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Abstract

We introduce the generalized triple sequence spaces of entire difference lacunary statistical convergence and
discuss general topological properties also inclusion theorems are with respect to a sequence of Musielak-Orlicz

function.
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Introduction

A triple sequence (real or complex) can be defined as a function
x:Nx NxN->R (C) where N,R and C denote the set of natural numbers,
real numbers and complex numbers respectively. The different types
of notions of triple sequence was introduced and investigated at the
initial by Sahiner [1,2], Esi [3-5], Datta [6], Subramanian [7], Debnath
[8] and many others.

A triple sequence x=(x, ) is said to be triple analytic if

1
Supm’n’k |xmnk|m+n+k < 00,

The space of all triple analytic sequences are usually denoted by A>.
A triple sequence x=(x, ) is called triple entire sequence if

1
mn+k —> () as m,n,k->o0.

|xmnk

The notion of difference sequence spaces (for single sequences) was
introduced by Kizmaz [9] as follows

z(A)={x=(x,)ew:(Ax,) e Z}
For Z=c,c,and /_ where Ax, =x, —x,,, forall keN

The difference triple sequence space was introduced by Debnath et
al. (see [8]) and is defined as

Axmnk = xmnk —X + xm,n+1,k+l
Ax,=
_xm+l,n,k

X

m,n+l,k - m,n,k+1

+X + X

m+1,n,k+1 —X

m+1,n+1,k m+1,n+1,k+1

and onmnk = <xmnk>.

Definitions and Preliminaries

Throughout the article w*I°(A), A’(A) denote the spaces of all,
triple entire difference sequence spaces and triple analytic difference
sequence spaces respectively.

Subramanian introduced by a triple entire sequence spaces, triple
analytic sequences spaces and triple gai sequence spaces [7]. The triple
sequence spaces of I’(A), A’(A) are defined as follows:

Vm+n+k

FJ(A)={xew3:‘Axm,( -0 as m,n,kﬁoo},

Um+n+k

A (A)= {x ew isup, ,, |Ax

‘mnk

< oo} .
1. Definition

An Orlicz function is a function M:[0,0)> [0,0) which is
continuous, non-decreasing and convex with M(0)=M(x)>0 forM(x)>0
x>0 and M(x)->eo as x>eo [10]. If convexity of Orlicz function M is
replaced by M(x+y)< M(x)+ M(y) then this function is called modulus
function. M:[0,00)-> [0,00)

Lindenstrauss and Tzafriri [11] used the idea of Orlicz function to
construct Orlicz sequence space. A sequence g=(g ) defined by
(V)= sup{Mu ~(fo ) ()= 0},m,n,k =1,2,-
is called the complementary function of a Musielak-Orlicz function f.
For a given Musielak-Orlicz function f the Musielak-Orlicz sequence
space t,is defined as follows [12]

t Z{XGWS:I/.( )I'MM

Xt -0 as m,n,k—)oo},

Where I is a convex modular defined by

L(x)=3" 3" 3 o

We consider £ equipped with the Luxemburg metric

Vm+n+k
£ L L Xk
d (x’ y) - Zm:IZn:]zk:]f”’”k

)1/m+/1+k

Xk X = (Xnmx ) €.

mnk
is an exteneded real number.
2. Definition

Let neN and X be a real vector space of dimension w where nm.
A real valued function d,(x,....,x,)=](d,(x,0),...,d,(x,,0)[, on X
satisfying the following four conditions:
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(@) 11(d,(x,0),...,d,(x,,0))[|,= 0 ifand and only if d,(x,,0),... d (x,,0)
are linearly dependent,

(11) H (d,(x,,0),...,d,(x,

n

,0))||, is invariant under permutation,
(iii) || (ad,(x,,0),....d,(x,,0) [|,= e[| (d,(x,,0),....d,(x,,0)) ||, € R
(V) @, (0420002005 2)) = (o 5,) +dy (3, 2200--3,)7)  forl < p<oss (OF)

(V) d((xl’yl)7(x27y2)’“.(xn7yn)):: Sup{dx(xl?xz""xu)vdy(ylayza"'y,x)}a

Forx,x,... x, €X,9,,¥,... y,€Yis called the p product metric of the
Cartesian product of n metric spaces [13].

