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Abstract

In this work, the nul-filiform and filiform Zinbiel algebras are described up to iso-
morphism. Moreover, the classification of complex Zinbiel algebras dimensions < 3 is
extended up to dimension 4.
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1 Introduction

One of the important objects of the modern theory of nonassociative algebras is Lie algebras.
Active investigations in the theory of Lie algebras lead to the appearance of some general-
izations of these algebras such as Mal’cev algebras, Lie superalgebras, binary Lie algebras,
Leibniz algebras, and others.

In the present work, we consider algebras which are dual to Leibniz algebras. Recall that
Leibniz algebras were introduced in [6] in the nineties of the last century. They are defined
by the following identity:

[:U, [y,zﬂ = [[w,y],z] - [[az,z],y}.

J.-L. Loday in [5] studied categorical properties of Leibniz algebras and considered in
this connection a new object — Zinbiel algebra (read Leibniz in the reverse order). Since the
category of Zinbiel algebras is Koszul dual to the category of Leibniz algebras, sometimes
they are also called dual Leibniz algebras [7].

In works [3, 4], some interesting properties of Zinbiel algebras were obtained. In particular,
the nilpotency of an arbitrary complex finite-dimensional Zinbiel algebra was proved in [4].

For the examples of Zinbiel algebras, we refer to works [4, 5, 7].

Since description of all finite-dimensional complex Zinbiel algebras (which are nilpotent)
is a boundless problem, it is natural to add certain restrictions for their investigation. One of
such restrictions is the condition on the nilindex. Recall that in works [2, 8] some descriptions
of nilpotent Leibniz algebras and Lie algebras are given.

At the beginning of the study of any class of algebras, it is important to describe up
to isomorphism algebras of lower dimensions, because such description gives examples for
to establish or reject certain conjectures. In this way, in [4], the classification of complex
Zinbiel algebras of dimensions < 3 is given. Applying some general results obtained for
finite-dimensional Zinbiel algebras, we extend the classification of complex Zinbiel algebras
up to dimension 4. It should be noted that this classification shows that associative algebras
play the crucial role in the classification of four-dimensional algebras, which are defined by
the multilinear identity of degree 3.
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2 Classification of complex nul-filiform Zinbiel algebras

Definition 2.1. An algebra A over a field F' is called Zinbiel algebra if for any x,y,z € A
the identity

(xoy)oz=u=xo(yoz)+zo(z0y) (2.1)
holds.

For a given Zinbiel algebra A, we define the following sequence:
A=A, AT =Ao0AF, k>1.

Definition 2.2. A Zinbiel algebra A is called nilpotent if there exists s € N such that
A% = 0. The minimal number s satisfying this property is called index of nilpotency or
nilindex of the algebra A.

It is not difficult to see that the index of nilpotency of an arbitrary n-dimensional nilpotent
algebra does not exceed the number n + 1.

Definition 2.3. An n-dimensional Zinbiel algebra A is called nul-filiform if dim A® =
(n+1)—i,1<i<n+1.

It is evident that the last definition is equivalent to the fact that algebra A has maximal
index of nilpotency.

Theorem 2.4. An arbitrary n-dimensional nul-filiform Zinbiel algebra is isomorphic to the
following algebra:

ejoej= Czﬂ_j_leiﬂ, for2<i+j<n, (2.2)
where omitted products are equal to zero and {ey,es,...,en} is a basis of the algebra, the

symbols C* are binomial coefficients defined as Ct = ﬁ

Proof. Let A be an n-dimensional nul-filiform Zinbiel algebra and let {z1,z2,...,x,} be a

basis of the algebra A such that z; € A\ A2, x5 € A2\ A3, ..., x, € A™. Since x5 € A%\ A3,
for some elements b p, c2,, of algebra A, we have

22 =) brpocay =) aiziox; =iz 0w+ (x),
where () € A3, i.e., 20 = aj o2y + (). Note that ap 121 021 # 0. Indeed, in the opposite

case, xg € A3,
Similarly, for z3 € A3\ A*, we have

xr3 = ZCL&p ¢} (b3,p o CS,p) = Zam’kxi o (a;j o .fk) = (01,1,1X1 © (acl ¢} 3?1) + (**),

where (xx) € A% and ai1,121 © (x1 0o 1) # 0 (otherwise z3 € AY) e, x3 = Q11,121 ©
(x1 0 x1) 4 (**). Continuing this process, we obtain that elements

e1:=x1, eg:=x10x1, eg:=x10(x1021), ..., €n:=(zr10---0(x10(x1027)))
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are distinct from zero. It is not difficult to check the linear independence of these elements.

