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Abstract. In this paper we give a geometric characterization of non-Hopf hypersurfaces in the complex space

form M2 (c) under a condition on the shape operator. We also classify pseudo-parallel real hypersurfaces of M 2(¢).

1. Introduction

It is an interesting problem to study real hypersurfaces immersed in the complex space
form M"(c) under a condition on curvature tensor, or the Ricci tensor, or sectional curvature.
In this paper we consider the case of the 2-dimensional complex space form M 2 (c). In [3],
Ivey and Ryan constructed some examples of non-Hopf real hypersurfaces in the non-flat
complex space form M?(c). Let M be a real hypersurface in the complex hyperbolic space
CH? or the complex projective space CP>. We denote by (¢, £, 1, g) an almost contact
metric structure. At each p € M, we define a subspace H,, C T, M as the smallest subspace
that contains the structure vector field £ and that is invariant under the shape operator A. We
assume that % = L, is a smooth two-dimensional distribution on M. Then we obtain an
adapted orthonormal frame {£, X, ¢ X'} with respect to which the shape operator has the form

h 0O

A= 0]. ey
v

S = R

A
0
where H is spanned by & and X at each point.

THEOREM A ([3]). Letal(t), h(t), A(¢t), v(t) be analytic functions on an open interval
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I C R satisfying the underdetermined ODE system
o =h(e+x1—3v),
h/=h2+)\.2_2)\.v+av+c, (2)

QA4 v)h? + (= (ar =22 +0)
= - ,

)\‘/

with h(t) nowhere zero. Let y(t) be a unit-speed analytic framed curve in M>(c), defined
fort € I, with transverse curvature v(t), zero holomorphic curvature and zero torsion. Then
there exists a non-Hopf hypersurface M such that

(1) the distribution H is rank 2 and integrable;

(i) M has a globally defined frame {&, X, ¢ X} with respect to which the shape oper-
ator has the form (1), such that a, h, A and v are constant along the leaves of H,
and

(iii) M contains y as a principal curve to which the vector field Y = ¢X is tangent,
and along which the restricted components of A coincide with the given solution
of the ODE system.

In section 3, we consider a condition on the shape operator that contains the totally n-
umbilical condition. We show that some non-Hopf hypersurfaces related to Theorem A also
satisfy this condition. We shall prove

THEOREM 1.  Let M be a real hypersurface in M*(c), ¢ # 0. Suppose there exists a
smooth function a : M — R such that g(AX,Y) = ag(X, Y) for any vector fields X and Y
orthogonal to the structure vector field §. Then M is locally congruent to one of the following;

(a) a totally n-umbilical real hypersurface,
(b) a ruled real hypersurface,
(c) a real hypersurface with the shape operator

A=

S = R
S X
QR OO

with respect to an orthonormal frame {&, e1, ¢pe1}, and for a principal curve y (t)
(t €1,y = ¢ey), satisfying

o = ha — 2ha,
W =c—a*+aa+h?, 3
a’ =3ha.

The corresponding result for a real hypersurface of M"(c), n > 3, ¢ # 0, is given by
Ortega [11].
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THEOREM B ([11]). Let M be a real hypersurface of M"(c), n > 3, ¢ # 0. Suppose
there exists a smooth function a : M — R such that g(AX,Y) = ag(X,Y) for any vector
fields X and Y orthogonal to &. Then M is locally congruent to one of the following:

(a) a totally n-umbilical real hypersurface,
(b) a ruled real hypersurface.

If the curvature tensor R and the Ricci operator S satisfy R(X, Y) - S = 0 for any vector
fields X and Y, then M is called a pseudo-Ryan hypersurface. In [3], as a result of Theorem
A, Ivey and Ryan gave an example of a pseudo-Ryan hypersurface in M2 (c).

THEOREM C ([3]). Let a(t), h(t), L(t), v(¢) be analytic solutions defined on I of the
system (2), such that h is nowhere zero and the equation

h2V% + (de+ )@ —v) —h?) =0

holds. Then the hypersurface M constructed by Theorem A is a non-Hopf pseudo-Ryan hy-
persurface.

