equivalent magnetic field vector given by

B* = Br + 2%@, 4.8)
thus getting for the associated drift velocity the expression

. mgxB"

_6 B*2

(4.9)

that gives rise to a current flow orthogonal to the gravity force line and to the direction of the equivalent magnetic
force (4.8). However, if we are interested to disentangle the magnetic and Coriolis components we can follow the
just outlined procedure. By assuming that Coriolis and Lorentz force vectors are quasi-parallel, that is, §T X W ~0,
we obtain a first correction induced by the combined action of the fields given by (see (4.5))

|7 — | N 2
——— ~w rwt” sin Asinx, (4.10)
Vo

where w, 7 is the cyclotron frequency associated to By, M s the angle between the vectors By and @, and  is the
angle between the vector By x & and the initial velocity 7.

Let us now assume that the magnetic field is not homogenous, that is, it exhibits a dependence on the transverse
coordinates. This modifies the dynamics of the charge undergoing the Lorentz force effect since during its motion the
particle experiences space regions with different magnetic field intensity and orientation. Furthermore, by assuming
that we can choose a (small) finite time integration step § during which the fields remain constant, the velocity and
position vectors can be followed, step by step, by means of the following equations (see (2.4), (2.5)) with @ = 0):

Tpp1 = cos (240) Ty, + [y, - £,(8)] 7y, — g x 174, (),
sin (.Qk5) (4.11)

_ S _ 1 >
T+ [Tk - 0k (0)| 7k — 57k X £k (),

Teal =T +
k+1 k O 7n

where the index & corresponds to successive integration steps, and

—

7(0) = [1 = cos (240)] 5k, 64(0) = {5 - M]

By = B(f,), @ = —B.
m
The main effect of the coordinate dependence of the magnetic field is the appearance of a drift velocity contri-
bution [3]. The physical origin of the drift is in the fact that an increase or a reduction of the magnetic field implies
a corresponding reduction or increase of the Larmor radius, and, therefore, in one period the orbit described by the
particle is no more closed and the particle, according to the sign of its charge, drifts along the varying field direction.

A well-known, straightforward, calculation allows the evaluation of the drift force under the assumption that the
field does not vary significantly over a Larmor radius. The magnetic field dependence on the vector position yields

B(7o+07) =V B(7o) ~ Bo + (67 V) Bo  (Bo = B(7))- (4.12)
The extra-contribution to the Lorentz force is

F

Il
|
)
T~
—
=%
2
<L
—
jow
o
X
(4
S

(4.13)

where the average is taken over one cyclotron period. In the case E() L 7p, and assuming B~ E(), from (2.4), (2.5)
one obtains

Fo—Bolaxr) Vor, or=ixi, 4.14)

and the associated drift velocity is evaluated according to (2.8). Other types of drift can be included, but the procedure
remains the same.
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5 Time-dependent fields and Lorentz-type equations

The electric and magnetic fields in the Lorentz equation of motion may be time-dependent. The solution of the
problem in the most general cases presents various difficulties associated to the fact that the field vectors evolve
in time and may not be parallel to themselves at different times. This situation is reminescent of what occurs in
quantum mechanics when the Hamiltonian is time-dependent and, thus, does not commute with itself at different
times. In this case, the solution of the problem demands for the use of the ordering methods, which can also be
exploited for the present problem.

However, let us start with the case in which the fields are time-dependent but their evolution implies only a
variation in the modulus but not in the direction. Under this hypothesis, time-ordering techniques are not necessary,
but the problem deserves some comments reported below. We will indeed solve the Lorentz equation of motion for
a charge moving in two mutually orthogonal electric and magnetic fields, with a sinusoidal time dependence, that is,
we assume*

E = Egsin(wt + ¢)&;, B = Bysin(wt + ¢)é&y. 5.1

According to (5.1) the field vectors remain mutually orthogonal and parallel to themselves at any time and, therefore,
the solution of the equation is given by (1.7) with the evolution operator

