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Convexity of Reflective Submanifolds in Special Unitary Groups
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Abstract. A submanifold of a Riemannian manifold is called reflective, if it is a connected component of an
involutive isometry. If every shortest geodesic arc of a complete submanifold is still shortest in the ambient space,
we say that the submanifold is convex. In this note we show that reflective submanifolds in special unitary groups
are convex.

1. Introduction

M. S. Tanaka and the second author have shown in [8, Theorem 1] that every reflective
submanifold of a symmetric R-space is convex. Since the unitary group

Un :=
{
A ∈ Cn×n : AA

T = I
}

endowed with the bi-invariant Riemannian metric induced by the scalar product 〈X,Y 〉 =
−trace(XY ) on its Lie algebra un =

{
A ∈ Cn×n : A = −A

T
}

is a symmetric R-space (see

e.g. [3] and [1, pp. 310–311]), we get immediately:

PROPOSITION 1. Every reflective submanifold of a unitary group is convex.

On the other hand, special unitary groups

SUn = {A ∈ Un : det(A) = 1} ⊂ Un

with n ≥ 3 endowed with the trace metric described above are prominent examples of compact
symmetric spaces that are not R-spaces. Moreover SUn, n ≥ 3, is not a convex submanifold
of Un. One might therefore wonder if the statement of Proposition 1 is still true for special
unitary groups. In this note we give an affirmative answer:

THEOREM 1. Every reflective submanifold of a special unitary group is convex.
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Note that Theorem 1 does not extend to reflective submanifolds of arbitrary compact
Lie groups with bi-invariant Riemannian metrics, as the example of the center-free group
SUn/Zn, n ≥ 3, shows (see [8, Section 4]).

The results presented here are part of the first author’s exam project under the supervision
of the second author. The authors wish to thank J.-H. Eschenburg and E. Heintze for helpful
remarks.

2. Preliminaries

A reflective submanifold of a Riemannian manifold M is a connected component of the
fixed point set of an involutive isometry τ of M, that is an isometry τ of M with τ �= id and
τ ◦ τ = id. In particular, reflective submanifolds are totally geodesic (see e.g. [1, Proposition
8.3.4]) and closed submanifolds. Thus, if M is compact then any reflective submanifold of M

is compact, too.
A connected submanifold S ⊂ M of a Riemannian manifold is called (geodesically)

convex, if for any two points x, y ∈ S the Riemannian distance (see e.g. [11, p. 26] for
the definition) dS(x, y) measured within S coincides with the Riemannian distance dM(x, y)

measured within the ambient space M. A complete submanifold S ⊂ M is convex, if any
shortest geodesic segment in S is still shortest in M.

The tangent cut locus C(ToM) of a complete Riemannian manifold M at a point o ∈ M

is the set formed by all X ∈ ToM such that the geodesic ray γX in M that starts at o in
direction X satisfies

• dM(o, γX(t)) = t‖X‖ for t ∈ [0, 1] and
• dM(o, γX(t)) < t‖X‖ for t > 1.

The tangent cut locus C(ToM) is star-shaped with center 0 ∈ ToM. Further details about the
tangent cut locus can, for example, be found in [11]. We observe that a compact submanifold
S ⊂ M is convex, if and only if

C(ToS) = C(ToM) ∩ ToS

holds for any point o ∈ S. Adapting a result of Sakai (see [9]) to submanifolds, Tasaki showed:

PROPOSITION 2 ([12, Lemma 2.2]). Let M be a connected compact symmetric space
and let S ⊂ M be a compact connected totally geodesic submanifold of M. Let A ⊂ S be a

maximal flat totally geodesic torus in S and Ã ⊂ M a maximal flat totally geodesic torus in
M that contains A. We choose a point o ∈ A. If

C(ToA) = C(ToÃ) ∩ ToA ,

then S is a convex submanifold of M.

REMARK 1. In the hypothesis of [12, Lemma 2.2], Tasaki assumes that M = G/K

and S = L/H for Riemannian symmetric pairs (G,K) and (L,H) with L ⊂ G and H ⊂ K.
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In the above context one may take as G the identity component of the isometry group of M

and set K := {g ∈ G : g(o) = o} for a chosen point o ∈ S ⊂ M. Then L denotes the identity
component of {g ∈ G : g(S) ⊂ S} and H := {l ∈ L : l(o) = o} (see [8, Observation 3] for
details).

Recall that the rank of a compact symmetric space M, denoted by rank(M), is the di-
mension of a maximal flat totally geodesic torus in M. As a direct consequence of Proposition
2 we get:

COROLLARY 1. Let S be a compact connected totally geodesic submanifold of a con-
nected compact symmetric space M with rank(S) = rank(M). Then any maximal flat totally
geodesic torus in S is also a maximal flat totally geodesic torus in M, and S is convex in M.

