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Remarks on r-planes in Complete Intersections
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Abstract. This paper investigates the families of smooth complete intersections containing r-planes in projec-
tive spaces. We are going in a primitive way to shed some light on a point and an r-plane containing the point in a
complete intersection from the viewpoint of projective geometry.

1. Introduction

This paper investigates the families of smooth complete intersections containing r-planes
in the projective space. We will study a classical Fano scheme, for example, the one which
parametrizes pairs of a point z, an r-plane L and a complete intersection V satisfying that z
is a point of L and L is contained in V. On one hand, there has been some references, e.g.,
[3, 4, 9], on this topic arising from the unirationality problem for specific projective varieties.
On the other hand, we find a classical way to study an expected dimension of Fano schemes
asin [2, 5, 10, 11].

The purpose of this paper, mostly inspired by [2], is to give a primitive way to grasp the
relations between a point, an r-plane and a complete intersection in terms of a generalized
normal sheaf coming from Hilbert scheme.

In Section 2, we introduce a generalized normal sheaf whose section gives a tangent
space of an incidence correspondence. The infinitesimal theory presented here is given rise
from a detailed proof of [2] and will be used to prove the main results of this paper in Section 3.

Let P,I(V be the projective space over an algebraically closed field k. Let n, r and

dy,...,dy—p be integers with 2 < n < N —1,and 1 < r < n/2 and d; > 2 for
j =1,...,N —n. Now we pose the following questions: (1) If V is a complete inter-
section of (dy,...,dn—,) of P,iv , is there an r-plane contained in V? (2) Further, for any

point z of V, is there an r-plane contained in V through the point z? (3) Let H be the scheme
parametrizing the complete intersections of (dy, ..., dy—_p) of P,I{V . Let H, be the subscheme

of H which parametrizes the complete intersections containing an r-plane of P,ZCv . Then Hy
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is an open set of H, and H, is a closed subscheme of Hy. When is H, nonempty? What is
dim H,?

As references mentioned before, several results has been somewhat investigated since
the time of [10], which gives, in fact, an answer for (1). As far as I know, however, there are
no written statements concerning (2) and (3). We will give answers concerning (2) and (3)
in Section 3, see below, with presenting transparent view in the process of Theorem 3.1 and
Theorem 3.3.

COROLLARY 1.1. Let V be a complete intersection of type (d, ...,dn—p) in PIJCV. If
r+1D(N—-r)> Zj:_{' ("t4i) +n —r and n > 2r, then for any point z of V there is an
r-plane through the point 7 and lying on V.

COROLLARY 1.2. Let H, be a scheme which parametrizes the smooth complete inter-

section of type (dy, . .., dnN—y) containing an r-plane ofPIICV. Then H, is nonempty if and only

. . _ d; . . . .
if n > 2r. Further, dim Hy = ijﬂ" (n; J ), and H, is a unirational subvariety of Hy with
- J

codim(H,, Hy) = max {Z;-VZ_I" (i) = (r + 1)(N —r), 0}.

2. Infinitesimal Theory

In this section, we will develop infinitesimal theory for a ladder of subschemes in an
ambient space.

DEFINITION 2.1. LetYy,..., Y, be local complete intersections in a scheme P with
Yy, C ---Y, C P. For a normal sheaf ./\/'y,. p = Zyyp /112’1' / P)v we consider natural mor-
phisms o; : Ny,)p — Ny, /ply, fori =1,...,n—1and B; : Ny,;p — Ny,/ply,_, for
i =2,...,n. Then we define a generalized normal sheaf./\/'yl/.../yn/p ofic---CY,inP
to be the sheaf Ker y, where

o] _ﬂZ 0 0 0
y=a... 2 '83 | LNy = @ Ny el
0 0 an—1 —Pn

REMARK 2.2. Forn = 2 wetake L = Yj and V = Y». Then a generalized normal
sheaf Ny, /v/p on P can be regarded as the fibre product:

Niyjvip = Nyyp
\ O ¢
Negp = Nysele.

LEMMA 2.3. Let R be a Noetherian ring and a be an ideal of R with > = 0. Let R =
R/a. Let P be a scheme flat over R and P=P X R R. Let 171 Cc---C I?n be local complete
intersections in P, which are flat over R. Let us take Q: Yic---c¥,cP— Spec R.
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(1) Assume that ¢ is locally liftable over R. Then there is a canonical class of obstruc-
tion in H' (NY1/~~~/I7n/15 ® ¢ ), which is zero if and only if ¢ is globally liftable over
R.

