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Abstract. For a given étale quadratic algebra E over a p-adic field F, we establish a transfer of unramified
test functions on the symmetric space GL(2, F)\GL(2, E) to those on a unitary hyperbolic space so that the orbital
integrals match. This is an important step toward a comparison of relative trace formulas of these symmetric spaces,
which would yield an example of a non-tempered analogue of a refined global Gross-Prasad conjecture.

1. Introduction

1.1. Motivation. To explain the motivation of our study in this paper, we start with
a global setting. Let K /k be a CM-extension of a totally real number field k and ok, ok the
integer rings of K and k, respectively. The adele rings of K and k are denoted by A g and Ay,
respectively. Let (V, h) be a non-degenerate hermitian space over K of dimension m > 3 and
G = U (h) its unitary group viewed as an algebraic group over k. Let £g € V be a unit vector
(i.e., h(£g, o) = 1) and H the stabilizer in G of the one dimensional subspace K £; H is the
fixed point set of a k-involution of G, and is isomorphic to the direct product of the unitary
group of 6(% and the k-anisotropic torus K of the norm 1 elements in K. A cuspidal auto-
morphic representation 7 of G (Ay) is called H-distinguished if 7w contains a cusp form ¢ on
G (Ag) such that the H-period integral P (¢) = f HOO\H (Ag) ¢ (h)dh is non-zero, where dh
is the Tamagawa measure on H (Ay). The totality of H-distinguished cuspidal automorphic
representations of G (Ay) is denoted by HgSP(G). The automorphic forms belonging to such
representations of G (Ay) have been studied in the context of the cycle geometry of the asso-
ciated unitary Shimura varieties by Kudla and Milson ([15], [16]), especially when the variety
is compact; the special cycles arising from the embedding H < G is an interesting and rich
source of H-distinguished automorphic representations. From those works, it is known that
the space of harmonic Poincaré dual forms of special cycles is exhausted by the image of
the theta lifting from a certain class of holomorphic cusp forms on U (2) g/, the quasi-split
unitary group of degree 2. The lifting is studied by means of the Poincaré series dual to the
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Fourier coefficients, which are additive objects in nature. A multiplicative aspect of their
works in the context of the functorial transfer and Arthur’s classification of non-tempered au-
tomorphic spectrum is pursued in a recent work by Burgeron, Milson and Moeglin [2]. Invok-
ing a characterization of the image of the unstable base change from U (2) k s« to Rk /1 (GL(2))
in terms of non-vanishing of GL(2)-periods (Flicker [5]), we can expect a transfer map from
the GL(2)-distinguished cuspidal representations of GL(2, A k) to the H -distinguished spec-
trum Hgsp(G). We shall realize the transfer by means of a comparison of two relative trace
formulas on algebraic symmetric spaces S = GL(2)x\Rk/x(GL(2)) and ¥ = H\G follow-
ing a common strategy initiated by Jacquet ([11], [13]). The aim of this paper is to construct
a transfer of unramified test functions on S to those on X so that the orbital integrals match,
which plays a pivotal role in the comparison. If completed, the comparison will yield a yet
another example of a non-tempered analogue of the global Gross-Prasad conjecture refined by
Ichino and Ikeda [9] and Harris [10]. For a different possible approach, we refer to Flicker [6].
Suppose G is k-anisotropic and fix a maximal ok -lattice £ in V. For any finite place v of k, set
Ky = K®jiky, 0,y =0k Qo 0k,v and Ly = Lok 0k . Thenldy = GLyy , (L£y) NG (ky) is
a maximal compact subgroup of G (k,). Let ¢ = ®,¢, be a decomposable smooth compactly
supported function on H (Ax)\G(Ag) such that ¢, = ¢; for almost all v, where ¢, is the
characteristic function of H (k,) U,. The relative trace formula for ¥ is an identity equating
two expressions, referred as the spectral side and the geometric side, obtained by computing
the H-period integral P# (Kf) of the Poincaré series K;“- (9) = ZyeH(k)\G(k) ¢ (y g) with
g € G(Ay) in two different ways. By breaking the summation according to the H (k)-orbits
in H(k)\G (k) ([11, §2]), we have the expression which provides us with the geometric side
of the relative trace formula:

(1.1) Pk = > d"MIFyie),

y€H()\G (k)/H (k)

where a’ () is the Tamagawa number of the group H,=HnN Yy 'Hy and

(1.2) I ¢) =/ ¢(yh)dOy, (h)

Hy, (Ap)\H (Ay)
is the orbital integral of ¢ with respect to the Tamagawa measure dO, on H, (Ay)\H (Ay).
Let T and Z be the diagonal split torus and the center of GL(2), respectively. Let  be an
idele class character of K* such that 77|AkX = 5%7,{1, where ¢k« is the quadratic idele class

character of k* corresponding to the field extension K /k by the class field theory. We define
automorphic quasi-characters w and £2 of Z(Ag) and T (Ag), respectively by

o([(32)=r®. 2% ) =1 O Nep@If, ™ @,

A function f on GL(2, Ay)\GL(2, Ag) is said to have the central character w if f(zg) =
w(z)f(g) for all z € Z(Ak). Let f = ®,fy, be a decomposable smooth function on
GL(2, Ax)\GL(2, Ag) of the central character w such that f;, = f,” for almost all v, where
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fy is the function on GL(2, K,) defined by setting f;(zhk) = wy(z) for z € Z(K,),
h € GL(2,k,) and k € GL(2, 0k ) and f;(g) = O for ¢ & Z(K,)GL(2, k,)GL(2, 0k ).
The relative trace formula for S to be compared with the previous one is constructed by

computing the Hecke zeta integral Z(¢; £2) = fT(K)Z(AK)\T(AK) ()82 (t)dt of the Poincaré

series K}?(g) = ZyeZ(K)GL(Z,k)\GL(Z,K) f(yg) with g € GL(2, Ag). Setting aside the is-
sue of convergence of integrals, we formally proceed as above to have the expression, the
geometric side of the relative trace formula:

(1.3) Z(K$:2) = > a8 IS, £ 2),
6eGL(2,k)\GL(2,K)/T(K)

where a” (8) denotes the integral of £2 on Z(Ax)Ts(K)\T5(Ag) with T5(K) = T(K) N
§~'GL(2, k)8 and Jg(S, f; §2) is the orbital integral

(14) 56 2= / F@NR) dos(1)
Ts(Ag)Z(A\T (Ak)

where dog is the Tamagawa measure on T5(Ax)\T (Ag). From [12], we know that, ex-
cept for a finite number of singular ones, any T (K)-orbit in GL(2, k)\GL(2, K) is of the
1 Vobt
1 Vo
such that K = k[+/6]; those cosets 8, are referred as regular. It is known that the obvious
inclusion Z(k) C Ts(K) becomes an equality if é is regular. We say that an H (k)-orbit
y € (H(k)\G(k))/H (k) is regular if NK/k(h(y_lﬁo, £p)) € F* — {1}. A pair of regular
orbits (8p, y) from (GL(2, k)\GL(2, K)/T(K)) x (H(k)\G(k)/H (k)) is said to be a match-
ing pair if NK/k(h(y_lﬁo, £o)) = Ng,k(b). Moreover, we say that test functions f and ¢

~1
form 8, = GL(2, k) [ ] T(K) with b € (K* — K')/K", where we fix 0 € k*

as above match if J g vid)=1J 1‘5 (6p; f, £2) for all matching pairs of regular orbits (§p, ).
Since the singular orbital integrals are retrieved from the germ expansions of the orbital inte-
grals of regular orbits, to match up the geometric sides of two relative trace formulas (1.1) and
(1.3), one first needs to show the existence of abundant matching pairs (¢, f) of test func-
tions, for which we should get the wanted coincidence of the spectral sides as a consequence.
Since the orbital integrals (1.2) and (1.4) are Euler products over all places of k, the search
for matching pairs of test functions boils down to a bunch of similar local tasks. For almost
all finite places v, where all the global objects we start with are unramified, we accomplish
those local tasks (so called the ‘fundamental lemma’) in this paper. Based on the results in
this paper, we shall discuss the full comparison of the geometric sides of the relative trace
formulas in the forthcoming works ([22], [23]).

1.2. Description of main result. In this article throughout, we consider only those
non-archimedean local fields of characteristic 0 whose residual characteristic is different from
2. For such a field F, we use the following notation and convention. The maximal order of
F is denoted by 0. We fix a prime element @ of F once and for all. Let ¢ denote the order
of the residue field of F. The Haar measure dx on F is supposed to be normalized so that o
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has volume 1; dx is self-dual with respect to the duality considered by an additive character
Y : F — C! such that Y|or = 1 and ¥|@w 'op # 1, where C! = {z € C||z| = 1}. The
modulus function of F is denoted by | |F.

Let Kf = GL(2, oF). We fix a Haar measure on GL(2, F) such that K¥ has measure
1. Let H""(GL(2, F)) denote the Hecke algebra of the pair (GL(2, F), KF'), which is defined
to be the convolution algebra of finite C-linear combinations of characteristic functions of
K’ -double cosets in GL(2, F). Set Xr = C/2n+/—1(logq)~'Z.

Let E = F[X]/(X2 —0) with 6 € UIX,. We have E = F[+/0] with /0 the residue class
of the monomial X. The F-algebra E is an unramified quadratic extension or is isomorphic
to F @ F according to X> — 6 is F-irreducible or not. The non-trivial F-automorphism of E
is denoted by x +— x. For o € E, we set |a|g = |Na|r, where Nae = o denotes the norm
of . Let E' = {@ € E|Na = 1} be the subgroup of E* of norm 1 elements. The maximal
order of E is 0 = o + 0r+/6. Let us define qE, € and ¢ (v) by the following table.

=6 Tarler] e
F-irreducible || ¢ | =1 | (1 —g~2)~!
F-reducible || ¢ |+1| 1 —¢g~ )2

Set
Qpm=1—¢et"tg=m D Xp=C/2nv/~1(logqr) ' Z.

1.2.1. The GL(2)-side.

Let Z denote the center of GL(2). Given an unramified unitary character w of Z(FE) triv-
ialon Z(F), let C.(Z(E)GL(2, F)\GL(2, E)/KE, w) denote the space of all those complex-
valued functions f on GL(2, E) with compact support modulo Z(E)GL(2, F) satisfying the
equivariance f(zhgk) = w(z) f(g) for (z, h, k) € Z(E) x GL(2, F) x KE.

For any b € E* — E! and an unramified quasi-character £ : EX — C*, we define

- — lﬁb_ﬂ ! 0 X
J(b,f,S)—/Exf([l al [01]>s<r)dz,

f € Cc(Z(E)GL(2, F)\GL(2, E)/KE, w)

(1.5)

where d* 7 is the Haar measure on E* such that vol(og) = 1.

1.2.2. The unitary side.

Let V be afree E-module of rankm > 4andh : V xV — E anon-degenerate hermitian
form on V (see [20]). For x € V, we set h[x] = h(x, x). Let £ be a unimodular o g-lattice in
V,i.e., L is a free 0 p-module stable by o g-multiplication such that {x € V|h(x, £) C og}
coincides with L. Let

G =U() ={g € GL(V)|h(gx, gy) =h(x, y)forallx, y e V}
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be the unitary group of h; then i/ = G N GL, (£) is a maximal compact subgroup of G. We
fix a vector £y € L such that h[£p] = 1 once and for all, and let H be the stabilizer in G of
the rank one submodule E{y. For y € G — H, set

b(y) =h(y '€, o), €5 =y "o—b(y)to, A,=hie].

A simple computation reveals that the vector Kg is orthogonal to £9 and A, = 1 —Nb(y). Let
C.(H\G/U) be the space of all the finite C-linear combinations of characteristic functions of
(H,U)-double cosets in G. For y € G — H such that Nb(y) # 0, 1, we consider the integral

(1.6) 1o f) = / Fm A0y (h) . f € CoH\G/U).

HNy~-'Hy\H
where dO,, is the H-invariant measure on H N y "'Hy\H defined in §4.4.

1.2.3. The statement of the main result.

Letn: EX — C! be an unramified character of E* which extends the character a +>

ezm_l)ord‘v @ of F*. Then we define unramified quasi-characters § : E* — C* and w :

Z(E) — C* by the formulas

§0) =NOIY @), o([59]) =r*@), teEX.

We note that w is trivial on Z(F).
Let A denote the space of Laurent polynomials in z = ¢* invariant by z 771, There

exists a unique involutive C-algebra automorphism ¢ of A such that ((z) = 5'}51_12. We define
the transfer map

Trans, : Ce(Z(E)GL(2, F)\GL(2, E)/K?; w) — C.(H\G/U)

as the composite F* o ¢ o F, where F : Cc.(Z(E)GL(2, F)\GL(2, E)/KE: w) — Ais the
Fourier transform on GL(2, E) to be defined in §2.2 and §3.2, and 7 : A —> C.(H\G/U)
is the inverse Fourier transform on G to be defined in §4.3. Our main theorem is the following.

THEOREM 1.1. (1) Let us define a function f° : GL(2,E) — C by setting
fo(zhk) = w(z) for all (z,h, k) € Z(E) x GL(2, F) x KE and f°(g) = 0 for all
g & Z(E)GL(2, F)KE. Let ¢° : G — C be the characteristic function of HU on G.
Then

Trans, (f°) = ¢°.

(2) Letb € EX — E'. Let y € G — H be such that N(h(y ~'€g, £9)) € F* — {1}. The
integrals (1.5) and (1.6) converge absolutely. If Nb = N(h(y_lﬁo, £o)), then we have

Eb—1)IWb; f£,8) = (1 — & g m=D)=1 0 (y; Trans, (f))

forall f € Co(Z(E)GL(2, F)\GL(2, E)/KE; w),
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1.3. Organization of paper. To prove Theorem 1.1, we compute explicitly the orbital
integrals (1.5) and (1.6). Our basic strategy for that is a thorough use of the Fourier inversion
formula for a symmetric space; the inversion formula is written by a contour integral of the
Fourier transform of a test function on the symmetric space along the purely imaginary locus
X% of Xg. We perform the orbital integral computation for the kernel function (the “Green

function”) which appears in the inversion formula when we shift the contour X% to X% ={se
XE|Res = §} with a positive §. The first two sections §2 and §3 after introduction are devoted
to the analysis of the integral (1.5). We discuss the inert case (i.e., E is a field) in §2 and the
split case (i.e., E = F & F) in §3. In §2, after recalling the basic facts on harmonic analysis
of GL(2, F)\GL(2, E) following [13], we introduce the Green function, denoted by lIISS, to
write the spherical function explicitly as a linear combination of the Green functions lI/;S and
@S as shown in (2.4). Then our main task is reduced to computations of the orbital integrals

for the Green function WS, whose details are given in the proof of Theorems 2.2. The same
method is applied to the split case to prove Theorem 3.2 in §3. In §4, we solely work on the
unitary group G and its symmetric space H\G. For our purpose, we need an explicit formula
of the spherical function and an explicit Fourier inversion formula for unramified functions
on the hyperbolic space H\G, which may be deducible from a general theory developed in
[18], [19] for split groups and its expected extension to quasi-split groups. Due to a lack of
a proper reference and for the later convenience, we include a rather thorough treatment for
basic ingredients of harmonic analysis on H\G in §5 Appendix 1. We introduce the Green
function ¥, in §4.2 to write the spherical function as a linear combination of ¥, and ¥_,,.
As in the case of GL(2), the problem is reduced to calculations of the orbital integrals of the
Green function ¥,,, which are described in the proof of Theorems 4.8 and 4.9; in the course
of the proof, we need a Cartan type decomposition (4.2) of G, which is proved in [8] when E
is a field. In §6, we provide a proof of the decomposition (4.2) when E is not a field. In this
paper, the assumption m > 4 is made to simplify the exposition in §5, despite we believe the
final results are true even for m = 3.

