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Abstract. In this paper, we prove new trigonometric identities, which are product-to-sum type formulas for
the higher derivatives of the cotangent and cosecant functions. Furthermore, from specializations of our formulas,
we derive various known and new reciprocity laws of generalized Dedekind sums.

1. Introduction

The so-called Dedekind sums and their reciprocity laws have been studied by several fa-
mous mathematicians in the past. For an overview of previously defined generalized Dedekind
sums, we refer to Section 1 and 2 in [1]. Let cot™ denote the m-th derivative of the cotan-
gent function. In [1], for ao, a1, ..., a,, mo,m1,...,m, € Zs1, wo, wi, ..., w, € C, Beck
introduced Dedekind cotangent sums

1 . . k
—my Z 1_[ COt(m/_l) (7[ (a] _Zowo — w1>> s

o kmodag j=1

where the sum is taken over k mod ag for which the summand is not singular. The Dedekind
cotangent sums include special various generalizations of Dedekind sums expressed by the
cotangent functions and their higher derivatives. Moreover, under some conditions for
ao, - .., ar, wo, . .., Wr, Beck computed the residue of

r

cot™ ™V (r (aoz — wo)) [ [ eot™ P (r(@rz — wn)) (1.1
=1

and derived various reciprocity laws of the Dedekind cotangent sums, which are not only the
already known results by Dedekind, Rademacher, Apostol, Carlitz, Mikolds, Dieter, Zagier,
but also truly new ones. However, since his method needs to study certain conditions for
singular points of (1.1), we have to prove the reciprocity laws individually.
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On the other hand, Fukuhara [5] introduced an analogue of the Dedekind sum which was
formed by replacing the cotangent functions in the Dedekind sum by the cosecant functions,
and proved its reciprocity laws. For example, Fukuhara treated the following formulas. Let p
and g are relatively prime positive integers.

(0) (Proposition 1.3 in [4] or (1.1) in [5]) For any complex number z,

p—1
T Vg
pq cot(pz)cot(qz) = — cot(l)(z) —pq+q Z cot (%) cot (Z — 7“)

n=1
q
+chot(w> cot (z—ﬂ>. (1.2)
= q q
(1) ((1.2) in [5]) If g is even, then

p—1
b4 T
pq cot (pz) csc (qz) = — cotM () +¢q Z csc <$> cot (z — 7“)
n=1

g—1
+pZ(—l)“cot (%) cot (z— 7rq_,u> (1.3)

n=1
(2) ((1.4) in [5]) If ¢ is odd, then
p—1
pg cot(pz)csc(qz) = — eseV () + q Z csc <w> csc <Z - H)
p

pu=1

qg—1
—i—pZ(—l)“ cot <w) csc (z— H) (1.4)
= q q
(3) ((1.3)in [5]) If p + g is even, then
p—1
pq csc(pz)csc(qz) = — cot) () +¢q Z(—l)“ csc <%> cot (Z — %)

pu=1

g—1
+pZ(—l)“cse <w) cot <z— M) (1.5)
u=1 1 q
4) ((1.5)in [5]) If p + g is odd, then
p—1
pq csc (pz)csc(qz) = — cscV () +¢q Z(—l)“ csc <%> csc <z — %)

pu=1

qg—1
—|—pZ(—l)“csc (%) csc <z— M), (1.6)

u=1
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where cscD (z) is the derivative of csc (z).

Fukuhara also pointed out that these formulas can be regarded as a one parameter de-
formation of the reciprocity laws of some Dedekind sums, or as a generating function of the
reciprocity laws of some Dedekind-Apostol sums. Actually, by comparing the coefficients
of the Laurent expansion of (1.2) at z = 0, we obtain the reciprocity laws of the Dedekind-
Apostol sums

-1

1K Tqu e

sn(g; p) == e E cot(—p >cot(N D (—
pn=1

p
as follows.
si(g; p) +s1(ps q) = p2+q21;611_3pq, (1.7)
I By B2

s2+1(q; p) + sk (ps q) = (g™ + p~lg*th

2pg k+1 " k+1)(2k+2)

k
By Bok42-21 21 2k+1-2
— (2k)! . 1.8
(25) ;(21)!(2k+2—21)!p i (18

Here, £k is a positive integer and { B, },n—0,1,... are the Bernoulli numbers defined by

As described above, from product-to-sum type formulas for some trigonometric func-
tions like (1.2), we easily obtain the reciprocity laws for various generalized Dedekind sums.
In this article, taking into account the above investigations, we present a detailed calculation
of