In Section 4, we consider a condition that the Ricci operator S is pseudo-parallel, that is,
R(X,Y)-S=F(XAY)-S,

where F is a function, which contains the pseudo-Ryan condition. We define the wedge
product X A Y by

(XAY)Z = qg(¥, 2)X — g(X, Z)Y

for vectors X and Y. It is shown that a ruled real hypersurface in non-flat complex space form
M?(c), ¢ # 0 cannot have a pseudo-parallel Ricci operator ([2], [6]). In [6], Inoguchi gave
a conjecture that real hypersurfaces in a non-flat complex space form M?(c) with pseudo-
parallel Ricci operator are Hopf. We prove the following theorem which gives the negative
result.

THEOREM 2. Let M be a real hypersurface in M*(c), ¢ # 0. If the Ricci operator S
is pseudo-parallel, then M is a Hopf hypersurface or a non-Hopf hypersurface such that the
shape operator has the form

a h O
A=1|h aq 0
0 0 a

with respect to an orthonormal frame {§, ey, e2}, and

0= (ara —aja + hz)(Sc +ajary —ajo + h2) — a%hz,
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F=c+aua-— h?.
If there exists a function F such that
g(R(X,Y)S)Z, W) = Fg((X ANY)S)Z, W),

for all X, Y, Z and W orthogonal to &, then the real hypersurface is said to be pseudo -
parallel, which is a weaker condition than pseudo-parallel. When M is a real hypersurface of
M"(c),n > 3, ¢ # 0, the author showed the following.

THEOREM D ([7]). Let M be a real hypersurface in a complex space form M"(c),
¢ # 0, n > 3. Then the Ricci operator S is pseudo n-parallel if and only if M is pseudo-
Einstein.

We remark that a pseudo-Einstein real hypersurface is a Hopf hypersurface.

2. Preliminaries

Let M"(c) denote the complex space form of complex dimension n (real dimension
2n) with constant holomorphic sectional curvature 4c. We denote by J the almost complex
structure of M"(c). The Hermitian metric of M" (c) will be denoted by G.

Let M be areal (2n — 1)-dimensional hypersurface immersed in M" (c). We denote by
¢ the Riemannian metric induced on M from G. We take the unit normal vector field N of M
in M"(c). For any vector field X tangent to M, we define ¢, n and & by

JX=¢X+n(XON, JN=-£,

where ¢ X is the tangential part of J X, ¢ is a tensor field of type (1,1),  is a 1-form, and & is
the unit vector field on M. Then they satisfy

¢’X = —X+n(X)§, ¢£=0, n(@X)=0
for any vector field X tangent to M. Moreover, we have
g@X.Y)+g(X,9Y) =0, n(X)=yg(X,$§),
9(@X,9Y) = g(X,Y) = n(X)n(¥).
Thus (¢, &, n, g) defines an almost contact metric structure on M.

We denote by V the operator of covariant differentiation in M"(c), and by V the one
in M determined by the induced metric. Then the Gauss and Weingarten formulas are given
respectively by

VxY = VxY + g(AX,Y)N, VxN =—AX

for any vector fields X and Y tangent to M. We call A the shape operator of M. If the
shape operator A of M satisfies A§ = «& for some functions «, then M is called a Hopf
hypersurface.
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For the almost contact metric structure on M, we have
Vx§ =pAX, (Vxp)Y =n(Y)AX — g(AX,Y)E.

If the shape operator A of a real hypersurface M is of the form A = al, where [ is the identity,
then M is said to be totally umbilical. In Tashiro-Tachibana [13], it was proved that any real
hypersurface of M"(c), ¢ # 0, is not totally umbilical. So we need the notion of totally 7-
umbilical real hypersurfaces, that is, the shape operator A is of the form A =al +bn Q@ &.

PROPOSITION E ([12]). The only totally n-umbilical real hypersurfaces in CP", n >
2, are geodesic hyperspheres.

PROPOSITION F ([9], [10]). The only totally n-umbilical real hypersurfaces in CH",
n > 2, are horospheres, geodesic hyperspheres and tubes over complex hyperbolic hyper-
plane.