NOTATION: In this paper throughout, N denotes the set of all non-negative integers and
N* = N — {0}. For a given condition P, §(P) is 1 if P is true and is 0 if P is false. The identity
matrix of degree 2 is denoted by 1.

2. Orbital integrals on GL(2, F)\GL(2, E): the inert case

In this section, we keep notation in §1.2 and suppose £ = F [\/5] is a field; then @
is also a prime element of £ and gg = g = |w|El. We set G = GL(2) and B to be the
Borel subgroup of G of upper triangular matrices in G. We let Z denote the center of G, and
suppose w = 1 to prevent the space C.(Z(E)G(F)\G(E), w) defined in §1.2.1 from being
{0} by a trivial reason. For any § € R, put X% = {s € Xg|Res = §}, which is mapped
homeomorphically to the circle |z| = q% on the z-plane by the relation z = g3
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2.1. Spherical functions. Let us recall what we need on spherical functions on the
space of split hermitian forms of degree 2 ([13, §3]). Let H be the unitary similitude group of
the split hermitian form w = [(1) (1)] The F-points

H(F) = {h € G(E)|"hwh = « (h)w for some « (h) € F*}

is a subgroup of G(E) conjugate to Z(E)G(F) by [*65 ?], ie.,

.1 [{f?] Z(E)G(F) [{f?]_l — H(F).

The group G (E) acts from the right on the F-vector space of hermitian matrices Her, =
{x € Ma(E)|'x = x} by the rule

xeg="gxg, ¢geG(E), x €Her.

For x € Hery, let (x) denote the F*-homothety class of x. By passing to the quotient, G (E)
acts on the projective space P(Hery) = Herp/F* naturally. The G(E) orbit of (w) is S/F*
with § = {x € Her;| — detx € Ng,r(E™) } and the stabilizer of (w) coincides with H(F).
By the theory of elementary divisors, we have the disjoint decomposition

00
_ X | —w2 0 E

S—UF [ ug 1:I.K .
n=0

Lets € Xg. From [13, §3.1], there exists a unique function .Q;g : § — C with the properties:

(@) 25w) = 1.
(b) It has the invariance .QSS(zx ok) = .QSS(x) forallz € F*,x € Sandk € KE.
(c) It satisfies the Hecke eigenequation

/G L, 2o 90y =605 Q7). xeS. ¢eH"GE)),

where dA)(s) denotes the Satake transform of ¢ on the spherical principal series
Indiste) (11 B 11)-
From the property (b), the spherical function .QSS is determined by its values for the diagonal
matrix [—182" (1)] (n > 0), which are given by
-1
with X = ¢g°. If we define ¥ : § — C by setting

(23) W;S (Z [_Z(D).Zn (1)] .k) — q—s(l . q—2s—1)—1 q—(2S+1)Vl, ne N, ze FX, k e KE ,
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then
(1 _ q—2s—1)(1 _ q2s—l)
(I =g H(g™ +4%

2.4) 2f = WS +wd).

We admit an ambiguity of square root ¢* of ¢>* in lI/SS, which disappears in (2.4).

2.2. Spectral decomposition. We have a bijection from Z(E)G(F)\G(E)/KE
onto the KF-orbits in S/F* by sending the double coset Z(E)G(F)gKEf to the

-1
class F*w e [*{)5 (1)] g[‘{)g (1)] . By this identification of spaces, a function f

Z(E)G(F)\G(E)/KE — C determines a Kf-invariant and F*-invariant function on S,
which is denoted by f S, explicitly, f S is defined by the relation

2.5 fo (wo[{?‘f]g[{f?]_l>=f(g>, geGE).
In particular, we have functions £2; and ¥ on the group G (E) corresponding to .Q;S and W;S ,
respectively. From (b) and (2.1), the function £2; has the equivariance property
2,(zhgk) = 2,(9), z€ Z(E), he G(F), ge G(E), ke K-,
From (a) and (c), we have £25(12) = 1 and the Hecke eigenequation
R@®)25 =) 2, ¢ € H(G(E)),

where R means the right translation on G(E). For a function f € C.(Z(E)G(F)\G(E)/
KE, ), we define its Fourier transform F f by setting

2.6) Ffis) = / Q) f(@di. s eXp,
Z(E)G(F)\G(E)

where dg is the right G (E)-invariant measure on Z(E)G (F)\G(E) such that the measure of
the image of KZ by the canonical surjection G(E) — Z(E)G(F)\G(E) equals 1. Since
f is of finite support on Z(E)G(F)\G(E)/KE, the integral reduces to a finite summation.
Indeed, by the integration formula [13, p. 320], we have

N _
Frs) = 2::‘)93 (Lo (o)) v with 3 = !;2"(1 g EZ :g;

where N is such that fS ([ —?gz" ?]) = 0 for all » > N. By the formula (2.2), it is easily

confirmed that the values of Q;S occurring in the formula belong to the space

A= {a(s) € Clgg, g’ llals) = a(=9)}.
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As a finite linear combination of such, F f (s) itself can be viewed as an element of 4. For
a(s) € A, we define

(20)) Fra(g) = /XO Q2i(ga(s)dAs), geG(E),

where X% denotes the purely imaginary locus of Xz and d A(s) is the Radon measure on X%
given by

2
_ =Ty
1—gq 1 14+g¢g ;
dAW=1y) = —— £ | (logg)dy.
1—q7lq,

Since s —> £2,(g) is holomorphic on X, the integral converges absolutely defining a function
on G (E) which obviously has the left Z(E)G (F)-invariance and the right K -invariance.

Let L*(Z(E)G(F)\G(E)/KE) be the Hilbert space  completion  of
CAZ(E)G(F)\G (E)/KE, w) with respect to the inner-product

(f1f)6E =/ f(g) fi(g)dg.

Z(E)G(F)\G(E)

(We remind readers that w is trivial.) Let L>(X%; dA) be the L?-space of the compact space
X% with the inner-product

@lanyg = [ a)anGIdae).
X

THEOREM 2.1. The integrals (2.6) and (2.7) define linear bijections
F: CAZ(E)G(F)\G(E)/JKE, w) — A, F*: A— CAZ(E)G(F)\G(E)/KE, w),
each of which inverts the other one. Moreover, F is extended to an isometry from
LZ(Z(E)G(F)\G(E)/KE) onto L2(XO ; dA), whose inverse isometry extends F*. We have
(ff|05)x% = (fIF )Gk -
PROOF. We referto §5.4. |
2.3. Orbital integrals. The following is the main result of this section.

THEOREM 2.2. Letb € EX — E' and & an unramified quasi-character of E* such

that E(w) # 1. Then, for any f € C.(Z(E)GL(2, F)\GL(2, E)/KE, w), the integral (1.5)
converges absolutely and has the contour integral expression

1

A/ —1

8) 1016 = —= [ J0i5.0 FF0) n
E
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with du(s) = (¢° + g ~*)(logq)ds, where § > 0 is taken so that ¢~ 2*~! <

min{|&(@)|, |E(@)|~'} and j](b; s, &) is defined as follows. If ordg (b) > 0, then

1—&(@ (1 —Nb)) — (E(w) — &£ — Nb))q—Zs—l

29) Jb:s, &)= —1)"1g .
(2.9) (b;s S) 5( ) q (1— éj_l(w)q_zs_l)(l _ E(w)q—Zs—l)(l _ E(w))

Ifordg (b) < O, then
—2s—1
~ _ s —s—1/2 1+ q
2.10) J(b;5,6) = &b — D eb)g b, .
E A=Y@ D - &@)g™>)
PROOF. Seta(s) = F f(s). From Theorem 2.1, we have the first equality of
1

— 0
T IXE

fl9) =Fralg) = /XO a(s)$2:(9)dA(s) =

E

a(s)¥s(g)du(s),

where the last equality follows from (2.4) by the invariance «a(s) = o«(—s). Since
a(s)¥(g)du(s) is a well-defined holomorphic 1-form on the region Re(s) > 0 of Xg, we
can shift the contour X% rightward to X% (6 > 0) by Cauchy’s theorem. Thus the integral
(1.5) becomes

) _ 1 1vas " e x
@.11) J(b,f@—/Ex{ () ([Wg] [0?]) dM(S)]S(f)d 3

—_ )
T le

where we set 8 = (b + 1)/(b — 1). We shall show that the integral

be s £) = 1vap] ! s x
J(b,s,@—/b_st([lﬂ] [0?])s<r>d T

is absolutely convergent for all s in the region Re(s) > 0 and is evaluated as in the theorem.
Then, due to Fubini’s theorem, the formula (2.8) is obtained by changing the order of integrals

in (2.11). By (2.5) and by [{f ?] € KE, we have

o (e e B (T R W R PR IR ER)

_ S T 2 -(+p)/T
=% <N<1 - 5) [—(Hﬁ)/f (ﬂ+/5)/N(r)]) '

Since lI/SS is F*-invariant, the factor N(z/(1 — 8)) in the argument can be omitted. Thus,

S(b s £) — S 2 (4P
I s, 8) —/EX s ([—<1+B)/f (ﬂ+B)/N(r)]>é(f)dX’

1 _=b_
= / w2 (2[ 5 et Dsmdxr
x Z(b—1) N@(®-1)

=070 [0 ([F i) £ 00
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where the last equality is due to the obvious variable change. Note §(—1) = 1. We compute
the last integral by breaking it to the sum Ji (b) 4+ J2(b), where J1(b) and J>(b) denote the
integrals over |t|g < inf(|b|g, 1) and over |t|g > inf(|b|Eg, 1), respectively. In this proof, we
use the symbol = in the following sense: for two hermitian matrices X and Y in S, X = Y if
and only if X = zY e k with some z € F* and k € K. Forany 7 € og,

1 T ~ |1 T [1_1]_ 1 0 ~ | —g2n-20tdg® ¢
T A=-Nb"HN@) | = | a=Nb~HN@) [® Lo 1 1 = o -Np-INe | = 0 1

with n = ordg (7). We first consider the case ordg (b) > 0. By (2.3),

Ji(b) = Z /Tewn : 2 éurdE(b) 0])5(1) 4% ¢

n=ordg (b)
vol(065)g ™" o=~ _
— 1_qE—2s—1 Z q (n ordE(b))(2s+1)s 1(w.n)
n=ordg (b)
_ vol(o})g™* £ (b)

(for |g™>e@) ! < 1).

T 1= q—2s—1 1— q—(2s+l)§—l(w)
We have

1 1
hb) = /mwlm 68 ([ o pn |) €8T = B®) + B0,

where JJ(b) is the integral over |t|p < |1 — Nb_1|%|b| g and J)'(b) is the integral over
Il = Nb~"121b|p < Itlg < Ibl". Let|t|g < |1 — Nb~'%|b|£. Then since the element
x=—1/(1 =Nb~ 1) belongs to o,
|: —NzNb~! Oi|
(1-Nb—1y2 .
0 1

1 1/ ~ [N 1t .[10]_ Nz/(1-Nb) 0
17 A-Nb"Y/N@) | = [ = 1-Np! x 11— 0 1-Np~!

We have ord ((FINN: ,)2) — 2{ordg (1) — ordg (b) — ord g (1 — Nb~1)} > 1. Hence by (2.3),

12

B =g 1—g 277!

o]

% Z /n Xq—(2s+1)(n—0rdE(h)—ordp(l—Nh’])%.(T)dxT
n=ordg (b)+ordp (1-Nb=1)+1" 7 °E

q—S(l _ q—2s—l)—1 q—(2s+l)g(wb(1 _ Nb—l))
1 _q—(2s+1)%-(w.)

= vol(0}) (for lg >~ (@)| < 1).

Let |1 — Nb_1|%|b|E < |tlg < |b|El. If ordg(b) > O, then there is no t satisfying this
inequality; thus J)(b) = 0. Suppose ordg(b) = 0. Then we can write 7 = w'u and
1 —Nb~!=w™u; withm >1>1,u € 0} andu; € oy. Suppose m > [. Then

[ 1 1/t :IZI:NI T :I:I:wluﬁ i :I:I:wluﬁ i ].[10]
T A-Nb"H/No) ] T L e 1-No7 T uw "l | Tl u o"lu ul
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_ I:Nu(2+w]+u1wm”) aA(l+u ™) ]
u(l+u ™) "y, ’

Then by multiplying the inverse of the upper-left entry, which is a unit due to 2 € o and
1 <1 < m, we see that the last matrix is equivalent to a matrix of the form [;2 w,f_z% ] with
uz,u3 € oy. Since N(0;) = o0y, we can write —(@"lu3s — Nup) = Nuy with uy € 0p.
: 1 —u 1o E 1 uz ~T10 ~
By transforming by [ ; 7| ] [0 u4—1] e KE, we have[ﬁ2 wm—’u3] = [§ %] = w. Suppose
! = m. Then
[ 1 1/t ] ~ [wlmz i ] o [ ot wi ! ! .[ L 0] _ [uﬁu(z(u,wl—l) 0]
VGRS U VAN(CoN R R B I | —uiy 1] 0 1l

Since [ > 1, the last matrix is equivalent to w. Therefore, noting £ (zw') # 1, we obtain

74 _ S 1 1/'[ X
72 (b)—/“_Nh_llEngd% (L1 0 ) 7

=S (w) f £(n)d T
I1-Nb~1[Z< | <1

_23_1)_1 §(m) — §(W(l - Nb_l))

=vol(og) g (1 —¢

1 —&(@)
When ordg (b)) = 0, j(b; s, &) equals
Eb— DT EBINB) + J3(b) + T3 (b)}
X —5
—E(b— 17! 7?01(2‘5_)22_1
5 1 g P e(@1 —Nb))  E(@) —E(w (1 —Nb~1))
1 —g=@HDe=1(a) 1—g=@+Dé () 1—&(w)

1—£(@( =Nb™)) — (E(@) —E(1 =Nb~ 1)) g=@+D
(1= &@)~lg= D) — E(@)g= BTN A - £(@))

To obtain (2.9), it suffices to apply the relation £(1 — Nb~1) = £(1 —Nb), which follows from
—Nb € oy.. When ordg (b) > 0, Jb; s, &) equals

£b— D7 EB) I (b) + Ty (b))

=vol(o )b —1)"'g™*

—Eb— 1) LEb) vol(oj)g ™ HON g~ > Ve (wb(1 —Nb7))
= 1— q—2s—1 1— C]_(ZS'H)%'_](W) 1— q_@s“)é(w)
14 g=@s+D

=&0b— D" vol(0f)g™

(1 — &(@)~1g=Cs+D) (1 — £(w)g—Cs+D)

due to the relation & (b) = £(b) valid for any unramified character £. Since £(1 —Nb) = 1, this
agrees with (2.9). In the course of the proof, we see that lg= 71| < min{|£(@)|, |E(@)|~"}
is the absolute convergence region of the integral J (b;s,8).
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Let us consider the case ordg (b) < 0. In the same way as above, we have

VOLOE)G ™ S (ucordg (b) @54 1)p—1
Ny =157 2.4 £ (@)
q n=0
 vol(o})g™ bl "

(forlg7* @)t < 1)

T 1= q—2s—1 1 — q—(2s+l)§—l(w)

and

B S(l1 1/7
26) = /T|E<1 v ([ 17 (1—Nb-')/N<r)]) §@d

00
q—S(l _q—2s—l)—1 Z/ ) C]_(2S+1)(n_0rd5(b)_ordF(l_Nb_l))g(t)dx‘C
=1 ooy

vol(0)g™ ¢~ @D b 2 () e
= T =gy (for lg~>~'&(@)| < 1)
l—g¢q 1 — g~ =TDE(m)

due to ordp (1 — Nb~1) = 0. Thus,
Iy s, 6) =0 — DTEB I B) + L (b))

_ V01(0>E<~)q_s —s—1/2

|b| \ q—(2s+1)$(w)
T 1= q—2s—1 E

_ q—(2s+1)%-—1(w) + 1 — q—(2s+1)%-(w)

£ — 1) lew) .