J1 Jr+jn
[Ta" cot™ Viwz—wn) [ " esc™ P az —wp)) (1.9)
I1=1 I=ji+1

and give a sum expression of (1.9) by using the higher derivatives for the cotangent and cose-
cant functions. It is regarded as a product-to-sum type formula for the higher derivatives of the
cotangent and cosecant functions. We prove the formula under completely generic conditions,
and use only Liouville’s theorem and a limit of some periodic functions at z — ico. Thus,
our proof is more general than the method of Beck, and simpler than Fukuhara’s proof which
needs some non-trivial trigonometric identities. Furthermore, from various specializations
of our formula, we derive various reciprocity laws of generalized Dedekind sums uniformly,
which include the results in [1] and [5] et al.

The content of this paper is as follows. In Section?2, we introduce the main objects

(pl(\{)(z) and (pl(\fl) (z) replacing the higher derivatives of the cotangent and cosecant functions,
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and list their fundamental properties. Section 3 is the main part of this article. Under general
situations for the parameters, we provide a product-to-sum type formula for

Ji+ijn
l_[al oz —w) [ a"eh @z —wp)
I=1 I=j1+1

and derive new generalized reciprocity laws by writing down some specializations of the
main theorem. In Section4, we give more explicit expressions of our reciprocity laws under
some conditions. With these specializations, we show that our main results contain many
formulas for generalized Dedekind sums shown by several famous mathematicians. Finally,
in Section 5, we present possible future researches on variations of our formulas.

2. Preliminaries

Throughout the paper, we denote the ring of rational integers by Z, the field of real
numbers by R, the field of complex numbers by C and i := +/—1. Further we use the
notation:

={zeC|0<Rez<1}.

From Walker’s book [7], we recall two kinds of periodic functions which play central roles in
this article. For a positive integer N, the following periodic functions are defined by

o0
%) 1 né 1 1 >
- 4 — )b + J=11). 2.1
V@ = ;( ) (mn)N o) ). @1
n [7], go(l)(z) and (pl(\fl)(z) are denoted by Ey(z) and G y(2) respectively. Here are the main

properties of go(J)(z) (J =1, II) from [7].
Periodicity For any u € Z,

I(VJ)(Z +w) = (=)Mo (pl(\fj)(z)‘ (2.2)
Derivation For any N € Z=o,
(— l)N
1(VJJ)rl( ) = dz gofj)(z). (2.3)
In particular,
)
d%v )

(2) = —=Noyi (). 24
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Laurent expansions Let ¢ (s) be the Riemann zeta function and

S 2;(M)=(—1)%+1%(2n)ﬂ (if w is even) °s)
’ 0 (if p is odd)
Jan . [20 =270 =247 = DT Tt (i s even) 26)
" 0 @(f w is odd)
Then, around z = 0, we have
N+v-—1
) J)
N (@) = +( 1) Z( 1 )Nﬂzv, Q2.7)

v>0
where (N ;ﬁ;l) is the binomial coefficient. More generally, the following lemma holds. For

X c C, we put

1 (fzeX)
é =
x(@ {o (fz & X)

and define the signature by
sgn (20 a, w) i= (=)@ 5, (azp — w) . (2.8)

If §7(azo — w) = 1, then

N (2 — (azo — w)) = sgn V(20 a, wigy (2)
by the periodicity (2.2).
LEMMA 2.1. Foranya,m € Z>1 and w, z9 € C, we have
a"o\)(az —w) =sgn (205 a, w) (2 —20)" + Y AV (203 @, m, w) (2 — 20)" . (2.9)
v>0
Here,
mm+1)---m+v-—-1) (@(v=1)
(m), = . .
(ifv=20)

_ 1 m+v

)

s 1)1,(’”)1) MY Res w(]z(l—SZ(dzo—w))
=20 Z—20

(=1)"sgn D(zo3 a, w) (" ol a" Y (if dzlazo —w) = 1)
(—1)" @) (azo — w) a™+ (if 8z.(az0 — w) = 0)

—1
A (zo5a,m, w) :=(=1)"sgn V) (z0; a, w) (m T >am a" 8z (azo — w)
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PROOF. Ifazg — w € C\ Z, that means dz(azo — w) = 0, then zg is not a pole of

amgo,(nj)(az — w) and

d v
(d_z> amgo,(nj)(az —w)

Thus, from the Taylor expansion of a’”go,(nj)(az — w) at 7 = zg, we have

= (=1)" ()oY} (azo — wya" " .

