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Abstract. Let L be a nonnegative self-adjoint operator on LZ(R") satisfying the full off-diagonal estimates

L90 — L2 for some qo € [1,2). In this paper, we study the sharp weighted L? estimates for the spectral multipliers
of the operator L and their commutators with BMO functions b. As an application, we study the weighted norm
inequalities for spectral multipliers of Schrodinger operators with negative potentials.

1. Introduction

Suppose that L is a nonnegative self-adjoint operator on L?(R"). Let E(A) be
the spectral resolution of L. By the spectral theorem, for any bounded Borel function
F : [0, 0c0) — C, one can define the operator

o
F(L) = / F(WAE(L),
0
which is bounded on L2(R").

The problem concerning the boundedness of F'(L) has attracted a lot of attention and has
been studied by many authors, see for example [1, 7, 8, 21, 19, 18, 13, 14] and the references
therein. In most of these papers, the Gaussian upper bound condition plays an essential role,
see for example [1, 13, 14]. Recall that the semigroup {¢~'L},.( generated by L has the
kernels p;(x, y) satisfying the Gaussian upper bounds if there exist ¢, C > 0 so that

C lx — y|?
) P )| = =5 exp(—c%

for all + > 0 and x,y € R". It was proved in [14] that if the bounded Borel function
F : [0, 0c0) — C satisfies the following condition for some s > n/2
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sup [|nd; Fllwee < 00

t>0
where §; F(1) = F(t2), || Fllyr = (I — d?/dx?)*/>F||L» and 7 is an auxiliary non-zero cut-
off function such that n € CZ°(R.), then the spectral multiplier F (L) is of weak type (1, 1)
and hence by duality arguments, F'(L) is bounded on L? for all p € (1, co0). However, there
are many important operators L which do not satisfy (1). It is natural to raise a question of the
boundedness of the spectral multipliers F (L) without the Gaussian upper bound condition
(1). In [7], S. Blunck replaced the pointwise kernel bounds (1) by the L? — L9 estimates
and obtained the boundedness of F(L) on L? for an appropriate range of p whenever the
bounded Borel function F satisfies sup, ”’75’F”W3 < oo with s > n/2 4+ 1/2. Under the
similar condition sup,- ¢ [[78; F || wee < 0o with s >n/2, it was proved in [15] that the spectral
multiplier F(L) is bounded on H f which is the Hardy space associated to the operator L.
Moreover, it was also proved that if the semigroup e 'L satisfies the L% — L? off-diagonal
estimates for some gg € [1, 2), then F (L) is bounded on L?(w) for 2 < p < q(’) and w €
Ap/zﬂRH%/p)/ and hence by duality, F'(L) is bounded on L?(w) for g9 < p < 2 and
w € Ap/go N RHypy-

The main aim of this paper is to study the sharp weighted estimates for spectral multipli-
ers F(L) and the commutators [b, F(L)] of F (L) with BMO functions » under the condition
that L generates the semigroup e 'L satisfying the L9 — L? full off-diagonal estimates (see
Section 2 for precise definition). It is important to note that the pointwise Gaussian estimates
are not assumed in this paper. Precisely, we prove the following result.

THEOREM 1.1. Let L be a nonnegative self-adjoint operator on L? satisfying the
L% — L? full off-diagonal estimates for some qq € [1, 2). Set ro = max(qo, ). If a bounded
Borel function F : [0, 00) — C satisfies the following condition for some s > n/2

sup [|nd; Fllwee < 00
t>0

where §; F (L) = F(t)), ”F“WS” = ||(I —d?*/dx*)*/*>F||1r and n is an auxiliary non-zero cut-
off function such that n € C°(Ry.), then (a) F(L) is bounded on L? (w) for allrg < p < q(’)
and w € Ap/ry N RH%/,O)/; (b) moreover, for b € BM O (R"), the commutator [b, F(L)]
is also bounded on LP(w) for all g < p < qyand w € Ap/ry N RH(q(')/rO)" Hence by

duality F (L) and the commutators [b, F (L)] are bounded on L? (w) for gqo < p < ro and
w e Ap/qo n RH(I”(,)/[?)/

Note that since A2 N RHgy/py C Ap/rg N RH(q(/)/p)/ forp > 2, Apsqo N RH2/py C
Ap/rg NRH g jpy forro < p < 2,and Ap/gy N RHypy C ApjgyVRH(ypy forro < p <2
and go < p < rp, the results in Theorem 1.1 are better than those in [15]. Moreover, since
ro < 2, we also obtain the weighted estimates for the spectral multipliers F(L) and their
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commutators [b, F(L)] with BMO functions b on the weighted L? spaces when p = 2. It
seems that the obtained results in [15] did not tell us the weighted estimate of F (L) on the
weighted L? spaces.

