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Multidimensional Shintani Zeta Functions and Zeta
Distributions on R?
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Abstract. The class of Riemann zeta distribution is one of the classical classes of probability distributions
on R. Multidimensional Shintani zeta function is introduced and its definable probability distributions on RY are
studied. This class contains some fundamental probability distributions such as binomial and Poisson distributions.
The relation with multidimensional polynomial Euler product, which induces multidimensional infinitely divisible

distributions on Rd, is also studied.

1. Introduction

1.1. Probability distributions. There exist many classes of probability distributions
such as normal and exponential distributions. The Fourier transforms of probability distribu-
tions are usually called characteristic functions in probability theory. In the study of prob-
abilistic limit theorems and stochastic processes, analytic methods often appear by treating
them.

Let 1 be a probability distribution on R? and its characteristic function 72() := g4 €'
u(dx), t € R?, where (-, -) is the inner product. In the following, we give some examples of
characteristic functions.

EXAMPLE 1. (i) (Delta measure.) Let u;(= 8;) be a delta measure at @ € R?, then

>
El

a(f) = expi(d, 1), 7eR?. (1)

(i) (Binomial distribution.) Letd = 1 and up, be a binomial distribution with param-
eter K € N. Then,

1en(t) = (pe' + )%, 1 eR, 2)

where p, g > O with p +¢q = 1.
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(iii)) (Compound Poisson distribution.) Let pcpo, be a compound Poisson distribution.
Then there exist some ¢ > 0 and p, a distribution on R? with p({0}) = 0, such that

Hiceo (D) = exp (¢ (p() — 1)), TeR?. 3)
The Poisson distribution is a special case whend = 1 and p = §;.
There is another class of distribution which is defined as follows.

DEFINITION 1 (Infinitely divisible distribution). A probability measure x on R? is
infinitely divisible if, for any positive integer n, there is a probability measure s, on RY
such that

w= ",

where u* is the n-fold convolution of .

This class is known as one of the most important class of distributions in probability
theory. Infinitely divisible distributions are the marginal distributions of stochastic processes
having independent and stationary increments such as Brownian motion and Poisson pro-
cesses. In 1930’s, such stochastic processes were well-studied by P. Lévy and now we usually
call them Lévy processes. We can find the detail of Lévy processes in [18].

1.2. Riemann and Hurwitz zeta functions. Zeta functions play one of the key roles
in number theory. The Riemann zeta function is regarded as the prototype. First results about
this function were obtained by L. Euler in the eighteenth century. It is named after B. Rie-
mann, who in the memoir “On the Number of Primes Less Than a Given Magnitude”, pub-
lished in 1859, established a relation between its zeros and the distribution of prime numbers.
The definition of the Riemann zeta function is as follows.

DEFINITION 2 (Riemann zeta function (see, e.g.[4])). The Riemann zeta function is
a function of a complex variable s = o 4+ it, for o > 1 given by

1
c(s) :ZE “4)

n=1
1 -1
=]‘[<1——S) : (5)
p p

where the letter p is a prime number, and the product of [ | » 1s taken over all primes.

It is well-known that the right-hand side of (4) is called the Dirichlet series and (5) the
Euler product. The Dirichlet series and the Euler product of ¢ (s) converges absolutely in the
half-plane o > 1 and uniformly in each compact subset of this half-plane.
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By partial summation, we have

1 NI=s © [x]—x
“S)ZZFLs—l“/ —rdx

n<N N

where the sequel [x] denotes the maximal integer less than or equal to x. The above formula
gives the analytic continuation for ¢ (s) to the half-plane o > 0 with a simple pole at s = 1
with residue 1.

Next we introduce Dirichlet characters and the Dirichlet L-functions. Let g be a positive
integer. A Dirichlet character x mod ¢ is a non-vanishing group homomorphism from the
group (Z/qZ)* of prime residue classes modulo ¢ to C* = C \ {0}. The character which is
identically one is denoted by x¢ and is called the principal. By setting x (n) = x(a) forn =a
mod ¢, we can extend the character to a completely multiplicative arithmetic function on Z.

