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Abstract. We discuss the inverse Galois problem with normal basis, concerning Kummer theories for algebraic
tori, in the framework of group schemes. The unit group scheme of a group algebra plays an important role in this
article, as was pointed out by Serre [8]. We develop our argument not only over a field but also over a ring, considering
integral models of Kummer theories for algebraic tori.

Introduction

The inverse Galois problem is nowadays a very attractive topic and there is a vast accu-
mulation of results concerning the problem. We can divide the problem into two parts:

(A) Given a field k and a finite group I”, examine the existence of Galois extensions of k with
Galois group I';

(B) Given a field k and a finite group I", construct Galois extensions of k with Galois group
r.

The Kummer theory is the simplest example of affirmative solution for the inverse Galois
problem. It provides us with an explicit way to construct the cyclic extensions of degree n
when 7 is invertible in k and k contains all the n-th roots of unity. We have several manners
to establish the Kummer theory, and it would be the most elementary to verify the Kummer
theory by Lagrange resolvents. In [8, Ch.VI, 8] Serre formulated this method, combining the
normal basis theorem and the unit group scheme of a group algebra.

In the previous articles [10] and [11], we examined several theories of Kummer type,
including Kummer, Artin-Schreier, Artin-Schreier-Witt and Kummer-Artin-Schreier theories,
formulating Serre’s method as the sculpture problem and adding the embedding problem.
Now we explain briefly a point of our argument.

Let I" be a finite group, and let U (I") denote the unit group scheme of the group algebra
of I'. (For the definition of U (I"), see Section 1.) It is the starting point of our argument that
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the morphism U(I") — U(I")/I is a versal family of unramified I"-extensions with normal
basis. That is to say, we have the following assertion:

(A) Let R be a ring, I a finite group and S/R an unramified Galois extension with Galois
group I'. Then the Galois extension S/R has a normal basis if and only if there exist mor-
phisms Spec § — U(I") and Spec R — U (I")/I" such that the diagram

SpecS —— U{)

l l

SpecR —— UW)/T"

is cartesian.

In [8, Ch.VI, 8] Serre established this assertion over a field, however, it is not difficult
to paraphrase his argument over a ring. Furthermore, it would be interesting to propose the
problem whether the following assertions hold true:

(Sculpture problem) Let I” be a finite group and R a ring. Given an affine group R-scheme G
and an embedding i : I" — G, there exists a commutative diagram

I — U)&

L l

r— a.
(Embedding problem) Let I" be a finite group and R a ring. Given an affine group R-scheme
G and an embedding i : I" — G, there exists a commutative diagram

r—- ¢

l |
I —— UMg.

If both the sculpture and embedding problems are affirmatively solved fori : I’ — G,
then the morphism G — G/I" is a versal family over R of unramified I"-extensions with
normal basis. In other words, we study the inverse Galois problem with normal basis in
the framework of group schemes, extracting the sculpture and embedding problems from the
inverse Galois problem.

In the previous works, we treated the sculpture and embedding problems concerning

(1) the Kummer theory ([10, Corollary 2.3]);

(2) the Kummer-Artin-Schreier theory ([10, Corollary 2.7]);

(3) the Artin-Schreier theory ([10, Corollary 2.10]);

(4) the quadratic-twisted Kummer theory of odd degree ([10, Corollary 3.6]);

(5) the quadratic-twisted Kummer theory of even degree ([10, Corollary 3.12]);

(6) the quadratic-twisted Kummer-Artin-Schreier theory ([10, Corollary 4.4]);
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(7) the Artin-Schreier-Witt theory ([11, Theorem 2.5]).

In this article, we study the sculpture and embedding problems concerning Kummer
theories for algebraic tori, on which Kida developed his arguments in [2] and [3] generalizing
the classical Kummer theory to describe the cyclic extensions of degree n of a field without
n-th roots of unity. We proceed our argument not only over a field but also over a ring,
considering integral models of Kummer theories for algebraic tori, while the base field is
restricted to be the rational number field Q. The following list shows which proposition
replies to which problem:

(1) Proposition 3.4: the sculpture problem concerning the Kummer theory for Weil re-
strictions;

(2) Theorem 3.6: the embedding problem concerning the Kummer theory for Weil re-
strictions;

(3) Propositions 4.3 and 4.4: the sculpture problem concerning the Kummer theory for
norm tori;

(4) Theorem 4.5: the embedding problem concerning the Kummer theory for norm tori;

(5) Proposition 6.4: the sculpture and embedding problems concerning integral models
of the Kummer theory for Weil restrictions;

(6) Proposition 6.11: the sculpture and embedding problems concerning integral models
of the Kummer theory for norm tori;

(7) Theorem 6.14: the sculpture and embedding problems concerning integral models of
the cyclotomic-twisted Kummer theory.

Now we explain the organization of this article briefly. In Section 1 we recall the sculp-
ture and embedding problems. In Section 2 we recall needed facts on algebraic tori and on
group algebras. In fact, Remark 2.10 is the key to Theorem 3.6, Remark 2.7 to Proposition 4.4,
and Remark 2.12 to Theorem 4.5. It is crucial that there exists an anti-equivalence between
algebraic tori and integral representations of the Galois group. This enables us to translate
freely many problems on algebraic tori into the language of rings and modules.

We treat the Kummer theory for Weil restrictions in Section 3, and the Kummer theory for
norm tori in Section 4. It would be worthwhile to remark that Proposition 3.4 and Proposition
4.4 reveal an evident difference between the Kummer theories for Weil restrictions and for
norm tori.

In Section 5 we mention the isogeny problem concerning Kummer theories for algebraic
tori, which is the main subject of Kida [2], [3]. We conclude the article, by discussing the
sculpture and embedding problems for analogues of norm tori in the Kummer-Artin-Schreier
theory in Section 6.

The author thanks the referees for their careful reading the manuscript.
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Notation

For a ring R (not necessarily commutative), R* denotes the multiplicative group of in-
vertible elements of R. A ring is assumed to be commutative unless otherwise mentioned.

For an A-algebra B, which is projective of finite type as A-module, [ [, /4 denotes the
Weil restriction functor with respect to the ring extension B/A.

We use the following notation.

Gg 4 : the additive group scheme over A
Gy, 4 : the multiplicative group scheme over A
U(I') :recalledin 1.3

HE}A Gm,p : defined in 2.6

(Zl[);]/z G® : defined in 6.7
xqa :U) — HZ[Z,{]/Z Gm,z1¢,) : defined in 2.1

GM . recalled in 6.1

a® : GM — Gpa :recalledin 6.1

X :Kerle : U(I") = Gzl = [0z G™ : defined in 6.3
s:UI") — Ker[e : U(I") = Gy z] : defined in 6.3

1. Sculpture problem and embedding problem

In this section we recall the sculpture and embedding problems, referring to the previous
articles [10] and [11] for details. We refer to [1] or [13] on formalisms of affine group schemes
and Hopf algebras.

1.1. As usual we denote by G,, = Spec Z[U, 1/U] the multiplicative group scheme
and by G, = Spec Z[T'] the additive group scheme, respectively. The multiplication is defined
by U — U ® U, and the addition is definedby 7 — T Q@ 1 + 1 Q T.

1.2. Let I" be a finite group. The functor R +— R[I"] is represented by the ring scheme
A(TI") defined by

A(I") =SpecZIT, ; y € I']

with
(a) the addition: 7}, = T, @ 1 + 1 ® Ty;
(b) the multiplication: Ty > 3 ,/,v_,, Ty @ Ty
Put now

1
U(F):SpecZ[Ty, A—; y € F},
r
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where A = det(7),,) denotes the determinant of the matrix (7)), ,er (the group deter-
minant of I"). Then U (I") is an open subscheme of A(I"), and the functor R + R[I']* is
represented by the group scheme U (I").