3. Definition

Let x be a linear metric space. A function p:X>R is called
paranorm, if

(1) p(x)=0 for all xeX;
(2) p(-x)= p(x) for all xeX;
@) p(x+y+z)<p(x)+p(y)+p(2), forall xy.zeX,

4) If (o, )
x=(x,,) is a sequence of vectors with

is a sequence of scalars with o, >0 as m,n,k>c0 and

p( X, -x) >0 as m,n,k>o then p(omk X, -0x) >0 as m,n,k>o0
4. Definition

The triple sequence 61., ,{sz{(mi,n 1,,,k].)} is called triple lacunary if there
exist three increasing sequences of integers such that

m,=0,h =m,—m,_, —oo asi>e and

ny=0,h,=n,—n,, —>oo as {>oo

ky =0, =k, —k, | — o0 as j>oo

Let m,, , =mnk;,h,, =hhh, and§, is determine by

i0,j 175
L, = {(m,n,k):mH <m<m, and n,_<n<n, and k_ <k< k}/},
=M = k/
9k 4, >4 X
m_ n,_, -1

Main Results

The notion of A-triple entire and triple analytic sequences as
follows: Let 2=(4,,.). ., beastrictly increasing sequences of positive

‘mnk

real numbers tending to infinity, that is
0<A <A, <..oand A Soo as m,n,k->o0

and said that a sequence x=(x _)ew?

mnk:

is A-convergent to 0, called a the A-limit of xif u, (x)->0 as m,n,k>e0
where

l m— m-—
()= 8, 3 o (8008 )
rst

mon+1,k+1

1/m+n+k
m-1 m—1
+(A /1m+1,n,k+l ) - (A 2’m+1,n+l,k+l )

The sequence x=(x, J)ew’ is A-triple difference analytic if
Sup, |t (x)‘<oo. If lim_ x (x)=0 in the ordinary sense of
convergence, then

Am+1 X

mnk

. 1 -
lim,, (07 Z mel,, z nel,, Z kel,, (A lllmv”vk ) - (A %’W"*lv’\’ )
_(Amilim,n,kﬂ ) + (Am*lﬁm,m e+ ) - (A”klﬁ'erl,n,k ) + (Am?lﬂ*mn Lk )

Utk
+ (AW% ) - (AHH’IWI kAl ) A" =

m+1,n k+1

mnk
This implies that

o

ok (x) - 0‘ = llmmnk ?z:nelmz”EI,S,ZI‘EIm (A lim’"’k )
_(Amil ﬂ'm,n-v-l,k ) - (Am71 j«m,n,lw-l ) + (Am*]ﬂm,/wl,kﬂ ) _(AHH/I"'H‘"‘" )
" 8 ) (6 n000)

‘m+1,n,k+1
which yields that lim u_ (x)=0 and hence x=(x )ew’ is
\-convergent to 0. Let I’- be an admissible ideal of 3™™™,0 _be a triple
difference lacunary sequence, f=f_  be a Musielak-Orlicz function and

(X, (d(xl,O),d(xz,O),~~~,d(x”,1,0))Hp) be a p-metric space, g=(q__) be

triple difference analytic sequence of strictly positive real numbers. By
w3(p-X) we denote the space of all sequences defined over

(2.)(d(x.0). (x,,0). . (5,0}

In the present paper we define the following sequence spaces:

[T (@ (5,0).d (5,0) .. (3, . O) |

{r,s,t el :|:fmnk(

[AMW"

lim,,,,

1/m+n+k

m+1
A"x,.. =0

mnk:

2
Orst

qmn
J7. (x),(d(xl,O),d(xz,O),‘“,d(xml,o))Hp):| k 28}613

>

3

w@m@mmwjuwmm':