1+ q—(2s+1)
(1 — g~ HDe~l(@))(1 — g~ +tDg(w))

= vol(0)&(b — D leb)g |b|Es_1/2

as desired. This completes the proof. O

3. Orbital integrals on GL(2, F)\GL(2, E): the split case

In this section, we suppose E = F[+/#] is isomorphic to F @ F. We use the symbols G,
B, Z and X‘z— by the same meaning as in §2. In particular, G = GL(2) in this section. We fix
a character w : Z(E) — C! trivial on Z(F) and define C.(Z(E)G(F)\G(E)/KE, w) as in
§1.2.1.

3.1. Spherical functions. For any (s, ¢) € Xf x 2Xp, let £2; (g) be the unramified
matrix coefficient for the principal series Indg((g q |;+C/ ‘R | |;S+C/ 2); ¢ parametrizes the

central character of the representation. From the Cartan decomposition,

3.1 G(F)=|JzmKF [7 9K,
n=0
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where the right-hand side is a disjoint union. We have the Macdonald formula

2
a0]) = c/af  1=aX®  _(ct1)/25n
(3.2) 2s.c (2% 9]) = Idetzl! {(q+ TS X)
1 —qX_2

—(c+D/2x—1yn
G ni—x24 )

forall z € Z(F) and n € N, where X = ¢ ([1, Theorem 4.6.6]). Using (3.1), we define a
function ¥ . : G(F) — C by the formula

(33) W (k[ 9]K) = I detzli g7 (1 = g~ F) T gD,
z€Z(F), kK eK', neN.

Then from (3.2), we obtain

(q2s—l _ 1)(q—2s—1 _ 1)

34 Q.=
G4 ’ 14+q¢=HG™ —q%

(Ws,c - lp—s,c) .

3.2. Spectral decomposition. For ¢ € 2X9., let Cc(Z(F)KF\G(F)/KF, ¢) denote
the space of all functions f : G(F) — C with compact support modulo Z(F) having the
equivariance

f(zkhK'y = |detz| ;"% f(h), z€ Z(F), he G(F), kK e K.

The space endowed with the hermitian inner-product

(fIfNer = / ffydh, f f e C(Z(PHKN\GF)/KF, c),

Z(F)\G(F)
is completed to the Hilbert space L> (Z(F)KF\G(F)/KF, c). The Fourier transform of f €
C(Z(FKF\G(F)/KF, ¢) is defined by

(3.5) Ffls)= / Qs f(h)ydn, seXp,
Z(F)\G(F)

where dh is the Haar measure on G(F) such that vol(Kf) = 1. As in §2.2, F f(s) belongs
to the space of invariant Laurent polynomials 4 = {«(s) € C[z, z N a(s) = a(—s)} with
z=¢ %. Forany « € A, define

(3.6) Fra(h) = /0 25 —c(h)a(s)dA(s), heG(F),
XF

where dA(s) is a Radon measure on the purely imaginary locus X(} of Xr defined by

l_q—Z«/—_ly
1_q—2«/—_1y—1

1

144
dA(/—1y) = 47‘[1

(logg)dy.




ORBITAL INTEGRALS ON UNITARY HYPERBOLIC SPACES 937

Let L2(XO ; dA) be the Lz-space for the measure space (XO ,dA), whose inner-product is
denoted by (| )X‘} .

THEOREM 3.1. Letc e ZX(}. The integrals (3.5) and (3.6) define linear bijections
F:C(Z(MHKN\GF)/KF  ¢) — A, F*: A— C(Z(FK\G(F)/KF,¢),

each of which inverts the other one. Moreover, F is extended to an isometry from
L? (Z(F)KF\G(F)/KF, c) onto LZ(X0 ; dA), whose inverse isometry extends F*. We have

(ff|°‘)x‘; = (fIF )G(F) -

PRrROOF. This follows from [21, Theorem 4.7] immediately. Alternatively, a direct ar-
gument is possible along the same line as in §5.4. O

3.3. Orbital integrals. We identify G(F) with the diagonal subgroup of G(E) =

G(F) x G(F). Since w|Z(F) = 1, the character w is of the form a)([(’)?]) = |t1/0|%
t = (t1,n) € EX) with a unique ¢ € X%. We suppose ¢ € ZX%. For f €

C(Z(E)G(F)\G(E)/KE, ), we define fy : G(F) — C by setting

fothy = f(,h), heGF).
Then the mapping f +— fo is a linear bijection from C. (Z(E)G(F)\G(E)/KE; a)) onto the
space C. (Z(F)KF\G(F)/KF, c). The following is the main result of this section.

THEOREM 3.2. Let &€ : EX — C* be an unramified quasi-character such that
E(t, ) = |t1/t2|;c/2§0(t1t2) for all (t1,t) € E* with a quasi-character &y of F* such
that &y(w) # +1. Then for any b = (b1, by) € E* — E', the integral (1.5) converges
absolutely and has the contour integral expression

1 A
3016 = —= [ 3035, 0 o) dus),

w1
with du(s) = 274q° — ¢~*)(logq)ds, where § > 0 is taken so that qg—°~'/2

min {|§0(zzr)|, |§0(w)|_1 }, andj](b; s, &) is defined as follows. If e = ordp (Nb) > 0, then

<
J(b; 5,8) = 1b1/bal L PED — 1) ED)
5 g &MNb) (e — Dg 7! —e(Go(@) + &o(@) " Hg ™72 + (e + D}
(1= go(@)g—>~12)*(1 = b (@)~ 'g=>~112)°

Ife = ordp(Nb) < 0, then

J(b; 5,8) = b1 /b2 PED — 1) ED)
g INb|*!? 1 _ a(ma - Nb—1))?

F=80@) (1= g@)1g12) (1= g(@)g—12)’
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PROOF. In the proof, we set v/6 = (01, —01). Set a(s) = F fo(s). By Theorem 3.1
and the formula (3.4), we have

Flhi, o) = folhy " ha) = /X | ()2, ) dAGs)

F

1 _
== X(}O{(S)%,—c(hllhz)du(S).

Since the function a(s)¥s, —¢ (hl_lhz)(qs — g~*) is holomorphic on Re(s) > 0, we can shift
the contour X(} rightward to X‘} (6 > 0). Plugging this contour integral representation of f,
we obtain from (1.5)

Jb; f,8)
= 1 710 160 bl“ 1 -6 b2+l ! ©n0 X
- /E {nﬂ " a(s)¥s, ([01 1] [1 191 ][1 i ] [Oz 1]) du,(s)}%'(?:)d T
= ! b [\ x
_/Ex {nﬂ " ()W, (72 [ﬁ% - ]) du(s) b e(md*e

_ -1 1 —b -1 X
=60 -1 sa»/Ex {nﬂ Ly ¥ (32 [N 1]) du(S)}E(t)d '

where we made a variable change by setting 71 = blb—iltl, ) = %Q. To conclude the

proof, we have only to show that the integral
D@y | W —— B Nb~ -1 d*r

Jbss. &) =6 —1)7"&( ) s—e\ T | nh - £(1)
converges absolutely for Re(s) >> 0 and is evaluated as in the theorem. If we write

Dl p T =k [ 0K, kK eKF, neN, lez

I3 tty —1 0 ’ ’ 5 )
then it is easy to see that

n—+2l =ordr (%) , n=ordg (%(1‘1, t, i, 1 — Nb_l)_2> .
Hence from (3.3),

—b Nb~!-1
s~ (Tz [fﬁz -1 ])
— g5 (1 — g~ @ +Dy=1,(F2e/2  =n(s+1/2)

—c/2 q—(s+1/2) ordp(%(rl,tz,tltz,l—Nb")‘z)
. )

bztz

=Sl —(2s+1) 1
=q7(1 )~ |22t
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Since £(1) = |t1/t2|;c/2§0(t1t2), we have that J(b; s, &) equals

by —c/2

§b—D7EMB)g (=g @)
1

F

151%) —1y-2
—(s+1/2) ordp ( 52 (11,12,11t2,1—Nb
x // g " “OrF(b”’Z(l 2 ) )éo(tltz)dxtldxtz
FXxFX

b— DB Vol
-2 _i](—)(?mfo O o113 0 0 0. 60

where we set

I+
—(s+1/2) ordp(%(wln ,wlz,wll+lz,1—Nb—‘)—2>

Jbinm) =Y q 01 (@) (@)

l],leZ

for any pair (1, n2) of unramified quasi-characters of F*. Forl € Z, setsgn(l) = +ifl > 0
and sgn(l) = — if [ < 0. Fore, &’ € {+, =}, let Jo oo = Je o/(b; 1, m2) denote the sub-series
of J(b; n1, m2) for terms with sgn(l}) = &, sgn(lo) = ¢’. Put B = 1 — Nb~!. A tedious but
straightforward computation reveals the following identities.

—s—1/2 o5
biba |}’ Y (1=g > 'nim(@))
— g2 (@) (1 — ¢ =2 (@))

L—mmB) 1B (B mm) """
8 {S(ﬁeoF)l—mnz(w) + 1 — ¢ 5T (o) ,

++_(1

—s—1/2 _¢_ _
L b )
-t = 1 —g——172
q (@)
e b —Ds— s+1/2
o NIRRT (peor R ¢ op) B2 g2 (1= 18152 (8))
1 — g~ 1201 (w)~! 1 —g¢t12n1 ()] ’
L P e GO
T 1= ¢~ 121 ()
—s—1/2 S _Dg— 1/2
s Y1) R L0 ¢ op) B2 g2 (1= 1815 P n2(8))
1— g 12 (@)"! 1 — g5t/ 2 ()] '
; _|b1b2|;3—1/2q—s—1/2n1(w.)—l

1—n, (@)
5 {((|ﬂ|;s‘”2nz(ﬂ>)‘“’5¢°” R o) B2 g (1 - |ﬂ|}+1/2nz(ﬂ>))

1—g=~ ()" 1 — gt/ () !
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(BT P2 BEen) S8 ¢ op)BIE T A = 181 m(B)
1—q= 12 ()] 1 — ¢s+1/2 (@) '

While the second and the third formulas are valid for all (11, 12) satisfying
3.7) lg=* =2 max{|ni @)1, Im (@) "], [n2(@)], Ima(@) '} < 1,

the first and the last formulas are valid only for those (11, 2) inside this region with 1 #
nfl. By summing up J44, J4—, J_4, and J__, after a tedious computation, we have that
J(b; n1, n2) is equal to
e U )
L —nna(w)

1 _ nn2(@p)
(L=g= V2 @) (1 =g V@) l)  (1—q=512n1(@))(1 — ¢~ V2 ()
if 8 € op,and to
Y )
m (@) — n (=)
L m@B) —m@p)g” > — A+ mm@)(n(p) - nz(ﬂ))q_“ 12 4 01 (Byna (@) — ny(@)n2(B)
(1=g=5 12 @)1 (1 — g5~ 1 2na (@)~ 1) (1 — g =5~ 121 (@)) (1 — g5~ 1203 (0))

if B &€ of. These formulas are valid for all pairs (1, 772) inside the region (3.7) with 11 #

X

F1. Suppose & and s satisfy |¢ /2| max{|£y(@)l, |§0(z)| "'} < 1. We apply the above
evaluation of J (b; n1, n2) for (n1, n2) = (&o, &ol |}) (A € C) with sufficiently small |A| > 0
and then take the limit as A — 0. If 8 € of, we immediately have
biba 7 21— g2 1 ~ Eo(wp)>

1 —§(@)? (1 =g~ 12 @)~ (1 —q=5712(w))?
If B & oF, then by the relations
m n(@p) — m(@p)

J(b; §o, &) =

n@)n(B) — nmB)m (o)

= 1— , 1 — 1 ,
r—=0 np(@) — (o) So(B)(1 =) P (@) — n (o) §o(B)e+ 1)
1 _
lim (LM @) ) —mB) _ £0(B) (Eo(@) + Eo(a) Ve
A—0 ni(@) —m@)

with e = — ordr(8) = ordr Nb, we have

bibal 7 21812 20 (B) (e — Dg™2 7 — e(gp(@) + &y (@) g2 4 (e + 1)
(1= g2 D)=T(1 = ==& @)1 — g5 Py (w)~1)? ‘

J(b; &0, &0) =
Since = 1 — Nb~! € Nb‘loi, this can be further simplified by the relations &y (8) =
£(Nb)™" and [bibol ™ 218172 = 1. O

4. Orbital integrals on a unitary hyperbolic space

In this section, we work with the notation in §1.2.2 keeping all the assumptions there. In
particular, G = U (h), H = Stabg (E¥{p) in this section. We let Hy to be the stabilizer of £( in
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G. We easily have the orthogonal decomposition £ = 0gfy & (Z(J)- N L), from which E(J)- nL
is seen to be a unimodular og-lattice in the hermitian space Z(J)-. If m is even, then we have
an orthogonal decomposition £ = @Tﬁ (ogej + ogey,—j41) with an og-basis B = {ej};”:l

such that h(ej, e;;—j+1) = 1, hle;] = hle,—j41] = 0forall 1 < j < m/2. If m is odd,

—-1)/2
yil ) (OEEj + UEem—j-H)}

with an og-basis B = {e;}_, such that h(e;, em—j+1) = 1, hle;] = hlep—j41] = 0 for all

we have an orthogonal decomposition £ = ogegut+1y2 ® {D

1 <j<@m—1)/2andhleg,i1),2] € 0?. Since £p € L is a unit vector, it is primitive in £;
hence, we can choose B such that

“.1) Lo =ae; + ey

with some a € E such that a +a = 1. We fix such an og-basis BB once and for all, and set
K = h[e(m_H)/z] if m is odd.
Fora; € E*(1 < j<m),letd(ay,...,an) be the element of GLg (V) defined by

d(ai,...,aplej =aje; (1< j<m).

Fort € E*, we designate the element d(ay, . .., ay,) witha; = t, a, = t~' and aj=1(1<
Jj < m) as d[¢], which is indeed belongs to G. Let wg be @ if E is a field and denote an
element of o such that Nog = w if E = F & F. We have the disjoint decomposition

4.2) G=|JHdlw1U.
=0

When E is a field, this decomposition follows from [8, Proposition 3.9] due to the fact that
the center Zg of G is contained in i/ and H = HyZg. When E = F @ F, we give a proof in
§6 for completeness.