In particular, any compact connected totally geodesic submanifold S of SUn, n ≥ 2,

with rank(S) = rank(SUn) = n − 1 is convex in SUn.

3. Proof of the main result

In this section we prove the main result of this note, Theorem 1. Since SU2 is isometric
to a standard 3-sphere and hence a symmetric R-space, we only need to consider the case SUn

with n ≥ 3 in view of [8, Theorem 1].
The full isometry group Iso(SUn) acts by conjugation on the set

Inv(SUn) := {τ ∈ Iso(SUn) : τ �= id, τ ◦ τ = id}
of all involutive isometries of SUn. For an involutive isometry τ ∈ Inv(SUn) we denote by
Fix(τ ) := {A ∈ SUn : τ (A) = A} the set of all fixed points of τ. If X ∈ Fix(τ ) then
FixX(τ) designates the connected component of Fix(τ ) that contains X. For g ∈ Iso(SUn) we
obviously have

Fix(g ◦ τ ◦ g−1) = g(Fix(τ )) .

OBSERVATION 1. Let τ ∈ Inv(SUn) and let X ∈ Fix(τ ), then

lX−1 (FixX(τ)) = FixI (lX−1 ◦ τ ◦ lX) ,

where lX denotes left multiplication with X and I the identity matrix.

Since isometries preserve convexity, we only need to look at FixI (τ ) for any τ ∈
Inv(SUn), in order to prove Theorem 1. Involutive isometries of SUn that fix the identity
I ∈ SUn can be described as follows:

LEMMA 1 (see e.g. [5, proof of Theorem 3.3] and [7, Proposition C.1]). Let τ be an
isometry of SUn that fixes I and satisfies τ ◦ τ = id. Then either τ or ι◦ τ is a Lie group auto-

morphism of SUn that squares to the identity, where ι denotes the inversion ι(A) = A−1 = A
T

on SUn.
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Moreover, if ι ◦ τ is a Lie group automorphism, then FixI (τ ) is a totally geodesic sub-
manifold of SUn isometric (up to an appropriate scaling) to the irreducible symmetric space
SUn/Fix(ι ◦ τ ).

From the classification of compact irreducible symmetric spaces, originally due to Élie
Cartan in the 1920th, we know that up to conjugation with Lie group automorphisms there are
only three kinds of involutive Lie group automorphisms of special unitary groups (see e.g. [2,
pp. 451–452]), namely:

τ1,p : SUn → SUn, A �→ Ip,qAI−1
p,q, with Ip,q :=

(
Ip

−Iq

)

for 1 ≤ p ≤ n − 1 and q = n − p;
τ2 : SUn → SUn, A �→ A;
τ3 : SU2n → SU2n, A �→ JAJ−1, with J =

( −In

In

)
.

We have

FixI (τ1,p) = S(Up × Un−p) =
{(

A

B

)
∈ SUn : A ∈ Up, B ∈ Un−p

}
,

FixI (τ2) = SOn = SUn ∩ Rn×n,

FixI (τ3) = Spn =
{(

A B

−B A

)
∈ SU2n : A,B ∈ Cn×n

}
.

With Lemma 1 we conclude that besides τ1,p, τ2 and τ3 there are up to conjugation with
Lie group automorphisms three further types of involutive isometries (which are group anti-
automorphisms) of special unitary groups, namely:

τ4,p := ι ◦ τ1,p : SUn → SUn , A �→ Ip,qA−1I−1
p,q , 0 ≤ p ≤ n − 1 ,

τ5 := ι ◦ τ2 : SUn → SUn , A �→ AT ,

τ6 := ι ◦ τ3 : SU2n → SU2n , A �→ JAT J T .

with

FixI (τ4,p) ∼= SUn/S(Up × Un−p) ,

FixI (τ5) ∼= SUn/SOn ,

FixI (τ6) ∼= SU2n/Spn .

Reflective submanifolds in symmetric spaces have been classified by Leung in a series of
papers [4, 5, 6]. Here we just recovered the case SUn in [5, Theorem 3.3].

Notice that any of the above given involutive isometries τ of a special unitary group
extends canonically to an involutive isometry τ̃ of the corresponding unitary group, where τ̃

is defined by the same formula as τ. With Proposition 1 we get:
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OBSERVATION 2. Let τ be an involutive isometry of SUn that extends canonically to
an involutive isometry τ̃ of Un. If FixI (τ̃ ) is contained in SUn, then FixI (τ ) is convex in SUn.