=20

(m)y
o l(azo — w)a™ g~ 20)".

a"o\)(az —w) =Y (1)

v=>0
If azo — w € Z, that is the §7(azg — w) = 1 case, then there exists ;& € Z such that

w+u
0 = .
a

Hence, by using the periodicity (2.2) and the Laurent expansion at zo = 0 (2.7), we have

a" o\ (az —w) =sgn Y (z0; a, wya" e\ (az — w — (azo — w))
=sgn (205 a, wya" o (a(z — z0))

=sgn(z0; a, w) (z —z0) ™"

m+v—1
+ (=D)™"sgn V(20 a, w) Z ( )a,(njiuam”(z —z0)".

So\ m— 1
]
Relationship with the cotangent and cosecant functions
gof”(z) = 7 cot(wz), wf”)(z) =mcese(mz) . (2.10)
Limitatz — ico
LEMMA 2.2.
ZEI?OO"’I(VJ)(Z) = —7idN18s . @.11)

PROOF. For N > 2, since <p1(VJ)(z) is absolutely convergent, lim;_ ;oo wj(\,J)(Z) =0.If
N =1, then

lim goi”(z) = lim mcot(wz) = —mi,
—>100 —>100

lim 90;11)(2) = lim mwese(wrz) =0.
Z—100 7—>i00
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3. Main results

Letr € Zso,[r] := {1, ...,r}. Suppose thata := (a1, ...,a;), m := (my,...,m;) €
ZLy,w=wi,...,w,) € R Letj= (jr, ju) € Z%, with j; + jir = r. Further, we put
m|:=m+---+m,,
Ry, == (Rp(a,w) =){A C [r]|dz(arp —wy) =1{orallk € A)},
AC=[rI\ A,

Kf, = {(vmeAc €

keA¢ rEA

0 (otherwise)

L Gfl<l<jp
(J[) Zajl_! s

3

+ e .
sUD . ”ZMS-1= 1 Gfjr+1=<1=<ji+ju)
n ’ 0 (otherwise)

Jj=jr+1
and
sen 90 (205 a, w) :=sgn D(z0; a, w)s %" + sgn (205 a, w)sH"
:(_1)(azo—w)5”‘ Sz(azo — w),
z I z 11 l
agw ;:agnsgw " agff>sg-l> ,
AGD(zo:a,m, w) :=AP(z05a,m, w)S?’[) + A (205 a, m, w)8§i[’[),
Aoz a,m, W=y > [Tsen oz an wn) [ AT (z0: @y, mu. wi)}-

A€Ry, (Uk)kEACEKy:fA leA ueh®

We remark that the set K, is finite. For convenience, we consider the following two cases
according to a and j.

,
Casel : j;jy =0, or Z aj; is even.
I=ji+1

,
Case Il : Z a; is odd.
I=jr+1

The following theorem is the main result of this article.
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THEOREM 3.1. Let

,
oV z;a,m w) =[] a" ¢ @z — w).
=1

Here, if a jj is zero, we omit the product terms for go,(njl)(alz — wy). For Case J, we have

,
: Tr
o9 (z;a, m,w) = cos (7) 8,0 Hal5m1,1
=1

|m|

+Y > pram wel - p). 3.1

n=1 p

where p runs over all poles of oW (z;a,m,w) inA.

PROOF. We denote W (z ; a, m, w) by the right hand side of (3.1). We claim that for
allCase I, 11,

<I>(j)(z ;a,m,w) — \If(j)(z ;a,m,w) =0.

First, we consider the Laurent expansion of oW (z;a,m,w) at p

,
®W(z;a,m,w) = ]_[{sgn G0 (s ar, w @ = p) ™+ Y AFD (o ar, mi, wi)(z — p)”’}

=1 =0

—]"[{sgn“”(p ar, w)hz — p)” ‘“"+Z 3

N=1 1<\ <...<AN<r

> + > I1 Sgn WD ar, wy)

m|> 300 Omg o) s IS (g vy) s [ PEEINR AN
U;\],...,UANEO UA] ..... V)LNEO

N N

TAS s an,s i, wi,) (@ = o) TR

u=1
Im\

=Y psamw—p) "+ Y A3 (pramwz - 0"
n=1 ©=0
(3.2)
Further, from (2.2), we have

OV (z+pra,mw) = (=DM dD(z;a m,w. (3.3)

For Case I, 11, oW (z;a,m, w) and QDEVJ) (z) are thus periodic functions with same period. In
addition, ®W (z;a,m,w) — ) (z;a,m, w) is entire by (2.9) and (3.2).
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We remark that (pl(\,J)(z) is bounded on the set R| := RN{z € C | [Imz| > 1+
2max, [Im p|} from (2.11). Thus, oW (z:a,m,w) — VP (z;a,m,w) is also bounded on
2. Hence, ¥ (z;a,m, w) — W (z; a, m, w) is bounded on C by the periodicity. By the
well-known Liouville’s theorem, there exists a constant ¢U-/) (a, m, w) such that

oV (z;amw) — VP z:amw =c¥@mw.

