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Abstract

In the Dunkl setting, we establish three continuous uncertainty principles of concentration type, where the sets of concentration
are not intervals. The first and the second uncertainty principles are L? versions and depend on the sets of concentration T and W,
and on the time function f. The time-limiting operators and the Dunkl integral operators play an important role to prove the main results
presented in this paper. However, the third uncertainty principle is also L? version depends on the sets of concentration and he is
independent on the band limited function f. These uncertainty principles generalize the results obtained for the Fourier transform and

the Dunkl transform in the case p=2.
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Introduction

According to the classical uncertainty principle a function f(t)
is essentially zero outside an interval of length At and its Fourier
transform ¢ w) Is essentially zero outside an interval of length Aw,
then At Aw > 1; a function and its Fourier transform cannot both be
highly concentrated [1,2]. The uncertainty principle is widely known
for its”philosophical” applications: in quantum mechanics, it shows
that a particle’s position and momentum cannot be determined
simultaneously [3]; in signal processing, it establishes limits on the
extent to which the “instantaneous frequency” of a signal can be
measured [4]. However, it has also technical applications, such as in the
theory of partial differential equations [5,6]. In this paper, we consider

R? with the Euclidean inner product () and norm |y|-=/(y,»).
For a € R“1{0},let O, be the reflection in the hyperplane H,cR?
orthogonal to a:

2{a,
(@),
|
A finite set % < R?1{0} is called a root system, if RNR.ax ={-a,a}

and 0, R =N, forall @ € R. We assume that it is normalized by |a|* =2,
forallar € R. Foraroot system R, the reflections o, @ € R, generate a finite

CTaJ7:==}’—

group G  0(d)> the reflection group associated with SR . All reflections in
G correspond to suitable pairs of roots. For a given e R*\U, H,, we
fix the positive subsystem R, :={a €% : (e, 8)>0}. Then for each a € R

either @ e R.or—a e R_. Let k: R > C be a multiplicity function on R
(a function which is constant on the orbits under the action of G). As
an abbreviation, we introduce the index

y=r= 2 k(a)
acR,

Throughout this paper, we will assume that the multiplicity is nonnegative,

that is, k(a) >, for all & € R. Moreover, let W, denote the weight
function

w, (y) = H |<a,y>|2k(a) LV E R

aeR,

which is G-invariant and homogeneous of degree 2y. Let c, _be the
Mehta-type constant given by

fr2 B
C = (dee Wi (y)dy)

Wedenoteby £, themeasureon R? givenby du, () = c,w, () dy;

and by [?,1< p < oo, the space of measurable functions fon R?, such

that
1/
” ":(J.Ruf(y)‘pdﬂk(y)) p<oo, I<p<w

,; =ess “;’3 ‘f(y) < oo‘

s
s

For f€ LL the Dunkl transform is defined [6] by
F(f)(x):= |, B (=i p)f (v)d i (), x e RY,

where E,(~ix, y) denotes the Dunkl kernel. (For more details see the
next section). Many uncertainty principles have already been proved
for the Dunkl transform, namely by Rosler [7] and Shimeno [8] who
established (by two different methods) the Heisenberg-Pauli-Weyl
inequality. Kawazoe and Mejjaoli gave some related versions of the
uncertainty principle (Cowling-Price’s theorem, Miyachi’s theorem,
Beurling’s theorem and Donoho-Stark’s theorem). Recently, the author
[9,10] proved a general forms of the Heisenberg-Pauli-Weyl inequality
and he also established a logarithmic uncertainty principle [11].