U(t) _ e@(t)’ 5.2)
where
- 1 I
D(t) = " [cos(wt + ) — cos @} 29 (_Qo = EBOG?J)'

Albeit trivial from the mathematical point of view, we report the solution in the simplified case £ = 0 because it
presents some aspects useful for the next developments (77 = 2y/£20):

U(t) = cos (@(t))ffo + [1 — cos ((P(t))} (ﬁ . Uo)ﬁ — sin (@(t))ﬁ X 1. (5.3)

By assuming ¢ = 7/2, i - ¥p = 0 and using the Jacobi-Anger expansion [4], one obtains

cos(zsinf) = Jy(x) + 2 Z cos(2n8)Jap (x), sin(zsinf) =2 Z sin [(Qn + 1)6] Jon+1(z), 54

n=1 n=0

we obtain, from (5.3), the following expression for the velocity (¢ = 2p/w):

ﬁ(t) = J(](C)ﬁ() —2J (C) sin(wt)ﬁ X o

> 55
+2 Z { cos(2nwt) Jon ()t — sin [(2n + Dwt] Jop41({)ii x ¥ }, (>:3)

n=1

which shows the interplay between the cyclotron frequency and the frequency of the oscillating magnetic field.
The inclusion of the electric field implies some additional computational problems. Again in the case ¢ = 7/2,
we write the inhomogenous term of the solution as follows:

m

N t PN . . t . 2 N .
a(t) = e?® / At'e”?G(t) = e S0t / A’ e @ cos(wt) G (QO: @gx). (5.6)
0 0

This integral can be treated in different ways, and, to have an idea of the mathematical problem one may face with,
we choose to carry out the integration using the Bessel function expansion of (5.4). We get

w(t):% S % e (inJ;kat)Fn(t)fk,n, (5.7)

4 With this choice, the Lorentz equation we are going to study is relevant for the motion of a charged particle in the field of an
electromagnetic wave. We have not used the wave-like form sin(kz — wt) because if we limit the analysis to the non-relativistic case,
then kz < wt (see also [30]).
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where
iw : 1 —iw . -1 =3 o =
Fu(t) =e t/2 ginc (%wt) +e t/2 sinc (nth), Jkon = Ji (ZC) Jn( — z() Qo. (5.8)

The last vector can be specified either in terms of the series expansion for the Bessel functions® or by the use of the
integral representation [4]

7r . .
() = % / i (@i 0—n0) (5.9)
-
that allows to write
. 1 T e . . X s
Jon = 3 / do / dye (RO o= (Sin0=sinX)C G, (5.10)
—Tr —T

We have mentioned this specific problem to give a very first idea of the problems associated with the solution of
equations of the type (2.3), where the torque and inhomogenous vector are explicitly dependent on the integration
variation, but also because it has interesting implications for the understanding of the role played by the Poynting
vector in the dynamics of charged particles moving under the combined action of mutually time-dependent orthogo-
nal fields. The method of solution we have proposed, having an intrinsic vector nature, can be ideally suited to treat
the question addressed in [30] and clarify the link between the Poynting vector and the drift velocity term given in
(2.6). This aspect of the problem will be treated elsewhere.

5.1 Operational methods and time-ordering techniques

Before considering problems requiring time-ordered products, we will present a method of solution involving an
elaboration of the Heaviside operational method [19]. To better appreciate the usefulness of the procedure, we
consider the case in which the particle is initially at rest and only the electric field is a function of time while the
magnetic field is static. We can write the formal solution of (2.3) in the following way:

d -

(t) = (E Q)ilQ(t), (5.11)

and the use of the Laplace transform methods leads to

—

(t) =/OOO dsexp{ —s(%—i—f?) }Q(t). (5.12)