DEFINITION 3 (Dirichlet L-function (see, e.g.[4])). For ¢ > 1, the Dirichlet L-
function L(s, x) attached to a character x mod ¢q is given by

o]

X () xm\
L(s.x) =) p =]_[<1— ) ) (6)
P

s
n=1 P

The Riemann zeta function ¢ (s) may be regarded as the Dirichlet L-function to the prin-
cipal character xo mod 1. It is possible that for values of n coprime with ¢ the character x (n)
may have a period less than ¢g. If so, we say that x is imprimitive, and otherwise primitive.
Every non-principal imprimitive character is induced by a primitive character. Two characters
are non-equivalent if they are not induced by the same character. Characters to a common
modulus are pairwise non-equivalent.

It is well-known that if x is a non-principal Dirichlet character, the Dirichlet series of
L(s, x) converges for 0 > 0 according to Abel’s partial summation. We can show that
L(s, x) is continued analytically to C, similarly as the case of the Riemann zeta function, and
regular ats = 1 if and only if x is non-principal by partial summation. Furthermore, Dirichlet
L-functions to primitive characters satisfy a functional equation of the Riemann-type.

As one of a generalization of ¢ (s), the following function is also well-known.

DEFINITION 4 (Hurwitz zeta function (see, e.g.[4])). For0 <u < 1lando > 1, the
Hurwitz zeta function ¢ (s, u) is defined by

> 1
s(s,u) -Igm- (7)

Note that we obviously have ¢(s) = ¢(s, 1). The function ¢(s, u) is analytically con-
tinuable to the whole complex plane as a meromorphic function with a simple pole at s = 1.
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1.3. Riemann and Hurwitz zeta distributions. In probability theory, there exists a
class of distribution on R which is generated by the Riemann zeta function. First it appears
in [13] and we can also find it in [9]. What we have known about this distribution is not
many. Few properties are noted in [9] and further ones are studied in [14]. Recently, a class
of distribution on R generated by the Hurwitz zeta function is introduced and studied in [11].
In this section, we mention the Riemann and Hurwitz zeta distributions with some known
properties.

Put

_ ¢(o+in
(o)

then f, (¢) is known to be a characteristic function. (See, e.g.[9].)

Jo (@) : , teR,

DEFINITION 5 (Riemann zeta distribution on R). A distribution w, on R is said to be
a Riemann zeta distribution with parameter o if it has f,; (¢) as its characteristic function.

The Riemann zeta distribution is known to be infinitely divisible. Its Lévy measure is
given of the form as in the following.

PROPOSITION 1 (See, e.g.[9]). Let ps be a Riemann zeta distribution on R with
characteristic function f5(t). Then, s is compound Poisson on R and

log fi 1) = Y0 3 L (erireer

p r=1
m .
=/ (e_”x — I)Ng(dx),
0

where N is given by
Ny (dx) =y i o pdx),
o=
where 8 is the delta measure at x.

Next we mention the Hurwitz zeta distribution. Put the corresponding normalized func-
tion and a discrete one-sided random variable X, ,, as follows:

(o +it,u)

fo,u(t) = 74‘(0_’ ) , tekR,
and
Pr(Xo,u = log(n +u)) = % for n e NU {0}.

Then f5 , is known to be a characteristic function of — X .
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PROPOSITION 2 ([11, Theorem 1]). (i) The Laplace-Stieltjes transform of Xs, is
Youls) =¢(o +s,u)/¢(o,u), s > 1—o0.
(1) The characteristic function of — Xy iS fo.u-

Therefore, we can define the following distribution.

DEFINITION 6 (Hurwitz zeta distribution on R). A distribution ps , on R is said to
be a Hurwitz zeta distribution with parameter (o, u) if it has f , as its characteristic function.

The infinite divisibility of s, is studied in [11].

PROPOSITION 3 ([11, Theorem 3]). The Hurwitz zeta distribution [is , is infinitely
divisible if and only if

u=—- or u=1.