We denote by R the Riemannian curvature tensor field of M. Then the equation of Gauss
is given by

RX,VZ =c{g(Y, 2)X — g(X, 2)Y + g(9Y, 2)pX
—9(X, Z)¢Y —29(¢X, Y)pZ}
+ g(AY, 2)AX — g(AX, Z)AY ,
and the equation of Codazzi by
(VxA)Y — (VY A)X = c{n(X)¢Y — n(Y)pX —29(pX, Y)E}.
From the equation of Gauss, the Ricci operator S of M satisfies

g(SX,Y) = @n + Decg(X, Y) — 3en(X)n(Y) "
+TrAg(AX,Y) — g(AX, AY),

where TrA is the trace of A. The scalar curvature r is defined by
r="TrS.

EXAMPLE ([5], [8]). Let M be a real hypersurface of a complex space form M"(c),
¢ # 0, and let Ty be the distribution defined by Th(x) = {X € T,(M)|X L &} forx € M. If
Ty is integrable and its integral manifold is a totally geodesic submanifold M"~!(c), then M
is called a ruled real hypersurface. Let y (t) (t € I) be an arbitrary (regular) curve in M"(c).
Then for every t € I there exists a totally geodesic submanifold M n=1(¢) in M"(c) which
is orthogonal to the plane t; spanned by {y'(¢), Jy'(¢)}. Here we denote by Mt"_1 (c) such a
totally geodesic submanifold. Let M = {x € Mt"_l(c)lt € I}. Then the construction of M
asserts that M is a ruled real hypersurface in M"(c). Moreover, the construction of M tells
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that there are many ruled real hypersurfaces. The holomorphic sectional curvature H of a
ruled real hypersurface M is 4c (see [4]).

3. A condition of shape operator

In this section, we prove Theorem 1. As a consequence of this theorem, we have the
following.

COROLLARY 1. Let M be a real hypersurface in M?(c), ¢ # 0. Suppose there exists
a constant a : M — R such that g(AX,Y) = ag(X,Y) for any vector fields X and Y
orthogonal to &. Then M is locally congruent to one of the following:

(a) a totally n-umbilical real hypersurface,
(b) a ruled real hypersurface.

First we prove the following

LEMMA 1. Let M be a real hypersurface in M*(c). Suppose that there exists a smooth
functiona : M — R such that g(AX,Y) = ag(X, Y) for any vector fields X and Y orthogo-
nal to &, then M is a Hopf hypersurface or the shape operator A is represented by a matrix

A=

S > R
S QX =

0

0 (5)
a

with respect to a suitable orthonormal frame {&, u, ¢pu}, locally.

PROOF. By the assumption, we can take an orthonormal frame {&, e, e2 = ¢ey}, such
that A is represented by a matrix

o ki k
A=k a 0],
ky 0 a

locally, for suitable functions k1, k2 and «. We take a unit vector u that satisfies
Aé =ak +hu, g¢,u)=0,

where & is a function. Then {&, u, ¢pu} is another orthonormal frame of 7y (M). We can
represent u as

u=uiey +uzey.
Using this, we have

g(Au, u) = g(A(uie1 + uzer), uie; + uzer)
=ulg(Aer, e1) + 2ururg(Aer, e2) + u3g(Ae, e2)
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=a(u}+u3) =a.
Similarly, we also have g(A¢u, ¢pu) = a. Moreover, we obtain
9(Au, pu) = g(A(urer + uzes), uiper + urper)

=g(A(uie; +uzer), ujez — uzey)

=—ujura +uruja =0.

379

From these equations, there exists an orthonormal frame {&, u, ¢pu} of T, (M) such that the

shape operator A is of the form (5).

Using the equation of Codazzi, we obtain

O

LEMMA 2. Let M be a real hypersurface in M*(c), ¢ # 0. If there exists an orthonor-
mal frame (€, e, e2} on a sufficiently small neighborhood N of x € M such that the shape

operator A can be represented as

a h O
A=|h a 0],
0 0 a
then we have
(era) =0,
(=2¢ + 2a® — 2aa) + hg(Ve,e2, 1) + (e2h) =0,
(epa) = 3ha ,

(§a) = hg(Ve,en, e2),

(exh) =c+aa—a’+h?,

—h(a —3a) + hg(Veez, e1) + (e2a) =0,

(eth) — (a) =0,

(era) —(§h) =0.