In this integral, the exponential can be straightforwardly disentangled because the VOP and derivative operators
appearing in its argument commute between them. Therefore, from (2.4), under the further assumption that the
electric field differs from zero only for ¢ > 0, one has (7 = £2/12)

t ~
F(t) = / At TLG() = e (- flii+ 7 x 5, (5.13)
0
with

t t
¢= / dt'cos [2(t' —1)]Q(t), 5= / dt'sin [2(t' — )] Q(t),
0 0 (5.14)

t
f= / dt'{1 - cos [2(t' — )] }Q(t).
0
The case in which the vector (7 varies with time, not only in modulus but also in direction, in such a way that

3(t1) x F(t2) #0, (5.15)

implies that the VOPs associated at different times do not commute. The solution of our problem cannot be obtained
using a straightforward integration of the time-dependent part, that is, it will not be sufficient to replace in the
Rodrigues’ rotation ¢{2 with fg drf2(r).

_\k
S Jn(2) = Lo mgmtay (2/2)" 2%,
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From the geometrical point of view, the condition (5.15) states that the torque vector is no more parallel to itself
at different times, or that the corresponding matrix equation is expressed in terms of an explicitly time-dependent
matrix, not commuting with itself at different times. The situation is clearly reminiscent of what is occurring in
quantum mechanics, where the solution of Schrodinger problems requires a time-ordered expansion of the evolution
operator, like the Dyson [16] or Magnus [25] expansion. We will treat the problem by exploiting the theory of
path-ordered exponential [9].

From the mathematical point of view, the path-ordered exponential function is defined in non-commutative fields
and is equivalent to the exponential function in a commutative field. We define, therefore, the following ordered
exponential with respect to the ordering parameter ¢:

oe[T](t) = (exp { ./Ot dt’T(t’)})+, (5.16)

where the symbol ()4 denotes the Dyson time-ordering operator for the element 7°(¢) of an algebra with a non-
commutative product o. The ordered exponential can be defined in many different ways. Here we use the differential
equation

Coe[T](1) = (1) o 0[T](1),  (oe[T](0) = 1). (5.17)

The solution of (5.17) can be written in terms of the following series:
o0
oe [T] (t)y=1+ Z oen [T] (t) (5.18)

with

oen [T](1) = = /O AT (1) o 0en—1 [T] ('), oeo[T](t) = 1.

n'

The above solution is clearly recognized as an ordinary Dyson expansion [16], which is not fully satisfactory because
it is a perturbative series which does not ensure properties (e.g. the conservation of the norm of a vector) holding
also for time-dependent vectors. Different expansions, preserving at any order the norm, can be employed as, for
example, the already quoted Magnus expansion (see also [9]), which can be written as follows:

oe[T](t):exp{/O de'T (¢ /dtl/tldtg Tt )]+~~-}, (5.19)

where the dots refer to higher-order commutators, not reported here. Let us note that in the case of Lorentz equation
the non-commutative product is the vector product (o = x), and therefore

[T(t1),T(t2)] = 2T'(t1) o T(t2). (5.20)

According to this result, the solution of the Lorentz equation (2.3) with @ and Q depending on time is given by (1.7)
with the evolution operator

U(t) = e T OFAM) (5.21)

where the following notation has been introduced

t t t1
f“(t):/o dr(r), A(t):%/o dtl/o dt2[2(t1), 2(t2)] + - . (5.22)

As for the correction A(t), if we assume that the modulus of the vector 2 remains constant, one has
[2(t1), 2(t2)] = 2027 sin 0124, (5.23)

where 62 is the angle formed by the two vectors and 4 is the versor pointing in the direction orthogonal to the
plane defined by (2(¢1) and (2(¢2). For sufficiently small time differences and for adiabatic changes, we expect that
012 = w(te — t1) < 1, and therefore

At) ~ én%t?’ﬁ. (5.24)

Higher-order corrections can also be included but calculations become more and more cumbersome.
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The previous discussion has been developed on purely mathematical grounds. As an example of application, we
can consider the motion of a particle under the influence of a magnetic field with a slowly varying component along
the z-axis and a constant y-component, that is, the magnetic vector changes its direction and it is not parallel to itself
at any time. The lowest-order corrections in the Magnus expansion allow the inclusion of the effect of the slow field
evolution. If we assume that the variation is adiabatic over one gyration period, the correction can be evaluated by
means of (5.24), with a frequency w, assumed to be constant during this time, given by