If we restrict z € C and wy, ..., w, € R to R, then Af,ju’”)(,o Say, my, wy), 9@, m,w) €
R. In addition, we calculate

,
lim ®P:a,mw =[]a" (~7i)sm15"

z—100
=1

,
= (=" 8.0 [ Jardmia
=1

.
nr .. /mr
= icos (7) —isin (7)} 7"8j,.0 1_[015m,,1 , (3.4)
I=1
,

p
lim \IIO)(Z ;a,m, W) = Cos (%) ﬂr5j,,,ol_[a15m,,1 —misy g Z.dlu’_)(p ;a,m, w).

7—100
=1 P

3.5)
Thus, we have
CG’J)(a, m, w) = Re {CG’J)(a, m, w)}
- Re{ lim {®Y(z;a,m,w) — ¥P(z;a,m, w)}} =0.
7—>100
|
As a corollary of this theorem, we obtain the following theorem immediately.
THEOREM 3.2. (1) We have
-
i — . (T
Z%Uy )()0 ja,m,w) = s 1 sin (7) 8]']1,0 1_[ alaml,l . 3.6)
P =1
(2) For any zo € C, u € Z=o, we have
jm| . r :
> A3 (pra,mwA (01 1,0, p) = —cos (7) 778,008 .0 [ [ @1
n=1 p =1
+ 3P (2052, m, W) . 3.7

PrOOF. (1) It follows from (3.4) and (3.5) immediately.
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(2) We expand both sides of (3.1) into the Laurent series of z —zp and compare the coefficients
of (z — zo)* of both sides. Indeed, by replacing p with zg in (3.2), we have
oW (z;a,m,w) X
’ ’ ’ _ (‘]’J'_) .
}i:ezi S dz =, " (z0;a,m,w).
On the other hand, from (3.1),

v(z;a,m, w)

Res — 2 MW, _ ( ) TS, 08 5
= (z — zo)*+! L= ) oo 111011_!“1 my, 1

|m|

+ 3N 3 (pramwAD o5 1n, p) .

n=1 p
Therefore, we have the conclusion. a
As we will see later, Theorem 3.2 (1) is a generalization of various reciprocity laws in [1].

Theorem 3.2 (2) means (3.1) is regarded as a generating function of the reciprocity laws (3.7).
Hence, this result and proof are generalizations of Theorem 1.2 in [4] and its proof.

REMARK 3.3. For Theorems 3.1 and 3.2, we also have the other expressions that are
useful for writing down various specific examples. Let

w1+M wj+ Wj
d}”::#{aje{al,...,ar},wje{wl,...,wr},uje{o,.. —1}‘ ! J}.

aj
Our main result (3.1) becomes

Tr
@U)(z a,mw) _c0s< > )n 8/,101_[a;8m,1
I=1

m| r a-—1
- (Wt W (,_ Wit
+ZZZW (Mmoo |

n=1 I=1 u;=0 a
(3.8)

Similarly, (3.6) and (3.7) are

r oa—1
-) (W +w . _ o r—1
Z Z d(ﬂz) < a > a, m, W> =7 sin ( ) Jji,0 Halamz l- 3.9)

=1 w=0

and for any zo € C, u € Zxo,

m| r a-—1
wy + wy +
Z Z d(lll) aj aj

n=1 I=1 ;=0

.
r .
— —cos (7) 78,1080 [ [ @b + #3203 2, m, w) (3.10)
=1



GENERALIZED DEDEKIND SUMS 339

respectively.

4. Some special cases of the main theorem

By specializing our main results, we derive various reciprocity laws of the generalized
Dedekind sums.