2

The Lévy measure of j1 1 is also given as follows.

PROPOSITION 4 ([11, Theorem 2]). The Hurwitz zeta distribution p 1 is compound

2
Poisson (infinitely divisible) with its Lévy measure N 1 given by

X —ro
p
Na’%(dx) = ZZ arlogp(dx)»

;
p>2r=1
where the first sum is taken over all odd primes p.

REMARK 1. We have to note that both the Riemann and Hurwitz zeta distributions are
defined in the region of absolute convergence. The parameter o is always larger than 1 not in
the whole complex plane.

1.4. Shintani zeta function. As a multiple sum version of Hurwitz zeta function,
Barnes [5] considered a multiple sum of the form

[e¢)
&r(s,ulA) = Z Ani+---+ 0+, RE)>r>2,
ny,...,n,=0
where u, A1, ..., A, are complex numbers satisfying some conditions. Nowadays this function

is called the Barnes r-tuple zeta function. Barnes proved that the function ¢, (s, u | A) can be
continued meromorphically to the whole s-plane and is holomorphic except for simple poles
ats = 1,...,r. Barnes defined the multiple gamma function by ¢, (s, u | A) and studied its
properties. Afterwards many mathematicians have studied properties of the Barnes multiple
zeta functions (see, for example [15, Section 1]).
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In order to study the Barnes multiple gamma function, the following generalized Barnes
multiple zeta function is introduced.

ts@ = Y []OnGn+un) -+ hrr+u) ®)

ny,...,n,=01=1

Note that the original motivation of Shintani’s research lies in the problem of construct-
ing class fields over algebraic number fields. Cassou-Nogues (see, for example [6]) who was
inspired by Shintani’s work, considered those multiple series of the form that the numerator
of (8) is multiplied by certain roots of unity with s = - - - = s,,,. She proved its meromorphic
continuation and gave applications to L-functions and p-adic L-functions of totally real num-
ber fields (see, a survey [15, Section 2]). Imai [12] and Hida [10] considered this series and
the series with more generalized characters in the numerator. In [10, Lemma 2.4.1], it was
showed that these multiple series converges absolutely and uniformly on any compact subset
in the region M (s;) > r/m forall 1 <[ < m. Moreover, in [10, Theorem 2.4.1], it was proved
that they can be continued to the whole space C"" as a meromorphic function.

1.5. Aim. It is well-known that infinitely divisible characteristic functions do not
have zeros. In zeta cases, this property can give us information of zeros of zeta functions
which is one of the most important subject in number theory. Historically, there exist many
probability distributions on R? and multiple zeta functions but we do not see useful zeta distri-
butions on R?. The purpose of our recent work is to establish zeta distributions on R? as other
well-known distributions and show properties of them including the relationship with number
theory. As a first generalization, in view of the series representations, we have introduced
multidimensional Shintani zeta functions and corresponding zeta distributions on R? in [3].
In [2], in view of the Euler products, we also have introduced multidimensional polynomial
Euler products as to define infinitely divisible zeta distributions on R?, and necessary and
sufficient conditions for some of those products to generate compound Poisson characteristic
functions are given.

In this paper, adjusting to general number theory further, we reconstruct our previous
story of [3] and give new results which could not be obtained in Section 2. Some important
examples of distributions and functions related to infinite divisibility, number theory and zeros
of zeta functions are also given and considered. In Section 3, the relation with multidimen-
sional polynomial Euler products is shown and some important examples of zeta functions
related to these new classes are studied as new results.