We also denote by I', for the abbreviation, the constant group scheme defined by
I'. More precisely, I’ = SpecZ! and the law of multiplication is defined by ey >

Zy,y,/:y ey ® e,n. Here Z! denotes the functions from I" to Z, and (ey)yer is a basis

of Z!" over Z defined by

1L =y

o) =
Ea {0 W #).

The canonical injection I” — R[I"]* is represented by the homomorphism of group schemes
i: ' = U(I') defined by

1 r
Ty e :Z|T,,— |—>Z .
Ar
It is readily seen that I" — U(I") is a closed immersion. Moreover, the right multiplication
by y € I' on U(I") is defined by the automorphism y : T,/ — Ty,yq of Z[T,, 1/Ar].
If ' = {1}, then U(I") is nothing but the multiplicative group scheme G, 7 =
SpecZ[U, 1/U].

DEFINITION 1.3. Let R be aring, I" a finite group and S an R-algebra. We shall say
that:
(1) S/R is an unramified Galois extension with Galois group I' if Spec S has a structure of
right I"-torsor over Spec R;
(2) an unramified Galois extension S/ R with Galois group I" has a normal basis if there exists
s € S such that (¥s)yer is a basis of R-module S.

In particular, an unramified Galois extension S/R with Galois group I" is called an
unramified cyclic extension of degree n if I' is a cyclic group of order n.

EXAMPLE 1.4. LetS =7Z[T,,1/Ar; y € I'l,andlet R = ST denote the invariants
in S under the action of I". Then S/R is an unramified Galois extension with Galois group
I, and (T)-Dyer is a normal basis of the Galois extension S/R.

1.5. The morphism U(I') — U(I")/I is a versal family of unramified I"-extension
with normal basis. That is to say, the following assertion holds true:
(A) Let R be aring, I a finite group and S/R an unramified Galois extension with Galois
group I". Then the Galois extension S/R has a normal basis if and only if there exist mor-
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phisms Spec S — U(I") and Spec R — U (I")/I" such that the diagram
SpecS —— U{)

l !

SpecR —— U/’

is cartesian.
The assertion (A) implies the following assertions:

(B) Let R be aring, G an affine group scheme and I" a constant finite subgroup scheme
of G.

(1) Let S/R be an unramified Galois extension with Galois group I". Assume that there
exists a commutative diagram

r —— uw

L l

Then, if the Galois extension S/R has a normal basis, there exist morphisms Spec S — G
and Spec R — G/I" such that the diagram

SpecS —— G

l !

SpecR —— G/I

is cartesian.
(2) Let S/R be the unramified Galois extension with Galois group I" defined by a carte-
sian diagram

SpecS —— G

l l

SpecR —— G/I'.
Assume that there exists a commutative diagram
r — G
L l
r —— uw.
Then the Galois extension S/R has a normal basis.

It is now interesting to propose the problem whether the following assertions hold true:
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(1) Let I" be a finite group and R a ring. Given an affine group R-scheme G and an
embedding i : I' — G, there exists a commutative diagram

I —— U)&

L l

r——- ¢.
(2) Let I' be a finite group and R a ring. Given an affine group R-scheme G and an
embedding i : I” — G, there exists a commutative diagram

F—i——> G

L l
I' —— U)R.

The problems shall be called respectively sculpture problem and embedding problem for
the embedding of group schemesi : I' — G.

If both the sculpture and embedding problems are affirmatively solved fori : I' — G,
then the morphism G — G/ is a versal family over R of unramified I"-extension with
normal basis.

2. Algebraic tori

In this section we recall needed facts on algebraic tori and group algebras. We refer to
Demazure-Gabriel [1, Ch.IV, 1] concerning generalities on algebraic tori.

DEFINITION 2.1. Let Abearingand I” afinitely generated commutative group. Then
the group algebra A[I"] is a Hopf A-algebra equipped with the comultiplicationy = y ® y.
Moreover, D(I") 4 = Spec A[I"] is a commutative group A-scheme. For example, if I" = Z,
then D(I")a = Gy 4.

DEFINITION 2.2. Let A be a ring and V a group A-scheme of finite type. We say
that V is diagonalizable if there exists a finitely generated commutative group I” such that
D(I") 4 is isomorphic to V. Furthermore, we say that V is of multiplicative type if there exists
an unramified Galois extension B/A such that V ®g B is a diagonalizable group B-scheme.
Then Homp_¢(Vg, Gy, p) has a left action by Gal(B/A).

Let V be a group A-scheme of multiplicative type. Assume that Spec A is connected, and
let IT denote the fundamental group. Then Hom g4 —g(V, Gy, 4) has a continuous left action of
IT. The correspondence V +— Homa_g:(V, Gy, 4) gives rise to an anti-equivalence between
the category of group A-schemes of multiplicative type and the category of discrete left I7-
modules, finitely generated as Z-module. We call the left /T-module Hom 4 g (V, Gy, 4) the
character group of the group A-scheme V of multiplicative type. In particular, V is called an
algebraic torus if the character group of V is a free Z-module.
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EXAMPLE 2.3. Let A be a ring, B/A an unramified Galois extension and G =
Gal(B/A). Then the Weil restriction [ [, /A G, B is an algebraic torus with character group
Z[G] (for example, see [13, Theorem 7.5]). Therefore, if Spec A is connected, we have

EndA_gr( I Gm,3> = (Endg)ZIG])° = ZIG].
B/A

Furthermore, let H be a subgroup of G, and put A’ = B, Then the Weil restriction

I1a /A G, 4 1s an algebraic torus with character group Z[G/H .

NOTATION 2.4. Let G be a finite group. We define a homomorphism of left Z[G]-
modules ¢ : Z[G] — Z by

Z agg Z ag.
geG geG
We put
Ig = Ket[eg : Z[G] — Z].

Furthermore, let H be a subgroup of G. Then, tensoring Z[G]®z ] With the exact
sequence of left Z[ H ]-modules

0— Iy — Z[H1 5 7 —0,
we obtain an exact sequence of left Z[G]-modules

ide®en

0 — Z[G] QziH] Iy — Z[G] —" Z[G] RzH] 7 — 0.

(Here idg stands for the identity map of Z[G].) The correspondence ¢ ® 1 +— [g] gives rise
to an isomorphism of left Z[G]-modules

ZIG] @z Z — ZIG/H].

Under the identification Z[G | ®z# Z = ZIG/H],themapidG ®ep : Z[G] — Z[G] Q7 H]
Z is identified with the homomorphism of left Z[G]-modules Z[G] — Z[G/H] defined by

D agg > D aglgl.
geG geG
Now define a homomorphism of left Z[G]-modules e,y : Z[G/H] — Z by
Yoare Y ay
yeG/H yeG/H

Then we have g = g/ o (idg ® ey). We put

Ig/n = Ker[eg/n : ZIG/H] — Z]
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Then left Z[G]-module I,y is a free Z-module with basis {y —1; y € G/H, y # 1}.
Now we define a homomorphism of right Z[G]-modules eg\¢ : Z[H\G] — Z by

Z ayy — Z ay ,
y€H\G yeH\G
and we put
InG = Ker[em\g : ZIH\G] — Z].
The right Z[G]-module I\ is a free Z-module with basis {y —1; y € H\G, y # 1}.

DEFINITION 2.5. Let G be a finite group. We define a homomorphism of left Z[G]-
modules vg : Z — Z[G] by

1|—>Zg,

geG
and we put
Jg = Coker|[vg : Z — Z[G]].
The left Z[ G]-module Jg is a free Z-module with basis {[¢g] ; g € G, g # 1}.

Furthermore, let H be a subgroup of G. Then, tensoring Z[G]®z ] With the exact
sequence of left Z[ H ]-modules

0— Z - 7Z[H] — Jy — 0,
we obtain an exact sequence of left Z[G]-modules

idg®vy

0 — Z|G] RzH] 7. —" Z[G] — Z[G] RzH] Jg — 0.