PROOF. By the equation of Codazzi, we have
g((Ve,A)er — (Ve A)ez, e2) = 0.
On the other hand, we have

g((Ve, A)er — (Ve A)ea, e2)

= 9(Vey(Ae1) — AVeye1 — Ve (Aed) + AV, e2, €2)

= —(e1a).

Thus we obtain (6). By the similar computation, we have our equations.

(6)
@)
®)
C))
(10)
(1)
12)
13)
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When M is not a Hopf hypersurface, then we can take x € M and a sufficiently small
neighborhood of x, on which /2 # 0. In the following, we consider the case that a # 0 on the
neighborhood.

LEMMA 3. Ifh #0anda # 0, then,

—c+a®> —aa+h?
Vele]: 7 €2,

c—a’+aa —h?
h

Vezel = aé, VezeZ =0,

Veei = aey, Veer = —aey — h .

Velezz 61—05,

Moreover, we have
eta=0, eh=0, ea=0,
era = 3ha, egh:c—a2+aa~|—h2, era = ho — 2ha
Ea=0, &h=0, &fa=0.
PROOF. First we compute V,, e>. Using (7) and (10), we have

c—a*+aa — h?
; .

g(Vee2,e1) = —g(Ve €1, 2) =

Moreover, we obtain g(V,, ez, e2) = 0 and

g(Vee2,8) = —g(ez, pAey) = —a.

So we have
2 2
c—a +aa—h
Ve €2 = el —aé&.
h
By the similar computation using Lemma 2, we obtain
a
Ve,e1 = (Sh—)ez +ak,
—c+a®—aa+h?
Ve €1 = e,
h
(§a)
Vezez = —Tel .

We put g(Vegey, e2) = P. Then we have

Veer = Pey,
Veey = —Pey — h& .
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Since [X, Y] = VxY — Vy X for any X and Y tangent to M, we have

le1, e2]la = (Ve e2 — Veye1)a

_ 2 _ h2
¢t +h“°‘ (e1a) — a(Ea) — @h—“)(eza) —a(Ea)
= —5a(&a).

For the last equality, we use (6) and (8). On the other hand, by (6) and (12), we obtain
le1, e2]a = e1(e2a) — ez(e1a) = e1(3ha)
=3(e1h)a + 3h(eja) = 3(£a)a.
These equations imply a(§a) = 0, and hence
(§a) = (e1h) =0. (14)
Similarly, we have
le1, §la = (Ve § — Veen)a
=3ha(a— P).
Using (6) and (14), we obtain
le1,§la = e1(§a) — &(e1a) =0.
Since ha # 0, we have a = P. Thus, by (11),
(era) = ha — 2ha .
By the similar computation for [e2, £]a and [e2, £]h, we also have
(Eh) =0, (e10) =0, (fa)=0.
Combining these results, we have our assertion. ]

(Proof of Theorem 1)

When M is a Hopf hypersurface, then we have AX = aX + bn(X)& for some function
b. This means that M is totally n-umbilical.

Next we consider the case that M is not Hopf. Then we can take a point x and a suffi-
ciently small neighborhood of x, on which 2 # 0. If a = 0 on the neighborhood, we see that
the real hypersurface is locally congruent to a ruled real hypersurface.

Finally, we suppose ha # 0. We can take a unit-speed analytic framed curve y (¢) which
satisfy ' = e5. Then Lemma 3 shows that a, & and « satisfy (3). We note that the existence
of this non-Hopf hypersurface is induced by Theorem A.

Conversely, such hypersurfaces satisfy the condition g(AX, Y) = ag(X, Y) for any vec-
tor fields X and Y orthogonal to &.
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4. 3-dimensional real hypersurfaces with pseudo-parallel Ricci operator
If the Ricci operator S of a real hypersurface M satisfies
RX,Y)-S=FXAY)-S,

where F is a function, then the Ricci operator S is said to be pseudo-parallel.
To prove Theorem 2, first we show the following.

LEMMA 4. Let M be a real hypersurface in M*(c), ¢ # 0. If the Ricci operator S is
pseudo-parallel, then M is a Hopf hypersurface or the shape operator A is represented by the
matrix

a h O
A=|h a O
0 0 a

with respect to an orthonormal frame {§, e1, ez}, locally.