2. Multidimensional Shintani zeta functions and zeta distributions on R¢

2.1. Multidimensional Shintani zeta function. As we have mentioned in Section
1.3, the known zeta distributions are considered only the case on R. For a generalization
of them to R?-valued, we define a new multiple Shintani L-function. In the following, for
¢ eR?¥and s € C¢, we write (¢, 5) := (¢, 0) +1(C, 1), where 5,7 € R? and § = & + if.
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DEFINITION 7 (Multidimensional Shintani zeta function, Zs(s)). Let d,m,r € N,
seCland (ny,...,n,) € 7. For yj,uj > 0,¢ € RY where 1 < j <rand1<I[<m,
and a function 6 (ny, ..., n;) eC satisfying |0 (ny, ..., n,)| = O((ny + - - - + n,)?), for any
& > 0, we define a multidimensional Shintani zeta function given by

o0

2 O(ny,...,n.)
Zs®) = ) . 9
) [T OGur(ny +wp) 4 -+ dap (4 uy)) @05 ®

ny,...,n,=0

This is a multidimensional case of the Shintani multiple zeta functions, when the coeffi-
cient8(ny, ..., n,) in (9) is a product of Dirichlet characters, considered by Hida [10].

REMARK 2. A similar definition is already introduced in [3]. It was defined for some
fixed ¢ > 0 not for any ¢ > 0. By following the general number theory, we renew our
definition.

Put
-2 . - = d
s:=0+1it, o,teR".
The absolute convergence of Zg(5s) is also given as follows.

THEOREM 1. The series defined by (9) converges absolutely in the region minj<;<p
R(c;, S) > r/m.

PROOF. Note that 7 € N and > ;" (¢, 0) > r. Put A := min{A;;} > 0 and u :=
min{u ;} > 0. Obviously, we have
Qi +uD) + -+ hr e )™ <A 4 T

Therefore, forany 0 < & < Y J~,(¢;, 6) — r, there exists C, > 0 such that

o0

9(”17 "'7nr)
[T Gy 4+ ur) + -+ + A (ny + )05

ny,...,n=0

< Z Ce(ny + -+ +ny +ru)8)\__Z;i=1EE[»a>
[Ty + -+ ny + ru) (o)

CoA™ L (€,0)

ot A+ ru) et il1(6.0)

Conm 27"_1@.,&)<(ru)s_z;"_l<z,,g> N /oo- ' -/m dri-edxy )
0 0 (X1 4+ x, + ru)"tt2izi(c.o)

< Ce™ Z?’;lm.,&)((m)s—Z?”:ma,&) + C(ru)s—Z;":l(glﬁ)-l-r) < o0,

IA
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where
m m —1
C:= <(Z<a,&)) —e— 1) ---(Z(a,&) —¢ —r>> >0.
I=1 I=1
Thus Zs(5) converges absolutely in the region minj <j<,, R(c;, §) > r/m. O

Note that it is proved that Zg(5) can be continued to the whole space C? as a meromor-
phic function whend = m, c; = (1,0,...,0),...,¢c,m = (0,...,0,1) and O(ny, ..., n,) is
a product of Dirichlet characters in [10].

Let Zg be the set of all multidimensional Shintani zeta functions Zg and denote by
Dz C C¢ the region of absolute convergence of Zs € Zg given in Theorem 1. The following
is a new result which cannot be obtained by our previous definition.

THEOREM 2. Letk = (ki.....ks) € Z¢ and Zs € Zs. Then,

k
Zg) € Zg,
where
S k1 ka
@) = d N e
Z.(s) = o —7Zs(s), seDz.
S ( ) 8k1S1 8k‘1Sd S( ) Z
PROOF. The case when k = 0 is trivial. Let 5 € C¢ and put ¢ = (ci1, ..., Cid).
Define a vector-valued function T} (ny, ..., n,), where (ny,...,n,) € Z’>O and1 < h <d,
as follows:

3 - 3
Ty, oy = 5 one) [ (a0 4 ) 4 a0~
qg=1

Then we have, for (ny,...,n,) € Zr20 and1 <h <d,

O(ni,...,n.) Zz;l(_cqh) log(hg1(ny +up) + -+ Agr(ny + 1))
1_[;":1()\11("1 +ul)+"'+)\1r(nr+ur))<5l’§> '

Th(n19'-'anr) =
Put

Opnr,..onp) = Y (—cgn)log(hg1(ny +u) + -+ Ay +up)).  (10)
q=1
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Obviously, we have, for any ¢ > 0,
m