ByB.
B2

. (5.25)

6 Second-order Lorentz equation

Before entering the specific topic of this section, we will discuss the application of the operational method developed
in the previous sections to the solution of the following evolution equation:

d= = = = 4 _ _
aS:TxS+ATx(Tx§), Sli—o = So, 6.1)
which is an evolution-type vector equation, with a further contribution associated with a double vector product of
the torque vector. The associated evolution operator writes

U(t) = ! THMT*, 6.2)

which involves linear and quadratic VOPs. It resembles the generating function of two variable Hermite polynomials
Hy (a,b) [5] and can be therefore expanded in series according to the identity

< [n/2]
e+be? _ N € _ 1 n—2k, k
ea = Z HHn(ay b): HYL((Lb) =nl ];) ma b™. (63)

n=0

The use of the operator 1" as an expansion parameter yields the following series for the evolution operator:

ow=3" %Hn(t, AT, 6.4)

n=0

Even though slightly more complicated than an ordinary exponential expansion, we can again take advantage from
the cyclic properties of the vector product to reduce it to a kind of Rodrigues’ rotation, by defining the following
cos- and sin-like functions:

Ch(t) = Z:O ((;:l); T*" Ha, (t, \t), Sh(t) = 2_:0 %TQ”'HH%H@, ). (6.5)

The form of the solution is therefore exactly that given in (1.5) with the replacements cos — Ch, sin — Sh. In the
case in which the evolution operator

p
U(t) = exp {Z AktTk} , (6.6)

k=1

we can exploit the same procedure involving higher-order Hermite polynomials, as we will discuss in the concluding
section.

Let us now discuss the inclusion of radiation correction effects, which are usually incorporated in the classical
Lorentz equation by means of a second-order time derivative term, according to the following expression [20,24]:

S G 7= Q(t) 6.7)
Tz T v =& :
where
. . d 27 e2
30) = Go, Sdlmo =do, 7= 212 i
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In this case equation, we have the contribution of an extra term that acts as an anti-damping giving rise to the
so-called runaway solutions. The physical content of this equation is well known and will not be commented
here. We will limit our analysis to its mathematical aspects, which have some elements of interest, since this
equation represents a non-homogenous second-order differential vector equation and we can use an extension of
the previously outlined method to write the relevant solution. For future convenience, we factorize the operator
acting on the velocity vector as follows:

d . d i . 1=
where
Ai:%(ua), (a:\/1+4m).

In the hypothesis that 7y = d@g = 0, we can write the formal solution of (6.7) using a generalization of (5.11),

namely,
-1
(t) = 7% [(% - /1+) (% - /L” Q)

. . (6.9)
) () e
r(Ay —A) | \at 77 a :
from which, by using the Laplace transform identity (3.9) and assuming that @ = 0 for ¢ < 0, we obtain
. t . . t .
i(t) = —é [e“‘* / dge M G(e) — - / dge @(&)} : (6.10)
0 0
We note that
1 1 oo e—S(1+4TQ)

and, using the Newton series expansion for the operator A, we get for the exponential operators the following:

oAx _ o {;T 1+ <1é2> (4r02)" } 6.12)
k=0

which can be written in terms of a Rodrigues’ rotation involving the previously quoted sin- and cos-like functions
expressed in terms of the higher-order Hermite polynomials (see (6.5)).