Under the identification Z[G] ®z[u] Z = ZIG/H], the map idg ® vy : Z|G] QziH Z —
Z[G] is identified with the homomorphism of left Z[G]-modules Z[G/H] — Z[G] defined
by

Z ayy = Z ay(ZQ)-

yeG/H yeG/H gey

Now define a homomorphism of left Z[G]-modules vg,y : Z — Z[G/H] by

Then we have vg = (idg ® vy) o vg/u. We put

Jo/n = Coker[v(;/H 17— Z[G/H]] .
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The left Z[G]-module Jg,p is a free Z-module with basis {[y]; y € G/H, y # 1}.
Now we translate the statements of 2.5 into the language of algebraic tori.

DEFINITION 2.6. Let A be a ring, B/A an unramified Galois extension and G =
Gal(B/A). The the exact sequence of left Z[G]-modules

0—Z —>Z[G] — Jg —> 0
defines an exact sequence of algebraic tori over A
(eY) N
0—> Gt — [[ G —5 Guoa — 0.
B/A B/A

The algebraic torus

(1)
Gm.p = Ker|:NrB/A : l—[ Gu.p — Gm,Ai|
B/A B/A

is called the norm torus associated to the unramified Galois extension B/A. If Spec A is
connected, we have

(1 3
EndA—gr< Gm,B> = (Endzi61/6)° = Jg-
B/A

REMARK 2.7. Let G be afinite group and H be a subgroup of G. Then the correspon-
dence ¢ — ¢(1) gives rise to a group isomorphism

Homg61(Jg, ZIG/H]) — Igm .

In particular, the correspondence ¢ — (1) gives rise to a group isomorphism

Homg, G (Jg, Z[G]) = I; .

The statements of 2.7 are translated into the language of algebraic tori as follows.

REMARK 2.8. Let B be a ring, B/A an unramified Galois extension and G =
Gal(B/A). Let H be a subgroup of G and A’ = B, Then, if Spec A is connected, we
obtain a group isomorphism

eY) ~
HomA—gr(l_[ (M Gm,B> — Ilg/H
A'/A B/A

since [] 4 /A G, 4 is an algebraic torus with character group Z[G/H]. In particular, we
obtain a group isomorphism

(D ~
HomA_gr(H Gm,Bv Gm,B) — IG.
B/A B/A
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REMARK 2.9. Let G be a group, H a subgroup of G and ¢ €
Homg G 1(Z[G/H], Z[G]). Then ¢(1) is expressed uniquely in the form of

o= 3 a(X0)
y€H\G gey
The correspondence
© Z ayy
yeH\G

gives rise to a group isomorphism
Homgz61(ZIG/H], ZIG)) AN Z[H\G].
In particular, idg ® vy € HomyzG1(Z[G/H], Z|G]) corresponds to 1 € Z[ H\G].

Furthermore, if H is a normal subgroup of G, the isomorphism

Homg1(ZIG/H], Z[G]) S Z|G/H] is compatible with the right action of the group
algebra Z[G/H]. Therefore any Z[G]-homomorphism of Z[G/H] — Z[G] is expressed
uniquely in the form of

(idg ® vw)a, o € Z[G/H].

The statements of 2.9 are translated into the language of algebraic tori as follows.

REMARK 2.10. Let A be a ring, B/A an unramified Galois extension and G =
Gal(B/A). Let H be a subgroup of G and A’ = B, Then, if Spec A is connected, we
obtain a group isomorphism

HomA-gr(l"[ G [] Gm,A/> — Z[H\G].
B/A Al/A

In particular, if H is a normal subgroup, any homomorphism [, /A Gm,p = [la /A G, a
are expressed uniquely in the form of

o ONI'B/A/, o € Z[G/H] = EndA_gr<l—[ Gm,A’) .
A'JA

REMARK 2.11. Let G be a finite group, H a subgroup of G and ¢ €
Homyz61(ZIG/H], Jg). Then ¢(1) is expressed uniquely in the form of

()= ) ay<2g).

yeH\G gey
y#H
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The correspondence

Q= Z ayy

yeH\G

gives rise to a group isomorphism
Homyz 6 1(ZIG/H], Jg) = In = Ker[eH\G : ZIH\G] — Z] .

In particular, if H is a normal subgroup of G, the isomorphism
HomgzG|(ZIG/H], J6) — Iou = Ker[eg/y : Z[G/H] — Z] is compatible with
the right action of the group algebra Z[G/H]. Therefore any Z[G]-homomorphism
ZIG/H] — Jg is expressed in the form of

mo(ideg ®vy)a, o € Z[G/H].
Here 7 : Z[G] — Jc = Z[G]/Z denotes the canonical surjection.

Finally the statements of 2.11 are translated into the language of algebraic tori as follows.

REMARK 2.12. Let A be a ring, B/A an unramified Galois extension and G =
Gal(B/A). Let H be a subgroup of G and A’ = B, Then, if Spec A is connected, we
obtain a group isomorphism

(D ~
Gum. B, 1_[ Gm,A’) — Ig\¢ = Ker[sH\G : ZIH\G] — Z] .

HomA_gr<
B/A A'JA

In particular, if H is a normal subgroup of G, any homomorphism ]_[g/) AGmp —

]—[A//A G, 4 is expressed in the form of

o ONI'B/A/, o€ Z[G/H] = EndA_gr<l—[ Gm,A’) .
A’'JA

We conclude the section by mentioning the work of Mazur-Rubin-Silverberg [4].

NOTATION 2.13. Let A be a ring, B/A an unramified Galois extension and G =
Gal(B/A). Let R be a ring (not necessarily commutative), and let ¥ : Z[G] — R be a
ring homomorphism. Then by restriction of scalars all the left R-modules can be considered
as left Z[G]-module. Then a group A-scheme of multiplicative type is defined for any left
R-module, finitely generated as Z-module.

For example, let p : G — GL(n,Z) be a linear representation of G over Z, and put
R, = Im[p : Z[G] — M(n,Z)]. We denote by G,,(p) the algebraic torus over A with
character group R,. If Spec A is connected, then we have Ends_ oG (p) = R,.
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REMARK 2.14. Let A be a ring, B/A an unramified Galois extension and G =
Gal(B/A). Let V be a commutative group A-scheme of finite type. Then a ring homo-
morphism

ZIG] = Endg;6)Z[G] — EndA_gr<1_[ VB)
B/A

is defined. For an irreducible representation p of G, the twist V,, of V by p is defined as is
described in Mazur-Rubin-Silverberg [4]. The twist of G, 4 by p is nothing but G, (p).

In [4] their argument is developed for algebraic groups over a field, but it is not difficult
to paraphrase the argument on a ring. For example, the assertion of [4, Remark 5.11] holds
true for a ring.

THEOREM 2.15 (Mazur-Rubin-Silverberg). Let A be a ring, B/A an unramified
cyclic extension of degree m and G = Gal(B/A). Let V be a commutative group A-scheme
of finite type. Take a generator g of G and let p : G — C* denote the character of G defined
by p(g) = €2™/™  Then we have

Vo= () Ker[NrB/Ar J]vs— [1 VA1:|.

ACA'CB B/A A'JA

3. Kummer theory for Weil restrictions

In this section, n denotes a positive integer, I" a cyclic group of order n and y a generator
of I.Weputl =¢, =™/ and p, = {1,¢,...,¢" 1)

3.1. Let R be ring. For a positive divisor d of n, we define a ring homomorphism
Xd.R : RII'l = R ®z ZI¢4] and a group homomorphism x4 r : R[I']* — (R ®7z Z[¢a])*
by

n—1 n—1
. k k
Xar: Y ay" Y ar e
k=0 k=0

The group homomorphism x4 r : R[I']* — (R ®z Z[4])* is represented by a homomor-
phism of group schemes

xa:UD) =[] Gmzien-
ZI4)/Z

Put

x=Gaan: UM =T T Gmziea-

dln Zltal/Z
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Then x is an isomorphism of group schemes over Z[1/n]. Indeed, the inverse is given by

n—1

(@d)din = % ;{;TTR@)ZZ[Q]/RO ® Cd_J)Old})’] .