Hence, we can choose the elements {e1,e2,...,e,} as a basis of algebra A. We have by
construction
e1oe; =e;11 forl1<i<n-—1. (2.3)

We prove equality (2.2) by induction on j for every i.
Using identities (2.1), (2.3), we can prove by induction the equality

e;oep =tde;4q for 1 <i<mn—1,

i.e., equality (2.2) is true for j = 1 and every .

Suppose that the equality is true for all j < k — 1 and every 1.

Let us prove the equality (2.2) for j = k and every i. Using the inductive hypothesis and
the following chain of equalities:

€, 0€eL =¢;0 (61 o 6]6,1) = (ei o) 61) O€p—1—€;0 (6]671 @) 61)

. k-1
=ieir10ex—1— (k—1)ejoer =iC e — (k—1)e;oey,

we obtain ke; o e = inJr_klfler, ie.,

i(i+k—1)! G+k=1! o

k-1
o) = — . - = - €, = - ; .
€0 ek = 3 CinimCink = LT S T G — ! Prh-1Cith 0

k
We denote the algebra from Theorem 2.4 as NF},. It is not difficult to see that the n-
dimensional Zinbiel algebra is one generated if and only if it is isomorphic to the algebra N Fi,.
3 Classification of complex filiform Zinbiel algebras
In this section, we classify filiform Zinbiel algebras.

Definition 3.1. An n-dimensional Zinbiel algebra A is said to be filiform if dim A* = n — i,
2<1<n.

Definition 3.2. Given a filiform Zinbiel algebra A, put 4; = A*/A™! 1 <i <n—1 and
gtA=A1®A®---®A,_1. Then AiOAj - A/L'Jrj, dimA; =2, dimA; =1for2<i<n-—1
and we obtain the graded algebra grA. If an algebra B is isomorphic to grA, then we say
that the algebra B is naturally graded.

In the following theorem, the classification of complex naturally graded filiform Zinbiel
algebras is represented.

Theorem 3.3. An arbitrary n-dimensional (n > 5) naturally graded complex filiform Zinbiel
algebra is isomorphic to the following algebra:

F,:eoe; :Cg;j_leiﬂ, 2<i+j3<n—-1,
where omitted products are equal to zero and {e1,ea,... ey} is a basis of the algebra.

Proof. Let A be a Zinbiel algebra satisfying conditions of the theorem. Similar to the work
[8], we choose a basis {ei,ea,...,e,} of the algebra A such that Ay = (e1,en), 45 = (ej),
2<j<n—landejoe; =¢i4; for2<i<n-—2.
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Introduce the following notations:
€1 0€1 = (1€2, €10€n = Q2€2, €pOE€1 = (3€2, €EnOEn = (4€2.

Consider the possible cases.

Case 1. Let (a1, aq) # (0,0). Then without loss of generality we can suppose o # 0. Change
the basis as follows: €] = e, €} = aje;, 2 < i < n — 1. We can suppose a; = 1. Then the

space spanned on the vectors {ei1,ez,...,e,-1} forms a nul-filiform Zinbiel algebra of the
dimension n — 1. From the proof of Theorem 2.4, we can conclude ¢; o e; = CY 4j—1€i+45

2<i+j<n-—L
Let us show that the omitted products are equal to zero.
Apply identity (2.1) in the following multiplications:

(61 o en) oep =ejo0 (en o el) +e0 (61 o en) = 2ane3 = azez + ases,
i.e., g = (X3,

(61 o el) oe, =e10 (el oen) +ejo0 (en oel) = e9 0 e, = (ige3 + azes,
hence, ey 0 e, = 2a0e3;

(61 o en) oe, =2e 0 (en o en) — 2ade3 = 2a4e3,
consequently, a3 = auy;