4.1. The multiplicity free case. In this subsection, we assume for all distinct k, [ €
[Fland ux =0, 1, ...,ar — 1, u; =0,1,...,aq; — 1,

Wi + Wk wy + g

£
ak aj
Under this condition, all poles of a;."f(p,%)(ajz —w);) foreach j =1,...,r on R
Wi+ [
jaiw (j:l,...,r, and/J,j:O’.“,aj_l)
J

are multiplicity free. That means

( wj+ Wj ) 1 Gfl =)
Sz\lag——————w | = . o
aj 0 @Gfl#j)

and dl(’”) =1foralll </ <r,0<pu <a — 1. Hence, we have

Rupn; =(9, 17},

JURE .
sgn ) <wj s ;ap wl) = {(_I)M"S” (fl=J)

aj 0 GfL# )
(M )=t
aj

keI EK, ()

l_[ {Al()‘]u’u) ( - ad s Ay, My, wu)}
aj

uelr\{j}

= Y o

n=m;j =31 <kzj<r Vhs

Vlyeens v >0
(Mv, . Wi+ 1
11 {(—D”w#wﬁ!:ﬁvu ay————wy |ag et
I<utj<r v, ! a;

Therefore, Theorems 3.1, 3.2 become as follows.
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THEOREM 4.1. We have

Tr
<I>U)(z a,mw) —cos( )rr SJ,,ol—Ialmell
2 =1

maxjepr {mj} r a—1

D3 3 s SN

=1 =0 n=m;— Z]<k¢1<r‘)k

Viyeers v >0
1_[ {( 1)Uu ( M)Vu (pn(:]l;l,:zvu <au w[ + Ml _ wu) a;ﬂu"rl)u}
l<ustl<r a
w; + uy
oy ( - ) : @.1)
THEOREM 4.2. (1) We have
roa—1 .
)30 DD DI L
I=1 =0 1:m1_21§k7’=15r Vi,
Vlyeers v >0
. l_[ {( 1y (mu)vu </’n(1i;'2vu (au wi wu> a;nu—',-vu}
l<usl<r a
=x"" 1sm( ) jir, 01_[6115"1, I- (4.2)
In particular, formy = --- =m, = 1,
roa—1 . w4+ 1 Tr r
Z Z( 1)”"S l—[ {w?’u) (au¥ - wu) au} = 7" sin (7) 81,0 l_[al .
I=1 ju=0 l<ustl<r a =1
4.3)
(2) For any u € Z>¢ and zo € *R,
maxjepr {mj} r a—1
Z )0 DEED DI
I=1 =0 n=m;— Zl<k;é1<rvk
Vlyeees V>0
m i wy + w +
l—[ {( l)uu( u)uu ‘Png;‘f:vu (au 1a 0 _wu>a;nu+uu} AP <Z0; Ln, za Mz)
I I

1<us#l<r

b
——cos(z)n S,LOSJ”O]_[al(SmI1+Q/U+)(Zo,amw) 4.4
=1
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EXAMPLE 4.3. When we consider the case of (j;, ji;) = (r,0), (4.2) is none other
than Beck’s reciprocity (Theorem 2 in [1])
r o a—1
(my)v, wy + W
D | R O L
vy ! aj

I=1 ;=0 lzml_Zng#lgr v, 1<u#l<r
VeV >0

.
— 7" sin (%) [Tadm.1- (4.5)

=1

On the other hand, by putting (j;, j;r) = (0, r), we obtain a cosecant analogue of Beck’s
result
r oa—1

L (M), wy + "y
> sevr [T ferr e (@2 g <o,

=1 ;=0 12’”"215@’:19 vk, 1<u#l<r

V1o, >0
4.6)
4.2. The w = (0,...,0) case. In this subsection, we assume w = 0 := (0, ..., 0)
and that ap,...,a, are pairwise relatively prime. Under this condition, all poles of
a;"j¢,51€)(ajz) foreach j =1,...,r on‘R are
BiG=1, . randp;=0,....a;—1).
aj
Further, §7(0) = l andforall/ =1,...,r,and u; =1,...,a; — 1,
oo () = 1 G120 g [ =00,
aj 0 GfI # j) 1 (otherwise)
Hence, we have
Ru; ={¢, {j}}, Ry =2"1,
{lj'
. : —oymwsi” Gl = .
sgn i) (ﬁ;al,o) DR W=D 6 00,00 = 1,
aj 0 afl # j)
i) (Hi TRy jy (i
) (a—jj ;a,m, 0) = Y =i ] {AE’W“) (#,au,mu,o)}

(Uk)kE[,J\(j}EK';(” uelr\{j} J

= Yy

n=mj—=3 | <kstj<r Vk
Ve, 0 >0
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(m ) G Wi
l—[ {( l)l)u My )y wn(‘:ulle)u aua_/. a’:ﬂu"rl)u ,
I<u#j<r J
ﬂfn@’_) (0;a,m,0) =M,9) (a,m).
Here, we put
j my +v, — 1 ;
wam=> 3 L ol
ACR (vp)gepcek, ) WEAC u
r—1 N
- ¥ S [T (e at, e
- my — l my+vy, “u N

N=1 ISM<M<)\N5r":lm‘_ZII(V:I(”}uk"‘m}uk)ﬁ u=1
VipseeesVay 20

Then, Theorems 3.1, 3.2 degenerate to the following results.