C thg Ag1(m up) + -+ Agr(ny ur))|
| q ( q q
1

6,1, ... ,np)| <
q

NE

=

¥

for sufficiently large n1, ..., n,. Thus |6, (n1, ..., n.)| = O((n1 + - - - + n,)").
By Theorem 1, Zg(s) converges absolutely in Dz. Therefore one has, for § € Dz and
1<h<d,

()\ql(nl +up)+---+ )\qr(nr + ur))a
1

<
I

(Aqr(n1 +ur) + -+ Agr(ny + u,))>

NE

1

q

o]

d -
G Zs® =3 Tilu.....n)
Ny p =
R 01, ... .n)0 (1. n)
o G THL G ) oo (e + p)) €09
. > 9/;/(”17"'9’1}”)
ny,...,np=0 1_[?1:1()"“("1 + Ml) +---+ )‘-Zr(nr + ur))<E[’§> '
where 0;/(n1, ..., n;) :=60(ny,...,n,)0,(n1, ..., n,) satisfying

07 (1, ... )| = 10p (s .o 00 (1, n) = O((ny + -+ +0)™TDE) (1)

Hence we have (3/9s,)Zs(5) € Zs for 1 < h < m. Inductively, we also have ng)(E) €

Zg for any k € Z‘io. This completes the proof. O
Some important examples of Zg(s) are the following.

EXAMPLE 2. (i) Whend=m=r=A11=u;=c1=1,0(n) = —log(n+ 1), we
have

o]

; 1 ,
ZsG) ==Y ot =), (12)
n=1

the derivative of the Riemann zeta function which is contained in Theorem 2.
(i) Whend =m =r = A1 =c; = | and 8(n) = €2V where v € R, we have

2mivn

ZsG) =) (13)

n=0 (n 4 u)*
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the Lerch zeta function which is a generalization of the Hurwitz zeta function. When 0 (n) =
q", where ¢ is a complex number and 0 < |g| < 1, then

S qn
Zs(s) = _— 14
s@ =Y P (14)
n=0
the Lerch transcendent function.

(iii) Whend = m = r, A) = -+ = Ay = 1, ¢ = (1,0,...,0),...,Cn =
©,...,0,1),0n1,...,ny) =1,n > --- >n, >0,and (ny,...,n,) = 0, otherwise,
then one has

> 1
ZsG)= Y
ny>->np>0 (n1+u1)t(na + u2)2 - -~ (ny +up)® as)

[e¢]

1
- 2 (4t e U)o+ by Fun) (e +up)v

ny,...,np=1
the Euler-Zagier-Hurwitz type of multiple zeta function.
2.2. Shintani zeta distributions on R?. By following the history of zeta distributions

on R, we define a new probability distribution on R? generated by Zg and consider their
infinite divisibility.

Let8(ny, ..., n,) be a nonnegative or nonpositive definite function and again write ¢; =
(ci1y...,c1q) € R in Definition 7.
DEFINITION 8 (Multidimensional Shintani zeta distribution). For (ny,...,n,) €

7’ ; and o satisfying minj<;<,,(¢;, 5) > r/m as in Theorem 1, we define a multidimensional

Shintani zeta random variable X5 with probability distribution on R? given by

m
Pr<X?’ - < =3 cutlog(hn(n +u) + -+ dar(nr + 1))
=1

m
—ZCtdIOg(Ml(nl +u) + -+ Air(ny +ur))>>
I=1

Oni,...,ny) 1~ —(&.,5)
N A A o
7.6 | |( n@4u) + -+ Ap(ny + )

=1

It is easy to see these distributions are probability distributions since
Ony, ..., ny) 1 GG
W)rn()\ll(nl+u1)+"'+)\1r(”r+ur)) o) >0

=1
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for each (ny,...,n;) € Z’ZO when 6 (n1, ..., n,) is nonnegative or nonpositive definite, and
o m -
oy, ..., n) —@&@.5) Zs(o)
ML AR 2z Ry R A A |
Z Z5@) l_[( n(4u) + -+ A (ny +uy)) 75@)

=1

by Theorem 1.
The characteristic function of X is as follows.