(en o el) oe; = 2e, 0 (61 o el) = 2019e3 = 2e, 0 €3,

i.e., we have e, o eg = ges.
Taking the change of the basic elements by the following way:

e;L:—anzl—i-en, eézei for1 <i<n-—1,

it is not difficult to see that €} oel, = el o€} =€) o€l = e, oel, = el o€, =0. Moreover, the
other products are not changed, i.e., we can suppose as = az = a4 = 0.
Using identity (2.1) and the method of mathematical induction, it is easy to prove

enoe;=0 forl<i<mn-—1. (3.1)
The equality
eioe,=0 forl<i<n-—1

can be proved by induction and using (2.1), (3.1).

Case 2. Let (a1,04) = (0,0). Then (az,a3) # (0,0). In the case of ay # —as, taking
e}l = e1 + e,, we obtain the conditions of Case 1. Therefore, we need to consider only the
case of as = —ag # 0. By the following change of basis:

e’lzel, e;:en, e;:agei for 2 <i<n-—1,

we can suppose ag = 1.

The products

(eloen)oel:elo(enoel)+elo(eloen):>62061:0,
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0= (61061)062:610 (61062)+61O (62061) — €1 0€3 = €4
deduce the contradiction to the existence of algebra in this case. O

The following proposition allows to extract a “convenient” basis in an arbitrary complex
filiform Zinbiel algebra. Such basis in the literature is called adapted [8].

Proposition 3.4. There exists a basis {e1, ez, ..., en} in an arbitrary n-dimensional (n > 5)
complex filiform Zinbiel algebra such that the multiplication of the algebra has the following
form:

eioej=Cl ;i jeirj, 2<i+j<n-—1,

(3.2)

epoe] = ae,_1, €p0e,= e, 1,
where o, § € C.

Proof. By Theorem 3.3 we have that any n-dimensional complex filiform Zinbiel algebra is
isomorphic to the algebra of the form F,, + 3, where

ﬂ(el,ei) =0 forl1<i<n-—1,

ﬂ(en, en) € lin {eg, €4, ..., en_l},

ﬂ(ei,en),6(6n7€i) € lin {ei+27e’i+37 s ,6n_1} for 1 <i<n-— 17
ﬁ(ei,el) € lin {ei+2,ei+3, .. -,€n—1} for2<i<n-—1,
Bleisej) €lin{eirjr1, eiyjyn, .. en1} for2<ij<n-—1

Similarly to the proof of Theorem 3.3, it is not difficult to establish that the multiplications
e;oer, eoej, 1<i,j<n-—1

can be obtained from e; oe; = €;11, 1 < i <n — 2, and identity (2.1).
By the similar process, we obtain

ﬁ(ei,el) =0 forl1<i<n-—1, B(ei,ej) =0 for2<i,j<n-1
So, we have the products
ejoej = ijﬂ-fleiﬂ-, 2<i4+53<n—1.
Now define the products e; o e, and e, o e; for 1 <i < n and put
€106, =aszes +ageq+ -+ ap_1€n_1, epoe; = Lze3+ faes+ -+ Bn_1€n_1.
Taking the change
/

€np = €n — Q362 —Qye3 — -+ — Qp_1€p2,

we can suppose ag = qq = - = ap—1 = 0, i.e., e;oe, =0.
Identity (2.1) implies

(61 o en) oe;=e10 (en o 61)+61 o (61 o en) —e10 (6363+54e4+~ : -+ﬁn_1en_1) =0.

Therefore, B3e4 + Baes + -+ + Bp_oen_1 =0 and e, 0 e1 = Bp_1€n_1.
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Consider the product
(enoen) oe| =e,o0 (enoel) +eno(eloen) =0

from which we obtain e, o e, = ye,,_1 for some ~.
Similar to the proof of Theorem 3.3, we can obtain that e, oe; = 0 and ¢; oe,, = 0 for
2 <i<n—1, which complete the proof of the proposition. O

The classification of complex filiform Zinbiel algebras is given in the following theorem.