REMARK 3.2. Put G = Gal(Q(¢)/Q). Then, as is mentioned in 2.3, the Weil re-
striction (]_[Z[“/Z Gm,Z[;]) ®z Z[1/n] is an algebraic torus over Z[1/n] with character group
Z[G] since Z[¢, 1/n] is unramified over Z[1/n].

Furthermore, for each positive divisor d of n, put Gy = Gal(Q(&y)/Q). Then Z[G 4]
is considered as Z[G]-module through the canonical surjection Z[G] — Z[G4]. The Weil
restriction (HZ[Q] /Z Gm,Z[;d]) ®z Z[1/n] is an algebraic torus over Z[1/n] with character
group Z[G 4], and therefore U (I")z[1/, is an algebraic torus over Z[1/n] with character group
@dm Z[Gal.

OBSERVATION 3.3. Let R be aring. Then a group homomorphism (g : I’ — (R ®z
Z[¢])* is defined by y +— 1 ® ¢. Furthermore, the homomorphism ¢z : I' — (R ®z Z[¢])*
is represented by a homomorphism of group schemes ¢ : I' — nZ[C] Iz Gm,z1¢1-

PROPOSITION 3.4. Let n be a positive integer.
(a) If n is odd, the homomorphism v : I’ — HZ[;]/Z G717 is an embedding of group

schemes. Furthermore, the diagram

r ——s U

| [

r —L——> 1_[ Gm’Z[;']
ZIgl/Z

is commutative, that is to say, the sculpture problem is affirmatively solved over 7 for the
embedding v : I' — [z101,2 Gm,z11-

(b) If n is even, the homomorphism ¢ : I’ — (HZ[;]/Z Gm,z[;]) ®z Z[1/2] is an embedding
of group schemes over Z[1/2]. Furthermore, the diagram

r—— U)zn 2

| b

r—- ( [1 Gm,Z[;]) ®z Z11/2]
LI/ Z

is commutative, that is to say, the sculpture problem is affirmatively solved over Z[1/2] for
the embedding t : I' — (HZ[;]/Z Gm,z[;]) ®z Z[1/2].
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PROOF. Let Rbearing, andleti, j € Z. Then 1®¢!, 1®¢/ € R®yZ[¢] are linearly
dependent over R if and only if ¢! = 4¢/. Therefore the equality 1 ® ¢/ = 1 ® ¢/ holds
true if and only if ¢/ = ¢/, or ¢! = —¢/and2 =0in R. Then g : I’ — (R @z Z[¢])* is
injective if n is odd or if n is even and 2 # 0 in R. This implies the assertions of (a) and (b).

REMARK 3.5. There exists uniquely i (g) € (Z/nZ)* such that g(¢) = ¢'9 for each
g € G = Gal(Q(¢)/Q). As is well known, the correspondence g > i(g) gives rise to a group
isomorphism Gal(Q(¢)/Q) S (Z/nZ)*. Moreover, we denote by Z/nZ(1) the left Z[G]-
module Z/nZ equipped with the action (g, /) — i(g)l. Then the constant group scheme I"
over Z[1/n] is a group scheme of multiplicative type with character group Z/nZ(1). The
embedding of group schemes of multiplicative typei : I" — (HZ[;]/Z Gm,z1¢1) ®z Z[1/n]
induces the Z[G]-homomorphism 1, : Z[G] — Z/nZ(1), which is defined by 1 +— 1
mod n.

As is remarked in 3.2, the group scheme U(I)z1/,) is an algebraic torus over
Z[1/n] with character group @4/, Z[Gq4]. Furthermore, 1 — n/d mod n defines a Z[G]-
homomorphism 14 : Z[G4] — Z/nZ(1). The homomorphism of the character groups corre-
sponding to the embedding i : I" — U (I")z[1/,) is defined by

n=Y na:EPZGs— Z/nZ(1).

d|n d|n

THEOREM 3.6. Letn be an integer > 2. Then the following conditions are equivalent.

(a) The embedding problem is affirmatively solved over Z[1/n] for the embedding I’ —
HZ[;]/Z Gm,Z[z]-

(b) The embedding problem is affirmatively solved over Q for the embedding I’ —
HZ[;]/Z Gm,Z[z]-

(c) For each positive divisor d of n, the map Nrq,)/Q(z,) induces a surjection ,, — pg.

PROOF. (a)=(b) Clear. (b)=>(c) By the assumption, there exists a homomorphism of
group scheme o : [ )/0 Gm, @) = U(I")q such that the diagram

r—— [ Gnaw
Qn)/Q

L J
r — Uy

is commutative. Now let d be a positive divisor n. Then the homomorphism of group schemes

xa: U= [] Gmown
Q(C{l)/@
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induces a surjection I" — p,, and therefore the homomorphism
xaoo: [] Guwow = [] Gmow
QEn)/Q QGa)/Q

induces a surjection I" = u, — py. As is remarked in 2.10, any homomorphism
[ow) /0 Gmaw) = [oe,)/o Gmae,) is expressed uniquely in the form of

o o Nro(,)/Q(), @ € End@—gr( ]_[ Gm@@d)) .
Qa)/Q

Put x4 00 = a o Nr(,)/Q(,)- Then a induces a surjection gy — p,. Moreover a induces a
bijection of u; to w, since p4 is a finite group. Therefore Nrq(c,),Q(,) induces a surjection

of w, top,.

(c)=(a) By the assumption, for each positive divisor d of n, there exists an integer /; such

that Nrg,) /Q(;d)(;,l,d) = {4. Furthermore, putting
1} .
o = ((Nrzgy/z@)Dam = [ Gmaea =[] T] Gmzco
Zltal/Z dln Z[g41/Z

we obtain a commutative diagram of group schemes over Z[1/n]

r —— ( 1_[ Gm,Z[;,,]) ®z Z[1/n]
Z[¢nl/Z

3 I

I' —— UD)z[iym = <l_[ l—[ Gm,Z[;d]> ®z Z[1/n]
d|n Z[¢qal/Z

EXAMPLE 3.7. Ifniseven > 4, the embedding problem is negatively solved over Q
for the embedding I — []z,1,2 Gm zi1¢1-

Indeed, Nrg(z,)/Q(z) : Bn —> M2 = {£1} is not surjective since Nrg,)/0(¢) = 1.

EXAMPLE 3.8. For n = 15, the embedding problem is affirmatively solved over
Z[1/n] for the embedding I — [1y(+1,2 Gm,zi¢1-

Indeed, Nrozs)/Qc3) : #15 = M3 and Nrgs)/0s) © Mis — Ms are both surjective
: -1 —1
since Nrgqs)/Q() (§15) = &3 and Nrg,s)/qus) (€15) = &5

EXAMPLE 3.9. For n = 21, the embedding problem is negatively solved over Q for
the embedding I — [z¢1,2 Gm,zi¢1-

Indeed, Nrq(z,,)/Q(z3) © M21 —> M3 is not surjective since Nrqe,)/Q(z) (621) = 1.
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EXAMPLE 3.10. Let p be a prime number > 2, and put n = p”. Then the embedding

problem is affirmatively solved over Z[1/p] for the embedding I" — [[y.1/2 Gm,zi¢)-
Indeed, let R be a Z[1/p]-algebra. Then the group homomorphism

pr—=1,r

1 . .
(R®z1 /) ZLEpr )Py —RITT a H?Z {ZTrRmZ[cp,]/R (¢ ,,/kamz[;,,r]/ze@zzu,,z10)}1/’
j=0 =0

is represented by a homomorphism of group schemes
o: <l_[ Gm,A) ®z Z[1/p] = U )zp1/p] -
AJZ
We obtain a commutative diagram of group schemes

r —— l—[ Gm,Z[;pr]) ®z Z[1/p]
ey /2

L L

,
' —— Uznyp) = (]_[ [1 Gm,Z[;pl]) ®z ZI[1/p]
1=0 Z[¢ 1/

since NrQe,)/Q,-1)§pr = Eprt-

4. Kummer theory for norm tori

In this section, n denotes a positive integer, I" a cyclic group of order n and y a generator
of I'. We put ¢ = ¢, = 2™/,
NOTATION 4.1. Let R bearing. The map Nr : Z[{] — Z induces a homomorphism of

multiplicative groups Nr : (R ®z Z[¢])* — R*. The homomorphism Nr : (R ®z Z[{])* —
R* is represented by a homomorphism of group schemes

Nr: 1_[ Gm,z1c1 = G,z -
ZIg)/Z

Put now

(1)
Gum,z1c1 = Ker[Nr : l_[ Gm,zie1 = Gzl

2151/ 2 2151/ 7
Then the homomorphism of group schemes I" — []y,1,z Gm,zi¢ is factorized as

(D inclusion
I — Guziey = [ Gma
ZIE1/Z ZIg1/z
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since Nrg(;),Q¢ = 1.