Moreover, under the Gaussian upper bound conditions (1) and the weaker condition on
F, Theorem 1.1 gives the same conclusion as [6, Theorem 1.3]. In comparison with the
results in [16], it is important to note that in the Euclidian setting, if the condition (1) holds,
the obtained results in Theorem 1.1 are in line with those in [16, Theorem 3.1]. Therefore,
Theorem 1.1 can be considered to be an extension to [16, Theorem 3.1] and [6, Theorem
1.3] in some sense. More importantly, the results on the commutators [b, F(L)] with BMO
functions b are new (even for the unweighted case).

The outline of this paper is as follows. In section 2, we recall some basic properties of
Muckenhoupt weights and a criterion on weighted estimates for singular integrals in [4]. The
proof of Theorem 1.1 will be given in Section 3. Finally, we give an application to study
the weighted norm inequalities for spectral multipliers of Schrodinger operators with negative
potentials.

2. Muckenhoupt weights and weighted estimates for singular integrals

2.1. Muckenhoupt weights. We now recall the definition of Muckenhoupt weights
and their basic properties. For details, we refer to [12].

Throughout this article, we will often just use B for B(xp,rp) := {x : |[x —xp| < rp}.
Also given A > 0, we will write AB for the A-dilated ball, which is the ball with the same
center as B and with radius r, g = Arg. For each ball B C R" we set

So(B) =B and S;(B) =2/B\2’"'B forj eN.

We shall denote w(E) := fE w(x)dx for any measurable set E C R". For 1 < p < o0
let p’ be the conjugate exponent of p,i.e. 1/p+1/p’ = 1.
We first introduce some notation. We use the notation

1
h(x)dx = — h(x)dx.
Ji (0dx |B|/B (0dx

A weight w is a non-negative locally integrable function on R". We say that w € A, 1 <
p < oo, if there exists a constant C such that for every ball B C R",

p—1
(][ w(x)dx)<][ w—1/<P—1>(x)dx> <C.
B B

For p = 1, we say that w € A if there is a constant C such that for every ball B C R",
][ w(y)dy < Cw(x) for ae.x € B.
B

We set Ao = Up>14).
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The reverse Holder classes are defined in the following way: w € RH,;, 1 < g < oo, if
there is a constant C such that for any ball B C R",

1/q
<][ w? (x)dx> < C][ w(x)dx .
B B

The endpoint g = oo is given by the condition: w € RHy, whenever, there is a constant C
such that for any ball B C R”,

w(x) < C][ w(y)dy for ae.x e B.
B

Let w € Awo. For 1 < p < 00, the weighted spaces L” (w) can be defined by

{f : /Rn Lf ) Pwx)dx < OO}

with the norm

1/p
I fllLrw = (/R If(X)I”w(X)dX> .

We sum up some of the properties of A, classes in the following results, see [12].
LEMMA 2.1. The following properties hold:

(i) AyCAp, CAy forl <p<=<gq<oo
(i) RHoo CRH; CRH, forl <p<gq <oo.
(iii) Ifw € Ap, 1 < p < 00, then there exists 1 < q < p such that w € A,.
(iv) Ifw € RHy, 1 < g < 00, then there exists ¢ < p < oo such that w € RHp.
(V) Aoo = Ul<p<coAp = Ulg<coRHy.

2.2. Weighted norm inequalities for singular integrals.

THEOREM 2.2. Letl < py < qo < oo. Let T be a bounded sublinear operator on
LPo(R™), Let {A,},~0 be a family of operators acting on LP°(R"™). Assume that

1/po 1/po
) (7[ |T(1—Ar3)f|”°dx> < CZaJ(][_ Ifl”"dx>
B I 2/B

and
1/q 1/p
3) (]i |TA,Bf|‘1°dx) < c;a,-(]im |Tf|P0dx) ’

forall f € L°(R"), and all balls B with radius rp.
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Ifzj jaj < oo, then forall po < p < qoand w € Ap/py N RHy,/py, there exists a
constant C such that

4 ITfllLrewy < CIfllew) -
and
(5) N6, T1f lLrwy < CliblIB™MOl f P (w)

for all b € BMO.