According to the previously outlined steps, we know how to handle the formal expression given in (6.12) to get
an explicit solution for our problem. Let us now consider only the homogenous part of (6.7), whose formal solution
reads

5(t) = e et (6.13)
where ¢1 2 are constant vectors linked to the initial vectors by the relations
(A.,_ —/1_)61 = —A_50+50, (A_;,_ —A_)Eé :A+170 — dp- (6.14)

The action of the exponential operators on the constant vectors can be defined according to the previous prescrip-
tions.
Since (6.7) is a second-order equation, we can cast it in the form of a matrix equation as follows:

dz-Niz+k, (6.15)

at
0
( Q’) . (6.16)

where
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The evolution operator ' associated to this equation is given by the exponential of a 2 x 2 matrix. Since the matrix

M does not depend on time, standard means, for example the Cayley-Hamilton theorem [15], can be used to cast it
in the form reported below (o = ¢/27)

R . —i sinh(o&) + cosh(od) 2T sinh(o&)
Ut)=e™M =7 [ @ A . o , (6.17)
2— sinh(c&) — sinh(o&) + cosh(cd)
& &
and thus (Zy = Z|¢=0)
A t A~
Z=U(t)Z, +/ AU K, (6.18)
0

that is the same solution as before, written in matrix notation.
The structure of the previous formalism may rise some confusion. As an example, let us consider the definition
of the norm of Z:

2 = (va) - () , (6.19)

where the dot represents an ordinary scalar product. It is evident that, according to such a definition, the norm is
not preserved. This is due to the rotation matrix, which is not norm-preserving, and to the runaway mechanism,
associated with the anti-damping term e°. Such a term is, from the mathematical point of view, not particularly
significant and can always be eliminated by means of a Liouville transformation [4].

Let us consider again the following second-order vector equation:

2
d §’+Ad

P prEhs B3 =0, (6.20)

where A and B are VOPs. An equation of this type is met in physics in the study of Coriolis problems, including the
effects of the centrifugal forces, and presents an extra difficulty associated with the presence of the vector operator
in the damping term. Equation (6.20) can be reduced to a Liouville standard form by setting

5(t) = exp (—%A) i(t) 6.21)

and, if [A, B] = 0, we can write the equation for the vector @ as follows:

d—2*+(B—lA2)*—o (6.22)
dt2 u 1 u = u. .
The transformation provided by (6.21) is geometrically interpreted as a R. r. of the vector , induced by the torque
vector associated with the VOP A. The solution of (6.22) can be obtained using the procedure illustrated before.
The previous results (see also the first paper in [10,11,12]) can be exploited to develop a numerical code for the

motion of bodies under the influence of gravity, Coriolis and centrifugal forces.

7 Relativistic effects

In the previous sections, we have discussed the motion of charged particles in electric and magnetic field without
considering any relativistic correction. This can be easily accounted for by rewriting the Lorentz equation in the
form

d, | S =

moﬁ(vv):e(foerE), (7.1)
where my is the electron rest mass and + is the relativistic factor. The integration of this equation appears problem-
atic, even for constant and homogenous fields, since E induces a non-conservation of the modulus of the velocity.
The relativistic factor « is no more constant and a further equation, specifying its time dependence, should be

coupled to (7.1). By introducing the vector A= ~7, (7.1) can be rewritten as (with the usual means for the vectors
@ and Q)

| o

A= Jr}x/ﬂé. (7.2)
t v

[oW
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Figure 1: Reference frame definition for (8.2). The magnetic field is directed along the z-axis.

By multiplying both sides of this equation by the velocity, we obtain

—

A —A=A-GQ (7.3)

&l

and thus (Ay = A(t = 0))

t
A%(t) — A3 = 2/ ae'q - A(t), (7.4)

0

that provides the relativistic kinetic energy variation due to the interaction of the charge with the electric field.
As already stressed, the presence of the relativistic factor prevents us from the possibility of finding an analytical
solution using the tools developed so far. However, a fairly straightforward integration scheme can be used adopting
the same iterative procedure described in Section 4 (see (4.11)). In this case, the solution is obtained at each time
step in terms of (2.4), in which {2 is replaced by £2/v,,_1.