4.1. Hyperboloids. For A € F, set
X(V,4)={x € V- {0}|h[x] = A},

which we regard as an F-algebraic variety (identified with its F-points) with rational G-
action. Obviously X(V, A) is a G-stable subset of V; Witt’s theorem tells us that it is a
G-orbitin V. Let G, be the stabilizer in G of a vector £ € X(V, A). By sending a coset G¢g
to the vector g‘lé, we have a G-isomorphism

Gi\G — X(V, A).

There exists a unique gauge form wy on V ([24]), viewed as a 2m-dimensional affine space
over F, such that

m
4.3) wy (§) = det (h(§;, §))) ]_[

j=1

dz; Adz;

N
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for any E-basis {§;} of V, where z; is the E-coordinate functions on V corresponding to the
basis {£;}. Let V* = {£ € V|h[§] # O}and v : V* — GL(1) the map v(§) = h[£].
Then there exists a unique G-invariant gauge form wy 4 on X(V, A) such that wy (§) =
v¥(dt)e Awy, a(€) atall &€ € X(V, A), where v*(dt) denotes the pull-back of the differential
dt of the standard coordinate  on GL(1) by v. Let |wy|r and |wy, a|F be the measures on V
and X(V, A) defined by wy and wy, a, respectively. The image v(V*) coincides with F*.
We have the integration formula

44) / FE lovlr = f aa / FE©)lov.alr
\% F* X(V,A)

forany f € L (V).

LEMMA 4.1. Foranya € E*, we have
/ fElwy alr = Ial,lg_m/ f@'®)|wy, analF
T(V,A) ¥ (V,ANa)

forany f e C (V).
PROOF. From (4.4), replacing f (&) with f(&)y (h[£]7), we have

/ F@E) YD) |ov|r =/ {/ f(é)lwv,AIF}w(Af)dA
\% Fx X(V,4A)

for any v € F. By the Fourier inversion formula,

/ F©lov.alr = / { / FE)¥mIET) |wv|F}w(—rA>dr.
X(V,A) F 1%

We have |wy|r(a§) = |a|tlov|r(E) and d((NOl)_l‘C) = |Ol|E1d‘C. From these, the desired
formula follows immediately. O

LEMMA 4.2. Let L be any self-dual og-lattice in V. For any A € F*, we have

1 —¢gg™™
E4
vol(X(V, A) N L; oy, alr) = 8(A € oF) 7

d A —(m— _
8mc1—(m—1)(1_8nwr Fm g 1)|A|”I§ h.
E

E

PROOF. Since h[£] C oF, the intersection X(V, A) N L is empty unless A € op. In
the remaining part of the proof, we suppose A € or. If we write a general point§ € V
in the form & = 37", zje; with (z;) € E™, then £ € L if and only if z; € o for all /.
From (4.3), we have |wy|F = ]_[;flzl du(z;) with du(z) = |dz A dz|f. Forany t € F*, set
v(t) = vol(E(V,1) N L; |wy,¢|F) and (t) its Fourier transform. Suppose m is even. From
4.4),

() =/ / ¥ (th[£]) va,AIFdA=/ Y (thlED|ov|F
X JE(V,A)NL L
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m/2

=11 / LV P (@ Enj41) Az ) A 1)
j=1""E

m/2 m/2
= l_[/ d(rzj €op)du(zj) = l_[ vol(og N7~ 'og) = inf(1, |t|El)’”/2.
j=17%iS0E j=1

Note that dit(z) coincides with the Haar measure on E such that vol(og) = 1. By the Fourier
inversion formula,

v(A):/ ﬁ(z)w(—m)drzf inf(1, |7z 2y (— At)de
F F

— U (—Ar)dt +/ |72y (—Ar)de

TEOF teF—of

o0
=14+ gV /o V(—Aw " u)du .
=1 F

The u-integral is computed as S(Aw !l eop) — q‘l(S(Azzr_lJrl € or). By this,

ordr(A)

U(A) 1 + Z (1 _ q—l)q—l(m—l) + (_q—l)q—(m—l)(ordp(A)+l)
=1

l-q™" —(m=1)| ym—1

= m(l —q |A|F )
—-1)/2 -
yil / trg/F(2jZm—j+1) +

KZ(m+1)/2Z(m+1)/2 With & = h[e(,11)/2], in the same way as above, we have

as desired for an even m. Suppose m is odd. Since h[§] = )

(m=1)/2

o0 =4 [T [, vrwee @i o it | [ vizndue)
j=1 UE OF

= inf(1, |r|gl)<'”—1)/2/ Y (kzzT) du(z) .

When £ = F @ F and og = of @ oF, then the last integral is easily seen to be equal to
inf(1, |t|;1). Thus, v(t) = inf(1, |r|1;1)(’”+1)/2 in this case. In the same way as above, by
the Fourier inversion, we have the formula of v(A) as desired. In the remaining part of the
proof, we assume that FE is a field. By the Fourier inversion,

v(A)=/Finf(1,|r|gl)(m‘”/2{/ W(KZZ‘E)d/L(z)} ¥ (—Ar)de
OF

_ / ¥ (—1(A — kz2))drdu(2)
op Jog
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+/ {/ |T|E(m_1)/2‘/’(—T(A —K227)) dl’} du(z)
ZEOE teF—of

o0
=1 —l—/ du(z) Zq_(m_l)l'H/ Y (—(A — kzD)w lu)ydu
ZEOE =1 o;i

ordrp(A—«kzZ)

- +/ { S (—g gDl (_q—l)q—(m—Z)(ordp(A—Kzz)+1); du(2)
ZEOE =1

=g~ = (1 =g~ D)A —kzzm=2
1+/ F_du(z)
ZEOE

qm—2 —1
1— q_(m—l) —m-2) s
Tiog (1 - / |4 =il Tdu) ).
By Lemma 4.3, we are done. .

LEMMA 4.3. Suppose E is a field and m is odd. For A € op — {0},
/ 14 — k222 du ()
z€0E

m—lq_l(l _ q—m+2)(1 +q—m) 1— q—Z
F 1 — g—2m=1) 1 —g=2m-1"

= — (=D W)a]

where du(z) = |dz A dz]F.

PROOF. Since k € oy, by replacing A with —«x A, we may suppose k = —1. Set
| = ordr(A). Let I1, I, and I3 be the integrals of |A + zZI’Iff_2 over the subsets of o defined
by |z|g < |AlF, |z|lE = |AlF and |z|E > |A|F, respectively. We have

-2 .
_ _ _1lg (I is even) ,

11=/ |AIE 2 duz) =14} *vol{z€og] [zl e < [Alp}=]A[F 17
lzlE<|AlF q (I is odd)

and
154
I3 =/ IZZI’I?_Zd/L(Z) = Z g~ Hkm=2) Vol(wkoz-)
[Alp<lzle<] k=0
1= q7? 1 —g~tm=D (I is even) ,
- 1 — q—2(m—1) 1 — q—(l+1)(m—1) (l is Odd) )

Since |z|g is an even power of ¢, the set |z|g = |A|F is empty unless [ = ordr(A) is even.
Thus I, = 0if [ is odd. Suppose [ is even and set A = w! Ag with Ag € 0?. Then

L =/ |A + 22|72 (2) =q—(’”—“l/ | Ao + uit|du
@20 o

E
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where du is the Haar measure on og such that vol(og) = 1. Since E/F is unramified, the
map u — v = ui from oy to o is surjective. If dv denotes the Haar measure on oy such
that vol(of) = 1, then there exists a Haar measure d'z on E' = {z € og|zZ = 1} such that
du/d'z = dv and vol(E'; d'z) = vol(0})/vol(0}) = (1 —g=2)/(1—g~") = 1 +¢~'. Thus

L= q—(m—Ul/ / |40+ v 2d zdv =g~ D1 +q—1)/ | Ao + v[F2dv.
0; E!l a;ﬁ
In the last integral, by a variable change, we may assume Ay = 1. Then,

/ 11+ o2 2dv = > / 11+ nol72dv
of

1+@o
neo’/(l4+woar) r

=q! Z 11+ 7101+ @x)" 2dx.

[
neol/(4mop) " F

If 1 is not the class —1 (mod @), then the integral becomes vol(or) = 1; the number of
suchnisqg —2.If n = —1 (mod @), then the x-integral is

0 —m=2)(1 _ 51
m=24_ _ _—(m=2) —jm=2) —jq_ -1y _ 4 (I-¢7)
/oF'm'F dx =g 2)[1 o a—gh =
]:

Hence for an even /,
h=+q eV [ e
OF
g "2 -q7hH

_ —1y —(m=1)l -1 _
=U+q )q xq {(q 2)+ gD

_ —(m—1)
=Dl 1 2472
=q (g~ +q7) gD

The formula in the lemma is obtained as /1 + I + I3 by using the above evaluation of each
summand. d

4.2. Spherical functions. Let P be an F-parabolic subgroup of G defined as the
stabilizer of the rank one submodule Eeq, and N the unipotent radical of P. Let P! be the
stabilizer in G of e;; then P! is a subgroup of P and P = {d[t]|t € EX}P!. Forany v € Xg,
by letting the group G act by the right translation on the C-vector space I, of all smooth
functions f : G — C such that

Firlpg) = 115" V2 fg), teEX, pePl. gegG,

we define a smooth representation of G, denoted by (7, 1,,). By the decomposition G = PU,

we have Illj{ = (Cfo(”) with fo(u) the unique element of 7, such that fo(v)(k) =1forallk e U.
Let us recall that a smooth G-module 7 is said to be H-distinguished if Homg (r, C) # {0}.
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The representation [, is H-distinguished for all v in an open and dense subset of Xg. Indeed,
we have

THEOREM 4.4. There exists a unique meromorphic family Z%v) € Homp(I,, C)
over v € Xg such that (E°(v), fo(”)) =1

PROOF. We referto § 5.3. ]

Now, we define the spherical function £2, : G — C by
.5) 20(9) = (8. 1(9) "), g€G.

Obviously, £2, is left H-invariant and right /-invariant. By the decomposition (4.2), we have
a well-defined smooth function ¥, on G by requiring that it is left H-invariant and right
U-invariant, and that it satisfies

(g m=t
(4.6) W dlwg') =g e+ m—1)/2)q; T2, leN.

We admit an ambiguity of the choice of a square root ¢¥ of gy when E is a field, which
disappears in the following formula.

THEOREM 4.5. Forv e Xgandg € Hd[wE_l]Z/{ (I € N), we have

B CE(—v+ m =1/~ ma gp+ (m— 1)) z}
2,(g) = or { pper GE ) + [ eig (g ~)
— /2 ep(— — 12!
_ e+ m=1)/2) va( vJ_rv(m )/2) (=W (g) + U (g)]
OEm(q" —egq™")
PROOF. We referto § 5.4. O

4.3. Spectral decomposition. Let C.(H\G/U) be the space of all the finite C-linear
combinations of characteristic functions of double (H, Uf)-cosets. The spherical Fourier trans-
form of a function f € C.(H\G/U) is defined to be the integral

@7) Faf () = / F@O(dj. vexXl
H\G

with dg the G-invariant measure on H\G such that vol(H\HU) = 1. By (4.2), the integral
Fuf (v) reduces to a sum of f(d[@ '1)$2,(d[@ ') vol(H\Hd[@ 1) for 0 < I < N,
where N is an integer such that f(d[z ~!]) = 0 forall / > N. From the first expression of
£, in Theorem 4.5, the values £2,,(d[z ~!]) are seen to be Laurent polynomials of X = qE”
invariant by X — X~!. Hence J}, f(v) also can be viewed as an element of A = {a(v) €
CIX, X " a®w) =a(—=v)}. Conversely, for any a € A, we set

(48) Fra) = [, a2u0)dm0). 4G,
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where d Ay, is a positive Radon measure on the imaginary axis X% defined as

2
m 1—gh 21y
(4.9) dAy(v—Ty) = 2E 4

i |y + =Dyt legdr) -

Let L2(XY; dAp) be the L2-space for the measure space (X, dAp).
THEOREM 4.6. The integrals (4.7) and (4.8) define C-linear bijections
Fn: Cc(H\G/U) - A, Fi:A— C.(H\G/U),

each of which inverts the other one. Moreover, Fy extends to an isometry from the
Hilbert space LZ(H\G/L{) onto the Hilbert space L2(XO ; dAp). We have (]-'hf|a)x% =

(fIFfe)m forall f € L*(H\G/U) and o € L*(XY%; dAp).

PROOF. See §5.4. O

4.4. Orbital integrals. Recall that H = {g € G| glo € Elo}, Hy = {g € G| gfp =
o). Asin § 1.2.2, we set b(y) = h(y 4o, €o), £ = y '€y — b(y)o, and A, = h[¢}] for
yeG—H.

LEMMA 4.7. Suppose Nb(y) # 0. Then H Ny~ Hy consists of all g € G such that

glo = aly, gﬁg = aZg with some a € E'. The subgroup Hy N y~"Hyy consists of g € G

such that g€y = £o and gﬁg = Eg. In particular, the inclusion Hy — H induces a bijection

HoNy "Hoy\Hy = HNy 'Hy\H.
PROOF. For g € G to belong to y “'Hy N H is equivalent to the condition
glo = aly, gy_léo = aly_lﬁo for some a, a; € E'.
The first equation implies that g preserves the decomposition V = Efy @ Zé. From y ~1¢y =
b(y)to + €} and Nb(y) # 0, the equation gy ~'€o = a1y ¢ yields g€y = a1€o and g€} =

alﬁg. Hence a = ay. This shows the first two claims, which implies H N y‘l Hy = Zg(HyN
y‘l Hpy) with Zg the center of G. Since H = Z Hy, we have the last assertion. O

The unitary group U (hlﬁ({) of the hermitian space ek, hlﬁé) is identified with Hy. The
stabilizer Ho(¢})) in Hy of €}] coincides with Hy Ny ~! Hyy. By the Hy-isomorphism

Ho(t)\Ho > H(E)h — h™'e} € T(¢5, A,),

we transport the measure |a’e§,4y |F on (£t Ay) to Ho(ﬁg)\Ho. By Lemma 4.7, we have

an H-invariant measure on H Ny ~! Hy\ H to be denoted by dO,, (h) when Nb(y) # 0.
For any y € G — H such that Nb(y) # 0, 1 and for any function f € C.(H\G/U), we
consider the integral (1.6)
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THEOREM 4.8. Suppose E is a field. Let y € G — H with Nb(y) # 0, 1. Then for
any f € C.(H\G/U), the integral (1.6) converges absolutely and has the contour integral
expression

1 A
LoD = —= [ B0 A o) dun

with A, (v) = (¢¥—(—=1)"q7")(logg)dv, where § > mT—z and jﬁo (y; v) is given as follows.
Ifordp Nb(y) > 0, then

a1 =&y g~ "IN = Nb)IF™ = (7" — &y [1 = N[ %)X)
(1 — eg=m=D)=1(1 — gg=m=2)(1 — g=M=2X)(1 — g"2X)

and if ordr Nb(y) < 0, then

Iosv =

’

3001 1) g INb(y)| 22012 1+ eX
T T e )T (=g 0 — g X))
where X = q—(2v+l) &= ( l)m 1 ande Ordp(w(l Nb(y))

PROOF. Seta = Fy f. Then from Theorem 4.6 and Lemma 4.5,

(9 =/ a(v)§2,(g)dAn(v) = a(W)¥, (9)dpm (v) .

