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Introduction
 A triple sequence (real or complex) can be defined as a function 

x:× ×→ () where , and  denote the set of natural numbers, 
real numbers and complex numbers respectively. The different types 
of notions of triple sequence was introduced and investigated at the 
initial by Sahiner [1,2], Esi [3-5], Datta [6], Subramanian [7], Debnath 
[8] and many others.

A triple sequence x=(xmk) is said to be triple analytic if
1

, , < .m n k
m n k mnksup x + + ∞

The space of all triple analytic sequences are usually denoted by Λ3. 
A triple sequence x=(xmk) is called triple entire sequence if

1

0m n k
mnkx + + →  as m,n,k→∞.

The notion of difference sequence spaces (for single sequences) was 
introduced by Kizmaz [9] as follows

 ( ) ( ) ( ){ }= = :k kZ x x w x Z∆ ∈ ∆ ∈

 For Z=c,c0 and ∞ where 1=k k kx x x +∆ −  for all k∈

The difference triple sequence space was introduced by Debnath et 
al. (see [8]) and is defined as

∆xk= 
, 1, , , 1 , 1, 1

1, , 1, 1, 1, , 1 1, 1, 1

= + + + +

+ + + + + + + +

∆ − − +

− + + −
mnk mnk m n k m n k m n k

m n k m n k m n k m n k

x x x x x
x x x x

 

and 0 = .mnk mnkx x∆

Def﻿initions and Preliminaries
Throughout the article w3,Γ3(∆), Λ3(∆) denote the spaces of all, 

triple entire difference sequence spaces and triple analytic difference 
sequence spaces respectively.

Subramanian introduced by a triple entire sequence spaces, triple 
analytic sequences spaces and triple gai sequence spaces [7]. The triple 
sequence spaces of Γ3(∆), Λ3(∆) are defined as follows:

( ) { }1/3 3= : 0 , , ,m n k
mnkx w x as m n k+ +Γ ∆ ∈ ∆ → →∞

( ) { }1/3 3
, ,= : < .m n k

m n k mnkx w sup x + +Λ ∆ ∈ ∆ ∞

1. Definition

An Orlicz function is a function M:[0,∞)→ [0,∞) which is 
continuous, non-decreasing and convex with M(0)=M(x)>0 forM(x)>0

> 0x  and M(x)→∞ as x→∞ [10]. If convexity of Orlicz function M is 
replaced by M(x+y)≤ M(x)+ M(y) then this function is called modulus 
function. M:[0,∞)→ [0,∞)

Lindenstrauss and Tzafriri [11] used the idea of Orlicz function to 
construct Orlicz sequence space. A sequence g=(gmn) defined by

( ) ( )( ){ }= : 0 , , , = 1,2,mn mnkg v sup v u f u u m n k− ≥ 

is called the complementary function of a Musielak-Orlicz function f. 
For a given Musielak-Orlicz function f the Musielak-Orlicz sequence 
space tf is defined as follows [12]

( ){ }1/3= : 0 , , ,
m n k

f f mnkt x w I x as m n k
+ +

∈ → →∞

Where If is a convex modular defined by

( ) ( ) ( )1/

=1 =1 =1
= , = .

m n k
f mnk mnk mnk fm n k

I x f x x x t
+ +∞ ∞ ∞

∈∑ ∑ ∑

We consider tf equipped with the Luxemburg metric

( )
1/

=1 =1 =1
, =

m n k
mnk

mnkm n k

x
d x y f

mnk

+ +
∞ ∞ ∞  

 
 
 

∑ ∑ ∑

is an exteneded real number.