8 Bremsstrahlung effects

The radiation emitted by an accelerated charge can be evaluated from the Lienard-Wiechert integral [20,24], which
yields the energy radiated per unit solid angle and unit frequency as

d? 2w? 2
d.deI n 47205 @.1)

T JER
§=/ dt @ x (7% B)exp{z‘w (t—q—c’")} (8.2)
0

where ¢’ denotes the unit vector of the direction along which the emitted radiation is observed (see Figure 1), 7 = gc
is the velocity of the charge and T is the time during which the charge effectively experiences the acceleration due
to the fields.

By assuming that the motion occurs in the absence of electric field and under the influence of a constant magnetic
field, by using (2.5) (with (7p = 0)) it is easy to show that

with S modulus of the vector

exp {iw (t — LCF) } = exp {i%cl} exp {iwczt} exp {z% [63 sin(2t) — 1 cos(Qt)} }, (8.3)
where (i = B/B, By = 70/c)

c1 =7 (7 x fo), co=[1—(

St
st
o

SN—
—_
y
31
S—
P

o

w
Il
—

31
s
o

SN—
—
2y
3L
S—
|
2y
=
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and, according to the Jacobi-Anger expansion [4]°,

o0
L w . ; w W
exp {25 [e3 sin(2t) — 2 cos(Qt)}} = ) E Htp, (563’ —1502)
=—00

(8.4)
o0 ) o0 w w
= Z iR 2t Z Jie—m (503) Im (_iﬁc2) .
k=—o00 m=—00
Moreover, it turns out that

7% (§x B) = @ + becos(2t) + b sin(£2t), (8.5)

where we introduced the following vectors:
i= (i Bo)[(7-7)q—7], be= (7 Bo)q—Po—a bs=q (iixPBo)— (7xp) (8.6)

Inserting these results in (8.1), one obtains (for notation simplicity, in the following formula we have omitted to
indicate the argument of the B-functions):

= T . - R e i . Or . r
S = 5 exp {Z%CI} Z [Q(IBT +bB,_1+b BT+1:| exp {Z%T} sinc (%T) s (8.7)

r=—00
where
b= l_;c + igs, ¢r = 12 + wea.

According to the previous equation, the spectrum of S presents a series of harmonics with frequency

=—. (8.8)

In the case of a relativistic electron, we have

= = Wl (8.9)
ymo Y

and we can treat the solenoid as an undulator with period

2
Ae = YAe0 = %ﬁz . (8.10)
C,

If 7 = ¢ and the initial motion is mainly in the same direction of the field, we find

Ae
T 2ry2T

(8.11)

T

If we limit ourselves to the non-relativistic case, the inclusion of the electric field does not imply any particular
computational problem for the radiation integral. A significant difference is associated with the lineshape which is
not simply the square of the sinc-function appearing in (8.7), but is now given by the square modulus of the function

T Q‘ -
F, = / dt exp (¢Tt - quﬁ) . (8.12)
0

Figure 2 shows the shift and broadening of the spectral line of the radiation emitted by electrons moving in the field
of a solenoid.

6 The functions B}, can be written in terms of the cylindrical Bessel functions by exploiting the identity I, (iz) = i".J,, () and the Graf
addition theorem [4], which yields

Batein) = (£29) 0 (VTR

T — iy
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Figure 2: Comparison of the emitted radiation lineshape between (a) the case with only the solenoid and (b) the
case where also an electric field is present.

9 Quantum mechanical aspects and concluding remarks

The final topic we will treat is the extension of these methods to quantum mechanics. To this aim, we consider
again the Hamiltonian given in (2.1), but in the absence of any electric field. If we assume that the magnetic field is
directed along the z-axis, we can write the explicit form of the Hamiltonian as follows’:

. 1 I 2 1 .
H = %( —thV — e/D = %{ — h*v? +62B2(l’2 +y2) - zheB(xay - y@z)}, ©.1

which can be more conveniently cast in the form (see also [21] and references therein)