THEOREM 4.4. We obtain
|m|

i wr
®Y(z;a,m,0) = cos (7) 7" 8,0 Ha15m1 L+ ZMU)(a m)w(J)(Z)

maxje(r] {m;} r a—1

DD VD> (1o

=1 w=1n=m;— Zl<k;é1<rvk

Vlyeees V>0
l—[ {( 1)1),4 (mu)uu (p(jvu) <auﬂ> a’"u"‘”u} w(-’) < ﬂ) .
<otz Mutvu \ Mgy ) " a
“@.7
THEOREM 4.5. (1) We have
LS (m) w
w (J, [
Z Z Z (— 1)#15” l_[ {( K u)v q)n(‘:ulﬂvu (a“a_> a’:nu+w}
I=1 =1 1=m =Y ey v 1 Sul<r !
v.,m,;,zof
r—1 _: nr - @
= 7" lsin (7) 80 [ [ atdmt — MP @, m). (4.8)
In particular, form =1 :=(1,..., 1),
r o oa—1 . 1w Tr r .
Rt I ()] = s () omo T wien.
=1 py=1 l<ustl<r ! =1

(4.9)
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(2) For any p € Z>¢ and zp € ‘R,

maxe[r] {m]} roa—1

2 X2 ) (i

I=1 =1 n=m; =37 < vk
Vi, >0

-
[T fev2egin, (@) amedad (wrnn )

1<u#l<r

m|

Tr
— —cos( : )rr 5, 08]”01_[0118,,,, = ZM(J)(a m)A{ (z0; 1,1, 0)

+ 3P (z0;2,m, W) (4.10)

In particular, by taking zo = 0,

max ey {mj} g1

)EDID EEED DR

n=1 =1 w=1n=m;— Zlgk;’:lgr”k
Voo, >0

vu( u)vu Gou) Ml mu—H)M} M(n)“ ) <_ﬂ)
I {( D O ov, (aual> D

a
1<u#l<r !

|m|
Tr n+u—1
= —cos( > )n 81,08y, ona18m, 1— ZMQ)(a m)(— 1)"( ne 1 )aff_ﬁn
—1\
+> > Il {< ™ (’" o )a(d;,”lwaz”””“} . (@.11)
A€R) (v)gepc ek, , HEAS

EXAMPLE 4.6. By putting (7, ji1) = (r, 0) in (4.9), we obtain Zagier’s result

7135 e (M2 i () [ T

=1 w=1u#l

r—1 N
-2 X 2 [enar
Vu+1 u :
N=11<i<.. <XN<rr 1—-N= Zk 1 Vigs u=1
Vrpseees V)LN>O

(4.12)

Further, in the case of (j;, ji;) = (0, r), we have
r a—1 T r—1
r—1 Iz utl =
T —1 csc|l —— Jayp = —
Sy o o™ )a) == % )3
=1 =1 u#l N=1 1<\ <...<AN<r r_l_N:lecv:I Vig -
VipseensVay 20
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N
11
el et (4.13)

u=1
This is a cosecant version of Zagier’s reciprocity law.

43. Ther = 2,m = (1, 1) case. In this subsection, we assume » = 2, m = (1, 1)
and that ay, a are relatively prime. For this simple case, we obtain more explicit expressions
of our main results.