2. Definition

Let n∈ and X be a real vector space of dimension w where nm. 
A real valued function 1 1 1( , , ) = ( ( ,0), , ( ,0))p n n n pd x x d x d x    on X 
satisfying the following four conditions:
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(i) 1 1( ( ,0), , ( ,0)) = 0n n pd x d x   if and and only if d1(x1,0),… dn(xn,0) 
are linearly dependent,

(ii) 1 1( ( ,0), , ( ,0))n n pd x d x   is invariant under permutation,

(iii) 1 1 1 1( ( ,0), , ( ,0)) = ( ( ,0), , ( ,0)) ,n n p n n pd x d x d x d xα α α ∈     

(iv) ( ) ( )1/

1 1 2 2 1 2 1 2( , ), ( , ) ( , ) = ( , , ) ( , , ) 1 < ;
pp p

p n n X n Y nd x y x y x y d x x x d y y y for p+ ≤ ∞    (or)

(v) ( ) { }1 1 2 2 1 2 1 2( , ), ( , ), ( , ) := sup ( , , ), ( , , ) ,n n X n Y nd x y x y x y d x x x d y y y  

For x1, x2… xn∈X, y1, y2,… yn∈Y is called the p product metric of the 
Cartesian product of n metric spaces [13].

3. Definition

Let X  be a linear metric space. A function ρ:X→ is called 
paranorm, if

(1) ρ(x)≥0 for all x∈X;

(2) ρ(-x)= ρ(x) for all x∈X;

(3) ( ) ( ) ( ) ( ) ,x y z x y zρ ρ ρ ρ+ + ≤ + +  for all x,y,z∈X,

(4) If (σmnk) is a sequence of scalars with σmnk→σ as m,n,k→∞ and 
x=(xmk) is a sequence of vectors with

ρ( xmk -x) →0 as m,n,k→∞ then ρ(σmnk xmk -σx) →0 as m,n,k→∞

4. Definition

The triple sequence θ i,


,j={(mi,n


,kj)} is called triple lacunary if there 
exist three increasing sequences of integers such that

0 1= 0, =i i rm h m m −− →∞  as i→∞ and

0 1= 0, =n h n n −− →∞
  

 as →∞

0 1= 0, =j j jk h k k −− →∞  as j→∞

Let , , , ,= , = ,i j i j i j i jm m n k h h h h
   

 and θ i,


,j is determine by

( ){ }, , 1 1 1

1 1 1

= , , : < < < < ,

= , = , = .

− − −

− − −

≤ ≤
  







i j i i j j

jk
k j

k j

I m n k m m m and n n n and k k k

km nq q q
m n k

Main Results
The notion of λ-triple entire and triple analytic sequences as 

follows: Let ( ) , , =0
= mnk m n k

λ λ ∞  be a strictly increasing sequences of positive 
real numbers tending to infinity, that is

0<λ000<λ111<… and λmnk→∞ as m,n,k→∞

and said that a sequence x=(xmnk)∈w3

is λ-convergent to 0, called a the λ-limit of x if µmnk(x)→0 as m,n,k→∞ 
where

( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( )

1 1
, , , 1,

1 1 1 1
, , 1 , 1, 1 1, , 1, 1,

1/1 1 1
1, , 1 1, 1, 1

1=

.

µ λ λ
ϕ

λ λ λ λ

λ λ

− −
+∈ ∈ ∈

− − − −
+ + + + + +

+ +− − +
+ + + + +

∆ − ∆

− ∆ + ∆ − ∆ + ∆

+ ∆ − ∆ ∆

∑ ∑ ∑ m m
mnk m n k m n km I n I k Irst rst rstrst

m m m m
m n k m n k m n k m n k

m n km m m
m n k m n k mnk

x

x

 

The sequence x=(xmnk)∈w3 is λ-triple difference analytic if 
( ) < .uvs mnksup xµ ∞  If limxnkxmnk(x)=0 in the ordinary sense of 

convergence, then

( ) ( )

( ) ( ) ( ) ( )
( ) ( )