(2) If ¢ is liftable, then the set of liftings over R is a principal homogeneous set under
HO(NYI/.../I?"/[) Qr a).

In case n = 1, Lemma 2.3 is a consequence of [6, Exposé 221].

PROOF. Let us prove for n = 2. It is similarly proved forn > 3. Let L = ¥} and V =
172. First we will prove (2). Since ¢ is liftable from the assumption, there is a lifting L; C V;
in P. We show that there is one-to-one correspondence between the set of liftings in P and
the elements of H'(N} /7P ®f @) such that the fixed lifting L1 C Vi corresponds to 0 as an
element of H'(\/; /v/p @ @ By [1, 7] a pair of lifting L and V' in P without the condition
L C V corresponds to an element (¥, ¢) of H'(N; 5 ® z 0) @ H' (W5 ® ; a). So we have
only to show that L is contained in V if and only of (¢, ¢) belongs to HO(WV; ivp®r a), where
HO(W; /5 ®f a) is considered as a fibre product of H'(W; 5 ® a) and HO(\y 5 ®f a)
over HO(./\/'V/}; |L ® a), see Remark 2.2.

The question is local. Let x be a point of P. We set A = Op s I = Lyp J =
Jrpxs A= Opyx, It =ZLypx, J1 = JLypxs I =ZLvipx, J = Jrpx, Bl = A/lL
Ci = A/J1,B=A/I and C = A/J. Keeping in mind that L and V are local complete

intersections, we putthat Iy = (f1,..., fr), I = (fi+g1,---, fr + 9. J1 = (P1,.-., Ps)
and J = (p1 +q1, ..., ps + gs) by minimal generators in the ring A. Then ¢ can be locally

written as an A-homomorphism from I to B ®paby ¢(fi) = g fori =1,...,r, where
fi and g; are images in I and B ® # arespectively by abuse of notation. Similarly, ¥ can be
regarded as an A-homomorphism from J to C ®paby¢(pi)=gqgifori=1,...,r.
Comparing with the diagram in Remark 2.2, we locally consider the fibre product of
o : Homg(J/J?,C ®% a) — Homga(J/1J,C ®p a) and B : HomB(I_/I_Z, B®ja) —
Homg (a/ij,c ® @). Thus we have only to show that / C J if and only if a(y) = B(¢).
Note that I C J means that f; + g; = Zj aij(pj + q;) for some a;; € A. Since Iy C Ji, we
can take f; = Zj a;jp; for some a;; € A. Now we have a(Y)(fi) = Ol(l/f)(zj aijpj) =
Y aijd(py) = X aijgj and B(9)(fi) = ¢(fi) = G in C ®j a, where ¥(p)), q;, $(fi)
and §; are the images in C ® # a. Hence the assertion is proved. Moreover, (1) immediately
follows from the proof of (2). a

Let P = P,I(V be the projective space over an algebraically closed field k. Let G and H
be Hilbert schemes parametrizing closed subschemes of P,I(V . Then we construct a scheme X

which parametrizes pairs (L, V') of closed subschemes of P,I{V such that L C V. Itis a closed
subscheme of G x H, called an incidence correspondence.
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PROPOSITION 2.4. Under the above conditions, let x be a point of X corresponding
to(L,V). Then
(1) Te,x =T'Npyvyp).
) If L and V are local complete intersections of V and P respectively and
Hl(NL/V/p) =0, then X is smooth at x.

PROOF. It immediately follows from Lemma 2.3. O

COROLLARY 2.5. Under the same conditions as in Proposition 2.4,let f : X C G X
H — H. Assume that F(J\/V/p) — F(./\/V/pIL) is surjective. Then Ty : Ty x — Ty, H
is surjective if and only if F(NL/p) — F(Nv/pIL) is surjective. In this case we have
dim T, x =Wy, p) + hOWi, p) — 0Ny p|L).

In case L is a line and V is a hypersurface of P = PY, smooth along L, this is Corollary
4 in [2].

PROOF. The corollary follows from Proposition 2.4 and the fibre product diagram:

Ty x —  T'(Ny/p)
{ ad \
I'Npp) — T'(Nysplp).