PROOF. The proof of this theorem is just a combination of the arguments in Theorems
3.7 and 3.16 in [4] and we omit details here. O

3. Proof of Theorem 1.1

We recall the definition and some basic properties of L? — L7 full off-diagonal estimates.

DEFINITION 3.1 ([5]). Letl < p < g < oo. We say that the family {7;};,~0 of
sublinear operators satisfies L” — L4 full off-diagonal estimates, in short 7; € F(LP — L9),
if there exists some ¢ > 0, for all closed sets E and F, all f withsupp f C E andall? > 0
so that

_nd_1 d*(E, F)
(6) 1T fllage < et ™27 exp < B Cf)'lfllu’(m :

Let us summarize some basic properties concerning the classes F(L? — L?), see [5].
(i) Forp <pi<qi <q, F(LP* — L) C F(L? — L7).
(i) T; € F(L' — L™) if and only if the associated kernel p;(x, y) of T} satisfies the
Gaussian upper bound, that is, there exist positive constants ¢ and C so that

C e =yl
|Pt(x7y)|§WeXP —C :
forall x,y e R" and r > 0.
(i) If {T}};~0 is a family of linear operators, then

T, € F(LP — L9) &= T € F(LY — L").

(v) If S, €e FLP = L") and T; € F(L" — L9) forp <r < qg,thenT; 0 S; €
F(LP — L9).

Full off-diagonal estimates appear when dealing with semigroups of second order elliptic
operators (see for example [20, 3]) or semigroups of Shrodinger operators with real potentials
[2]. The most studied case is when p = 1 and g = oo which means that the kernel of 7; has
pointwise Gaussian upper bounds (1).

t

Let L be a nonnegative self-adjoint operator. Assume that the semigroup e '~ satisfies

L% — L2 full off-diagonal estimates for some g € [1,2). By (iii), e 'L € F(L? — L%).
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Since el = ¢=3L o 3L, by (iv) we have e~ 'L e F(L10 — L9%). In this paper, we will

work with operators whose associated semigroup e ~'% € F(L40 — Lqé) for some ¢qo € [1, 2).
To prove Theorem 1.1, we need some auxiliary lemmas.

LEMMA 3.2. Let p € (qo,2) and F be a bounded Borel function with supp F C
[0, R]. There exists a constant C > O such that

IF(VL) fll 2y < CR™YPVUD| FllLocs, sy | Fll Lo
forallballs B, j > 3 and all f € LP(S;(B)).
PROOF. Setting G(A) = ekz/RzF()u), then ||G||p~ ~ ||F| L. Moreover, we have

F(VI)f = G(L)e  #" f. Therefore,

L

—-LL —-LL
||F(\/z)f||L2(B) =[G(L)e = f||L2(B) < IG(L)e *#* ”LP(S/-(B))—>L2(B)”f”Lp(Sj(B))

1
—>L
S NG 2wy 2wy X e 7l p@ey—r2@ey X 1 Lres;B))
< CR"VP=UD|G Lol fllLecs;my ~ CR™ P2 Flliocs; sy I F L.
O

LEMMA 3.3. Forany p € (qo, 2), there exist two constants C > 0 and ¢ > 0 so that

for all closed sets E and F, all f withsupp f C Eandallz € CL = {z € C: fiz > 0},
there holds

_ _n1i_1 d*(E, F)
lle ZLfIILz(F) < C(|z| cos§) 27 2)exp<— CT C059)||f||L1’(E)

where 6 = arg z.

To prove Lemma 3.3, we need the following version of Phragmen-Lindel6f Theorem,
see for example [10, Lemma 9].

LEMMA 3.4. Suppose that function G is analytic in {z € C : Rz > 0} and that

IG(|z]e'?)] < a1(]z| cosO) 1,

IG(Iz)] < a1lz| ™' exp(—aa|z| 2)

for some ay,a; > 0,81 >0,8€(0,1],all |1z| > 0and all 0 € (—n /2, 7w /2). Then

|G(|z|ei0)| < 2’5‘a1(|z| c0s0)_‘61 exp ( — 6122;32 IZI_’52 cos@)

forall |zl > O0andall 0 € (—m /2, w/2).
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PROOF OF LEMMA 3.3. Let g € L?>(R") so that ||g||;> = 1 and supp f C F. We define
the holomorphic function G r : C; — C by setting