PROOF. Suppose that M is not a Hopf hypersurface. We take an orthonormal frame
{€, e1, e}, where we have put e = ¢ej. Then there are smooth functions ay, az, A1 and hy
such that A is represented by a matrix

o h1 h2
A=h a 0
hy 0 ap

with respect to {£, e, ea}, locally. We remark that 41 # O or sz # 0. From (4), we have
Se; = (5c+ajay +aja — h%)el — hihyer + ayhi &,
Sex = (5¢ + ajaz + axa — h3)ey — hihaey + arhaf (15)
S& = arhie; + arhyey + 2c + ajo + ara — h% — h%)s .

Since S is symmetric, there exists an another orthonormal frame {vi, vz, v3} that satisfies
Sv1 = avy, Sv2 = bvy, Sv3 = dv3 for some functions a, b and d. Since S is pseudo-parallel,
we have

gR(X,Y)SZ, W) — g(SR(X,Y)Z, W)
=F{g(Y,SZ)(X, W) — g(X, SZ)g(Y, W) — g(¥, Z)g(SX, W) (16)
+9(X, Z)g(SY, W)}.
Putting X = W = v; and Y = Z = v;, we obtain
(b—a)(K(vi,n) - F) =0,
where the sectional curvature K for the plane spanned by v; and v is denoted by

K(v1, v2) = g(R(v1, v2)v2, v1) .
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By the similar computation, we have

(d—-a)(K(vi,v3) —F) =0,
(d —b)(K(v2,v3) — F)=0.

Ifa # b, b # c and ¢ # a, then we see that
F = K(vi,v) = K(vi,v3) = K(v2,03) .
Thus we obtain

a=g(Sey,er) = K(vi,v2) + K(v1, v3)
= K(vi, v2) + K(v2, v3)
=g(Sex,e2) =b.

This is a contradiction. From the fact that no real hypersurfaces of M?(c) are Einstein, it is
sufficient to consider the case that a = b # d. Then we have

F = K(v1, v3) = K(v2, v3),
from which
g(Sv3, v3) = K(v,v3) + K(v2, 13) =d = 2F .

So the Ricci operator S is represented by a matrix

a 0 O
S=10 a O (17)
0 0 2F

with respect to {vy, va, v3}.
On the other hand, from the assumption, we have

g((R(e1, e2)S)er, e1) = Fg(((e1 Ae2) - S)er, er).
By the equation of Gauss and (15), we obtain
g((R(e1, e2)S)e1, e1) = g(R(e1, e2)Ser, e1) — g(R(e1, e2)eq, Ser)
= 2c(g(ez, Se1)g(er, e1) — g(ger, Ser)(dez, e1)
—2g(ger, e2)g(@Sei, e1))

+2g(Aey, Ser)g(Aey, e1)
= —8chih;.

By (15), we have

Fg(((e1 ANe2) - S)er, e1) = F(g(ez, Ser)(er, e1) — g(Ser, e1)glez, e1) — g(ez, e1)g(Sei, e1)
+g(e1, e1)g(Sea, e1))
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=2F(Se1,e2) = —2Fhh;.
From these equations, we see that
(4c — F)h1h, =0. (18)
Similarly, substituting X = Z =e¢1, Y =&§, W =exand X =Z =e2, Y =&, W = ¢, we
obtain
0 = ha{(c — F)a; — axh? + ajaza — a1h3),

2 2 (19)
0 =hi{(c — F)aza — a1h5 + a1az00 — azhi},

respectively.
To prove the lemma, it is sufficient to consider the case that h1hy # 0. From (18) and
(19), we have 4¢ = F and

(c— F)(a1 —ap) =0.

Since c—F = —3c # 0, we obtaina; = a;. By Lemma 1, the shape operator A is represented
as
o h O
A=|h k O 20)
0 0 %
with respect to an orthonormal frame {£, u, ¢u}. Thus we have our assertion. O
(Proof of Theorem 2)

Suppose that M is not a Hopf hypersurface. We put i1 = h # 0, locally. Then the Ricci
operator S is represented by a matrix

2c+aja + axa — b2 arh 0
S = axh 5c+ajar + aja — h? 0 21)
0 0 S5c+ araz + aro

with respect to {£, e1, e2}. By (17), we see that Sc+ajaz +axa = 2F or Sc+ajax+ao = a.
First we suppose 5c + ajay + axa = 2F. From (17) and (21), taking a trace of S, the
scalar curvature r satisfies

r=2a+ F) =12c+ 2aya; + 2a10 + 2ara — 2h?.
So we have
a=F+c+ao—h’. (22)
We put

S/

_ 2c+arja + axa — h? arh
o arh 5¢c+aiar + aja — h?
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Then the eigenvalues of S are solutions of the equation

0 =det(xI — 5
= (x—5c—a1a2—a1a+h2)(x—ZC—ala—aza—i—hz) (23)
—ash?.