Since the determinant of a fixed point of τ̃2, τ̃3 or τ̃4,p is either 1 or −1, we conclude:

LEMMA 2. The submanifolds FixI (τ2), FixI (τ3) and FixI (τ4,p) are convex.

With rank(S(Up × Un−p)) = rank(SUn/SOn) = n − 1 (see e.g. [2, Chapter X]), we get
by Corollary 1:

LEMMA 3. The submanifolds FixI (τ1,p) and FixI (τ5) are convex.

To complete the proof of Theorem 1 it remains to be shown:

LEMMA 4. The submanifold S := FixI (τ6) of SU2n, n ≥ 2, is convex.

PROOF. Notice that S := FixI (τ6) can be identified with SU2n/Spn, by the following
transitive group action

SU2n × S → S , (A,X) �→ AXJAT J T ,

where Spn is the stabilizer of the identity.
Since τ6 is the restriction of the linear involution

τ̂6 : C2n×2n → C2n×2n , A �→ JAT J T ,

the tangent space TIS can be written as

s := TIS = su2n ∩ Fix(τ̂6) =
{(

A B

B AT

)
: A ∈ sun, B ∈ Cn×n, B = −BT

}

(see also e.g. [2, p. 452, type AII]). Recall that rank(S) = rank(SU2n/Spn) = n − 1 (see e. g.
[2, p. 518]). We choose a maximal abelian subspace a of s as follows

a :=
{(

D 0
0 D

)
: D ∈ (i · Rn×n) ∩ Diagn, trace(D) = 0

}
,

where Diagn is the set of all diagonal matrices in Cn×n. It can be extended to the maximal
abelian subspace

ã :=
{
D̃ ∈ (i · R2n×2n) ∩ Diag2n : trace(D̃) = 0

}

of su2n
∼= TI SU2n. The Dynkin diagram of SU2n is of type a2n−1 (see e.g. [2, p. 516]), and

we choose a fundamental basis {α̃1, . . . , α̃2n−1} of the root system of SU2n corresponding to
ã as follows:

α̃j := εj − εn+j , j = 1, . . . , n ;
α̃n+l := εn+l − εl+1, l = 1, . . . , n − 1 ,
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with

εk : ã → R , i

⎛
⎜⎝

x1
. . .

x2n

⎞
⎟⎠ �→ xk

for k = 1, . . . , 2n and associated highest root

δ̃ =
2n−1∑
j=1

α̃j = ε1 − ε2n

(see e.g. [2, pp. 462, 476]). The corresponding Weyl chamber of su2n in ã is

ã+ = {X ∈ ã : α̃j (X) > 0 for all j = 1, . . . , 2n − 1} .

The Dynkin diagram of the symmetric space S has type an−1 (see e.g. [2, Chapter X]).
Setting

αj := α̃n+j |a
for j = 1, . . . , n − 1 we get a fundamental basis {α1, . . . , αn−1} of the root system of S

corresponding to a with highest root

δ =
n−1∑
j=1

αj = ε1|a − εn|a .

The closure a+ of the corresponding Weyl chamber

a+ := {X ∈ a : αj (X) > 0 for all j = 1, . . . , n − 1}
in a is contained in the closure ã+ of ã+.

Since every element of a can be mapped into a+ by conjugation with an element of Spn

(linear isotroy action of S), the tangent cut locus C(a) = C(TIA) of the maximal flat totally

geodesic torus A := exp(a) in S is already determined by C(a) ∩ a+ (see [10]). Similarly,

every element of ã is conjugate to an element of ã+ by an element of SU2n. Thus, to determine

the tangent cut locus C(ã) = C(TI Ã) of the maximal flat totally geodesic torus Ã := exp(ã)

in SU2n, it is sufficient to know C(ã) ∩ ã+. Following Sakai (see [10, p. 198]) we get

C(a) ∩ a+ = {X ∈ a+ : δ(X) = 2π} and C(ã) ∩ ã+ =
{
X ∈ ã+ : δ̃(X) = 2π

}
.

Let X =
(

D

D

)
with D = i

⎛
⎜⎝

x1
. . .

xn

⎞
⎟⎠ , x1, . . . , xn ∈ R, be an element of a+, that
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is x1 ≥ x2 ≥ · · · ≥ xn with
n∑

j=1
xj = 0. Then X lies in C(a) if and only if

δ(X) = x1 − xn = 2π .

But in this case we also have δ̃(X) = 2π, that is X ∈ C(ã). We conclude that

C(a) ∩ a+ = C(ã) ∩ a+

and therefore

C(a) = C(ã) ∩ a .

Lemma 4 now follows from Proposition 2. �
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