G /(o) = / e F(x)g(x)dx .
For any z € C, we have
G@) < lle ™ fllpapy = le ™ 0 e™™ L | 2

—iJzL —NzL
< Cle™"* ||L2(Rn)_>L2(Rn)||e ¢ ||LP(R”)—)L2(R”)||f||Lp(E)

_ncl_1
< C(zleos®) 2PN fll g -

In particular when 6 = 0, we have

_n¢l_1 d*(E, F)
Gy(lzh = C(lz2h) 27 2)6XP(—CT>||f||L2<E)'

At this stage, applying Lemma 3.4 withay = C|| f||Lr(g), a2 = —cd*(E, F), 1 = 5(1/p—
1/2) and B> = 1, we obtain the desired estimate. O

LEMMA 3.5. Letp € (qo,2)and R > 0,s > 0. Forany ¢ > 0, there exists a constant
C = C(e,s) > 0so that

R1(/p=1/2)
(2/rpR)*

forall balls B, all j > 3, all f € LP(S;(B)) and all bounded Borel functions F supported in
[R/4, R].

(7 IFVL) flig2 < C 18R Fllwese, I1f 1L s; By

PROOF. Using the Fourier inversion formula, we write

l1—it

1 ~
G(L/RYe ®mF = c/ e’ LG(rydr.
R
Hence,

FWL)f = c/ e ® L far
R

where G(A) = [§g F1(v/A)e*.
Applying Lemma 3.3, we have, for any f supportedin S;(B),
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1—-it

IFVD) fllp2 < c /R GOl # " fllpdr

~ IrpR)?
(1/p=1/2) _ @reR)”
< cR"/P /RG(-(;)exp< “ax )dt X fllLrcs; )

A+
< R /G dee)”
<c I f e cs; By . (™) Q2rsR)

R"(1/p=1/2) ~ - 172
s+e+1/2
<c ENAD ||f||LP(Sj(B))</R|G(T)| (1+79) dt)

1/2
x (/(1 +r2)—€—1/2dr)
R

R(1/p=1/2)

= : .
=¢ (2/rgR)* ”G”W.c2+9+1/2”f”Lp(S/(B))

1 E < < o)
Note that since supp F' C [, R],we have||G||V‘,Sz+g+l/2 < C||<SRF||W52+M/2 < C||8RF||Ws+s+1/z’
and so
Rn(1/p—1/2)

gk REIw

(8) IFVL) fll2m) <c Lf e ) -

To get rid of 1/2 on the RHS of (8), we use the interpolation arguments as in [21, 14]. We
first note that (7) is equivalent to the following estimate

181/ H (VL) fllp2cp) x @7rpR)* < CR™P=V2| £l Logs, ) | H llwes,
for all bounded Borel functions H with supp H C [1/4, 1].
Now we define the linear operator Ag r : L°([1/4, 1]) — L2(B, dx) by setting
Ag.f(H) =81/rH(WL) [ .
By Lemma 3.2,

1/2—1
AR, £ll oo /4,10 228.dx) < CR™ PV fllLocs;ay) -

Setting dpus. g = (R2/rp)*dx, then (8) tells us that

1/p—1/2
IAR fllwee (174, 1)—L2(B, s ) = CR"/P=Y )||f||L1>(Sj(B))-

s+1/2+¢

By interpolation, for each 6 € (0, 1) there exists a constant C such that

AR, £ () 28,4135, 9 < CR™Y P2 fllLoesyen 1 H iz, wes, . o -

Therefore, forall s > 0,¢’ > 0and 9 € (0, 1),

AR, D 1208 1000 1) < CR™ P2 FllLocs; oy 1 H s

so+e/+0/2
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By choosing s’ = 5/6 and taking 6 small enough we obtain

AR, ¢ (Dl 120810y ) < CR™ V2N FllLocs; mp 1 H e

/+//'

This completes our proof. g

We are now in position to prove Theorem 1.1.
PROOF OF THEOREM 1.1. Take pg € (rg,2). Let M € N such that M > s/2. We will

show that (2) and (3) hold for T = F(v/L) and A, = I — (I — e~"#-)M _ To verify (2), we

will show that for all balls B,
Po 1/po 1/po
dx> < cza,(][ |f(x)|1’0dx>
X 2/ B
j

forall f € L(X), where o =27 775

Let us prove (9). Since sup,q () F(t-)|wee & sup,-q () F(t-)|lwee Where F(x) =
F(¥/2), instead of proving (9) for F (L), we will prove (9) for F (/L).