1
x) /=T Jx

Since the integrand is holomorphic on Re(v) > 0, we shift the contour X% to X% for any
8 > 0. By substituting the contour integral expression, we have

by: ) = @y (yh)dpm () $ dO,, (1
Wi ) ~/Hﬁy—1Hy\H{7T«/_ a()¥, (yh)du (V)} y(h).

We shall show that the integral

f(yiv) = / @, (yh) dO, (h)
Hny~-l'Hy\H

converges absolutely for Re(v) > mT—% and is evaluated as in the theorem. From the proof

of [8, Proposition 3.9], an element ¢ € G belongs to Hd[z ~']U/ if and only if ¢g~'¢y €

w‘lﬁpﬁm, where Lyrim = £ — @ L is the set of primitive vectors in £. Thus, by (4.2) and
4.6),

o0
N _ —v—(m—1)/2. _ —1 —-1)/2
4.10) It (i) = g7 (1 = g =BT g 10Ty,
=0
with

Ar=vol({h € HyNy™"Hoy\Hol h™'y~'¢o € @ Lprim }; dO) .
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Set M = Zé N L. From y~ 1y = b(y)to + E(’; and £ = ogly & M, for h € Hy, we have
that h='y =1 € @ Lpyim if and only if

() b(y) ewlok, h7lef em M, or

(i) b(y) € mlop, h7') € @ Mprim, where Mpyrim = M — w M.

From assumption, b(y) # 0and A, = 1—-Nb(y) # 0. Sete = ordg b(y). From this, A; = 0
for 0 </ < —e is obvious. If | = —e, then we have the case (i); thus from the construction of

the measure dO,, and by Lemma 4.2 applied to the unimodular lattice M (C Eé),
1 )
Ace =vol (6, A) N Moyt 4 1)

__—2e(m=2) 1 -2 .
— g 2em vol():(eo,w eAy)ﬂM,la)e(J)_’m_zeAJF) (by Lemma 4.1)

—(m—1)

1—e¢
_ —2e(m-2) —2e q _ ordp(mAy)  —(m=2) _—2e m—2
=gq (@ Ay eoF)il_sq_(m_z) (1 e q oAy} ),
2e(m—2) 2e 1- 8q_(m_l) ordp(w Ay) ,(2e—1)(m—2) m—2
=qg - - - — Y - - -
q (@ Ay eoF)l—sq_(’”_z) (1 3 q Ay 7 ),

where ¢ = (—1)"~L. If ] > —e, then we have the case (ii); thus in the same way as above,

- L . _ L —(I—=1) 4.
Ap=vol(Z(ly, Ay) N Mi oy a L) = vol(E(ly, Ay) N Moyl 4, 1F)
_ qzz(’”_”vol(Z(f(J)', w2lAy) NnM; |we§,w21A,, [F)
=gV 2volE (g @7V Ay) N Ml 2 g IF) (by LemmadD)

—(m-1
_1—eqg=mD 2Dl A ¢ opy(1 = eOMF @A) ==y 2 o m=2
= 71 - sq_(m_z) q y F q vIF

B q2(l—1)(m—2)8(w2(l—1)Ay c 0F)<1 _ 80rdp(zery)q—(m—2)|w2(l—l)Ay|rg—2>}.

If e = ordg b(y) < 0, then ordr(A,) = ordr(1 — Nb(y)) = 2e and ordp(w? A,) = 2(1 +
e) > 0forl > —e. If e > 0, then ordp(4A,) = ordp(1 — Nb(y)) > 0 and ordp (> A,)) >
21 > 0. Thus, ordp(w2?~DA,) (I € N, I > —e) is negative only when A, € 0}, e > 0,
! = 0. Hence, for! € Nwith] > —e, A; is equal to
1—8(]_(’”_1) 21(m—2) dp(w Ay —(m=2) 2] -2
m{q ! (1—8‘””” A LA )

B q2(l—1)(m—2)<1 B Sordp(wA,,)q—(m—2)|w2(l—1)Ay|?—2)

+8(e>0,1=0,4, €0X)g 2" (1 - eq’”‘2>}
1—gg=m=D

_2(m=2)y, 2(m—2) _ X\ —2m—2),q _ . m—2
_71_&]_0”_2){(1 q )q +8(e>0,1=0,4, €0p)g (1—eq )}.
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Suppose e > 0. Then Nb(y) € wop and A, =1 —Nb(y) € UIX,. Hence,
(0.¢]
ZqEZ(u+(m—1)/2)Al
1=0

—(m—=1)

1 —eq —20(v+(m—1)/2)
=T —m-2 Zq
1 —egq—m =

—(m—-1 _2(m—2
_l-eg™ ){ 1—g~2m=2 +q—2(m—2)(1_8qm—2)}

T 1—egm=D |1 = ¢g20-(m=3)/2)
_1oegtD e U eg T (A —eg D)+ eg T
T 1—eg-mD 1 — g 200—(m=3)/2) - 1 — g 200—(m=3)/2)

By plugging this to (4.10), we obtain the formula of j]flo(y; v) as desired. Suppose e =
ordg b(y) < 0. Then

- l(v+(m—1)/2)
ZqE v+(m / A

1=0
_ 1 —eg—(m=D 2e(v—(m=3)/2) (| _ gordp(@A,) ,e—D)(m=2)| o m—2
_1—sq—(m—2){q ( € q 14y IF )
o0
n Z q—21(v+(m—1)/2)(1_q—2(m—2))q21(m—2)}
I=—e+1
CL—eg D e me3)2) | — (o (@Ay) ,2e=1)(m=2)| 4 m—2
_1_Sq—(m—2){q < —¢ q Ay )

1- q—2(m—2))qZ(u—(m—3)/2)(e—l) }

1= q—2(v—(m—3)/2)

1— Sq—(m—l) { q2(v—(m—3)/2)e

_ ,—(m=2) ordp(wAy) m—2
D0-—mnp 4 € "N Ay E

T 1—eq D

q2(u+(m—l)/2)e
1—¢q 1= q—2(v+(m—1)/2) }
x (1 — q—2(u+(m—l)/2)).

By plugging this to (4.10), we obtain the formula of jﬁo (y; v) as desired. We note that when
e < 0, then ordr Nb(y) = ordr(A,) € 2Z and | A, % = g~ 20=2), 0

THEOREM 4.9. Suppose E is isomorphicto FOF. Lety € G—H withNb(y) # 0, 1.
Then for any f € C.(H\G/U), the integral (1.6) converges absolutely and has the contour
integral expression

1 “tor.
= /X RARENOLTE

Iy f) =

T
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with du(v) = 27 1(g" — q~")(logg)dv, where § > mT_3 and jﬁo (y; v) is defined as follows:
Ife = ordrp Nb(y) > 0,

gm0y e DXE —eqU IR 4 gTERX et 1)
q (1 — q=2DR2X)2(1 — g2 /2x)2

’

Iyim=¢70

and if e = ordr Nb(y) <0,

Lo e (m—2)/2 3\ —e
Iy (viv)=g¢q m(l] X)
1 PN
(1— q(m—Z)/ZX)Z (1— q—(m—Z)/ZX)Z ’
where X = q_(”H/Z).

PROOF. In the same way as the proof of the previous theorem, we have

190 ) =f

HNy~-'Hy\H

T

1
! / Ol(V)lI’u(Vh)d/L(V)} doy (h),
—1Jx,

where o = Fp, f (v). By Lemma 4.7, in the h-integral, we may replace the integration domain
with Hy Ny ~! Hyy\ Hy. We shall show that the integral

By v) = / @, (yh) dO, (h)
HoNy~1Hyy\Hy

converges absolutely for Re(v) > mT—% and is evaluated as in the theorem. We may take

our £o of the form £9g = ae; + e, with a € og. Let 8 € of be a square root of 6 in
F. Then we fix the identification E = F[+/6] = F @ F by the map sending a + b+/8 to
(a + 61b, a — 61b); thus /6 = (81, —601) and the norm of b = (b1, by) € E is given as
Nb = b1by. Set oy = (w, 1) and @2 = (1, w). Then, from the proof of Lemma 6.2,
g € G belongs to the coset Hod[wl_l' w;’Z]u if and only if g~1¢g € wl_l' wz_lzﬁprim, where
Lpim = L — (w1 L U @rL). Since G is a disjoint union of Hod[wl_llwz_lz]u (i, €
Z, Iy + 1o > 0) and since Hod[w, "o, 21U = {g € G| g0y € @] ""@; " Lowim } as seen
in §6, we have

o0
ar _ _ _ _ _ _
(4.11) Jh"(y;v)zq "1 —g (v+(m=1)/2)) 2Zq I(v+(m—1)/2) Z Al
1=0 (1.h)eZ?
l]-i-lz:l
with

Ay, = vol ({h € Hony "Hoy\Holh ™'y "ty € @ ", " Lovim }; doy) .
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Setn = wll' wzlzoE and M = Ké NL. Since i~ 'y~1ey = b(y) Ly +h_1€g is the decomposi-
tion by the direct sum £ = 0gfy & M, the vector h! y_lﬁo belongs to n_lﬁprim if and only
if one of the following 4 conditions is satisfied.

(i) b(y) en~lof, h7le) en~IM,
(i) b(y) e n"Namiog Nwrog), k1) € n ™I (M — 5y M — w M),
(i) b(y) € ™! (@i0g — w20E), K1) € v (M — i M),
(iv) b(y) € nH(wr0p — wiog), h71e) € n”HM — o M).
Set b(y) = (b1,b2) and e; = ordp(b;) (j = 1,2); then Nb(y) = biby # 0, A, =
1 — b1by # 0 from assumption, and e = ordr Nb(y) = e1 + e2. Setl = [1 + [5. The case (i)

occurs if and only if /1 = —ey, [ = —e3. By Lemmas 4.1 and 4.2, we have

Aoy —e, = VOI(Z((, Ay) N ] 52 M; |t 4,1F)
1— q—(m—l)

=g " Is(@ A, € OF)I

—(m=2)|,— -2
e )

If e > 0, then ordr(Ay) = ordr (1 — Nb(y)) = 0; thus §(w ~°A, € oF) = 0 in this case. If
e < 0,thenordr(Ay) > ordp Nb(y) =eand 8(w ™ °A, € oF) = 1.
The case (ii) occurs if and only if [} > —e; + 1,/ > —ez + 1. By Lemmas 4.1 and 4.2,

— ,l(m=2) —(m=2)
AL =4 {/ lwpL 14 |lF—q / lwpr 114 |F
e Sl a)nm 0T Ay St.ol-laynm 0T Ay

—(m=2) / —2(m—2)
—q lw,t -1 4 |F+4q
Sk w-taynm 0T Ay

x lw,1 12 |F}
/}:(/z({,w'my)m/v( o4y
1 —g—(m=1
I(m—2 q l —(m=2),,_1 -2
— o/ s ay € o (1= g Pt a2

—2¢~ " Dsl=14a, € oF)<l —qg "D pl-la, |’P’£‘2)

+q72m D524, € OF)<1 —q Dl 24, |¢‘2>} .

The case (iii) occurs if and only if /1 > —ej + 1, [, = —ey; the case (iv) occurs if and only if
I = —e1,lp > —ey + 1. In the same way as above, we have
Al =q”’”‘2>{/ |0pt ip lF—q "2 EE— |F}
12 st wla,)NM @ Ay st w!-1a,)NM o= Ay
1 —g—m=1
_ dm-21—9 © I o —(m=2), 1, ym=2
=q l_q_(m_z){é(w AyEOF)<1 q o Aylp )

—q " Vs 1a, € oF)<l —q " Dw!~a, |”;—2>} :
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Thus,
o lvm—-1)/2) 1—g~ ™Y
(4.12) ZCI v Z A, = m(11+12+13+14),
1=0 (. h)ez?
L +1=I

where
Iy =gV Ds(e < 0)<1 - q‘<’"‘2>|w‘my|’£‘2),

I = Z q—l(l)—(m—3)/2){5(w_lAy c 0F)<1 _ q_(m_2)|wlAy|rg_2>
11>—el,12>—62
I=l1+1,>0
- zq_(m_Z)‘s(wl_lAy € °F)<1 - t]_(m_z)lwl_lAylrﬁ_2>

+q_2(m_2)5(wl_2Ay c 0F)<1 _ q—(m—2)|w_l—2Ay|?—2>}’

q—m—ez)(u—(m—3)/2){S(a_,ll—esz c 0F)<1 _ q—<m—2>|wzl—esz|¢—2)

= >

11>—el,
I=l1—e 20

gDl 0F)<1 _q—(m—Z)lwll—ez—lAylrg—Z)},

q—(lz—el)(U—(m—3)/2){5(w12—€1AV c 0F)<1 _ q—(M—2)|wlz—€1Ay|7£—2)

L= >

hh>—en,
l:lz—el 20

_q—(m—z)s(w_lz—el—lAy c 0F)<l _q—(m—2)|wlz—e1—1Ay|nI;—2)}.

Suppose e = ordg Nb(y) > 0. Then I; = 0 obviously,and ordr A, = ordp(1—-Nb(y)) =0

Hence

I =
li>—ey,lp>—er
I=l1+1,>0

+q 72250 2 2)(1 - q‘“‘”“”‘”)}

2 q‘“”‘(’”‘3>/2>{8(l =01 =g~ ") 50> 11~ q‘<’"‘2>>2}

l] >—e] ,12>—62
I=l1+1,20

== DU=g" ")+ A—g "2y (A t+e—DY!
>1
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with ¥ = ¢g~(=0m=3)/2)_ By applying the formula

i(’ be—nylo ez Y Yia-ar +ay 1

— Ty . (Yl <lael),

I[=a

we obtain

—(o — _ ,—(m=2) (e DY Y } _ —(m-2)\2
I =(—-1(—gq )+{ =7 +(1—Y)2 (1-¢q ).

It is evident that I3 = I4. Since /] > ep implies [ > —ej for e > 0, we have that I3 equals

) q—(ll—ez)(v—(m—3)/2){5(ll > ey)(1 — g~ 1=+ Dm=2),

l]>—€|,
1211—6220

—q~ "D > e+ (1~ q—“l—ez)(’”—”)}
_ Z Yl — g~ D=2y _ —(m=2) Z Yl(1 = g~l0m=2)y
>0 >1

_ 1 B q—(m—Z) . q—(m—2)Y N q—2(m—2)Y _ _q—(m—Z) N 1— q—(m—2)Y
1-Y l—q_(m—2)Y 1-Y l—q_(m—2)Y 1-Y '

Hence I} + I + I3 + 14 becomes

_—(m=2) _ (e— 1Y Y _—(m=2)\2
(I-q )(e 1)+{ T~y +(1_Y)2 I—-gq )

1—g~m=2y
12 (_q—<m—2> + ‘17>

1-Y

~n-2), = Dg” "IV —e(l 4 g7V + e+ 1)
4 :

=a (1—1)?