REMARK 4.2. Put G = Gal(Q(¢)/Q). As is remarked in 2.6, (TT5} 7 Gm.z101) ®2
Z[1/n] is an algebraic torus over Z[1/n] with character group Jg = Z[G]/Z.

PROPOSITION 4.3. Ifnisodd > 3, the sculpture problem is affirmatively solved over

Z[1/n] for the embedding I' — H(Zl[);]/Z G, 71
PROOF. There exists ¢ € G = Gal(Q(¢)/Q) such that g(¢) = ¢? since n is odd.
Defining a homomorphism of Z[G]-modules & : Jg = Z[G]/Z — Z[G] by [1] — g—1, we
obtain a commutative diagram of Z[G]-modules
Z/nZ(1) «<—— Z[G]
1

.

Z/nZ(1) <n— Jc

and therefore a commutative diagram of group schemes over Z[1/n]

r —— 1_[ Gm,Z[{]
ZIg)/Z

L L&
(¢))
r —— l_[ Gm.z101

ZE/Z
We have gotten the conclusion, combining the above diagram with the commutative diagram

of group schemes over Z[1/n]
r —— ur)

Jvl J’Xn
I — 1_[ Gm,Z[{]
Z1E)/Z

PROPOSITION 4.4. Ifn is even > 4, the sculpture problem is negative over Q for the

embedding problem I' — ]_[(Zl[)“/Z G, z1¢)-

PROOF. Assume that there exists a commutative diagram of group schemes over Q

r —— U(Ng
] g

o
Ir ——-> Gm, ()

Q©)/Q



KUMMER THEORY 845

Then we obtain a commutative diagram of Z[G]-modules

Z/nZ(1) «—— PZIG4)
d|n

[ [
Z/nZ() «—— Jc
T
Now we define &; : Jg — Z[G4] by
& = Eaan : Jo — PZIGA.
d|n
As is remarked in 2.7, for each positive divisor d of n, we have
Imé,; C Ig, = Kerle : Z[G4] — Z].

Moreover, i(g) € Z/nZ is odd for each ¢ € G since n is even. This implies that
(n/2)na(€q4(1)) = 0 for each positive divisor d of n since I, is generatedby g — 1 (g € Gg).
Hence the homomorphism of Z[G]-modules n o & : Jg — @d‘n ZIGy4] — Z/nZ(1) is not
surjective. However, this contradicts the commutativity of the above diagram.

THEOREM 4.5. Let n be an integer > 3. Then the embedding problem is affirma-
tively solved over Z[1/n] for I' — H(ZI[)c]/Z Gm,z1¢1 if and only if the embedding problem is
affirmatively solved over Z[1/n] for ' — HZ[;]/Z Gm,z1¢1-

PROOF. We can verify the if-part, weaving the embedding

(€Y)
I — Guziy — ] Cmaza
ZI/Z Zigl/z
into the commutative diagram

r —— l_[ Gm,z11/n.01
ZI1/n,E1/Z[1/n]

L s

r——— UM ziym

We now prove the only if-part. By the assumption, there exists a homomorphism of
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group schemes o : H&O /0 Gm.a@) = UIN)q such that the diagram

M
r— J] Guwow
Q)/Q

3 K
r —- U)o

is commutative. Let d be a positive divisor of n. Then the homomorphism of group schemes

xa: U= [] Gmoes
Q(C{l)/@

induces a surjection I — p,, and therefore, the homomorphism of group schemes

Y]
Xd 0O : l_[ Gm,Qi) — l_[ Gm, 0w
Qin)/Q QG)/Q

induces also a surjection I" = u,, — p,. As is mentioned in 2.12, the homomorphism of

group schemes of x4 0 0 : []g,)/0 Gm.@) = o) Gmae,) is expressed in the form
of

o o Nrg(g,)/Q(e)s @ € End@—gr( ]_[ Gm,@@m) .
Qa)/Q

Then « induces a surjection u; — p,. Therefore the map Nrc,)/0(¢,) induces a surjection
I, — Rg. It follows from Theorem 3.6 that the embedding problem is affirmatively solved
over Z[1/n] for I' — HZ[;,l/n]/Z[l/n] G, z12,1/n1-

5. Isogeny problem

5.1. Let I" be a cyclic group of order n. It is an interesting problem to ask if the
constant group scheme I is isomorphic over Z[1/n] to the kernel of an endomorphism of
121612 Gm,zizy or ]_[(Zl[);]/Z Gum, 711> which shall be called isogeny problem. Here ¢ = e*™'/".

Put now G = Gal(Q(¢)/Q). Then the isogeny problem for I" — HZ[;]/Z G, z¢) or

r — H(Zl[)c] /2 G, z[7] 1s equivalent to the question whether the kernel of the surjective Z[ G-
homomorphism n : Z[G] — Z/nZ(1) or n : J¢ — Z/nZ(1) is a principal ideal, respec-
tively. Evidently, if the isogeny problem is affirmatively solved for I' — HZ[;] /2. Gm, 2121,
then the isogeny problem is affirmatively solved also for I" — 1—1(21[){] /Z Gm,z1¢1-

The isogeny problem for Weil restrictions is studied in [3], and the isogeny problem

for norm tori in [2]. More precisely, let k be a subfield of Q(¢) or IF,(¢) with (n, p) = 1,
where ¢ is a primitive n-th root of unity. Put K = k(¢,) and G = Gal(K/k). In [3] Kida
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examined, when G is cyclic, the isogeny problem for the embedding I' — [ Jk Gux. It
would be remarkable that he has gotten affirmative answers in the cases of k = Q and n =

3,5,7,11. In [2] Kida examined the isogeny problem for the embedding I" — ]_[%1} « G,k

when G is cyclic and the embedding I" — ]_[K/k G,k is factorized as I — ]—[%k Gu.x —

HK/IC Gm’K °
It would be remarkable also that, if G is cyclic of prime order / with (/,n) = 1 and
Nrg,x¢ = 1, the isogeny problems are equivalent for I" — ]_[K/k Gm.x and for I' —

Hg;k G,k (cf. [3, Proposition 4.1]).

Now we consider another kind of isogeny problem.

5.2. Let p denote a prime number > 2, I" a cyclic group of order p, y a generator of
Iand ¢ = &271/P,

Put G = Gal(Q(¢)/Q), and let g be a generator of G. Define a character p : G — C*
by p(g) = €**//(’=D_ Then we have Im[p : Z[G] — C] = Z[{,—1]. Let G, (p) denote the
algebraic torus over Z[1/p] with character group Z[{,_1]. Then, by the theorem of Mazur-
Rubin-Silverberg (recalled as Theorem 2.15), we have

Gm(p) = ( N Ker[NrZ@/oK 1 Gmza— ] Gm,oKD ®z ZI1/p].
QCK Q) ZIg)/Z Ok/Z
K#Q()
Here Ok stands for the ring of integers in K.
The embedding I — (HZ[;]/Z Gm,z1¢1) ®z Z[1/p] is factorized as

I — Gu(p) — ( I1 Gm,zm) ®z Z11/p]
Z[g1/Z

since Nrg(;),x (¢) = 1 for any subextension K # Q(¢) of Q(¢)/Q. The isogeny problem for
the embedding I" — G, (p) is equivalent to the question whether a prime ideal of Z[¢, 1]
over p is principal.