3. r-planes in complete intersections

In this section, we will investigate a complete intersection which contains r-planes
(through any point of the complete intersection). Let k be an algebraically closed field. Let
r, n and N be integers with 0 < r < n < N. Let H be a scheme which parametrizes

the complete intersections of type (di, ..., dn—p) in the projective space P,ICV over k, where
2<d =£--=<dN_p Letusput(dy,...,dv_pn) = (e1,...,ep), Where ey < --- < ¢p,
lop =0and e; = dy, 41 = -+ =dg fori = 1,..., p, thatis, ¢; is the number of times
in which e; appears in the sequence (dy, ..., dy—,). Let Gel...ej be the scheme of the com-
plete intersections of type (di, ..., d¢ +..+¢ j) from the construction of Hilbert scheme, see,
e.g., [8]. Then we easily see that G, is isomorphic to the Grassmann scheme G (£, m1),
where m; = dim I’ (OP/’(V (e1)). As a Hilbert scheme we inductively have a natural map

@) Ge,...e,- — Gel"'ej—l , which is a Grassmann bundle. In particular, a fibre of x € Gel"'ej—l
corresponding to a complete intersection V of type (di, ..., d¢ +..4¢;_,) is isomorphic to
G (i, m;), where m; = dim I"(Oy (e;)). In this way we have a sequence of Grassmann bun-
dles H = Ge]n-ep — G61-~~ep71 — .-+ — G, — Speck, which especially gives that H is
rational. Let G = G(r + 1, N + 1) be the Grassmann scheme of r-planes in PIJCV . Then we will

consider a family of the complete intersections containing r-planes. Let us put an incidence
correspondence X = {(L,V) € G x H|L C V},and write f : X C G x H — H and
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g: X CGxH — G. For Xejej = XN (G x Gel---ej) in G x H, we have a sequence of
Grassmann bundles X = Xejoe, = Xe1~~~ep71 — .-+ = X, — G, which especially gives
that X is rational. In this case we have

N—n
dimX —dimH = (- + DN —r) — Y ( rtdf )
=1

From now on we always assume that n > 2r from the viewpoint of Remark 3.4.
THEOREM 3.1. Under the above conditions, we have

(1) Ifdim X > dim H, then f is surjective.
(2) Ifdim X < dim H, then dim X = dim f(X).

PROOF. The assertion (1) has been already given by Predonzan [10], see also Borcea
[4]. The proof is similarly done as in Theorem 3.3 except for the hyperquadrics. For
n = N — 1and di = 2 we will prove that f is surjective even for chark = 2. It suf-
fices to find a point x € X where Ty : Ty, x — Tf),n is surjective. Let P,I(V =
Projk[Xo,..., Xn]. Bytaking L : X;41 =--- =Xy =0and V : F(Xo,...,Xy) =0,
where F(Xg,..., Xy) = XoXny + -+ Xv-12X(N+1),2 if N is odd, F(Xo, ..., Xn)
XoXN-1 + -+ Xn—2)2XNj2 + XIZV if N is even, we want to show that T, is sur-
jective at the point x € X corresponding to (L, V). In fact, it is equivalent to saying
that ¢ : I'(Nz,p) — I'(Ny,plr) is surjective by Corollary 2.5, which is explicitly writ-
ten as a map [8/0X,41lr,...,9/3Xn|L] : @V (OL(1)) — I'(OL(2)) by [2], that is,
¢=10,...,0,Xs,...,Xp]if Nisodd, ¢ = [0,...,0, X, ..., Xo, 0] if N is even. Hence
we have done.

Now we will prove (2). Set ¢ = dim X —dim f(X). Let us take an r-plane L € G. Then
H' = f(g~ (L)) is a subvariety of H with dim H' = dim X — dim G. There is an irreducible
component ¥ of f~!(H’) such that f(¥) = H' and dimY¥ = dim f~!(H’). So we have
dimY > dimX —dimG +¢. Let ¢’ : ¥ — G’ = ¢(Y)(C G) be a restriction of g. Let G,
be a closed subscheme of G which parametrizes r-planes L’ such that dim L N L’ > s for an
integer s > —1, where dim¢ = —1. Let s be the maximal integer such that G’ is contained
in G,. Fix L’ € G’ such that dimL N L’ = 5. Let S be a closed subscheme of H which
parametrizes complete intersections containing L and L’. In case s = —1 we have

dim § =dimKer (I'(V, Ny,p) = I'(L, Ny,p|L) ® I'(L', Ny,p|r))
= dim H — 2h°(V, Ny p|,) = 2dim X — 2dim G — dim H
by Proposition 2.4 and Corollary 2.5. Thus we see dim ¥ < dim ¢’ '(L’) +dim G < dim S+

dim G = 2dim X — dim G — dim H, conclusively dim X —dim G +¢ <2dim X —dim G —
dim H. So we have ¢ < dim X — dim H. Hence we obtain ¢ = 0. For s > 0 we have

dim S = dim Ker (I'(V, Ny,p) — T'(LU L', Ny,p|Lur))
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N—n
—2dimX - 2dimG —dimH + Y < s+dj )