From this, combined with (4.11) and (4.12), we have the desired formula.
Consider the case when e = ordg Nb(y) < 0. Then ordr (A, ) = e. In the same way as

before, we have I} = (1 — g~ ")y,

h= ) q"(”‘<m‘3>/2>{8(l =—e)(1 =g~ ") +8( > —e+ (1 - q‘<’”‘2>>2}
li>—ey,lp>—er
I=l+lh>—e
= (=g ") 3 (+e-nY
1Z>—e+1

=yt yfey et 4 (—e+ )Y ¢} (1 — g—m=22
= -y (1-1)2 I '
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and
I’; — 14 — Z Yl !(l _ q—(l+e+1)(m—2)) _ q—(m—Z)(l _ q—(l+e)(m—2))}
[Z>—e+1
y e+l
=(1— —(m=2) -
(I-gq Ty
Hence, I} + I» + I3 + 14 becomes
y—et! (e—DY—etl yley—etlf(—e + DY €}

1— —(m-=2) 2 y—¢ 1— —(m—=2)
(I—-¢q ){ 17 Y+ +< T—7 11y (I—gq )
—(m-2)y?2

—a- q—(m—Z))Y—el—(‘i_iy)z
From this, combined with (4.11) and (4.12), we have the following as desired:
Y~(l—q~ " Py?
(1 —g=m=2Y)2(1 - 1)?

L= L
=g 2" |(-1)2 (—g @272

Jo(ysvy =g (1 — g~ D)

=9

Consider the case e = ordp Nb(y) = 0. Seta = ordr(4A,); thena > 0. We have I} =

1— q—(d+l)(m—2)’
12 — Z Yl{l _ q—(1+a+l)(m—2) _ 28(1 +£1 2 l)q—(m—Z)(l _ q—(l+a)(m—2))
l]>—€],12>—62
I=l1+1,>0
+8(+a> 2)q—2(m—2)(1 _ q—(l+a—1)(m—2))}
= ) Yl{é(l +a=00(1—qg ") 48(+a> 1)1 - q—<m—2>)2}
l]>—€],12>—62
I=l1+1,>0
-Y Y
= (11— —(m—2)\2 l—lYl=1— —(m—=2)\2 ’
(1-gq Y -y =(1-gq e
I>1
and
L=14 :Z Yl{8(l+a > O)(l_q_(m_z)(l-i-d-i-l))_q—2(m—1)5(l +a> 1)(1_q—(m—2)(l+a))}
I>1
Y
(1 — =M=y Nyl (] _ g—m=2) '
(=g ¥ =(U—g"" )

21
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Thus Iy + I» + I3 + 14 becomes

e Y Y
1— —(a+1)(m-2) 1— —(m—2)\2 2] — —(m—2)
q + (1 —-q ) —y Ta-ve +2(1—¢q 1=y

—(m—2)y\2
~@tnm-2 1 =4 n=2y)

- -2

From this, combined with (4.11) and (4.12), we have the following as desired:

1 —g—m=1 g—(atHm=2) 1
L—g=m=2 | (1-g=m=Dy)2 " (1-7)?

vy =g
O

4.5. The proof of Theorem 1.1. We work with notation in §1.2.3, holding all the
assumptions made there. Due to the normalization of measures, it is easy to have F f° = 1
and Fn¢° = 1, which evidently yields the identity Trans,(f°) = ¢° by definition. From the

definitions, we have &(w) = e’g_lq_(’”_z), z=gqg and 1(z) = e’g_lz. Note that & () # 1

from m > 4. The required relation reduces to the identity
BN —1 —(m—1)\— Y4
§b=1g"Ibis. &) =1 —e™'q™ " )T g R (riw)

forall (s, v) € Xg x Xg such that ¢, = 82_1%?. This in turn follows from Theorems 2.2
and 4.8 if E is a field and from Theorems 3.2 and4.9is E = F & F.

5. Appendix 1 : Harmonic analysis on hyperboloids

In this section, we use the same symbols and notation for objects introduced in §1.2.2
and §4. Beside these, we further need the following ingredients. Set V| = Z;’:zl Eej; then

V is decomposed to orthogonal direct sum of Ee; + Ee,, and Vj. Let G denote the unitary
group U (h|V)). For X € Vi and b € F, let n(X; b) be the element of G defined by

N(X;b)ey=er, NX;blej=-e;—h(e;, X)e; (1 <j<m),
N(X: b)ew = em + X + (=27 'h[X] + VOb)e; .
For h € G1, let us define m[A] € G by
Mmlhley = e, mlhle, =en, MMV =h.

Then N = {n(X; b)| X € V|, b € F} is the unipotent radical of P and M = {m[h]d[z]| h €
Gi,t € E*} is a Levi subgroup of P with the Levi decomposition P = M N. Moreover,
Pl = {m[A]|h € G1}N. Let wg and w; be the elements of G defined by

wole) =em, wolen) =er, wole)) =e;j(l<j<m),

wiler) =e, wile) =e1, wilem—1) =en, wilem)=em—1,
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wilej)=e;2<j<m—1).

Set A(X; b) = won(X; b)wg for (X,b) € Vi x Fand N = woNwg. Then P = MN is
the parabolic subgroup opposite to P. Let s, be the reflexion of the hermitian space V with
respect to the vector £g and 0 : G — G denote the inner automorphism g +— S0 ! gs¢, of G.
It turns out that the F-torus So = {d[z]|t € F*}is a (o, F)-split torus and P is o-split in
the sense that P N o (P) = M = Zg(So) ([14]). The diagonal elements of G with entries
from F form a maximal F-split torus, say 7', containing So. Let X be the root system of
(G,T) and Xy thatof (M, T). Lete; (1 < j < [%]) be the character of T which sends a
diagonal matrix to its j-th diagonal entry. Then the character group of T is a free Z-module

with basis {e;}\2). Set B = {e; £ejll <i < j < [2])UQ2ell < i < [%2]) and
Z(Jg) = {gj|1 < j < [7Z]}. Then »t = Zar) is a positive system of X, a root system of type
Cpifm =2n,and =T = Ea’) U E(‘:) is a positive system of X, a root system of type BC,, if
m = 2n + 1 is odd. Note that any T-root occurring in N belongs to T, Set ¥~ = —X 7,
Eifl = Xy N X% Fora € %, let m(a) denote its multiplicity. Let Wg be the Weyl group of
(G, T) and Wy, thatof (M, T).

To make the presentation clear, we solely describe proofs for the case when E is a field.
In the remark in §5.3, we indicate necessary modifications to treat the case when £ = F @ F'.

5.1. Hecke operators in paraboric level. Set
C={uecllu(er) —tey e wL forsomet coy}.

Then C is an open subgroup of ¢/ admitting the Iwahori factorization C = N, MANy =
NoMNT with N ={R(X; )| X e w LNV, bewor}, No=NNUand M =MNU.
Let dc be the restriction to C of the Haar measure on G. Then dc = vol(C; dg) dvdm du =
vol(C; dg)du dm dv with the probability Haar measures du, dv and dm on ", N and M,
respectively. Fora € E*, we set

va = vol(Cd[alC) ™ 1egpac -

where 1y denotes the characteristic function of ¥ C G. Then the operator m,(y,) on the
principal series (7, ) (see §4.2) preserves its C-invariant vectors IUC , which is a three di-

mensional space with basis goé”), (pl%) and go,(ﬂ”]) whose restrictions to U are the characteris-

tic functions of C = CeC, CwoC and Cw,C, respectively, where e denotes the identity el-
ement of G. We confirm the latter fact by the disjoint decomposition U = |J,,cy CwC
with W = {e, wo, wi}. (For this decomposition to be true, the condition m > 4 is neces-

sary.) Moreover, the operators m,(y,) (a € E — 0g) on If" are mutually commuting ([4,
Lemma 4.1.5]). By the theory of canonical lifting [4, §4], there exists a subspace I,)C’Carl of
IUC such that IUC*C"‘n = (ya)IUC for all « € E* with sufficiently large |a|g, and the canoni-
cal map js : I, — (I,) yields a bijection IVC’C*ln = (I,,)/Af\//l ([4, Proposition 4.1.4]), where
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((mrv) p, (1) i) denotes the (unnormalized) Jacquet module of (7, 1,,) along the parabolic P
([4, §6]). If we define the G-invariant pairing (, )ys : I, x I_, — Cby

(0, 0" \u = fuw(k)w/(k) dk, gel, ¢ el,,

with dk being the Haar measure on U/ such that vol({/) = 1, then
(51) (M(Va)% 90/)1/{ = (907 7[—1)(7/(1—1)90/)1/{ ) (p € IU? 90/ € I—Uf ac EX ’
(5.2) (o, 05y = 8(w = w') vol(CwC; dg),  w, w' € W.

LEMMA 5.1. There exists ly € N such that the operator 7, (y,) (a € E — @ og)

v—(m—1)/2 alg" (m—1)/2

acting on IC is diagonalizable with eigenvalues |a| and |a|E1

PROOF. First, we compute the Jacquet module of 77_,, along P instead of P. The set

= {e, wo, wy} is a complete system of representatives of the double coset space P\G/P =

War\Wg/ Wy The coset Pwg P is Zariski open in G; the Zariski closure of the coset Pw; P

is Pw; P U P. We have the obvious isomorphism M = E* x G1. From [4, §6], the Jacquet

module (/_,)y, viewed as an M-module, has a filtration {0} C Jy, C Jy; C Jo = (I—y)N
with the successive quotients isomorphic to the (unnormalized) parabolic inductions

Ind(x (o ynn-D8 2 Ix "L Px N M, M), (x e W),
where o is the quasi-character m[A] d[¢] — |t|E” of M, § is the modulus character whose
restriction to T is [, & [T, p7"# with @ € T* — £}, xa € = — £, and B ¢
Tt — E;(,[, xf € ¥~ — X,. By explicating these, we have M (= E* x G1)-isomorphisms

—v—1/2

Je/dw 2115 TP R 6, . Ty fdwy = 1R IndG (157,
on ~ | |v+(m 1)/2&1

where Pj is the maximal F-parabolic subgroup of G stabilizing the one dimensional sub-
space Eey and Ind(lgl1 (I'1%) is the normalized parabolic induction from the character h
|h(hez, en—1)| of Pi. Since there is a perfect M-invariant pairing between (/_,)y and
(1,) i ([4, Theorem 4.2.4]), we have an M-filtration Juf (w € W) of (1)) such that
g/ =1~ VPR, Ik /T =11 BIndG( 15,

gL N”u (m— 1)/2®1
wi
By [4, Lemma 4.1.1], there exists /o € N such that
(5.3) Jp T (Ya)v) = (1) p(@laD (p), v e 1§

foralla € E — @w'op. From the above description of Jacquet modules, the M-invariant
parts (1) 5/ J5 )M (Jy / )M and (JL )M are one dimensional with (7)) 5 (d[a]) acting
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v—(m—1)/2

on by the scalar |a| , lal;' and Ialgv_(m_l)/2

, respectively. Hence ((I) A—,)M is a
3-dimensional space. Since IUC is also 3-dimensional as we remarked above, the composite of
two surjections

16D (Cmn I (g M

with a € E — wlop is a linear bijection. Hence, by (5.3), the operator m,(y,) with a €

E—w'og on (1,) has the eigenvalues Ialgv_(m_l)/z, la|;" and IaIVE_(m_I)/2 asdesired. O

Let T(v) : I, — I_, be the standard G-intertwining operator, which is defined by an
analytic continuation of the integral

[T(Wel(g) =/N¢(ﬁwog)dﬁ, geG

absolutely convergent for Re(v) > 0, where dn is the Haar measure on N such that
vol(N|; di) = 1. We note that vol(N NU; di) = g2 3.

LEMMA 5.2. Let ¢ € IS with Re(v) > 0. Then

tim ¢ """, (v, 0@ 1(e) = [T )l (wo) -

[—o0

PROOF. From definition,

[ (v D@](e) = vol(Cd[a~1C) ! f

o(9)dg = vol(C)~! / o(cdlo " Dde.
gECd[ZZf”]C C

We have the Iwahori factorization ¢ = umv withm € M, v € Npandu € N, - The measure
is decomposed to dc = vol(C)du dm dv as before. Since dlz 1 'mud[z '] € C,

[0 (V1)1 () = /Nf pud{e " Ddu = |~ D2 fo ¢(d[w' lud[o " )du

1 1

- |w—l|;;('"—”/2/ o(ii)dii

NIl

with N[I] = (n(@ ' X; @~ 2*1p)| X e LN Vi, b € oF }. Hence

lim ¢5' """ P, (v, -0 @)(e) = fN p()dit = [T (v)g](wp) .

[—o0

d

The C-function is defined by the relation T (v) fo(”) =C(v) fo(_”). We have the explicit
formula
1 — q—(m—l)qEV 1— (_l)mq—lqEv

54 C(v) = vol(N NU; din
(5.4) (v) = vol( R e
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In what follows, we use the phrase “for a generic v’ to mean “for all v in an open dense
subset of Xg”. For a generic v, set

v =vol@'e, ¥ =T,
v = 1 —volOycw) v + My

LEMMA 5.3. Foralll € N*,

(5.5)

n.v(ym_l)w(v) — I(V (m— 1)/2)1300)) n.v(yw_l)w(_‘)): I[(—v—(m— 1)/@,}0(”)
T V-0V = a0
PROOF. Consider the function f(g) = fc <p,(u_”)(cg) dcin g € G. Since f(d[w']) =
f(g) forall g € Cd[w']C,
f(d[wl])=vol(Cd[wl]C)_l/Gf(x)ICd[wz]c(x)dx

=vol(Cd[w’]C>_l/chcafu_”)(cg) ledime(9) dg de
= vol(cdiz'10) ™! /G /C 05 " (@) Legmie(c 9) dg de
= vol(Cd[='1C) ol (C) /G 0" (9) 1 ediotic(9) dg = vol©) [y (v el (e

On the other hand, we compute f di=')) by the Iwahori factorization dc = vol(C)dvdmdu.
Since d[z!17' V[ d[w!] C C, we have

f(d[w_l]) — VOI(C)/ (pl(v—l))(vd[w.l])dv — VO](C)|wl|EU+(m_1)/2V01(N) g050—1))(6)
N
=vol(C)g" " P sw = ¢) .

Thus we obtain [7_,(v,)ey 1(e) = l(” m=D/2 5w = e) for w € {e, wo, wi}. From
this, by (5.1),

(10 V-0, 05 = (0, 1y (V)05 Ves = Vol l—u (1)l 1(e)

(5-6) _ v=(m-1)/2)
=qg

vol(C) 8(w =e) .