1 1
, , , 1,

1 1 1 1
, , 1 , 1, 1 1, , 1, 1,

1/1 1 1
1, , 1 1, 1, 1

1

= 0

λ λ
ϕ

λ λ λ λ

λ λ

− −
+∈ ∈ ∈

− − − −
+ + + + + +

+ +− − +
+ + + + +

∆ − ∆

− ∆ + ∆ − ∆ + ∆

+ ∆ − ∆ ∆

∑ ∑ ∑ m m
mnk m n k m n km I n I k Irst rst rstrst

m m m m
m n k m n k m n k m n k

m n km m m
m n k m n k mnk

lim

x
 

This implies that

( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( )

1
, ,

1 1 1 1
, 1, , , 1 , 1, 1 1, ,

1/1 1 1 1
1, 1, 1, , 1 1, 1, 1

10 =

0 = 0

µ λ
ϕ

λ λ λ λ

λ λ λ

−
∈ ∈ ∈

− − − −
+ + + + +

+ +− − − +
+ + + + + + +

− ∆

− ∆ − ∆ + ∆ − ∆

+ ∆ + ∆ − ∆ ∆ −

∑ ∑ ∑ m
mnk mnk mnk m n km I n I k Irst rst rstrst

m m m m
m n k m n k m n k m n k

m n km m m m
m n k m n k m n k mnk

lim x lim

x

which yields that limuvsµmnk(x)=0 and hence x=(xmnk)∈w3 is 
λ-convergent to 0. Let I3- be an admissible ideal of 3××,θrst be a triple 
difference lacunary sequence, f=fmnk be a Musielak-Orlicz function and 

( ) ( ) ( )( )( )1 2 1, ,0 , ,0 , , ,0n p
X d x d x d x −  be a p-metric space, q=(qmnk) be 

triple difference analytic sequence of strictly positive real numbers. By 
w3(p-X) we denote the space of all sequences defined over

( ) ( ) ( )( )( )1 2 1, ,0 , ,0 , , ,0 .n p
X d x d x d x −

In the present paper we define the following sequence spaces:

( ) ( ) ( )( )

( ) ( ) ( ) ( )( )( )

3
3

1 2 1

3
1 2 1

, ,0 , ,0 , , ,0 =

, , : , ,0 , ,0 , , ,0

ϕ

µ
θ

µ ε

∆
−

−

 Γ  

  ∈ ≥ ∈    





Imq
f n p

rst

qmnk

rst mnk mnk n p

d x d x d x

r s t I f x d x d x d x I

 ,

( ) ( ) ( )( )

( ) ( ) ( ) ( )( )( )

3
3

1 2 1

3
1 2 1

, ,0 , ,0 , , ,0 =

, , : , ,0 , ,0 , , ,0

ϕ

µ
θ

µ

∆
−

−

 Λ  

  ∈ ≥ ∈    





Imq
f n p

rst

qmnk

rst mnk mnk n p

d x d x d x

r s t I f x d x d x d x K I

 ,

If we take fmnk(x)= x we get

( ) ( ) ( )( )

( ) ( ) ( ) ( )( )( )

3
3

1 2 1

3
1 2 1

, ,0 , ,0 , , ,0 =

, , : , ,0 , ,0 , , ,0

ϕ

µ
θ

µ ε

∆
−

−

 Γ  

  ∈ ≥ ∈    





Imq
f n p

rst

qmnk

rst mnk n p

d x d x d x

r s t I x d x d x d x I

 ,

( ) ( ) ( )( )

( ) ( ) ( ) ( )( )( )

3
3

1 2 1

3
1 2 1

, ,0 , ,0 , , ,0 =

, , : , ,0 , ,0 , , ,0

ϕ

µ
θ

µ

∆
−

−

 Λ  

  ∈ ≥ ∈    





Imq
f n p

rst

qmnk

rst mnk n p

d x d x d x

r s t I x d x d x d x K I

 ,

If we take q=(qmnk)=1 we get

( ) ( ) ( )( )

( ) ( ) ( ) ( )( )( ){ }
3

1 2 1

3
1 2 1

, ,0 , ,0 , , ,0 =

, , : , ,0 , ,0 , , ,0

ϕ

µ
θ

µ ε

∆
−

−

 Γ  

 ∈ ≥ ∈  





Im

f n p
rst

rst mnk mnk n p

d x d x d x

r s t I f x d x d x d x I
 ,

( ) ( ) ( )( )