Theorem 3.5. An arbitrary n-dimensional (n > 5) complex filiform Zinbiel algebra is iso-
morphic to one of the following pairwise nonisomorphic algebras:

1 j . .
F :eioej:Cfﬂ_leHj, 2<i+53<n—-1;
F2:eioej:Cf+j_1ei+j, 2<i+j53<n—-1, e,oe; =en_1;

3. _ j . : _
Fj:ejoej= z'J+j—1ei+jv 2<i+j<n-—1, e,oe,=¢€n_1.

Proof. From Proposition 3.4, we have the multiplication (multiplication (3.2)) of n-
dimensional complex filiform Zinbiel algebra, namely,

o~ L
eioe; =Ci i q€itj, 2<i+73<n—1,
€pnoe] = aep_1, €poey,= e, 1.

Let us check the isomorphism inside this family of algebras. Consider the general change of
the generators of the basic elements in the form

/ /
el =ajel +azea + -+ anen, e, =bre; +boea+ -+ bpey,

where a; # 0 and a1b, — a,by # 0. Then for the remainder elements of the new basis we
have

/ 2 / 3 n—
ey = ajes +hy, e3=ajes+hy, ..., €, 1 =a] ep_1,
where h; € A*. The relations

/ ] / . .
eioej—Ci+j_lei+j, 2<i+753<n—1,

imply the following restrictions:
(Ilbl = O,
a1by + 2a2b; =0,
a1bs + Cgagbg + 3asb; = 0,

a1bp—3 + Cl=3asby_4 + Cl " Sagb,_5 + - + (n — 3)an_3b1 = 0,

n
a1bn—2 + ngg’azbnfy, + Cg:§a3bn74 + -+ (n - 2)an72b1 + aapby + ﬁanbn =0.
From these restrictions, we get

nbn
bi=by=-=bu3=0, byz=—"""4.
ai
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Consider the product

anb
621 0 6/1 = < - Z nﬁen—2 +bp_1€n-1 + bn€n> o (alel + agseg + -+ + anen)
1

= —(n —2)Bapbpen—1 + aarbpen—1 + Bapbpen—1= (aalbn —(n— 3)anbn)en_1.

On the other hand,

/ /A Y _ I .n—1
€,0€] =€, | =Qa; en_1.

Comparing the coefficients at the basic element e,,_1, we obtain
aarb, — (n — 3)Bayb, = o/a’ll_l.
Consider the product

anb
Z nﬁen—2 +bn—1ep—1 + bn€n>
1

anb
6;7, 0 eln = < - Zlnﬁen—Q + bn—len—l + bn€n> o < -

= b%ﬂen_l.

On the other hand,

/ ! ol ] _ . n—1
e oe, =0e,_1=0al ep_1.

Comparing the coefficients, we have
b= pay .
Now consider the following cases.
Case 1. Let # = 0. Then 8’ = 0 and ab, = a’a}"2 If @ = 0, then o/ = 0 and we have

n—2

algebra F!. If a # 0, then taking b, = “— we get o/ = 1, i.e., the algebra F?2 is obtained.

«

n—1
Case 2. Let 3 # 0. Then putting b, = ”%T’ ap = % we get 3 =1, @/ = 0 and algebra
F?3 is obtained.

Note that the obtained algebras are not pairwise isomorphic. O

Comparing the description of complex filiform Leibniz algebras [2] and the result of The-
orem 3.5, we can note how the class of complex filiform Zinbiel algebras is “thinner”. So, al-
though Zinbiel algebras and Leibniz algebras are Koszul dual, they are quantitatively strongly
distinguished even in the class of filiform algebras.

It is known that for any variety of algebras Zs-graded algebras of that variety can be
defined, which is called superalgebras. In the same way, we define a notion of Zinbiel super-
algebra A = Ay ® Ay by the following identity:

(:Boy)oz:xo(yoz)+(—1)°‘ﬁa}o(zoy),

where y € Ay, z € Ag and «, 8 € Zs.

It should be noted that the proof on the nilpotency of finite-dimensional complex Zinbiel
algebras can be extended to the proof of solvability of the finite-dimensional complex Zinbiel
superalgebras.

Moreover, from the obtained classification of complex filiform Zinbiel algebras, we give
the following conjecture.