THEOREM 4.7. Let I < K1 < Ky < II, and A1, A, denote integers for which
Ajax + Azay = 1 holds. For the following cases

(K1, K, H)=U,1,I), (I, 11,1), (I, 11,1I), (I1I,11,1), (I11,11,1I), (4.14)
we have
araxpt* @1z — w)e\ ¥ (arz — wo)
= —w’a1a28k, 18K, 1

+ dz(arwz — azwl)sgnéK"K”((al, az), (wy, wa), (A, Az))wéj)(z — (Ajwz + Azwy))

a]—l
wi + wi +
+a Z /(_l)ﬂlgl(l,llwiKZ) <a2 [ w2> (pfj) (Z _ 17/““)

n1=0 @ @
ar—1 wy + wy +

tar Y (e KD <a1 2a2 M2 w1> oV (z B 2a2 Mz) . 4.15)
12=0

Here, the sums run over non-singular points and
sgn éKl’KZ)((al, a2), (wi, w2), (A1, A2)) := sgn KV (Ajwa+ Aywy ; a1 +az, w1 +w2)dk, K,
+sgn KV (A 1wy + Aqwy 5 ar, wy)
-sgn ®2D (A jwa + Aqwi s az, wo) (1 — 8k, k,) -
PROOF. The multiplicity free case

. wi + w2 +
o, WLTHL B2 H2 01, a1, pp=0,1,....a0— 1)
aq ar

has been proved by some special cases of (4.1). It is thus enough to show another case. Since
ay, ap are relatively prime and wy, wy € DR, there exist unique integers 47 € {0, 1,...,a;—1}
and 3 € {0, 1,...,ay — 1} such that

wy 4w+ w2

PO = = )
ai az

and

Arwy + Aqwy = po — (A1ji2 + Azjt1)
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ar(Aywz + Aywy) — wy = —ar (A1 iz + Azji) + ey,
ay(Ajwa + Aywy) — wa = —ax(A i + Azjinn) + ji2,
(a1 + a2)(Ajwa + Aywy) — (w1 +w2) = —(a1 + a2) (A1 02 + Azjx1) + (41 + [42) .
Hence, from (3.1), we have

K K
arazpt* a1z — w1\ (arz — wy)

— G0, ~ G2 (g
= —mla1ax8k, 18k,,1 + (=)0 20 905 '(z = po)

a|—1
tar Y 1yt K (agwl +u1 wz) o0 (Z W +M1)

a a
n1=0

ar—1

wy + wr +

+ai E /(—1)“25K2‘1’€0§K1) (alizaz H2 _ w1> <Pfj) (z - 27’”) .
H2=0

We remark that under the above five cases (4.14) we have

~ (D), ~ G2 ~ ~
(_1)#152 )+M25;J1 ) — (_1)#151<1,1151<2,11+IL251<2,1I .

By the definition of the signature (2.8) and the periodicity of <p1(VJ) (2.2),
sgn 1Y (a1, @), (i, wa), (A1, 42)es" (2 = (Arwa + Agw))
= @ KD (ay, an), (wi, wa), (Ar, Ag)) (= DKk 423k (D (2 )

where

san KK D (a1 ay), (wi, wa), (A1, A2))

= (— 1)(A117§+A21’IT){(G1+H2)5K1,1l+51,1l}+17151<1 ,II(1+3K2,11)+I’I§(3K1,II+5K2,II)5K1’K2

+ (_l)(Alﬂi"‘AZm)(alskl,Il+a25K2,II+5J,II)+m5K|,1[(1"1‘31(2,[1)(1 — 8K,.K,) -
Therefore, we claim that for the above five conditions (4.14),
—~ ((K1,K2),J
sz KD (a1, @), (wi, wa), (A1, Ar)) = 1
and obtain the conclusion. ]

EXAMPLE 4.8 (0) (Theorem 2.41in [2]). (K1, K2, J) = (I, I, I).

cotmw(aiz — wy) cotmw(arz — wy)

1
= —1———du(@w: - aywy) cotV (7 (z — (Aywz 4+ Aywy)))

l a]—l/
Ly Cot(,, <a2m _ wz))cot(,, (Z _ M))
a al ai
=
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1%,
+ — Z cot(n <a1w — wl))cot<7r (z — w)) .
ap a az

pu2=0
) (K1, K2, J)=(,11,1).
cotm(aiz — wi) cscm(azz — wy)
(_1)c12(A1w2+A2w1)—w2

= a1ds 8z(aywy — axw) cotV (7w (z — (Ajwa + Aw))))

19,
L3 eser (a2 g (- - )
almzo ai ai

ey
+— e cot(rr (alw - w1>>cot<7t <z - M)) . (4.16)
aj ar al

H2=0

2) (K1, K2, J) = (I, 11, II).

cotm(aiz — wy) cscm(arz — wy)

(—1)@2(Arwr+Asw)—wy

= a1ds sz(arwz — aaw) escV(w(z — (Aywa + Awy)))

i
D I e R )
611#1:0 ai ai

124, wo + U2 w2 + U2
—l——Z(—l)“zcotn ai—= —wy ) ese[n [z — ——==)) . 4.17)
612“2:0 ap ap