( ) ( ) ( ) ( )( )( ){ }

3
3

1 2 1

3
1 2 1

, ,0 , ,0 , , ,0 =

, , : , ,0 , ,0 , , ,0

ϕ

µ
θ

µ

∆
−

−

 Λ  

 ∈ ≥ ∈  





Im

f n p
rst

rst mnk mnk n p

d x d x d x

r s t I f x d x d x d x K I

 ,

In the present paper we plan to study some topological 
properties and inclusion relation between the above defined 

sequence spaces. ( ) ( ) ( )( )
2

3
1 2 1, ,0 , ,0 , ,

Imq
f n p

rst

d x d x d x
ϕ

µ
θ

∆
−

 Γ  


 and 

( ) ( ) ( )( )
3

3
1 2 1, ,0 , ,0 , , ,0

Imq
f n p

rst

d x d x d x
ϕ

µ
θ

∆
−

 Λ  


 which we shall discuss in this 

paper.
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1. Theorem

Let f= fmnk be a Musielak-Orlicz function, q=(qmnk)be a triple analytic 
difference sequence of strictly positive real numbers, the sequence 
spaces

( ) ( ) ( )( )
3

3
1 2 1, ,0 , ,0 , , ,0

Imq
f n p

rst

d x d x d x
ϕ

µ
θ

∆
−

 Γ  


 and

( ) ( ) ( )( )
3

3
1 2 1, ,0 , ,0 , , ,0

Imq
f n p

rst

d x d x d x
ϕ

µ
θ

∆
−

 Λ  
  are linear spaces.

Proof: It is routine verification. Therefore the proof is omitted.

2. Theorem

Let f= fmnk be a Musielak-Orlicz function, q=(qmnk)be a triple analytic 
difference sequence of strictly positive real numbers, the sequence space

( ) ( ) ( )( )
3

3
1 2 1, ,0 , ,0 , , ,0

Imq
f n p

rst

d x d x d x
ϕ

µ
θ

∆
−

 Γ  
  is a paranormed space 

with respect to the paranorm defined by

( ) ( ) ( ) ( ) ( )( )( )1 2 1= , ,0 , ,0 , , ,0 1 .
qmnk

mnk mnk n p
g x inf f x d x d x d xµ −

   ≤    


Proof: Clearly g(x)≥0 for 

( ) ( ) ( ) ( )( )
3

3
1 2 1= , ,0 , ,0 , , ,0

Imq
mnk f n p

rst

x x d x d x d x
ϕ

µ
θ

∆
−

 ∈ Γ  
  

Since fmnk(0)=0 we get g(0)=0

Conversely, suppose that g(x) then

( ) ( ) ( ) ( )( )( )1 2 1, ,0 , ,0 , , ,0 1 = 0.
qmnk

mnk mnk n p
inf f x d x d x d xµ −

   ≤    


Suppose that µmnk(x)≠0. for each m,n,k∈ Then

( ) ( ) ( ) ( )( )1 2 1, ,0 , ,0 , , ,0 .mnk n p
x d x d x d x

ϕ
µ − →∞  It follows that

( ) ( ) ( ) ( )( )( )
1/

1 2 1, ,0 , ,0 , , ,0
Hqmnk

mnk mnk n p
f x d x d x d xµ −

   →∞    
  

which is a contradiction. Therefore µmnk(x)=0. Let

( ) ( ) ( ) ( )( )( )
1/

1 2 1, ,0 , ,0 , , ,0 1
Hqmnk

mnk mnk n p
f x d x d x d xµ −

   ≤    


and

( ) ( ) ( ) ( )( )( )
1/

1 2 1, ,0 , ,0 , , ,0 1
Hqmnk

mnk mnk n p
f y d x d x d xµ −

   ≤    


Then by using Minkowski’s inequality, we have

( ) ( ) ( ) ( )( )( )
( ) ( ) ( ) ( )( )( )
( ) ( ) ( ) ( )( )( )

1/

1 2 1

1/

1 2 1

1/

1 2 1

, ,0 , ,0 , , ,0

, ,0 , ,0 , , ,0

, ,0 , ,0 , , ,0 .