Let ¢¢ denote the function ¢ 27t). Following the standard arguments, we write

© ( ]{3 ‘F(L)(I — A F ()

F(\) = Z QN FO) = Z F'Q), VYA>0.

{=—00 {=—00

For every £ € Z and r > 0, we set for A > 0,
Fru () =F)(1 — e~ )M

Fly(G)=F 01 = ")

o
Given aball B C R", we write f = ) f; in which f; = fxs;(s). Hence,
j=0

F(WL)(1 — e "M f = FrB n(WI)f
_ZFrBM(f>f,+Z Z FlyVD)fj.
j=31l=—00

Since e~'L € F(L% — L), we have that for any t > 0, [e~'L f|l.r < C||fllLr for

all p € (qo, q(’)). This, in combination with L”-boundedness of the operator F (VL) (see
Theorem 5.2, [15]), gives that for all balls B > x,

1/po
(]i |FrB,M(\/Z)fj |p0dx) = |B|_1/P0 H Frb”M(\/Z)fj HL”O(X)
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(10) < CIBITP £ Lo xy

1/po
sc(][_ |f|P°dx)
2iB
for j =0,1,2.

Fix j > 3. Let p; > 2. Since py < 2, using Holder’s inequality, we have

1/po
_1
an (IR WD) 1 VD
B
Note that supp FfB’M C [28_2, 2l]. So, using Lemma 3.5 we obtain, for s > s’ > n/po,

| Fy w VD il 2y < 277072 @) 27180 B, ppllweell fill o -

r

Let k be an integer so that k > s. Then we have

£, \2
18, Ff, ypllwee < Cllgpdae Fllweo (1 — €75 M| iy

< Csup ||$8; F|lwe min{1, 25)*M} .

t>0

Therefore,
. ] 1 _1
|F VD £ 2 < €27 min{l, @4rg)*M}@0rp) = 2" 70 7Y sup 93, Fllwee |/l
>

forall € € Z.
This together with (11) gives

1/po
(f |FfB,M(x/Z)fj|p°dx)
B

o 11 / L1
< 2=ils —n/Po)lBlplo 3 min{1, (z/érB)ZM}(ZZrB)—S 2/Zn(p0 7)

1/po
x sup 98, F e ( ][ | |f|P°dx)
>0 2)B

n

il (e on P0
<2707 min{1, 24r5)* My 24 5) "¢ Po*z)supuwuwgo(]i |f|”°dx> :
JB

t>0

1

This gives (9).
Since e 'L € F(L1 — L‘fé), Ay € F(LI — L‘fé). This together with the fact that A,
and F(v/L) are commutative gives

, 1/44
(12) (][ |F(~FL>ArBf|‘1°dx) <c Z%-(f |F(ﬁ)f|f’°)
B I 2/B

1/po
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Therefore, Theorem 2.2 tells us that F (\/Z) and the commutator [b, F («/Z)] are bounded on
LP(w) forall pg < p < ggand w € Ap/py N RH gy pgy- Since Apjry = Upg=ryAp/p, and
RH%/FO)/ = Up0>,0RH(q6/p0)/, letting p9 — ro we obtain the desired results.

This competes our proof. O

4. Applications

In this section, we consider Schrodinger operators with real potential as in [2].
Let A be the Schrodinger operator with a negative potential on R”, n > 3 defined by

A=—-A-V, V>0.

We assume that the potential V is strongly subcritical, i.e, there exists some ¢ > 0 so
that for all u € W1-2(R")

1
(13) /Vu2§ /|W|2.
n 1+8 R"

Putting

/

2n

we then have e ™4 € F (LPo — Lf’f)), see [2, Theorem 2.1]. Hence, as a direct consequence of
Theorem 1.1, we have:

THEOREM 4.1. Let A = —A — V where V is a negative potential satisfying (13). Set
ro = max(pg, 2). If F : [0, 00) — C is a bounded Borel function satisfying the following

)
condition for some s > n/2

sup [|nd; Fllwee < 00
t>0
then
(a) F(A) is bounded on LP (w) forallrg < p < p(’) andw € Apry N RH([,(/)/,O)/;
(b) moreover, for b € BM O (R"), the commutator [b, F(A)] is also bounded on L (w)
forallro < p < pyandw € App N RHy /roy-
Hence by duality F(A) and the commutators [b, F (A)] are bounded on L? (w) for py <
p=<roandw € Ap/p, N RH(,é/p)/.
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