Swan [12] established a criterion for rationality of the function field of the homogeneous
space U(I")qg/I": if a prime ideal of Z[{,—1] over p is not principal, then U(I")g/I" is not
rational as an algebraic variety over Q. In [12] Swan showed the cases p = 47, 113,233
as counterexamples for the Noether problem on rationality of invariant fields, which are also
counterexamples for the isogeny problem for I" — G, (p).

Here are a few examples. We owe Kida [3, Example 4.3 and Example 4.4] the results
concerning the isogeny problem for Weil restrictions, though modifying the isogenies slightly.

EXAMPLE 5.3. p=35,¢ = >/,

Define g € Gal(Q(¢)/Q) by ¢(¢) = ¢%. Then G = Gal(Q(¢)/Q) is generated by g.
Moreover, define a Z[G]-homomorphism 1 : Z[G] — Z/5Z(1) by g — 2 mod 5. Then n
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is surjective. Furthermore, a sequence of Z[G]-modules

_.3
0 — 7[G] 57 72161 -5 7/57(1) —> 0
is exact. We obtain also exact sequences of Z[G]-modules

24+2g+¢?
0— Jg 239 jo 1 75701 — 0

and
1429 n
0— O — O — Z/5Z(1) — 0,
noting that Jg = Z[G1/(¢* + ¢° + ¢*> + g + 1) and Og = Z[G]/(¢*> + 1).

EXAMPLE 5.4. p=7,¢ ="/,

Define g € Gal(Q(¢)/Q) by g(¢) = ¢3. Then G = Gal(Q(¢)/Q) is generated by g.
Moreover, define a Z[G]-homomorphism n : Z[G] — Z/7Z(1) by g + 3 mod 7. Then

is surjective. Furthermore, a sequence of Z[G]-modules

_ 3. 4
0 — ZIG]1 "5 gi61 s 77701 — 0

is exact. We obtain also exact sequences of Z[G]-modules

_ 3, 4
0— Jg T 5o L 27701 — 0

and
1-2¢g n
0— O — O — Z/7Z(1) — 0,

noting that Jg = Z[G1/(¢° + ¢° + ¢* + ¢°> + ¢* + g+ 1) and Og = Z[G1/(¢* — g + 1).

6. Kummer-Artin-Schreier theory

In this section, p denotes a prime number and I = {1, y, ..., y? N a cyclic group of
order p. First we recall the Kummer-Artin-Schreier sequence (cf. [14], [7]).

NOTATION 6.1. Let A be aringand A € A. A commutative group A-scheme G is
defined by

1
*) = Spec A| T
g pee [’1+AT}

with multiplication

T—TQRLI+1QT+ATQT.
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Furthermore, a homomorphism of group A-schemes

1
a® . gW — SpecA|:T, i| — Gm.a= SpecA|:U, —i|

1+ AT U
is defined by
U—1+AT.

If A is invertible in A, then o™ is an isomorphism. On the other hand, if A is not invertible
in A, then G ®4 Ag is nothing but the additive group scheme G,, 4,. Here Ag denotes the
residue ring A/(X).

Hereafter we put { = ¢*™/P ) =¢ —1and A = Z[¢].

6.2. A homomorphism of group Z[¢ ]-scheme

1
:| — Q()‘p) = SpecA|:T 7:|

14 APT

v GW = SpecA| T,
g pee [ 1+ AT

is defined by

(14+AT)P — 1
T 127 =
AP

It is readily seen that Ker[¥ : G* — G*")] is isomorphic to the constant group scheme
Z./ pZ. Moreover, the diagram of group A-schemes with exact raws

0 —— Z/pl —— ¢» Y, goh .

l lam la(m

0 > Rp.ziz) > G,z —p> Gmzic7 —— 0O
is commutative. Hence the sequence

[0 — Z/pZ —> GW LN G*" — 0] ®z1¢1 Q)

is isomorphic to the Kummer sequence

P
0— np00) — Gmaw) — Gmag — 0.

On the other hand, we have F,, = Z[¢]/(A). Moreover, the sequence

[0 — Z/pZ — ¢P L G s 0] @y F,

is nothing but the Artin-Schreier sequence

0 —> Z/pZ —> Gur, ~= Gap, — 0
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since {(1 + AT)? — 1}/AP =TP — T mod A.
To sum up, the exact sequence

0 — Z/pZ — GW LN G* — 0
unifies the Kummer and Artin-Schreier sequences (cf. [14], [7], [5]).

Now we examine the sculpture and embedding problems for the Weil restriction
A
Mziez 9%

6.3. For simplicity, we put

x=xp: U = [ Gmae
21c1/2

and
e=x1:U") = Guz.

Let R be a ring. Then the homomorphism y induces a homomorphism of multiplicative
groups

p—1 p—1
RIMT — (R®zZIED : Y ary* > Y ar @ ¢*,
k=0 k=0
and the homomorphism ¢ induces a homomorphism of multiplicative groups
p—1 p—1
R — R*: Zakyk [ Zak.
k=0 k=0

All the elements of Ker[e : R[I"]* — R*] are expressed uniquely in the form of

l+ai(y —D+a@?* =)+ +a, ("' =) (@1,a2,...,ap-1 €R).

The homomorphism y : Ker[e : U(I") — Gy z] — HZ[;]/Z G, z[¢] is factorized as

- 1—[ a®
Kerle : U(I") = Gy, 7] LN l_[ g» s l—[ Gm,z1¢1 -
ZI1)7] ZIE1/Z

Indeed, the homomorphism of group schemes x : Ker[e : U(I") — G, z] —
]_[Z[ 1)z Gm,z[¢1 gives a homomorphism of multiplicative groups

p—1 p—1
RIMT - (RRZZIED 14 Y ayF =D 1+ ) a® @ —1).
k=1 k=1
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By the definition of G*), we have

p—1 Ck _1
Y a® € GM(R ®z ZIt])
k=1 ¢—1

and

p—1 k-1 p—1 k-1 p—1
l_[O!()L)Zzak(@é_j'—)l"‘(l@)\)(zak@é__l>=1+zak®(§k_1)-
k=1 k=1

ZIE)/Z k=1

It is readily seen that the constant group scheme I" is contained in Ker[e : U(I") —
Gm,z] and

g -1
-1

for each k. Furthermore x : Kerle : U(I") — G, z] — HZ[;]/Z] G™ is an isomorphism

IvH=1®

of group schemes. Indeed, the inverse of x is defined by

p—1 k-1 -l -l
Y u® = H(l—zak)JrZaka
k

k=1 =1

Moreover, define a homomorphism of group schemes
s:UIN) — Kerle : U(I") = Gy 7]
by

p—1 p—1 p—1
S ark e S ark [T
k=0 k=0 k=0
Then s gives a splitting of the exact sequence
0 — Ketle : U(I') = Gzl —> U(I') > Gz — 0.

Therefore we obtain the following assertions:

PROPOSITION 6.4. Both the sculpture and embedding problems are affirmatively
solved over 7. for the embedding I’ — HZ[;]/Z GWM. Indeed, the diagrams

r —— U

H [

r - TT 9»
ZI51/Z



852 NORIYUKI SUWA

and

r - TT 9*
ZI51/Z

| b

r —— Ul
are commutative.

Now we describe the homomorphism [ [,z a® 21012 G» — [zie12 Gmzie
more precisely.