THEOREM 3. Let X; be a multidimensional Shintani zeta random variable. Then its
characteristic function f5 is given by
Zs(e +if) -

L (7) — d
[ () = 75@) teR?.

PROOF. By the definition, we have, for any 7eRY,

o m

= Ty 0y, .. ny) s
= > e‘“’XHW)r [T +un) +- + 2y + ) fer.o)
ny,...,n=0 =1
_ Zs(o +iD)
Zs(o)

O

This theorem shows that Definition 8 gives a new generalization of zeta distributions on
R mentioned in Section 1.3 to R¥-valued.

In the following, we give some simple examples of probability distributions on R in this
class.

EXAMPLE 3. Letm =d =r = 1land put A;; = A, u; = u and ¢; = ¢, where
A, u > 0and c € R, then Shintani zeta distribution contains the following distributions.

1. Delta measure.

2. Binomial distribution.

3. Poisson distribution.

These examples can be obtained as follows.

PROOF OF EXAMPLE 3. First we show (i). Leto > ¢~ 1,0(0) =6 € Rand §(n) = 0,
n > 1. Then we have, for any ¢t € R,

Zs(o +ir) O (u)=c@HD

— — ()\u)_i” — ei(—clog()uu))t )
Zs(o) O (Au)=<

Hence we obtain a characteristic function of a delta measure at —c log(Au).
Next we show (ii). Let j e N\ {1}, A =u =1,¢c = —(ogj)~!, o < —logj and
¢(j) > 0. Put

¢ (j)jo/loe 1
P=7T— " 94=1—-p=—"—"—""7—.
1+ ¢(j)jo/logi L+ ¢ (j)jo/loei
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Then we have, for any ¢ € R,

1+ ¢(j)j—c(a+it) 1+ ¢(j)j—coe—itc10gj 1+ ¢(j)ja/logjeit ”
o = — = o7l = Pe taq. (16)
L+o(j—c L+¢@()j—c L+ ¢(j)jo/loei
Let K € N, 0(j* — 1) = xCy (qb(j))k, k €{0,1,...,K}, and 8(n) = 0, otherwise.
Now consider a Shintani zeta function of the form

K ok
C .
Zst) = 3 KO _ gk, sec

k:O (jk){,’s

By (16), we have, for any ¢ € R,

Zso +in) _ (1+¢()j )~

= = (pe' + "
Zs(@) (L+o(i—)"

Hence we obtain a characteristic function of a binomial distribution with parameter K .

Finally, we show (iii). Leta € R, j e N\ {l, A =u = 1,¢c = —(logj)_1 and
o < —logj.Putf(0) = 1,0k —1) = j*/k! and #(n) = 0, otherwise. Then we have, for
any t € R,

oo .ak .k —c(o+it) o] .a—co\k [ —ict log j k o
Zs(O' + il‘) — Z (] (]k? — Z (] ) Ej ) = exp (ja+o/ log]elt) )
k=0 k=0

Therefore one has

Zs(o +it) exp (ja-‘ro/logjeit)
Zs(o) exp(ja+o/logj)

= exp (j“"'“/l"gj(eit — 1)) , teR.
Hence we obtain a characteristic function of a Poisson distribution with mean j¢to/logJ >
0. O

REMARK 3. Note that we have added some conditions for o in Example 3 as to adjust
to the definition of the Shintani zeta distribution. However, these examples can be given under
the condition with any o € R where the corresponding Shintani zeta functions convergence
absolutely as well.