Since a is an eigenvalue of S’, using (22), we have
0=(F —4c—aiap)(F — ¢c — ara) — a%hz.
By aja; = 2F — 5¢ — apa, we obtain
0=—(F—c— aza)2 — a%hz,

which induces F — ¢ — apa = 0 and a3h* = 0. Since h # 0, we have a, = 0 and F = c. By
5¢ + ajar + apa = 2F, we have

0=2F —5¢c=—-3c.

This is a contradiction.
Next, we suppose 5¢ + ajaz + axa = a. Then we have

r=2(a+ F)=26c+aiar +ara + aror — hz).
From these equations, we have
F=c+aa—h?. (24)
Since a and 2 F are the solutions of (23), we obtain
0= (ma — aja + h*) (3¢ + a1a2 — aja + h*) — a3h®. (25)

So we see that if S is pseudo-parallel, then M is a Hopf hypersurface or the shape operator A
is represented by

a h O
A=|h a O (26)
0 0 a

with respect to an orthonormal frame {£, e1, e2} and satisfies (24), (25). So we have our
theorem. O

In [2], Cho, Hamada and Inoguchi gave a classification of pseudo-parallel Hopf hyper-
surfaces.

THEOREM G ([2]). The Hopf hypersurfaces in CP*(c) or CH?(c) with pseudo-
parallel Ricci operator are locally holomorphically congruent to a horosphere in CH?(c),
a geodesic hypersphere in CP?*(c) or CH?(c), a homogeneous tube over CH'(¢) in CH?, a
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non-homogeneous real hypersurface which is realized as a tube over a certain holomorphic
curve in CP%(c) with radius 7 /~/4c, or a Hopf hypersurface in CH?(c) with A& = 0.

Using Theorem A, we see the following result (see Corollary 3 in [3]).

COROLLARY 2. Let«(t), h(t), A(t), v(t) be analytic solutions defined for t € I of the
system (2), such that h is nowhere zero and
0= (va — ra + h*)(Be + av — ra + h%) —v2h%.
Then the hypersurface M constructed by Theorem A is a non-Hopf pseudo-parallel hypersur-
face with F = ¢ 4+ a — h>.

PROOF. We suppose that A satisfies (24)—(26) and a1 = A, ap = v. It is sufficient to
show that
J(R(X, Y)S)Z, W) — Fg((X AY)SHZ, W) =0
forall X =e¢;,Y =e¢j,Z =¢e,and W = ¢, 1 < i, j, k,I <3, where e3 = &. Using (15),
(24)—(26) and the equation of Gauss, we have
g((R(e1, e2)S)er, e2) — Fg(((e1 A e2)S)er, e2)
= g(R(e1, e2)Seq, e2) — g(R(e1, ex)er, Sea)
— F(—g(Sey, e1) + g(Sez, e2))
= —dcg(Sey, e1) + g(Aey, Se1)g(Aer, e2) — g(Aey, Sep)g(Aez, e2)
+4cg(Sea, e2) — g(Aey, Sez)g(Aez, e1) + g(Aey, e1)g(Aez, Se)
— F(—g(Sey, e1) + g(Sez, e2))
= (o —aia + hz)(4c — F+aap) — a%h2
= (o — a1 + hz)(3c +ajay) —ajo + h2) — a%h2
=0.
Similarly, forall X =e;,Y =ej, Z = ey and W = ¢;, we can show that
J(R(X,Y)S)Z, W) — Fg((X AY)SHZ, W) =0
by the straightforward computation. d

REMARK. If the shape operator A satisfies (25), (26) and a; = a; = 0, then we have
¢ = h = 0 by (10). Thus a ruled real hypersurface is not pseudo-parallel (see [2] and [6]).
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