1 N

]:

Also, we see dim Gy = dimG — (s + 1)(N — 2r + 5). Hence dimY <2dim X —dimG —

dimH — P(s), where P(s) =(s+ 1)(N —2r +s) — Z?/:_l" (S";df ) Comparing with

the proof for s = —1, in order to show ¢ = 0 we have only to prove that P(s) >
dimX — dimH for s = 0,...,r. We have clearly P(O) = n — 2r > 0 and

Pry=0+ DN —r)— Zjv:_{‘ (’t‘li) =dimX —dimH. Also, we see AP(s) =

N—n (s+d;
Ps+1) — P@s) = 25 + N —2r +2 — Zj:{'(fmf), so A’P(s) = 2 —
27:_1" (21012/) < 2 - 27:_1" (‘121) < 0. Thus we obtain P(s) > dimX — dim H for
s =0,...,r. Hence the assertion is proved. O

In the case of (2) in Theorem 3.1, I wonder if f is birational for d; > 0. Anyway we
move on showing a more or less known result in Proposition 3.2. Our proof is effective even
for chak k = 2 by using generalized normal sheaf:

For any quadric hypersurface V of dimension n, there is an r-plane through any point of
V forr <n/2.

Now we will consider the family of complete intersections containing r-planes through
all the points of the complete intersections. Let r, n and N be integers with 1 <r <n < N.
Let H, G and X be as above. Now we will define H, G and X as H = {(z, V) e P,I{V x H|z €
V},G =1{(z,L) e P} x G|z e L}and X = {(z, L, V) € P x X|z € L C V}. Then we
have the following diagrams, where vertical maps g : G — G,§: X — Xandp : H > H
are the second projections. Note that the maps ¢ and g are P”-bundles.

g f
<~ =

G X H
\ \ \
¢ L x L m
In this case we have
% 7 i r+d;
dimX—dimH:(r+1)(N—r)_Zl< 4 )+r_n.
j=

PROPOSITION 3.2. Under the above conditions, ifn = N — 1 and di = 2, that is, a

hyperquadric case, then f is surjective.

PROOF. As in the proof of Theorem 3.1, we want to find a point x € X corresponding
to (z, L, V) such that Tf' P Tf(x) i is surjective. From the infinitesimal theory of
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the previous section we obtain the following diagram of exact sequences:

0 0
\ \
T % - Tieo. i
\: \
0 - TI'WNpp) — TWyp)@TWNpp)®TWNyp) — T'(Nyp)@®TWNyp) — 0
y | y
0 - I - T'(Np/plz) © T'(NyyplL) - T'Nysplz2) - 0
\ \
0 0

where F is the fibre product of Nz ,p|. and Ny,p|r over Ny, p|;. We have only to show
that ¢ : I'(Np/p) — I'(F) is surjective. Now we take x = (z, L, V) € X, where L and
V are the same as in the proof of Theorem 3.1 andz = (1 : 0 : --- : 0) € P. Note that
F'(Npyp) = FOL()N~" and I'(F) € I'(Nyypl) @ F'Nyypl) = kN7 @ I'(OL(Q2)).
We will prove only for the N odd case since the even case is similar. Let us take bases as
F'Npyp) = T'(OL() -€; @ --- & I'(OL(1)) - €y_, and '(Np/pl;) @ T'NyplL) =
k-e ®---k- ey, ® Yo<i<j<rk - X;X;. Let us express a basis of I'(F) in terms of
abasisof k-e; @ ---k-ey_, ® Zo<i<j<rk - X;X;. In fact, a basis of I'(F) consists
of the elements {e,...,exy—_,—1,eny—r + X%,Xin|O <i < j <rj# 0}. Under the
notation we will describe the map ¢ : I'(Nz,p) — I'(F) C I'Niypl:) & I' Ny plL).
The composite map of ¢ to the first direct summand I"(Nz,p) — I'(Nz,pl;) is written
as I'(Or ()N~ — kN~ by substituting a linear foom by X = 1, X; = --- = X, =
0, while the composite map of ¢ to the second one I'(Ny,p) — I'(Ny,p|r) is written
as [0,...,0, X,,.... X0l : T(OL()Y ™ = rOLQ2) by [2]. In this way the elements
Xjey_ .. in TNLp) = T'(OL() - € @ --- @ I'(OL(1)) - €)y_, is mapped to the
elements X;X;in I'(F) Ck-e1 @ ---k-ey_, ® Zo<i<j<rk-X;Xjfor0<i <j=<r,
Jj#£0, Xoe;\/—r—i-i-l — X;ejytoe forl <i <N —r —1,and Xpey toey_, + X% Hence
the assertion is proved. O

THEOREM 3.3. Under the above conditions, if dim X > dim I:I, then f is surjective.