Let T'and W be a measurable subsets of R“. We say that a function
fe L1 <p<2,is € -concentrated to T'in LY , is concentrated to T
in L -norm, if there is a measurable function g(t) vanishing outside
T such that |f-g u <e|f

-concentrated to Win L -norm, q = p/(p-1), if there is a function h(w)

- Similarly, we say that F(f) is&

F(f)=h

<7 ()

vanishing outside W with

Based on the ideas of Donoho and Stark , we show a continuous-
time uncertainty principle of concentration type for the Lf theory:

If f is e, -concentrated to T in L‘: norm, 1 <p <2,and F, (f) is ¢~
concentrated to W in L‘i norm, q = p/(p-1), then

() (1) s,
lI-¢

w

|7:(7)

s
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Next, we prove another version of continuous-time
uncertainty principle of concentration type for the L, ML theory: If
feL Nl 1< p<2,is g -concentrated to T in L, -norm and F.(f)is
&y -concentrated to W in LI -norm, q=p/(p-1), then

() (1)
4 (l-g)(i-e,)
Let B/ (W), 1 < p < 2, be the set of functions g € L} that are
bandlimited to W (i.e. g e B/ (W )implies S, ¢=g). Here S, is the Dunkl
integral operator given by
F(Syf)=F ()l
where 1, is the indicator function of the set W. We say that f is
e-bandlimited to Win L] norm if there isa g € B/ (W )with

|7 -el, <els

|7 (f) Ir

17

U

The space B/ (W) leads to establish the following version of
continuous-bandlimited uncertainty principle for [? theory: If f is €,
-concentrated to T and €, -bandlimited to W in LZnorm, 1 < p <2,
then

1-¢,—¢ % %
s ) ()

This paper is organized as follows. The Section 2 is devoted to
recalling some basic properties of the Dunkl transform F, : Plancherel
theorem, inversion formula and Hausdorff-Young inequality, which
are tools to prove the main results presented in this paper. In Section
3, we introduce some properties of the time-limiting operators and
the Dunkl integral operators. These operators play an important
role to establish the concentration uncertainty principles in the next
sections. In Section 4, we present two continuous-time uncertainty
principles of concentration type. These principles depend on the sets
of concentration T and W, and on the time function f. In the last
section, we establish continuous-bandlimited uncertainty principle of
concentration. This principle depends also on the sets of concentration
T and W, but he is independent on the bandlimited function f.

The Dunkl transform on R

The Dunkl operators D ; j=1,..., d, on R associated with the finite
reflection group G and multiplicity function k are given, for a function
fofclass C' on RY, by

D)= () X Kl L)

For y € RY, the initial problem Du (Ly)(x)= yu (x,»).j=1..4,
with p(0, y) = 1 admits a unique analytic solution on R, which will be
denoted by E,(x, y) and called Dunkl kernel [12,13]. This kernel has a
unique analytic extension to C¢ xC“.

The Dunkl kernel has the Laplace-type representation [14]
E (x,y)= I]R" e<y’z>dl"x (z),xeR’, yeC’

where ( y,Z> = Zil y,z,and T, is a probability measure on R such
that )

supp(rx)c{z eRY: ‘z‘ < ‘x‘} .
In our case,
|Ek (ix,y)|$1, x,yeR’. (2.1)

The Dunkl kernel gives rise to an integral transform, which is called

Dunkl transform on R, and was introduced by Dunkl in, where
already many basic properties are established. Dunkl’s results have
been completed and extended later by De Jeu. The Dunkl transform of
a function fin L, is defined by

F(N)(x)= | B (=ixy) £ (v)da ()
We notice that F, agrees with the Fourier transform F, that is given by

F (f)(x):= (271’)%{/2 .[Rd eii<x'y>f(y)dy,x eR’

Some of the properties of Dunkl transform F, are collected bellow.

(@) L [*-boundedness: Forall f € L ,F, ()€ L; and

[£ Ol <I71, 2.2)
(b) Inversion theorem: Let f Ele, such that F,(f) € le . Then
f(x)sz(E (f))(—x),a.e.xeRd (2.3)

(c) Plancherel theorem: The Dunkl transform F, extends uniquely
to an isometric isomorphism of Li onto itself. In particular,

"f )id :"Fk (f) 2

(d) Hausdorff-Young inequality: Using relations (2.2) and (2.4)
with Marcinkiewicz’s interpolation theorem [15,16], we deduce that
for every 1 < p < 2, and for every f e ! the function F(f) belongs to

, <Il, 25)

(2.4)

the space Li,qu/(p-l), and HFA (1)

The Dunkl integral operators

Let T and W be a measurable subsets of R . We introduce the time-
limiting operator P [1] by

Bf =11 3.1)
And, we introduce the Dunkl integral operator S by
F (S, f)=F.(/)1, (32)

In the case k=0, the operator S, is the frequency-limiting operator
given in [1].