Fork € Zio’ put

Note that ng) € Zg by Theorem 2. Then, we have the following.
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THEOREM 4. If féo) (7) is a characteristic function of a multidimensional Shintani zeta

random variable Xz, Z;'=1 Arur > 1l and cpy, . .., cig have the same sign for each 1 <1 <
(l:) . .o . 7 d
m, then f>" is also a characteristic function for any k € ZzO'

PROOF. Let X; be a multidimensional Shintani zeta random variable. From (10) in

the proof of Theorem 2, the functions 0, (n1,...,n,) and 0" (ny,...,n,) = 0(ny,...,n,)
O;l (n1, ..., n,) are nonnegative or nonpositive definite when 25‘21 AMrur > landcey, ..., cq
have the same sign. Note that 9,’1(n1, ..., n;) have the opposite sign of ¢/, ..., cjg when
Z;zl Miruy > 1. Moreover, we have (11). Thus, Xg, replaced O(ny,...,n,) of Xz by
0" (n1, ...,n,),is also a multidimensional Shintani zeta random variable. Hence, by Theorem
3, f;k) is a characteristic function when ||Ig || = 1. Inductively, we also have the case ||12|| >
1. O

The following is well-known.

PROPOSITION 5 (See, e.g.[18]). Let u be a probability measure on RY.

(i) Letn be a positive even integer. If fi(1) is of class C" in a neighborhood of the origin,
then w has finite absolute moment of order n.

(i) If w is infinitely divisible, then [t does not have zeros that is ji(f) # 0 foranyt € R%.

Next we give the moment condition of the multidimensional Shintani zeta distribution.

THEOREM 5. Letk € Nand Xz be a multidimensional Shintani zeta random variable,
then we have

E|X5|2k<oo.

PROOF. Let f5 be the characteristic function of X;. By following the proof of Theo-
rem 2, we have, for any n € N and 7 eRY, f5 is of class C". Thus by Proposition 5 (i), for
any n = 2k, we obtain E|X5* < oo. O

We also have the following by Proposition 5 (ii).

THEOREM 6. Multidimensional Shintani zeta distributions with f; having zeros in the
region min| <j<pm N(C;, 5) > r/m are not infinitely divisible.

REMARK 4. A similar distribution is also defined in the same way by the former def-
inition of the multidimensional Shintani zeta function in [3]. The region of & is expanded to
minj<;<p(¢;, 6) > r/m from —e + > )~ ,(¢;, o) > r for some & > 0. Also Theorems 3 and
6 are shown when ¢ satisfies —e + Y ;- ,(¢;, 6) > r in [3]. Since Theorem 2 is a new result,
Theorem 5 is completely new one.

By Theorem 6, zeta distributions generated by following functions when they have zeros
for some & are not infinitely divisible:
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. Partial zeta functions ) _, _,, n™* for some suitable integer N,

. The derivative of the Riemann zeta function (12),

. The Lerch transcendent function (14) proved in [8].

Some Dirichlet series with periodic coefficients, which contains the Hurwitz zeta
functions with u # 1/2 and u are rational, treated by Saias and Weingartner [17],

5. Euler-Zagier-Hurwitz type of multiple zeta functions (15) when u1, ..., u, are alge-
braically independent over rationals proved in [16, Proposition 3.2].

:lkwl\)v—

3. Relation with multidimensional polynomial Euler products

In [2], we have introduced multidimensional polynomial Euler products as to expand the
Riemann zeta distribution to R¢-valued with infinite divisibility. Its definition is as follows.

DEFINITION 9 (Multidimensional polynomial Euler product, Zg(5) ([2])). Let
d,m € Nand5 € C?. For —1 < ag(p) < landa; € R, 1 < | < m, we define
multidimensional polynomial Euler product given by

m
ze® =[] (1 - app=@)~". (17)
p I=1
Let Zg be the set of functions of Zg. Then we have the following.
THEOREM 7. It holds that
Zg C Zg.
For the proof of this theorem, we use the following lemma.