(3) (K1, K, J)=I,1I1,1).

cscm(ayiz — wy) escm(azz — wy)
(_1)(a1+az)(A1w2+A2w1)—(w1+w2)

= v 8z(aywy — aawy) cotV (7w (z — (Ajwz + Aswy)))

l al—l/
LI SV CSC(,, (@M _ w2>>cot<7, <Z - M))
almzo ai ai

1, w2 + U2 w2 + U2
—i——Z(—l)"zcsc alag——— — wy)]cot|n |z — ——)) . (4.18)
aj ar az

12=0

@) (K1, Ko, J) = (1,11, 1I).

cscm(ayiz — wi) escm(azz — wy)
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(—1)(@rta)(Apwat+Aw)—(wy+w;) |
=— Sz(arwy — azwy) eseV (w(z — (Aywa + Aqwn)))

aia
l a]—l/
L S CSC(,, (azm _ w2>>csc<n< - M))
ai aj ai
u1=0
l az—l/
+ — Z (=2 csc(rr (011M — w1>>csc<7t <z - M)) . (4.19)
512#2:0 a a

The formulas (4.16), (4.17), (4.18) and (4.19) are generalizations of (1.3), (1.4), (1.5)
and (1.6) respectively. Actually, by putting w; = wy = 0, our results become Fukuhara’s
formulas.

THEOREM 4.9. (1)

ar—1
wi +
a Y (— 1K) <a217“1 _ wz)

u1=0 a“
a2—1 w +
tap Y (— KKy (aliz k2 wl) =0. (4.20)
az
H2=0

(2) For any p € Z>¢ and zp € ‘R,

a|—1
w1 + w1 +
a2 Z/(_l)mamlwiKZ) <a2 1a1 - w2> AI(LJ) (Zo; b 1a1 M)
n1=0

ar—1
Far Y=y KD <a1 wy+p2 w1) A <Z0; R +M2)
= a a

2
= a1a20k,,10K,,18,1,0

—Sz(arwy—aawn)sgny (a1, a2). (wi, w). (A1, AN)A (203 1.2, Ajwy+ Aywy)

+sgn %V (20 an, wl)Affff (z0: @2, 1, wa) + sgn K (205 ar, wz)A,ﬁ'f(Zo; ar, 1, wr)
w

+ ZAﬁK‘)(Zo; a1, w1)ALK_23(zo; az, 1, wy). 4.21)
v=0

5. Concluding remarks

We demonstrated the main theorems (Theorem 3.1 and 3.2) include reciprocity laws of
various generalized Dedekind sums as special cases. As a future work, we raise a problem for
an elliptic analogue of our main results.
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Fix a complex number 7 with positive imaginary part. We put

1
pan=zt 3 {(z—y>2 ?}’

yEeL+1t
y#0
9. 1) = \/p(z v - ( ) =- =D an®,
v>0

Fukuhara and Yui derived the following formula in [6]. If p and g are relatively prime and
p + g is odd, then

1
e(pz, De(qz, 7) = ——¢'(z, T)
pq

-1
1 X + AT + AT

+ — Z w(iqw ),t)¢<z—u ,r>
P P p

w,A=0
(1, 2)#(0,0)

q—1
+1 Z <p<p(“+“),r)¢<z—“+“,f>, 5.0
q q q

w,A=0
(u,2)#(0,0)

This formula can be regarded as an elliptic analogue of (1.2).

Further, Egami [3] provided the following reciprocity law which is an elliptic analogue
of Zagier’s reciprocity laws (4.12). If ai, ..., a, € Z> are relatively prime and a; + - - -+ a,
is even, then

a;—1
A
Z o= ] {w(aum,z)au}?zw(ua), (5.2)
=1 wu;,\=0 I<u#l<r a
(1,21)#(0,0)

where

r—1 N
M=) > Yo DY [THewni@ay

N=1 15}‘1<-~-<)‘N5rr—l—N:Z£/=] Vig - u=1

VipseeesVay 20

In this article, we obtain a generalization of (1.2) and (4.12). Therefore, we naturally
propose the following problem.

PROBLEM 5.1. Give an elliptic analogue of Theorems 3.1 and 3.2.
ACKNOWLEDGEMENTS. The author thanks the anonymous referee for their helpful

advices. The author also thanks Professors K. Matsuno and M. Kurihara for their helpful
comments.
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