6.5. Description of U (I"). Put

To T Typ—1
n N To
Ap(To, T, ..., Tp—1) = Ar(To, T, ..., Tp—1) = :
T,-1 Tp T, >
Then we have
p—1
Ap(To. Ty, ... Tpo) = (=D)P V2T [T+ &/ T + ¢ ¥ Ty + -+ ¢ P70IT, ).
j=0

Furthermore, we have

1
A[)(TOa Tla MR ] Tp—l)} '

ur) = SpecZ|:To, T, ..., Tp-1,

The multiplication is defined by

Ti> ) Tj®T (1<i<p-1).

Jjtk=i
mod p

6.6. Description of [ [,z Gm z1¢1- Let R be aring. Then all the elements of R ®z
Z|[¢] are expressed uniquely in the form of

@+ +--+a,1 9P a2, ...,ap-1 €R)
since {¢, 2, ..., ¢P 1} is a basis of Z[¢] over Z.
Put now

p—1 p—

p—1
Np(X1. X2, ... X =[] <Z ;J'kxk) .
k=1
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Then N, (X1, X2, ..., Xp—1) € Z[ X1, X2, ..., Xp—1]. Furthermore,

p—1

Y a®ct e (RzZIED* © Nplar,az,...,ap 1) € R,
k=1

Hence we obtain

1
l_[ Gm,Z[;]=SPCCZ[X1,X2,.-.,X1:—1, :|
21512 Np(X1, X2, ..., Xp1)

where the multiplication is given by
Xim = ) X, @Xi+ ) X;®X¢ (I1<i<p-1).
Jj+k=0 Jtk=i

mod p mod p

The homomorphism of group schemes

1
X =X :U(F):SpecZ[To,Tl,...,T_1, :|
' P A[?(T()a Tla"‘5T[J—l)
1
- H Gm,Z[z]=SP6CZ[X1,X2,...,Xp—1, }
ZIE)/Z. Np(X1, X2, ..., Xp—1)
is defined by

Xim>Ti-Ty (I<i<p-1D.

Furthermore, the homomorphism of group schemes

1
Nr: Gm.z =SpecZ[X1,X2,...,X _1, i|
ZQZ e b Npy(X1, X2, ..., Xp—1)

1
— Gpz= SpecZ[U, —i|
U
is defined by
U Np(X1,Xo,...,Xp-1).

Hence we obtain

eV

Gum,zie1 = SpecZ[X1, Xa, ..., Xp—11/(Np(X1, X2, ..., Xp—1) — 1)
Z[5)/Z

6.7. Description of [7,1/2 G (M) Let R be a ring. Then all the elements of R ®7, Z[¢]
are expressed uniquely in the form of
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a@l+a@(+)+ - +ap 1 ®@A+¢+---+¢P72)

-1 (-1
+~-~+ap_1®T(a1,a2,...,ap_1 GR)

®—C l—i— b2
=a
1 = az 1

1 -1

since {1, 1 +¢,...,14¢+---+¢P72} is abasis of Z[¢] over Z. Noting that

;il} p—1 p—1

1®1+Za,®(; =) Cltar+ 42+ +a, DO,
i=1

1®1+(1®A){Zal

we can verify that:

Z a ® €GP (R@zZILD) &
Np—l+2a+art - - +apg—1+a1+2art - - +ap—1, ..., —14+ai+ar + - - - +2a,1)eR™
Put now

F(X1,X2,....Xp-1) =
Np FH2X X0+ -+ Xp, 14+ X 12X+ - +Xpoq, oo =X X+ - +2X )
Then we have
F(X1,X2,...,Xp-1)=1 mod p.

Indeed, by the definition of N, (X1, X2,..., Xp—1) and F(X1, X2, ..., Xp_1), we ob-
tain

p—l p—1
F(X1,X2, ..., Xp—1) = ]—[{1 +y (¢F - 1)xk} :
j=1 k=1
This implies that
F(X1,X2,...,Xp-1)=1 mod A.
Therefore we obtain the result, noting that F' (X1, X2, ..., Xp—1) € Z[Xo, X1, ..., Xp—1l.
Define N,(X1, X2, ..., Xp—1) € Z[X1, X2,..., Xp_1]1 by
F(X1, X2, ..., Xp—1) = 1+ pNp(X1, X2, ..., Xpo1) .

Then we arrive at the assertion:

-1 -
— €0WR@ZLD & 1+ pNy(a,a, ... ap-1) € R
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Hence we obtain

: ]
’ 1+p1\7p(X1, X2,..., Xp-1) ’

l_[ g(k) = SpecZ|:X1, X2, ..., Xp1
ZI¢1/Z

where the multiplication is defined by

Xim Xi®(l-X1—-Xo—-=Xp-D+A-X1-X2—- =X, 1) ® X
+ Y X;jexXpl<i<p-—1).
Jjtk=i
mod p

The homomorphism of group schemes

1 ]
1+ pNy(X1, X2, ..., Xpo1)

1_[ a® - 1_[ g()‘)=SpeCZ|:X1,X2,...,Xp_1,
71817 ZIgl/Z

1
p—1 i|
N[J(X17X27 "‘7X[7—1)

— l_[ Gm,Z[;]=SpecZ[X1,X2,...,X
ZIL)/Z

is defined by
Xim Xi+(-1+X1+ X0+ +Xp-)A<i<p-1.

The homomorphism ]_[Z[ 1)z o™ is isomorphic over Z[1/p]. Indeed, the inverse is given by
1
Xim Xi+—(1-X1—-- =X, D(=<i=<=p-1).
p

Furthermore, the homomorphism

1
A[J(TOa Tla M) Tp—l)}

xos:UW) =SpeCZ[To, Ty, ...,Tpy,

o]
1+ pNp(X1, Xa, o Xpo1)

— l_[ g(l):SpecZ[Xl,Xg,...,X,,_l
YAteV/

is defined by
Xj—=>Ti/(To+Ti+--+Tp-1) (j=12,....,p—1),

and the homomorphism

]
1 pNp(X1, X, X o)

io;Z_1 : l_[ gW = SpecZ[X1,X2,...,X,,_1
Z[g)/Z
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1
S U =S ecZ[To,Tl,...,T_, }
P P AT, Tr. - Tpe1)
is defined by
1—-X1—...— X,— i =0
Tj|—> 1 p—1 (] )
X; (>0

EXAMPLE 6.8. Here are a few examples of N, and N,.

(1) In the case of p = 3, we have
Np(X1, X2) = X3 — X1 X2 + X3
and
Np(X1,X2) = —X1 — X2+ XT + X1 X2 + X3
(2) In the case of p = 5, we have
Np(X1, X2, X3, X4)
=(XT+ X3+ X3+ X — (X7 X2 + X5 X4 + X3 X3 + X3X1)
— (X1X3 4+ X2 X3 + X4 X3 + X3X3) — (X3X3 + X3 X1 + X3 X2 + X2 X4)
+ (X1X3 + X3X5 + X;X5 + X3XD) + (XTXF + X3X3)
+2(X1X2 X3 + X3Xa X1 + X3X3X2 + X3X1 X4)
+2(X1X2X3 + X2 XaX] + XaX3X3 + X3X1X3)
—3(X1X5X3 + XoX3X1 + XaX3X2 +3X3X7X4) — X1 X2X3X4
and
Np(X1, X2, X3, X4)
=— (X1 + X2+ X4 + X3) + 2(XT + X3 + X7 + X3)
+4X1 X2+ XoXa + X4 X3+ X3X1) +3(X1 X4 + X2X3)
—2(X3 X3+ X3+ X3) — 6(XIXa + X3Xa + X3X3 + X3X))
—5(X1X3 + X2 X5 + XaX3 4+ X3X]) — 3(X3X3 + X7 X1 + X3X2 + X} X4)
—9(X1 X0 X3+ X2 X4 X1 + XuX3Xo + X3X1X4)
+ (XT+ X5+ X7+ XD 43 X3+ X5X3 4+ X7X3 + X3XD) 4+ (XIX3 4+ X5XD)
+2(X1X3 4+ X2 X3 + Xa X3 + X3X) + (X3X3 4+ X3 X1 + X3 X2 + X3 X4)
+3(X] X2 + X3 X4 + X3 X3 4+ X3X1)
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+7(X1X2 X3 + X5Xa X1 + X3X3X2 + X3X1X4)
+4(X1X5X3 + Xa X7 X1 + XaX3X2 + X3X7X4)
+6(X1X2X3 4+ X2X4X? + X4X3X3 + X3X1X3) + 11X X2X3X4.