µ

µ

µ

−

−

−

  +    

  ≤     

  +    







Hqmnk

mnk mnk n p

Hqmnk

mnk mnk n p

Hqmnk

mnk mnk n p

f x y d x d x d x

f x d x d x d x

f y d x d x d x

 So we have

( ) ( ) ( ) ( ) ( )( )( )
( ) ( ) ( ) ( )( )( )

( ) ( ) ( ) ( )( )( )

1 2 1

1 2 1

1 2 1

= , ,0 , ,0 , , ,0 1

, ,0 , ,0 , , ,0 1

, ,0 , ,0 , , ,0 1

µ

µ

µ

−

−

−

  + + ≤    
  ≤ ≤ +    

   ≤    







qmnk

mnk mnk n p

qmnk

mnk mnk n p

qmnk

mnk mnk n p

g x y inf f x y d x d x d x

inf f x d x d x d x inf

f y d x d x d x

 Therefore,

( ) ( ) ( ).g x y g x g y+ ≤ +

Finally, to prove that the scalar multiplication is continuous. Let λ 
be any complex number. By definition,

( ) ( ) ( ) ( ) ( )( )( )1 2 1= , ,0 , ,0 , , ,0 1 .
qmnk

mnk mnk n p
g x inf f x d x d x d xλ µ λ −

   ≤    


Then

( ) ( ) ( ) ( ) ( )( )( )/
1 2 1= (( ) : , ,0 , ,0 , , ,0 1

qmnkq Hmnk
mnk mnk n p

g x inf t f x d x d x d xλ λ µ λ −

   ≤    


where 1= .t
λ

 Since ( )1, ,q sup qmnk mnkmaxλ λ≤  we have

( ) ( )
( ) ( ) ( ) ( )( )( )/

1 2 1

1,

: , ,0 , ,0 , , ,0 1

λ λ

µ λ −

≤

   ≤    


supqmnk

qmnkq Hmnk
mnk mnk n p

g x max inf

t f x d x d x d x

This completes the proof.

3. Theorem

(i) If the Musielak Orlicz function (fmnk) satisfies ∆2- condition, then

( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( )

3
3

1 2 1

3
3

1 2 1

, , ,0 , ,0 , , ,0 =

, , ,0 , ,0 , , ,0 .

α
ϕ

µ
θ

ϕµ

θ

µ

µ

∆
−

∆
−

 Γ  

 Γ  





Imq
f mnk n p

rst

Imq
g uvs n p

rst

x d x d x d x

x d x d x d x

(ii) If the Musielak Orlicz function (gmnk) satisfies ∆2- condition, 
then
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Proof: Let the Musielak Orlicz function (fmk) satisfies ∆2-condition, 
we get

( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( )

3
3

1 2 1

3
3

1 2 1

, , ,0 , ,0 , , ,0

, , ,0 , ,0 , , ,0 (1)

ϕµ

θ

α
ϕ

µ
θ

µ

µ

∆
−

∆
−

 Γ  

 ⊂ Γ  



  

Imq
g mnk n p

rst

Imq
f mnk n p

rst

x d x d x d x

x d x d x d x

To prove the inclusion
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we are granted with (1) and (2)
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if the Musielak Orlicz function (gmk) satisfies ∆2-condition.

1. Proposition

The sequence space
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Proof: The result follows from the following example.
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2. Proposition

The sequence space
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Proof: The proof follows from Proposition 3.4.

3. Proposition

The sequence space
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4. Proposition

The sequence space
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Conclusion
Through this paper we studied some topological properties and 

inclusion relation with respect to a sequence of Musielak-Orlicz 
function.
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