Theorem 3.1: If & (W) <wand [ e [} 1< p<2,

Sy f (%)=, B (0. 0)F (£)(7)d e (7)

Proof. Let f €L}, 1 < p < 2 and let g=p/(p-1). Then by (2.1),
H older’s inequality and (2.5),

HFA (f)lw L J.W‘FA (-f)(w)‘dﬂk (W)
< (w (W) |F (1)
(/_[k(W))I/p

And
[ ()

1

IA

/

L

o =(LIE 0 ()
< 00 1 Ol = (s (09) 5 1
Thus £, (f)IW € le ﬁLff and by (3.2)
Syf = F;l (Fk (f)lw)

This combined with (2.3) gives the result.

A

Lemma 3.2: If 1 < p <2, g=p/(p-1) and f € L, then
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|7 (s

Proof: Letf€ L} ,1<p <2andlet qg=p/(p—1). From (2.5) and (3.2),

Y

This ylelds the desired result.

IF. (s o) i (w) <[ (1)

Lemma 3.3: Let T and W be measurable subsets of R?. If 1 < p<2,
q=p/(p-1)and f € L, then

< (i (1) (e (7)) 1]
Proof: Assume that p, (T) < oo and p, (W) < eo.

|F (S B 1)

Letf€ [7,1<p<2andlet q=p/(p-1). From (3.2),
| (S B f )| =1 F (1)
Thus

|F (5,1 [ du () (33)

M, =([, 17 () (o)
So

E (B )(w)= LB, (<iwt) £ () (1)

and by Holder’s inequality and (2.1),

‘F Bf)( (I ‘E —iw,1) ‘ du,(t )/q (J.,‘f(t)rdﬂk (t)l/p)
< (w4 (1)) /1,
Then by (3.3),

5 (S ) < (e (1)) (1 (7)) |

Thus, the proof is complete.

)74

Concentration uncertainty principle

Let T and W be a measurable subsets of R‘. We say that a
function f €L}, 1 < p < 2, is € -concentrated to T in L} -norm, if
there is a measurable function g(t) vanishing outside T such that
17 =l <l71,

in L -norm, q=p/(p-1), if there is a function h(w) vanishing outside W
with £, (/) =H], |7 (7],

. Similarly, we say that F,(f) is e-concentrated to W

If f is &, -concentrated to T in L -norm (g being the vanishing
function) then by (3.1),

1 =Pty = O du () " <f =l <erlrl, @D

RUT

and therefore f is &, -concentrated to T in L} -norm if and only if
I =A<y

From (3.2) it follows as for P that F (f) is €, -concentrated to W in
L} -norm, g=p/(p — 1), if and only if

| ()= F(Sy 1), <

The following theorem, states the first continuous-time uncertainty
principle of concentration type for the  theory.

(4.2)

|7:.(7)

L

Theorem 4.1: Let T and W be a measurable subsets of R’ and f €

L7, 1 <p<2.Iffis e -concentrated to T in L} -norm and F,(f) is € -

concentrated to W in L? -norm, q=p/(p-1), then

(4 (T))l/q(”k(W))l/qJ“gT‘ 1.

I-g,

|7 (P, <

Proof: Letf€ [}, 1 <p<2andlet q=p/(p-1). From (4.1), (4.2) and
Lemma 3.2 it follows that

(S P f)
5t —PerLf

7 +8T Hlef

AGEACS

F (5,0,

+HF (S, /)~

<g, HF,{ f)

<é&, |F(f)

The triangle inequality and the Lemma 3.3 show that

o HE () -E (S BT,
<[l () (e (1) 5,

which gives the desired result.