We conclude the article, by mentioning the sculpture and embedding problems for the
analogues of norm tori in the Kummer-Artin-Schreier theory.

6.9. Put G = Gal(Q(¢)/Q), and let g be a generator G. Let R be a ring. Then a
homomorphism of multiplicative group gr : (R ®z Z[¢])* — (R ®z Z[¢])* is defined by
r®a > r® g(a). The homomorphism gg : (R ®z Z[¢])* — (R ®z Z[¢])™ is represented
by a homomorphism of group schemes g : [ [,z Gm,zic1 = [1z01/2 Gm.z121-

Now we describe the endomorphism g of [ [,z Gm,z(¢) in terms of Hopf algebras.

Take an integer i (¢) so that g(¢) = ¢!9). Then the homomorphism

1
p—1 :|
N[J(Xla X25 "'7X[7—1)

g: 1_[ Gm,z[;]=SpeCZ|:X1,X2,...,X
ZIg)/Z

]

p—1

N[J(X17X27"‘7X[7—1)

- l_[ Gm,Z[;]=SpecZ[X1,X2,...,X
ZIL)/Z

is defined by
X/ f—)Xl(g)—]] (J= 1725"'51)_1)‘

Here i (g) ! stands for the integer [ € {1,2,..., p — 1} such thati(g)l = j mod p.
Furthermore, for 6 € Z[G], an endomorphism 6 of HZ[;] /7 Gm,z[¢1 is defined since the
group law of ]_[Z[ 1)z Gm,zj¢7 is commutative. More explicitly, let

p—2

0= mg" eZlGl,
k=0

and let R be a ring. Then the homomorphism of multiplicative groups 6 : (R ®z Z[{])* —
(R ®z Z[£])* is given by

p—2
Or(r @ @) = l—[(r ® gk(oz))"k .

k=0
6.10. Now define a morphism of affine schemes

]
14 pNy (X1, X2, X 1)

g: l_[ G» = SpecZ[Xl,Xg, ces Xpoi
ZIgl/zZ
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1
- T1 gm:specz[xl,xz,...,x,,_l, § }
ZIC)/Z 1+ pNp(X1, X2, ..., Xp—1)

by
XJ}_)Xl(g)flj (J:15275p_1)

Then it is verified without difficulty that g : [T, 9% = [Tg,1/2 9% is ahomomorphism
of group schemes. Furthermore, the diagram

l—[ gW g . l—[ gW

ZIgl/zZ ZIgl/z
[zie)/z “(A)l lnzm/z a®
[ Gnze 5 [T Gua
VAteV/ 7181/Z

is commutative.
More generally, for 8 € Z[G], an endomorphism 6 of HZ[;] /7 G™ is defined since the

group law of ]_[Z[ ¢1/2 G™ is commutative. Furthermore, the diagram

l—[ Gg» o, l—[ Gg»

ZIgl/zZ ZIgl/z
Mageyz e l anl{J/Z a®
[ Gmza — [T Guazi
VAteV/ 7181/Z

is commutative.
EXAMPLE 6.11. Assume that p > 2. Put

v=1+g+--+¢"" € Z[G]

and

l_[ “)g“) = Ker[v: l_[ G» — l_[ g“)].

Z[g)/Z Z[g)/Z Z[g)/Z
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Then we obtain a commutative diagram with exact raws

0 - T1 Q) - [T 9® —— T[] 9"
ZI)/Z ZIs)/Z i)/
l lnz[;]/zam lnz[cl/z-‘xm

m
0 —— ] Guzg —— [] Gman — [T Gmae
Zig)/Z Zig)/Z Zi8)/Z

The induced homomorphism [ [,z a® (Zl[){]/z G* — H(Zl[);]/z Gm,7[] is isomorphic
over Z[1/p].
We have also

(1 -
[T 9% =SpecZIXi, Xa,.... Xp 11/(Np(X1, X2, ..., Xp-1)),
Zl5)/) 7

where the multiplication is defined by

Xim Xi®@(U =X —Xo— = Xp )+ (I =X = X2 — -+ = X,_) © X;
+ Y X;j@Xp(l<i<p—1).
Jjtk=i
mod p

It is worthwhile to remark that ]‘[Z[“/Z“)g@) is smooth over Z, while HZ[;]/Z(l)Gm,Z[g] is
not smooth at the locus (p).

PROPOSITION 6.12. Assume that p > 2. Then both the sculpture and embedding
problems are affirmatively solved over Z for the embedding I’ — ]_[Z[“/Z(I)QO‘).

PROOF. The embedding problem for I" — [z /Z(”g (*) s affirmatively solved since
the embedding problem for I — [y,1,2 G is affirmatively solved.
Now we prove that the sculpture problem for I — [y /Z“)gm is affirmatively

solved. Puto = g — 1 € Z[G]. Then the homomorphism o : [y, 6™ = [y 9%
is factorized as

[T 9® = TT V@ " 1 o
Z1E)/Z ZIL/Z 717

sincevo = (14+g+---+g? (1 — ¢g) = 01in Z[G]. Moreover, o induces an automorphism
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of I'sinceo =g —1:y + y(@~1 Hence we obtain a commutative diagram

2 5 l_[ g()n)
ZIE)/Z

lz L
r — ]_[ G
ZIgl/Z
and therefore, a commutative diagram
I — u)
lz la
(€Y
r—- ]
ZIgl/Z

gW

combining with the commutative diagram

r —— U

H [

r - TT o®
ZI51/Z

EXAMPLE 6.13. Assume that p > 2. For each positive divisord of p—1(d # p—1),
put
vi=1+g¢"+¢ 4+ 97 V4 e7[G].
Put
G, = m Ker[vd : 1_[ QO‘) — l_[ g“)} .
d|(p—1) ZI5/Z ZI/Z
d#p—1

Then G, ®z Z[1/p] is an algebraic torus over Z[1/p] with character group Z[¢,_1] as is
remarked in 5.2.

THEOREM 6.14. Assume that p > 2. Then both the sculpture and embedding prob-
lems are affirmatively solved over Z for the embedding I' — G .

PROOF. The embedding problem for I — G, is affirmatively solved since the em-
bedding problem for I" — HZ[Z] /Z G is affirmatively solved.
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Now we prove that the sculpture problem for I' — G, is affirmatively solved. Put

s= [] @a(9 eziGl,

di(p—1)
d#p—1

where @,4(T) denotes the d-th cyclotomic polynomial. Then the homomorphism &
Mzie1/2 6% = Tlzgeyz 6™ is factorized as

I g 2, g, "L I o
ZIE1/Z ZI¢l/Z
since

vdff:{ I w(g)” I ¢d/<g)}=OinZ[G]

d'l(p-1) d'|(p=1)
dtd’ d'#p—1

for all positive divisor d of p — 1 (d # p — 1). Moreover, ¢ induces an automorphism of .
Indeed, put

F(T) = ]_[ &4(T) .

d|(p—1)
d#p—1

Then we have in IF,[T']
F(T) = ]_[ (T —a).

aelFy
the orderofa # p — 1

Moreover, i(g) is a primitive root of F,. Then we have F(i(g)) # 0inF,. Then6(¢) =
cFU@) £ 1.
Hence we obtain a commutative diagram

r N 1_[ g()n)

2L/
L ls
r—— G,

and therefore, a commutative diagram

I — U

Lk

r ——s G,
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combining with the commutative diagram

r —— U

| L

r N l—[ g()\)
ZIgl/Z
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