- h?2 o, 1 99,20 2o
H= —%az + 5 —werl (IT+1%), 9.2)
where
Fr= (o +n), Th=-(iog-¢), =2 n=-2L ©93)
VoA VAN v’ L '
The operators fl,g satisfy the commutation rule
[F1,F5) = —i, 94)
and (T = ﬁlﬁg)
[[7,13) = 4T +2, [T,17)=(-1)f1207 (k=1,2), 9.5)

that is, they exhibit the commutator properties of SU(1, 1). The relevant Heisenberg equations are written in the form
of a vector torque equation of the same type of (1.1) and the time-dependent solution of the associated Schrodinger
problem can be obtained using the standard Wei-Norman ordering procedures [13,33].

A different way of treating the quantum evolution problem consists in introducing a suitable transform as follows

(= (¢1,¢2,83)):

- it = 1 L2 N T .
U(t):exp{*zfnﬁ(thJre/DQ}:W/_Ood@ ¢ exp{Qz %ilh[g-(thJreA)]}, (9.6)

7 Note that in the static symmetric gauge (cf. (2.2)), V.-A=0.
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where, from (2.2)
(ihV +ed), = ihds — By, (ihV +ed), = ihdy + Bz, (ihV +eA)y = ihd. ©9.7)
In (9.6), by ordering the exponential in the integrand, for the wave function at later time we obtain

w (7, t) = U(t)w ()

T ' ohE ©9.8)
= ﬁ /_OO d¢exp {QQ + wetC1Ca — i\/%uk(ycl _ DUCQ)}LP <F @C) '

This relation is a generalization of the Gauss-Weierstrass transform and the study of its consequences will be
discussed elsewhere.

It is worth stressing that the case where the direction of the magnetic field is arbitrary implies only a slightly
more complicated integral transform. Even the inclusion of the electric field is not particularly tricky. Assuming that
the electric field lies in the (z,y)-plane (E = (Ex, Ey,0)), we can recast the Hamiltonian operator in the form

A 1 I 2 =
H:%(fzhvfeﬁ) —ell -7

= % {_h2v2 + ? [(m — am)Q + (y — ay)Q} — ih%[(w - ax)ay — (y — ay)aggjl} 9.9

where

oy = mBay o _eB_we
YT eB2 Tom 27

This Hamiltonian is that of a multidimensional harmonic oscillator with shifted coordinates. The constant term
%mw2 (a2 + ai) is just the vacuum field energy redefinition associated with the transformation used to move to the
shifted coordinate representation. The term proportional to (a0 + aydy) is the quantum counterpart of the drift
motion.

In this paper, we have stressed the analogy between Coriolis and Lorentz forces. This is more than a formal
analogy and the previous considerations can be extended to the so-called quantum Coriolis states [14], that are
similar to the Landau quantum states [23,31] entering in the analysis of the motion of a quantum electron in a
classical magnetic field. Some aspects of the problem and the possibility of studying them within the context of the
present formalism will be the argument of a forthcoming investigation.

The methods we have developed are flexible, fairly simple and easily amenable for numerical computation.
Their use can also be extended to non-linear equations like the Landau-Lifshitz-Gilbert equation describing the
precessional motion of the vector magnetization M in solids [7]. Without entering in details, we remind that such
equation, in our notation, writes

M = —(a+BM x ) (M x H). (9.10)

The quadratic non-linearity creates noticeable difficulties and the equation can be viewed as a kind of Riccati vector
equation. Assuming however that the conditions of the problem allow the definition of a time step in which the
variations of the vector M are not large, we can use the following solution scheme:

OMp =P x Mn, P=(a+pM,_1x)H, 9.11)

where the vector P, containing the vector M at the previous integration step, is treated as a constant torque with
the inclusion of an anti-damping term. The solution is essentially that provided in (3.4), and the evolution should be
followed by successive steps.

The points in these concluding remarks have been briefly treated just to show the flexibility of the method we
have proposed and the number of topics which it allows to treat. Most of them deserve a deeper analysis, that we
will develop in a forthcoming investigation.
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