PROOF. We may assume eithern % N —1 or d; # 2 by Proposition 3.2. Letus pute =
codim (f(X), H). We will show thate = 0. Let gy =g o §: X - G — G. Fix an r-plane
L € G. Then H = f(¢g;~ (L)) is a subvariety of H with dim H' = dim X — dim G + r(=
dim X — dim G + r). There is an irreducible component Y of f‘l (I:I’) such that f(l?) =H
anddim Y = dim f~'(H’). Then we have dim ¥ > dim H’+dim X —dim f(X) = 2dim X —
dimG — dim H + r + ¢. Let g9 : Y - G’ = g;(Y)(C G) be a restriction of g;. Note that
LNL # ¢ forany L' € G'. Let Gy be a closed subscheme of G which parametrizes r-planes
L’ such that dim L N L’ > s. Let s be the maximal integer such that G’ is contained in Gj.
Fix L' € G’ suchthatdimLNL =s. Let S ={V € HILUL C V}. Let§ = {(z, V) €
Hlze LNL,LUL C V}. Now we have dimgi_l(L’) < dim § = dim S + 5. From the
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proof of Theorem 3.1 we have dim§ =2dim X —2dimG —dim H + Zjvz_l" (”;‘1/ ) Asin

the proof of Theorem 3.1 we see

dim ¥ <dimg| ' (L)) + dim G’ < dim S + 5 + dim G
=2dimX —dimG —dim H 4+ s — P(s)

=2dimX —dimG —dimH —r +n+s — P(s),
where P(s) = (s + D(N = 2r +5) = 3351 (*%7). Thus we see e < n —2r +5 — P(s).
Let OQ(s) = P(s) —s —n+2rfors = 0,...,r. Then we have Q(0) = 0, Q(r) =
dim X — dim H > 0 and AZQ(S) = A%?P(s) > 0 by the proof of Theorem 3.1 because V is
not a hyperquadric. Thus we have ¢ < Q(s) < 0, so ¢ = 0. Hence the assertion is proved. O

REMARK 3.4. If n > 2r, there is a smooth complete intersection V of P,iv with
dimV = n containing an r-plane L. On the other hand, a smooth complete intersection
V of P,iv with dim V = n < 2r contains no r-planes.

Indeed, we firstly show a generic member V = F; N --- N Fy_, is smooth outside L,
where F; € |Op(dj) — L|for j =1,..., N — n, by the blowing up of P,iv with centre L. In
order to show a generic member V is smooth along L, it is enough to take a smooth complete

intersection V defined by ij:r_H Xjfij=0fori =1,...,N —n, where f;; = X;l‘__ll if
0<j—1i<r,fij =0otherwise. HereP,iv = Projk[Xop,..., Xny]and L : X,y = --- =
Xn = 0. Hence the first assertion is proved. The second assertion, in case chark = 0, is an
easy consequence of Lefschetz theorem. In case chark > 0, assume that there exists a pair of

a smooth complete intersection V and an r-plane L. Let us consider the completion of the ring

of Witt vectors I/V(k\) Here m is a complete local domain with residue field I/V(k\) / nT(P) =
k and its quotient field has characteristic zero, see, e.g., [8]. Since H'(WV, LV /P/'(V) = 0, the pair

can be lifted a pair of liftings over m by Lemma 2.3, which contradicts the assertion for
chark = 0.

PROOF OF COROLLARY 1.1 AND COROLLARY 1.2. Corollary 1.1 follows from
Proposition 3.2 and Theorem 3.3. For fixed integers (di, ..., dn—n), we write X, for an
incidence correspondence X C G x H incase G = G(r + 1, N + 1) under the notation
before Theorem 3.1, and write f, : X, CGx H — Hfor f : X C G x H— H. A scheme
Hj of the smooth complete intersections is an open set of a rational variety H. Note that
H, = HyN f-(X;). Then we have H, is not empty for n > 2r from Remark 3.4. Since X, is
rational, H, is a unirational subvariety of the expected dimension by Theorem 3.1. Hence we
have Corollary 1.2. O
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tion from encouragement by Takuzo Okada and Eiichi Sato.
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