Conjecture 3.6. Finite-dimensional complex Zo-graded Zinbiel algebra (Zinbiel superalge-
bra) is nilpotent.



8

J. Q. Adashev, A. Kh. Khudoyberdiyev, and B. A. Omirov

4 Classification of four-dimensional complex Zinbiel algebras

Since an arbitrary finite-dimensional complex Zinbiel algebra is nilpotent, then for an arbi-
trary four-dimensional Zinbiel algebra A the condition A% = 0 holds.

Take into account that the direct sum of nilpotent Zinbiel algebras is nilpotent; further
we will not consider split algebras case.

Theorem 4.1. An arbitrary four-dimensional complex nonsplit Zinbiel algebra is isomorphic
to the one of the following pairwise nonisomorphic algebras:

Ay
Ay
As
Ay
As

Ag :
A7

Aqp :
A
Ao :
Az
Ay

e10€e] =e3, 61 0€y = €3, €90€] = 2€3, €] 0€3 = €4, €90 €y = 3€4, €30 €] =3¢e4;
1e10€] =e€3, €1 0€y = €4, €] O€3 = €4, €30 €] = 2€y4;
1e10€] =€3, €] 0€3 = €4, €30€9 = €4, €30 €] = 2€y4;
1€10€e9 = €3, €1 0€3 = €4, €20€] = —€3;
1€10€epg = €3, €1 0O€3 = €4, €20€] = —€3, €9 0 €y = €4,
e10€e] = €4, €10€3 = €3, €30€] = —€3, €90 ey = —2€3 + €y;
€1 0€2 = €3, €20€1 = €4, €2 0€92 = —€3;,
Ag(a) :ejoe] =e3, e oeg =ey, eg0€] = —qeg, €20 e = —ey, a € C;
Ag(a) :ejoe] =eyq, e10€g = ey, €20€] = —qey, €20€ =€y, e30e3 =e4, a € C;
€10€3 =¢€4, €10€3 = €4, €20€] = —€4, €20€2 = €4, €30€] = €4;
€1 0€1 = €4, €1 0O€2 = €4, €20€] = —€4, €3 0€3 = €4,
€1 0€ey = €3, €20€1] = €4,
€1 0€ex = €3, €20€] = —€3, €2 O €y = €4;
€9 0 €1 = €4, €2 0€2 = €3,
+ o
Ajs(a) tejoeg =eyq, e0eg =e3, €30€] = 1—0464’ aeC\{1};

Ajg:e1oey =ey, e30€] = —ey, €30€3 = €4.

Proof. Note that the result of [1, Proposition 3.1] also holds for Zinbiel algebras. Therefore,
we have the following possible cases for invariant sequence (dim A2, dim A3, dim A%):

(3,2,1), (2,1,0), (2,0,0), (1,0,0), (0,0,0).

Obviously, a Zinbiel algebra with the condition (3,2, 1) is nul-filiform. Using Theorem 2.4,
we obtain the algebra A;.

Consider an algebra with the invariant sequence (2, 1,0) (this algebra is filiform).

Let {e1,e2,e3,e4} be a basis of algebra A satisfying the conditions A% = {e3,e4}, A> =
{e4}. Then we can suppose that

€1 0 el = ajes + aigey,

€9 0 e9g = (v7e3 + g€y,

€1 0 €3

where (a1, a3, as,a7) # (0,0,0,0).

Case 1. Let (a1,a7) # (0,0). Then by arguments analogous to the arguments in the proofs
of Theorems 3.3 and 3.5 we obtain the following algebras:

€1 0€1 = €3,

€1 ©0 €3 = €4,

€1 0 €3 = (33 + Quigey,

= €4,

€2 0 €1 = ase3 + qgeéy,

€2 0 €3 = g€y,

€3 0€e1 = 264;
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e1o0e|p =e3, €10€x=e4, €10e3=e4, €30€] = 2ey

€10€] =€3, €10€e3=e¢€q, €206y =¢e4, €30€] =2e4.
Note that the algebra defined by multiplication
€10€] =€3, €10€e3=¢eq, e30€] =2ey4

is split. So, in this case, we have the algebras As, As.