st

fu >

{r,s,t el :[f;rmk(

If we take f, | (x)= x we get

mn
s (0 (5.0).d (3,0). - (5,0 )] k“}e’s

Vel

(0(5.0).0(5,.0) (5, ) | =

0

st

s (5.0 05,05, [ 2 e

|: 1—~3Amq

fu >

{r,s,t el, [(

|: A}A"’q

el

(d(5,0)4(5.0) (0N | -

0
{r,s,t el [(

st
If we take g=(gq
[
frer. |
e

rst
{r,s,t el, :[f;m,k ( 10 (x),(d(xl,O),d(xz,O),...,d(xnil,O))H )} > K} e

p

In the present paper we plan to study some topological

fuo

s (%),(d (x,,0),d (x,,0),+,d (x,,,pO))Hp )TW

ZK}ef

)=1 we get

mnk

1
(4(35:0).d (5,.0). . (3, O | =
rst

Lo (x),(d(xl,0),d(x2,0),~~-,d(xn,,,0))Hp)} > g} el

&l

(d(xl,o),d(xz,o),---,d(x",uo))m -

0

properties and inclusion relation between the above defined
72
sequence  spaces. [r‘/fl' (d(x,0).d(x,,0),.d(x,,)) q and
7 g
el rst
[AJ/:%’ (d(xl,O)’d(xz’O)""’d(xnfno))H:L which we shall discuss in this

paper.
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1. Theorem

Letf=f . beaMusielak-Orlicz function, g=(q,,,)bea triple analytic
difference sequence of strictly positive real numbers, the sequence
spaces

[1_3 Ay

13
e ,(d(xI,O),d(xz,0),...,d(xn71,0))HZL and

[3
My P .
[Ajﬁ , (d(xl’O)’d(xz’0)=“‘=d(x”*l’0))H,,L are linear spaces.
rst
Proof: It is routine verification. Therefore the proof is omitted.
2. Theorem

Letf=f  beaMusielak-Orlicz function, g=(q,,,)be a triple analytic
difference sequence of strictly positive real numbers, the sequence space

[l CICXORTEND

with respect to the paranorm defined by
g(x)=mf{[ﬁ",,k(\ymnk (9 a5.0) 500, 0)] )| 1
Proof: Clearly g(x)=>0 for
x= (v ) €[ T,

Since f, ,(0)=0 we get g(0)=0

H J is a paranormed space

3

(d(xl,O),d(xz,O),---,d(x,H,O))HZ];

rst

Conversely, suppose that g(x) then

ol

Suppose that y |

Honk (x),(d(xl,0),d(x2,O),w,d(xn?],()))

Dimnk
)} < 1} 0.
)

(X)20. for each m,n,keN Then

H,umnk (x),(d(xl,O),d(xz,O),---,d(xn,I,O))H: — oo, It follows that

o

which is a contradiction. Therefore y

[

and

1

Then by using Minkowski’s inequality, we have
([ #2005, 0) 000500, )

(e
{ed

g(x+y)= iqu'{[fw (Hp”mk (x+ y),(d (%,,0).d(x,,0),---,d (x,

< m,»{[ Fu {1 )

Do VH
‘,um”k(x),(d(xl,()),d(xz,o),~~-,d(x”,1,0))Hp):l ] S

(x)=0. Let

mnk

VH

o L4 5005000

bt (90 (5.0). (3.0 (3, 0) ) | ] <1

i, (x),(d(xl,O),d(xz,O),n‘,d(x”il,o))Hp):|qm”k jm So we have

i (¥)-(d(%,,0),d (x,,0),+-.d (x”"’o))H,) )TW J' o

ol )™ =1

(45.0) 5.0 O )| 1

Therefore,

glx+y)<g(x)+g(y)

Finally, to prove that the scalar multiplication is continuous. Let
be any complex number. By definition,
H )} ik }

sa) = | o
g2 x):mf{<<wr>"m s (29).(4(3.0)..0) o)™ }

(Ax).(d (x,,0),d (x,,0)

rmrk

Then

where t=L. Since |4 A

A

g(l x)é max(l,

Dy
frosn 1

This completes the proof.