LEMMA 1 ([19, Lemma2.2]). Suppose that a function L(s) is given by
o

m -1
Lo =) 2 =]‘[]‘[<1—“’1§f’)> .
Then A(n) is multiplicative and

n=1 p =1
Am=]] >  [Jam".
=1

pln 0<ky,....km
ki+-+km=v(n; p)

where v(n; p) is the exponent of the prime p in the prime factorization of the integer n.
Moreover, if | (p)| < 1 for1 <1 < m and all primes p, then |A(n)| = O (n®) forany e > 0,
and vice versa.
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PROOF OF THEOREM 7. We have, for any § € C? satisfying min</<,, %(d;,5) > 1
and1 <[ <m,

s a1(p) Ai(n)
[T —app= @™ H(1+Zp a,v> Zn<a,,§>’
P k=1 n=1
where
An) = [ Jau(p)* .
pln

This equality implies Lemma 1 with m = 1. Note that |A;(rn)| < 1 since —1 < o(p) < 1.
Thus we have, for any 5 € C? with minj <<, %(a;, 5) > 1,

- Al(ny) — A1) Ap(np)
]_[]_[ I —a(p)p™™™ HZ Za,ni 2. ialni n<a:,§> ’

p I=1 I=1n= 1 n Ny iy = 1 m

Obviously, we have [T}, [A;(n)| < 1and |[[T/L, [A;(n)]| = O((n1 + -+ + n,)®) for any
& > 0. Therefore

m o . A )
eIl -amrooye £ St s,

e o n<1a1.,s) n(am 5)
(]
In the next, we consider this relation by treating some simple zeta functions.
EXAMPLE 4. Letdi(n), k = 2,3,4,..., denote the number of ways of expressing n

as a product of k factors, expression with the same factors in a different order being counted
as different. Then we have

[Ta-r) " =cte = Z_ ZLZZIHLS 5 1_de(”>

p mi=1 mg=1 mp---mg=n

x-u

where N (s) > 1 (see, for example [20, (1.2.2)]).

By applying Lemma 1, we can give another example of Shintani zeta distribution on R
related to number theory. As to give it, we use the following well-known function.

DEFINITION 10 (Dedekind zeta function of Q(i) (see, e.g.[7])). Let Q(i) be a qua-
dratic field of discriminant — 1. The Dedekind zeta function of Q(i) is a function of a complex
variables s = o + it, for o > 1 given by

5Q () :=¢(s)L(s),
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where

" 1 n=1 mod4,
L= 20 im={-1 n=3 mod4, (18)

nS

n=l 0 n=0,2 mod4.
Now we have the following.

EXAMPLE 5. The Dedekind zeta function generates a characteristic function which
belongs to the multidimensional Shintani zeta distribution.

PRrROOF. This function is closely related to number theory. By the definition, we have

ZQi(s) = Z X_j(n)-

msns

m,n=1

Thus we cannot see whether this function generates a distribution in the sense of Shintani or
not in this way. However, it is known that (see, for example [7, p. 221])

| 1 An)
fQi(s) = 4 Z (m? 4+ n?)s - Z ns -’

(m,n)eZ2\(0,0) n=1

where A(n) is nonnegative definite coefficient given by

1
An) = Z#{(ml,mz) eZ’: m% + m% =n}= E X—a(d) .
dln

Moreover, we obtain A(n) = O(n®) by Lemma 1. Therefore now we can see that {Q)(s)
generates a distribution in the sense of Shintani. O

REMARK 5. We have also shown that the Dedekind zeta function also generates a
multidimensional compound Poisson characteristic function in view of the multidimensional
polynomial Euler products. (See, [2, Example 4.2 (i)].) It should be noted that this function
is one of the rare case we can show that the normalized function belongs to both multidimen-
sional Shintani zeta distribution and compound Poisson distribution generated by the multi-
dimensional polynomial Euler products since it is difficult to obtain positive A(n) for general
zeta functions.

Throughout this section, we have considered the relation between series representations
and Euler products of multivariable zeta functions. We also have noted that Shintani zeta
distributions contain binomial and Poisson distributions as in Example 3. Though, it is still
difficult to treat zeta distributions on R? only by series representations. As mentioned, we
have introduced infinitely divisible zeta distributions on R¢ by Euler products in [2]. However,
they also include products which generate not infinitely divisible R¢-valued characteristic
functions and not even to generate characteristic functions. To obtain more detail of behaviors
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of multivariable zeta functions in this view, we have studied them by treating multivariable
finite Euler products as a simple case in [1].
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