By (5.2), we obtain 71, (y,, 1)@ = ql(v (m=1/2) ;") a5 desired. Then

70 VDV = 700 (Yp1) 0 T(=0)Y T = T(=v) 0 7y ()P
2(—1)—(m—1)/2)T(_U)w_(’_—v)

I(—v—(m—1)/2
E( v—(m—1)/ )wiv)'
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By Lemma 5.1, there exists a projector Pr0 ") from I; ¢ (depending meromorphically on v) onto
the IaIE -eigenspace of m,(y,) (@ € E — woog). Set 1//(”) = r(()”)(fo(”)). Since 1//i

Ev=m=D/2 eicenvector of 7, (ys) (@ € E — w'0or) as shown above,
from Lemma 5.1 the space I C is a direct sum of (Ci/f(v) 1//9)) and Im(Pr(()V)). We have the

expression fo = b+(v)1/ff)+b_(v)1ﬂ(_v)~l—1/f(()”) with some b+ (v) € C. Thus for Re(v) > 0,

(for generic v) is |a|z

70 Vor-0) 1) = b1 Y () + a5 b- )y (e)
Lo=n=/D~L, 0) ()

qE[(v—(m—l)/2)

+q5
which yields
[T () £ (wo) = b ()Y (e)
in the limit / — oo by Lemma 5.2. The left-hand side equals C(v) and the right-hand
side b1 (1)vol(€)~". Thus b1 (v) = vol(C) C(v) for Re(v) > 0. The relation T(v) f}" =
C(v)f( ") yields

brWTOY +b- TP + Ty = Co){by (=)l
+h_ (YT + gV

Since T (v) preserves the eigenspace decomposition of m,(y,), we obtain b+(v)T(v)1p(”)
Cb_ (=), since Tw)y'” = v, we have b_(—v) = C(v)"'b1(v) = vol(C).
Therefore, 1§ = /3" = by — v = £ = vol@{Cmvs” +y}. o

5.2. Poisson integrals on unitary hyperbolic spaces.

—(m-3)/2

LEMMA 5.4. Forv e Xg suchthatq;” # qp , we have dimc Hompy (1, C) <

PROOF. We regard G as an H x P-space by letting H and P act on G by the right
translation and by the left translation, respectively. Let x,, be the character of H x P defined

by xu(h, migilditln) = [t]3"T" "% (h € H, gy € G, t € EX, n € N). The space
Hompg (1,, C) is isomorphic to Hompg x p(C°(G), x.), the space of distributions on G with
an H x P-equivariance. Set O = {g € GIh(g_lZO,e1) # 0}and Oy = G — O;1. Then
we see that O1 = H P is an open H x P-orbitin G and O; is a closed orbit. From the exact
sequence of smooth H x P-modules

0— C°(01) — CZ(G) — C°(02) — 0,
we have an exact sequence of vector spaces
(5.7 0 — Hompx p(C°(02), xv) = Hompxp(C°(G), xv)
— Hompy« p(C°(01), xv) -
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Let O C G be the H x P-orbit of a point xo € O. Then the space Hompg x p (C°(0), xv)

is zero unless the character &, = (xy|P N onxo_l) ) - (6p|P N on)cO_l)_1

PNxoHx; !
of the stabilizer P N xoH xg Uis trivial, in which case the space is one dimensional ([3,
Proposition 3.2 (p. 30)]). Here § PrxoHx]! is the modulus character of the stabilizer. For
xo = e, then O = O and g, is trivial on P N H = {m[gi1]llg1 € G1}. We may
suppose €9 = ae; + e, with a + a = 1. Then, the element w; belongs to O, and
PN lewl_l = {d[zIm[AIn(X; b)|t € E*, hwily = wi{oy, h(X, wiLy) = 0, b € F*}.
We have &,, (h, d[t]m[h]n) = |t|E”+(m_3)/2. For v such that qz—(m—3)/2 # 1, the character
&y, is non trivial, and thus Hompg « p (C3°(02), xv) = {0} for such v. Hence, from (5.7), we
have

dimg Homyzx p (C(G), xv) < dime Hompy o p(C(01), x) = 1 if g " 1.
O

Let Y, (v € XEg) be a function on G define by

Y, (9) 0, (9ge G—HP),
g) = —(m—
! Ih(g~" o, ey "V (e HP).

Since HP = {g € G| h(g‘léo, e1) # 01}, the function Y, is continuous on G if Re(v) > ’”T_l

Therefore, we can define a C-linear form Z'(v) : I, — C (Re(v) > ’”T_l) by the Poisson
integral

(E(V),f>=LYu(k)f(k)dk, fel,.

where dk is the Haar measure on U/ such that vol({) = 1. For any f € I, let f™ € I,
denote its flat extension. We define an action n]?(g) of g € G on [ by setting [7'[9 @ flk) =

fW(kg) for f € Iy.

LEMMA 5.5. There exists £, € 16" Rc (C(qE”) such that, for all f € Iy, we have
(B, nl())(h)f) =(E,, f) forallh € H and for a generic v, and (E ,, f) = (E(), fV)) for
Re(v) > (m — 1)/2.

PROOF. This follows from Lemma 5.4 by Bernstein’s theorem [7, §12.2 (p. 127)]. O

From this lemma, there exists a polynomial R(z) € C[z] such that v R(qE”)E (v)
(Re(v) > (m — 1)/2) extends to an entire family of H-invariant functional on /, defined
forallv € C.

Recall the U/-spherical vector fo(”) e IY. Set

a) =(5W), f3"”), Re) =151
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LEMMA 5.6. We have
1— q—2 1 — (_l)mq—Zu—l

m—1
1 - (—1)mq_’” 1 — q—2u+m_3 , Re(l)) > m-1

a(v) =

PROOF.  Since the group I/ acts transitively on Lpim, we have L{/(P1 NU) = X(V,0N
Lprim by mapping a class k(P! NU) to the vector kej. Thus

a(v):/ |h(eo,ke1)|g‘<’”‘“/2dk=f Ih(eo, 2)I; """ a0z,
U/(Pnt) 2:(Vao)m[fprim

where doZ is the U/-invariant measure on X (V, 0) such that vol(X(V, 0) N Lpsim) = 1, which

should be proportional to the restriction of the measure |wy o|r to X(V,0) N Lyim; let C

denote the proportionality constant. Let aj(v) be the integral of [h(€, Z)|2-_(m_1)/ 2 over

X (V, 0) N L with respect to the measure |wy o| . Since Lpim = £ — @ £, Lemma 4.1 yields
the relation

58  a®) =CaU - |olp oy ") = a1t — g7,

Recall Vi = (Eej + Eep)t. Set £1 = LN Vy. If we write a general point Z € L in the form
Z=z1e1+ X+ 22em (21,22 € 0g, X € L1), thenh(£y, Z) = azp + Z1. Thus,

(5.9  a) = f lazo + 211y "V v (g p(2122)) dizr) di(za)
21,22€0E

=Y w@HAD,
leN
where

e s Y
A= [ e a2l i),

U'E/F(Z]ZZ)EZU]U;

v1(t) = vol(Z(V1, 1) N Ly; |y, ¢|F) -

From Lemma 4.2,

1— (=1 m—1_—(m—1) o
(5.10) oy (wly = 12D 4 (1 — (1D~ n=2+1))

1— (_l)m—lq—(m—Z)
To compute the integral A([), we further set
i - j- v—(m—1)/2
a0 = [ ey lao i+ @il i)
trE/p(ulﬁz)ewl_i_jo;

The evaluation of these integrals is given in Lemma 5.7 below. Plugging (5.10) and (5.11) to
(5.9) and noting (5.8), by a direct computation, we obtain

a@)=C(1—q 2" 2T) ) (@) AD
=0
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1= (=g~ "7
1-T

’

=C(1—-qgHU— (=1 lg=m=D)y

with T = ¢~2V*"=3 if Rev > "17_3 The constant C can be determined by setting v =
(m — 1)/2 and using the relation a((m — 1)/2) = 1. d
LEMMA 5.7. Wehave A;j(I) =0 unlessi + j > 1. SetT = q~2vtm=3 Then

Aij() = (@*T)™MED (1 —g72)

gt (1 = gD AZi+ji#J),
x $ g%t —qg~hH2, (>2i,i=j),
(I—g'=q2+qg7'DHA-D)",  (=2.i=)).
We have
G1) AN =YY g A0
ieN jeN
_ g A=g) [U=gHA-TEDR (=1 (mod2),
- 1-T 1—g2—qg T2 -T), (=0 (mod?2)).
PROOF. A direct computation. O

5.3. Spherical functions. We define the normalized Poisson integral by Z°(v) =
a(v)"'Z(v) and set

2,(9) = (E°m), m (@) f), g€G.
LEMMA 5.8. Fora generic v,
E%=v)oTOw)=CW) E°V).

PROOF. For a generic v € X, the functional EO(—U) o T (v) belongs to the space

Homgy (I,,, C), which is one dimensional with the basis & O(v) by Lemma 5.4. Thus there
exists b(v) € C such that £%(—v) o T(—=v) = b(v)EO(v). Apply this to the vector fo(v) eI,

and use the relation 7 (v) fy” = C(v) fy . Then b(v) = C(v) is obtained. O
LEMMA 5.9. We have
2,dlo ™) = (2°0), mu(yy 0 fV), 1eN.
PROOF. It suffices to show the inclusion Cd[w ~/1C ¢ Hod[ew ~']U. Letc, ¢; € C. If

we set cl_lﬁo = 27:1 ajej witha; € o, then, for any § € £, we have
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h(w! (c1d[@ 1e) " 4o, &)

= w'h(d[w’ ]CI_IZ(), c®) = Z w'a;h(d[m ej, c(®))

j=1
m—1
=o’arh(er, c®) + ) @'ajh(ej, c(€) + anh(en, c§) € L.
j=2

Hence @!(c;d[w~!1c) 14y € L. Since there exist 7 € DE and e € L such that ci(e;) =
te1 +we,

am = h(cl_lﬁo, e1) = h(£p, c1(e1)) = h(ly, te; + we) = th(£p, e1) + mh({y, e) .
By h(£y, e1) = 1 and h(¢o, e) € og, we have a,, € o3. This shows (c;d[@ ')~ !¢y €
w! Loprim, or equivalently ¢ 19[@ e € Hod[w ~ U as desired.

LEMMA 5.10. For a generic v, we have

(&0, 9 ) =am ™", (8%, v) = C=na=nT" (%), ") =

PROOF. Letc € C. By definition, we have ¢y = tly + we with some 1 € 02 and

e € L. Hence Y, (c) = [h(c 4o, en)|s "% = |t + wh(e, en)|t " "/* = 1. Thus

(&), vy = a@w)™ / Yy (k)dk = aw)~'vol(©)~! fc Yy(o)de = a®)™!
This proves the first formula. To have the second one, we start with Lemma 5.8. Since
A T(v)w(”), we have

(8%, vT") = con(E°w), ") = Cv)a( "
To prove the assertion for w(g”) we use the theory developed in [ 14], which asserts the existence
of a linear map
rp : Homg (1, C) — Hompgnuy ((1,) 5, C)
such that
(5.12) (8, f) = (rp(&), f)

forany f € ((I,))N)M and its canonical lifting f € IUC. Fora € E*,lett} € Hom((/,) 5, C)
be the dual of the operator (,)5(d[a]) on (/,)y. Since H N M = {m[h]|h € G}, the
operators 7, preserve the space of H N M-invariant linear functionals Homgnu (1)) 5, ©).
Recall the M -filtration Jj; (w € {e, wi, wo}) of (1,) y constructed in the proof of Lemma 5.1.
From what we had shown there, fora € E*, Hompgnym (Iv)N/ e ©) = C with 7} acting by
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the scalar |a[}; """/ HOHleM(Jwl ,C) = C with 7 acting by the scalar [a|;"~""~"/?
and Hompny (15, /5 . C) = Homg, (IndG' ( |v+1/2) C) with 7 acting by the scalar |a|};".

For a generic value of v, we have Homg, (IndGI { |v+1/2) C) = {0}. Hence, for such v,
HomHmM((I,)) N> ) is an at most two dimensional space on which the operators 7 (a €
E*) has a multiplicity free spectrum contained in the set {|a|v (m=1)/2 ,la IEV_(m_l)/z}. Let
rp(E(v)) = &4 4+ E_ with &4 such that t(£4) = |alz"~ " P72
Lemma 5.3, w(”) is an eigenvector of m,(y,) for all @ € E — o with non-zero eigenvalues.
Hence, by [4, Lemma 4.3.2], ¥;{" € IC is the canonical lifting of j(y") € ((1,) )" in
the sense of [4, §4.1.6]. Applying (5.12), we have

(2000 v5”) = (@00, jp) = (e 5o ) + (- ™).
The two summands in the right-hand side both vanish for a generic v, due to the relation
(|a |iv =iz —lalg )(fi JP(W(V))> 0(a € E — w'og) obtained from the computation

&y foralla € E*. From

jals ™" ews jpug) = (€ ™)
= {6+, 7p(dla)) jp(vg")
= (gx, jp(m V) = lalg (€. j5Wg™).
We note that the third equality is due to (5.3) and the last one is from Lemma 5.3. O

LEMMA 5.11. Fora generic v,

ooy = 02 0 gD | o Cyyaq) gD .
' Cma(—v) £ C(—v)am) : :

PROOF. From Lemmas 5.9, 5.3, (5.5) and Lemma 5.10, we have
Qu(d[w_’])=vol(c){ C)gy ™" E0W), Y + g TP EW), v )
("‘0(\)) W(U)>
=vol(@a(w) la(=vy ! {CWa(=)gp" =" PPy c(—v)a)glt ",

Since £2,(e¢) = 1, we have the desired formula from this. a

From (5.4) and Lemma 5.6, we have that C (v)a(—v) 4+ C(—v)a(v) is equal to

-4 (1= (=D"g~2"Ha - (="g* ™

1 — (=1)ymg—m QE.m (1 = g—2v+m=3)(] — g2v+m=3)

vol(N NU; din)

By using this, we have the first formula of Theorem 4.5 from Lemma 5.11.

REMARK: Let E = F @ F. In this case, the explicit formula of §2, may be de-
ducible from [19, Theorem 1.2.1]; although it is a far reaching result, its proof requires a
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bunch of sophisticated techniques. Our direct argument described above works with some
modifications in this case also. All objects we introduced above make sense. We can iden-
tify G = GL,,(F) so that U corresponds to GL,,(0f) and P to a standard parabolic sub-
group with Levi subgroup GL; x GL,,—» x GL;. Let wp, wi and w, denote the transpo-
sitions (1m), (12), (m — 1 m) belonging to S,,, the symmetric group of degree m; then 7
elements e, wp, w1, wy, wiwp, wawo, wiwy form a complete system of representatives from
the double cosets in Sy, —2\S;; /Sm—2 = C\U/C. Instead of Lemma 5.1, we have that the op-
erator 7y (Y1 1)) (I1,l2 € N) acting on the 7-dimensional space IVC has eigenvalues

m— m— _m_l m— v—
g O=250 () (—v=50) =l 0=T37) L =t —h =) | gl (—v=r5h) =l

q‘llHZ(_”_mT_l). Lemma 5.2 and the formula (5.4) hold true as they are with @ replaced

with wg. With 1//5:) defined as in (5.5), we have the first two formulas in Lemma 5.3 as they
are with @ replaced with @wg; instead of the third one, we claim that there exists a projector
Pr") from IVC onto the annihilator of (Cwi_”) + (Cw(__”) with respect to the pairing (, )z4, de-
pending meromorphically on v. Lemma 5.4 holds true with larger exceptions of v, because the
complement of the unique open double coset H P has 3 low dimensional ones. The statement
of Lemma 5.6 should be modified as

(1 _q—l)Z 1 _q—Zl)—l

1 — g—m (1-— q—v+(m—3)/2)2 :

a(v) =

The proof of Lemma 5.6 should be changed as follows. Let a;(v) be as in the proof; then in

place of (5.8), we have a(v) = C(1 — q_”_(’”_l)/z)zal(v). Writing a general point Z € L

as Z = zie1 + X + zem (21,22 € 0g, X € L1), we have the formula (5.9) as it is. Set

a=(d',a")and z; = (Z;-, z;-/) with a’, a”, z}, z;f € op. Making the variable change u’' =
Y/ " 10

Zy —a"Zy, u’ =z —a'Z) to getrid of 2}, 2|, we see

Al = f o /DD du a2y dzy

o 4
(u',u",z5,25) €0,

u”za4u' 2y +rg r (@) z’zz’z’ewlo;
By the variable change 7, = —trg/r(a)u’ + V', 25 = —trg;r(a) u” — v”, noting trgr (a) €
X
0y, we get
v—(m—1)/2 v—(m—1)/2
AD = ot 1015 "D P du” dv' v

u’u”—i—v’u”ewlU;

= f 115" 20 (D va (1)de
teorp

with v2(t) = vol{ (', v") € 0%]v'v" € —t + wlo}} and vy (1) = vol({(w', u") € 0% |u'u" =

t}: dsu), where d;u is the fiber measure on y ! () of the mapping y : (', u”) — t = u'u".
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Since

u u'eop

/ v (OY(tT)dt = / ¥ 'u" )de'du” = inf (1, [2]7'),
F

we easily have v (1) = (1 — ¢~ ")(1 4 ordr(¢)) (t € oF) by the Fourier inversion formula.
By using this,

00 = [ ey 0= =g 0 +0 [ dy.
1%

veE—rt+w o, k=0 ue—t+w10;§

By evaluating the y-integral, we obtain

1+ordpr(t), (I > ordp(1)),
O =0-¢g g Y+ D +q 0 —gH2, (=ordr()),
141, (I <ordp(1)).