Case 2. Let (a1, a7) = (0,0). Then (as, as) # (0,0). If a3 # —as, then taking €] = Ae; +eq,
where A # —ag, we have Case 1. It remains to consider the case a3 = —as. Denote e} =
ages + ageyq. Then we can write

€10€e1 = ey, €10€3=e3, €30€e] = —e3+ Qge4,
€20€2 = (xgeq, €]10€3=¢e4, €20€3= Qgey.
Consider the products
(eroez)oe; =ejo(egoer)+ejo(ejoey) =ejo(—e3+ages)+eroe3
=0=e30e; =0,
(eoeg)oeg =2e10(eg0e3) =0 = egoeg =0.
If we replace basic elements as follows:
/o ! ! [
€1 = €1, €9 =62 — g€, €E3=E€3— Q09ey, €4 = €4,
we obtain ag = 0, i.e., the multiplication in the algebra has the following form:
epoe; =aey, ejo0ey=e3, e0e;=—e3+ ey, ey0ex3=1ey, e€10e3=¢ey

(omitted products are equal to zero).
Let us check the isomorphism inside this family.
Consider the general change of generators of the basic elements:

’ /
€] = aje; + agex + ages, ey = bie; + baeay + bses

where ajby — agb; # 0. Expressing basic elements {ej, €} via basic elements {e1, ez, e3, €4}
and analyzing the relations of the family in new basis, we obtain the following restrictions:

aja + arazfB + a3y + araz = /aibs,  a1befB + 2asbyy + arbs = Faibs,
boy = ’y'a%, b1 =0.
Consider the following cases.
Case 2.1. Let v = 0. Then v/ = 0 and
a1o + CLQB + a3 = O/(llbg, by + b3 = ﬁ,albg.
Taking az=—aja—az and b3 =—by, we obtain o/ =3’ =0, i.e., we have the algebra Ay.
Case 2.2. Let v # 0. Then putting

ay a%a + ar1a93 + a%’y a1baf + 2a9bay
bQ - as = — I b3 = ?

Y ai a

we get ¥ =1, o/ = 3 =0, i.e., the algebra Aj is obtained.
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Note that algebras with the conditions (2,0,0), (1,0,0), (0,0,0) are associative algebras.
Therefore, we can use the classification of four-dimensional algebras of Leibniz [1], i.e., choose
algebras with the condition A3 = 0. O

Note that the problem of classification of complex five-dimensional Zinbiel algebras is
open and the solution of this problem is equivalent to the classification of such associative
algebras, which is still not obtained.

References

[1] S. Albeverio, B. A. Omirov, and I. S. Rakhimov. Classification of 4-dimensional nilpotent complex
Leibniz algebras. Extracta Math., 21 (2006), 197-210.

[2] Sh. A. Ayupov and B. A. Omirov. On some classes of nilpotent Leibniz algebras. Sibirsk. Mat.
Zh., 42 (2001), 18-29.

[3] A.S.Dzhumadil’daev. Identities for multiplications derived by Leibniz and Zinbiel multiplications.
Abstracts of short communications of International conference “Operator algebras and quantum
theory of probability” (2005), Tashkent, 76-77.

[4] A. S. Dzhumadil’daev and K. M. Tulenbaev. Nilpotency of Zinbiel algebras. J. Dyn. Control.
Syst., 11 (2005), 195-213.

[5] J.-L. Loday. Cup-product for Leibniz cohomology and dual Leibniz algebras. Math. Scand., 77
(1995), 189-196.

[6] J.-L.Loday and T. Pirashvili. Universal enveloping algebras of Leibniz algebras and (co)homology.
Math. Ann., 296 (1993), 139-158.

[7] J.-L. Loday, A. Frabetti, F. Chapoton, and F. Goichot. Dialgebras and Related Operads. Lecture
Notes in Math., 1763, Springer-Verlag, Berlin, 2001.

[8] M. Vergne. Cohomologie des algebres de Lie nilpotentes. Application & I'étude de la variété des
algebres de Lie nilpotentes. Bull. Soc. Math. France, 98 (1970), 81-116.

Received June 19, 2009
Revised October 06, 2009