Tk < max(l,

" Dk ), we have

A

S )in i
Imnk
‘ymnk (ﬂx),(d(xl,O),d(xz,O),m,d(xn,,,0))HP)} A = 1}

3. Theorem

(i) If the Musielak Orlicz function (f, )
Rt

30" qu
[rg ’

satisfies A - condition, then

pa

o ():(d(3,0). (3,0). -+ (5, O))[ | =

Orst

3
" I
P g

rst

,um(x),(d(xl,O),d(xz,O),---

(i) If the Musielak Orlicz function (g, .
then

1—~3Amq,u
¢ 5

,d(x”,l,O))

) satisfies A,- condition,

3a

b () (500, (5.0), - (5, O | =

st

3
I
3A™ 4
34"
fu >
AP
st

Proof: Let the Musielak Orlicz function (fmk) satisfies Az—condition,
we get

FMW‘”‘
g s

,d(xH,O))

Hog (%).(d (%,,0),d (x,,0), -

(9.4 (5,0). 0 (10) - (5, ) |

st

Pa

,um”k(x),(d(xl,O),d(xz,O);--,d(x,H,O))Hz} e (D)

Orst

3A
[
To prove the inclusion
3a"q
|:F fu >

3a"qu
c [Fg s

e

il

Hs (%),( (,,0),d (x,,0),++,d (x,.,,0))

3

,umk(x),(d(xl,0),d(xz,0),~~~,d(x",,,0))H:L :

rst

3a

o (905,00 15.0) - s, )] |

Then forall {x

let a e|:l"3A

fu >

} with

13
() [ 5 (9. (5,00 (5,0), (5, ) |
we have "
;Z}; A" X | < 0. 6]

Since the Musielak Orlicz function (f )

13
(Yo ) € [r};; , ,um(x),(d(x,,O),d(xz,O),-~~,d(x",l,0))HZL , we get

st

satisfies condition, then
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PrstV ok Lok | < 1y
G - by (1). Thus

‘mnk

DI I W

3

I
(P ) € T3 s (). (4 (5.0).0 (5,0). - (5, O | =
, *and hence
[F;A”IW’ Hnnk (x)’(d(xl’o)’d(xl’o)’.“’d(x"*"o))Hj:L
3
(amnk)e[riw’“’, . (x),(d(X,,O),d(xz,O),---,d(xn,l,o))m; . This gives that
” 1311
[ it (39).(5:0).0 (25.0) - (3, O] |
13
C[Fff o ﬂmk(x)’(d(xl’O)’d(xz’o)’""d(x”’“o))HZL e (2)

rs

we are granted with (1) and (2)

3amg
|:rf# 2

Ly (x),(d(xl,o),d(xz,o),...,d(xH,O))HwT @ =

st

s (). (3.0).d (3,.0).-.d (xnfl,o))ﬂ}

P
Orst

38" qu
[rg ’

(ii)Similarly,onecanprovethat

a

[ry bt ()4 (5,0).d (33,0),-,d (5,.,0) )| L
B

C|:l"3fi e (x),(d(xl,O),d(x2,0),---,d(xn,“O))HZL

st

if the Musielak Orlicz function (g ,) satisfies A -condition.
1. Proposition

The sequence space

|:I_3Amq

Suo

Ve
,umnk(x),(d(xl,0),d(xz,0),-~,d(xn,,,0))Hq is not solid
’ arsl
Proof: The result follows from the following example.

Example: Consider

IJ
A= (A"x,,,) = [T it (). (35.0). (3,0). (5, ) | et
7_lm+n+k _ 1m+n+k _ 1m+n+k 7
_1m+n+k _1m+n+k _lm+n+k
Aa,, = . , for all m,n,keN

[3
Then A"a,,,X,,, & [Fézl’ Hounk (x),(d(xl,O),d(xz,O);“,d(xH,O))HZ}
Hence Ot
13
[rég,’”q, e (x),(d(x],0),d(xz,0),~~~,d(xn,],0))Hﬂ is not solid.

rst

2. Proposition

The sequence space

3

0 (x),(d(xl,O),d(xz,O),n-,d(x,H,O))Hﬂ]

9

3A™,
|:F fu q’
rst
is not monotone.
Proof: The proof follows from Proposition 3.4.
3. Proposition

The sequence space

[A“mq ﬂ,,mk(x)a(d(xl,0)’d(xz’O)’"'>d(x"*1’0))ml

fu 2
gf‘Sl

3
is not solid.

4. Proposition

The sequence space

[ o (9 50) 0 50) - )]

I
fu >
0,
rs

t

is not monotone.

Conclusion

Through this paper we studied some topological properties and
inclusion relation with respect to a sequence of Musielak-Orlicz
function.
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