Set T = g~ ("=0n=D/2+D By plugging the values v; (f) and v, (¢) computed above,

oo

Ay =Y g KR — g i@ @)
k=0

=1 —-g "™ {Z(k + DT A+ R+ = A+ k)T

k=0 k=l

+ A+ —q‘1>‘2q‘1T’]

1 =4 [ 14T YA R) I I (R DY Al
- (1 q ) q !(1_7‘)3 (l+2) (l—T)2 (l—T)3 + (1_q—l)2 .

A computation reveals

00 —(m—-1
a(v) = Z 1_q7(m)(1 _ _(ZH)(’”_Z))A(I)
W= 2T == 4
=0

1— q—(m—2)T2
(I =121 —q- 2T

=(1—-g H*(1—g ™D

The remaining part of the proof is similar. Lemmas 5.8, 5.9 and 5.10 hold true as they are.
Then we complete the evaluation of £2,,(d[a £ l]) asin Lemma 5.11.

5.4. The proof of the Fourier inversion formulas. The aim of this subsection is to
provide a proof of Theorems 2.1, 3.1 and 4.6. Our argument relies on the explicit formulas
of spherical functions recalled in §2.2, §3.1 for GL(2) case and given in Theorem 4.5 for the
unitary case. A strong resemblance of the formulas for these cases is evident. We describe the
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argument only for the unitary group over a quadratic field E for clarity of argument leaving
the remaining cases for the readers, because the necessary modifications are immediate.

THEOREM 5.12. Forany f € C.(H\G/U), we have the inversion formula
[FaFufl@) = f(9), g€G.

PrROOF. Let!/ € Nand f; the characteristic function of H d[zzr_l]L{. Since f;’s form a
C-basis of C.(H\G/U), it suffices to show the formula for those functions. As in the proof
of Theorem 4.8, we have

[FiiFu il ™) = /X T fil) 2u(@lm K] dAn(v)

E

1
/=1 Jx9
1

{ fz(g)%(g)dg} 2,dl *Ddum (v)
H\G

(5.13)

- / , V@™ @l D2y @l ™) dum ().
T — XE

where we set v(w ) = vol(H\Hd[zzr"]L{). By plugging the formulas (4.6) and the first
formula in Theorem 4.5, we have the following expression for (5.13):

—Iyp—1  —k+D(m—1)/2 —(m—1)/2
V@ )0 9k vk | pyme 1—qy ™V v+ Ly g
eSS xo |72 g, oo gq e

By the change of variables z = g;" = ¢ ~2”, this becomes

—INn—1  —k+D)(m—1)/2 —m-1/2__1
V(@ ) Op . dE Zl—k+(_1)m—11_qE 2 | 2
2i/—1 _ =172 z

T lz|=1 1—g z

—dg
— v(w_—l)QE’lm qg(k+[)(m_l)/2{8(k =1 — (_l)m—lqg(m—l)/za(k =] = 0)}

= v(w-—[)QE’lm qu(m_l)(S(k — l){l + (_l)qu(M—l)/Z}(s(l:O) )

The last expression is equal to §(/ = k) by the relation v = qgm_n(l +

(_l)mqg(m—l)/2)3(1>o) from [8, Lemma 1.12]. Thus

[FiFu fildlo ™)) = 8k = 1) = fi(d[> )
as desired. O

For 1 < j < [75], let &; be a cocharacter of 7' defined as gj(t) = d(, ..., t,) with
=1t ty—jy1 = r~landsy =10 # j,m — j + 1). If we identify the dual torus f‘((C) =
Hom(X.(T), C*) with (C*)!%] by the map 7(C) > A > (A(éj))ﬁ]l € (C)3], then
the maximal spectrum of the Hecke algebra J{(G, Uf) for the pair (G, i) is parametrized by
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the orbit space ((CX)[%]/ W through the Satake isomorphism. By definition, the spherical
function 2, satisfies the Hecke eigenequation

(5.14) Quxdp =82, % =2,00v), ¢ecHG,U),

where qvb(g) =¢(¢g~ "), and q@(v) denote the image of ¢ under the C-algebra homomorphism

m—2j—1

H(G,U) — C with the Satake parameter (¢5", {g; };’:12) We. Let Py : H(G, U) —
C.(H\G/U) be the linear map defined by

[PH($)1(9) = /Hd)(hg) dh, ¢ €I(G,U),
where d/ is the Haar measure on H such that vol(H NU) = 1.

LEMMA 5.13. (1) For ¢ € H(G,U), [Fu(Pu(@)]1(v) = d(v).

(2) For f € Cc.(H\G/U), we have
(5.15) [Fu(f *®)IW) = [Fafl0) d(v), ¢ € H(G. U).
PROOF. This follows from (5.14) by a straightforward computation. O

The sign change v — —v on X% defines an action of the group S = {£1} on the space

X%. The space of S-invariant Laurent polynomials C[z, z~!]% is embedded to the space of

continuous functions C(X% /S)byz = q5".
LEMMA 5.14. Forany f € C.(H\G/U), we have Fy f € Clz,z~'15.

PROOF. It suffices to show that Fy, f; € C|z, z_l]s for any [ € N, where f; denotes the
characteristic function of the double coset Hd[w ~']i/ on G. We have

Fufi(v) = 2,d[w ') vol(Hd[z '),
which is seen to belong to C[z, z~ '] from the formula in Theorem 4.5. d
LEMMA 5.15. The linear map Py : H(G,U) — C.(H\G/U) is surjective.

PROOF. Let f € C.(H\G/U). Then Ff(v) € Clz,z~']S from Lemma 5.14. By

using the Satake isomorphism, we can find a function ¢ € (G, ) such that Fy, f (v) = <;3(v).
For such ¢, from Lemma 5.13 (1) and Theorem 5.12,

f=FFf=F@ =FFaPu@) =Pulp)
as desired. O

LEMMA 5.16. Let A be the image of Cc.(H\G /U) by the transform Fy. The subspace
A is everywhere dense in C (X?E /S) with respect to the topology of uniform convergence.
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PROOF. Obviously A is a C-subspace of C(X% /S). Moreover, Lemmas 5.13 and 5.15
combined show that A is closed under the pointwise product of functions. Since Jy maps
the characteristic function of H\HU to 1, A contains the unit element of C (X%/ S). Since
2,(9) = 2-,(9) = 2,(g) for v € X%, the space A is stable under the complex conjuga-
tion. We shall show that A separates the points of X% /S, i.e., for any two different points
v and v in X0/, there exists some f € C.(H\G/U) such that [Fn f1(v) # [Faf1(V).
Suppose [Fnf1(v) = [Fuf1(V) for all f contrarily. Then §2,(9) = £2,/(¢g) on G. From
the Hecke eigenequation (5.14) , we have <f§(v) = é(v’) for all ¢ € H(G, U), which implies

m—2j—1 m=2j—1

(qg" gy ° }7:_12)WG = (qEV/, lap ° };’ZE)WG. Since v, v’ are purely imaginary,
this forces us to have v = +v’, a contradiction. Now we apply the Stone-Weierstrass theorem
[17, Theorem 7.31] to conclude that A4 is everywhere dense in C (X% /S). |

We endow the spaces C.(H\G/U) and C (X?E /S) with hermitian inner-products defined
by

(flfme = / f@fi(gdg, (ala)xo = / a()ay(v) dAp(v),
H\G E X9
respectively. We consider the first inner-product for functions outside compactly supported
ones as long as it makes sense.
LEMMA 5.17. Leta € Clz,z7'15. Then Fja € Cc(H\G/U).

PROOF. We use the notation introduced in the proof of Theorem 5.12. In the same way
as there, we have the contour integral expression

[Fial(dlm ') = a( W, ([dlw 1) dim (v) .

il

Forl € N, set oy (v) = 24+ 77 withz = qE”. Then «;’s form a linear basis of C[z, z
We have

—l]S.

[Fron)(@dl ")) = wl_—l " a1 (V)@ (@ " 1) dpm (v)
_ 1 q_l,(m_l)z"—l—l(z2’+1)(1 =D"2) ,
2w/ —1 2l=q35° 1 —g=—(m=Dg

If I/ > [ + 1, then the integrand is evidently holomorphic in z on the disc |z| < qg‘s. Thus the
integral vanishes by Cauchy’s theorem. Hence the support of the function e is contained

in the union of finite number of cosets H d[w_[/]Z/{ o<r<i. |

LEMMA 5.18. The mapping f +— Fnf from C.(H\G/U) to C(X%/S) preserves the
inner-products. The mapping o — Fya from C|z, 77115 to C.(H\G JU) preserves the inner-
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products. Moreover,

(5.16) (Fufla)go = (fIFRe)mG

forany f € Cc(H\G/U) and o € C(X%/S).

PROOF. The formula (5.16) is proved by a direct application of Fubini’s theorem. Then
by applying the formula (5.16) and using Theorem 5.12, we have

FnfilFnflxo = (FIFeFHme = (fil Hme forall fi, f e Cc.(H\G/U).

This shows the first assertion. It remains to prove the second assertion. To argue, let f, f; €
C.(H\G/U) and set @ = Fp f, o1 = Fp f1. Then by Theorem 5.12 and by the first assertion
we just established,

(FpalFpa) i = (FpFnfIFpFaa) me = (f1/0)m6 = (@lan)g -

This shows (Fya|Fra)me = (alal)X% for any «, o1 belonging to the space A defined
in Lemma 5.16. By Lemma 5.16 (i), the same formula remains valid for all elements of
LZ(X%/S; dAy), in particular for those from C[z, z71]5. O

The following lemma shows the space A in Lemma 5.16 coincides with C[z, z~']5.
THEOREM 5.19. For any a € Clz, z7'15, the integral Fua belongs to C.(H\G/U),
and
(5.17) [FaFral(v) =a(), veXy.

PROOF. Let a, B € Clz,z~!]5. Then by (5.16) and by the second assertion of
Lemma 5.18, we have (Fh]:ﬂ‘aw)x% = (FpalFiB)u\c = (a|ﬁ)X%. Lemma 5.16 tells that

Clz, Z_I]S is dense in LZ(X%/S; dAp). Thus we should have the identity .Fhfl’fa = o in

the L?-space. Since both sides of the equality are continuous (for the left-hand side, use
Lemmas 5.16 and 5.17), we have the point-wise equality (5.17). O

6. Appendix 2: A Cartan type decomposition for unitary groups (the split case)

We continue to hold all the notation and assumptions in §1.2.2. The aim of this subsec-
tion is to give a proof of the decomposition (4.2) for the case E = F @ F. A vector £ € L is
called to be primitive in L if £ ¢ mL for any maximal ideal m C og; the set of all such vectors
is denoted by Lprim. If we set | = (o, 1) and @y = (1, @), then Lyrim = L— (w1 LU L).

LEMMA 6.1. For any primitive vector £ € L, there exists k € U such that
h(k(0), er) = 1.
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PROOF. By the og-basis of £ fixed in §4, we identify £ = o’g = o’I’ﬁ a5 o’I’ﬁ and realize
G as a matrix group

G ={(g.T7"g7'T)| g € GL,(F)},

where T = (h(e;, €j))1<i,j<m- ThenUd = {(g9, T g7'T)| g € GLyy(0F) }. Set € = (x, )
with x, y € o’;. Since x is a primitive vector of oz, by transforming by a suitable element in

0
GL,, (0F), we may suppose x = [Oml_zi|. Sety = [%] with y1, y3 € o and y; € 0?‘2. If
y3 € o?, then the element k = (d(y3, 1,..., 1), T‘ld(ygl, I,..., 1)T) belongs to U and

0 )’i . , / m—2
k(@) =(|0m—2 .|y with some y; € oF and y; € 0}z
1 1

Hence h(k(£),e1) = 1. If y3 & UIX,, then (y2, y3) is a primitive vector of 0’}'—1. Therefore,
there exists Aj2 € My ,—1(oF) and a13 € o such that A12Tpy2 + aizy; = 1 — y3, where

1 A
To = (h(ei, ¢}))a<i j<m—1. Setu = [0 T ”63} andk = (‘u=", T='uT). Then k € U and
0 0 1
0 1
k() = <[oml_z} , [ylzD. Thus h(k(€), e;) = 1. 0

LEMMA 6.2. Suppose £y = aey + e, withh[€g] = a + a = 1. Let £1 be a primitive
vector of L such that h[€{] = w'h[ly] with | € N. Then, there exists k € U such that
kl) = aw'le; + ey

PROOF. By Lemma 6.1, we may assume h({;,e;) = 1. Then there exist a; €
o (1 < j < m—1)suchthat &4 = Y ajej + ew. Set & = Y aje;
and b = 2_1trE/F (wi%”}l). The element k = n(—&;b) € G belongs to U, and
k() = (a1 + 27 h[g] +b«/§) e1 + en. From h[¢|] = w'h[{y] = @'(a + a), we have
ai +27'h[E] + bV = wla. O

For any (/1,2) € 72, set
G =19€Glg e "a; " Lotim) .

If g € Gy, then wll‘zzrzlzg_lﬁo € L; since h[£] C op, we have wlit2 =
h[wll‘wzlzg_lﬁo] € op and thus /1 + o > 0. Hence G is a disjoint union of G, ;, with
(h,l) € Z2, I; + 1, > 0. Let us show Gy, ;, = Hodlw; '@, 21U for any (1, 1) € 72,
I{ + 1> > 0. We have d[wl_l'wz_lz] € Gy, 1, because

wflwézd[wl_l'wz_lz]ﬁo =whthge, +e, € Loptim -
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Since HoGi,,1,U C Gy, 1,, we obtain the inclusion Hod[wl_ll w, lz]Z/{ C Gi,.1,- To have the

converse inclusion, we let g be any element from Gj, ;,. Then £; = zzrll ! wéz g_lﬁo belongs

to Lpim and h[{;] = wlitn[eg]. By Lemma 6.2, there exists k € U such that k¢; =
o *hae + e, = zzrll‘ wézd[wl_l‘ wz_lz]ﬁo. Thus g~ 14y = d[zzrl_ll wz_lz]ﬁo, or equivalently

d[wl_ll wz_lz]_lg € Hy. This shows g € Hod[wl_ll wz_lz]ﬁo]l/{. We proved the disjoint
decomposition

G= |J Hdo w1
11,1 eZ,l1+1, >0

To deduce (4.2) from this, it remains to note the equality |, ,,—; Hodl= llwz_ P =
Hd[wl_l]l/{ for any [ € N, which follows from the relation d[ (= wz_l)lz] € H.
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