1 (L <IF (Swrr)

E(f)

e

q
L

Next, the second continuous-time uncertainty principle of
concentration type for the L, N [’ theory is given by the following
theorem.

Theorem 4.2: Let T and W be a measurable subsets of RY and
feL, N 1<p<2. Iffise,
F,(f) is &, -concentrated to W in L? -norm, q=p/(p-1), then

(M) 1))
B (1-g&)(1-¢,)

Proof: Assume that p, (T) < co and p, (W) < eo.

-concentrated to T in le -norm and

|7 (1)

Let feL NI, 1< p<2. Since F,(f) is €,, -concentrated to W in
L} -norm, q=p/(p-1), then

/g
£ () <l (O ([, 15 ) ()

<&, |£(/) +(uk<w)> I,

Thus by (2.2),

I, <4, 43

On the other hand, since f is €, -concentrated to T in le -norm,

171, <l 1, +L|f(t)|d,uk (1)

<er £l +(a (1) 111,
Thus

7)) (4.4)
I, <

Combining (4.3) and (4.4) we obtain the result of this theorem.

Conclusion 4.3: The first uncertainty principle (Theorem 4.1)
depends on the time function f. However, for p=q=2, we obtain
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l-g-e, < (L (T)" (1 (W)) > and the inequality is independent on
the time function f. Also, the second uncertainty principle (Theorem
4.2) depends on the time function f. In a particular case when p=q=2,
we obtain (1-g/)(1-g,)< (0 (T))" (1 (W)) > and the inequality is
independent on the time function f.

These uncertainty principles generalize the results obtained for the
Fourier transform and the Dunkl transform in the case p=q=2.

Another uncertainty principle

Let B/ (W).1<p<2, be the set of functions gel? that are
bandlimited to W (i.e. g€ B/ (W) implies S,g=g).

We say that f is e-bandlimited to W in [ -norm if there is a
g € B! (W)with Hffg

Then, the space B? (W) satlsﬁes the following property.

Lemma 5.1. Let T and W be a measurable subsets of R¢. For
geB/(W),1<ps<2,

[l = (e (1)) (a (E)) el

Proof. If y, (T)=co or y, (W) = oo, the inequality is clear.
Assume that , (T) < oo and @, (W) < oo.
For ge B} (W) ,1 <p <2, from Theorem 3.1,

g(1)=], B (w.)F, (g)(w)du, (w)

and by (2.1) and H"older’s inequality,

 <(m () e

l/p‘

\F

g()<(m(w

Hence,

= ([ s )] " < (an (1) (e 7))

which yields the result.

y4=p/(p-1)

g

HPTg

Lf

Theorem 5.2: Let T and W be a measurable subsets of R and f €
L, 1<p<2.1Iffis sw—bandlimited to W in [ -norm, then

o =08 (1) (7)) 42 11

Proof: Letf€ IF,1<p<2.Since fis €, -bandlimited in L} -norm,
by definition there isa gin B/ ( )w1th H f-g g < <g, H f|,, - For this g,
we have

|7g

I

1211, <[1Bgl, + [ (f ~g)

i S|Pl

<(1+& )| /], we get the

result.

Next, the third continuous bandlimited uncertainty principle of
concentration type for the L} -norm is given by the following.

Corollary 5.3: Let T and W be measurable subsets of R’ and f €
L}, 1<p<2.Iffise -concentrated to T and ¢, -bandlimited to W in L}
-norm, then

S ) )

Proof: Let f€ L}, 1 <p <2.Sincefis €, -concentrated to T in r
-norm then by (4.1),

g Ser 1y +1Bs,

Thus,

1
<n il

P
Lk

By (5.1) and Theorem 5.2 we deduce the desired inequality of
Corollary 5.3.

Conclusion 5.4: The third uncertainty principle (Corollary 5.3) is
independent on the bandlimited function f for every 1 < p < 2. This
uncertainty principle generalizes the result obtained in when p=q=2.
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