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Abstract. Some inequalities for functions defined by power series concerning two operators in both the non-
commutative and commutative case are given. Natural examples for fundamental functions that can be represented
by power series are presented as well.

1. Introduction

For power series f (z) = Y~ anz" with complex coefficients we can naturally con-
struct another power series which have as coefficients the absolute values of the coefficient of
the original series, namely, f, (z) := 22‘;0 |a,| Z". It is obvious that this new power series
have the same radius of convergence as the original series, and that if all coefficients a, > 0,
then f, = f.

With this notation S.S. Dragomir [4] (also see [5]) showed the following:

Let f (z) = > _ne an2" be a function defined by power series with complex coefficients
and convergent on the open disk D (0,R) C C, R > 0.LetT € B(H), o, 8 > 0 with
o + B > 1 and such that

171> 1T < R.
Then
(TFATI )Ty, )
< (LT PNT %, x) fa(T*POT*PP y, y)

forany x,y € H.
This is an extension of the following inequality for a bounded linear operator 7 € B (H)
by Furuta [7] (also see [8]):

(TITI =, y)) < (IT1P%x, 1Ty, y),  x,y € H.
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Motivated by this result for one operator, we investigate in the current paper some in-
equalities for functions defined by power series concerning two operators in both the non-

commutative and commutative case. In particular, for p > 1, % + ql = 1 we show that

£ AB) | < £/ (1A17) £2/ (I1BII9) .

Moreover we prove this inequality is also valid for every unitarily invariant norm.
The following is one among some examples given in this paper:
If | A7, |B||? < 1, then

[+ A8~ | < (1= 1a1?) "7 (1= 1817~ .

2. Some General Norm Inequalities

The following result concerning norm inequalities for two bounded operators may be
stated:

THEOREM 1. Let f(z) = Y ,oganz" (#0) be a function defined by power series
with complex coefficients and convergent on the open disk D (0, R) C C, R > 0. If A and B
are two bounded operators on the Hilbert space H and for p > 1, % + é =1

@.1) IAI”, 1B <R,

then

(22) |£(AB)| < min{K\ (p.q).K2(p.q)}
where

2.3) Ki(p.q) = fa/"(I1AI7) £/ (1B19)
and

_ fa(1A1P) £2(11B11%)
A TGN

PROOF. By the properties of operator norm, observe that, for any j € N we have

2.4 K> (p,q)

lAB) | < IlAI/ 1BI .

If we multiply with |a j ’ and use the generalized triangle inequality we have

(2.5)

n n
> aj(ABY | <> la;l ANV | BIY
j=0 j=0

forany n € N.
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Now, by Holder’s inequality we have
n . ) n . 1/p n . 1/q
(2.6) > lajl Al 1B < (Z|a,-|||A||fP> (Z|a,-|||B||”)
j=0 j=0 j=0

for any n € N, and by (2.5) we get

n ) n ) 1/p n ) 1/q
> aj (AB) s(Z|a,~|||A||fP) (ZmnuBn”) :
j=0 j=0 j=0

Since the series whose partial sums are involved in (2.7) are convergent, then by taking
n — oo in (2.7) we deduce the first inequality in (2.3).

Further, by utilizing the following Hélder’s type inequality obtained by Dragomir and
Sandor in 1990 [6] (see also [2, Corollary 2.34]):

2.7

n n n n

-1 -1

(2.8) E mg IXkIPE Mklykl”ZE mg |kak|§ my x| 0
k=0 k=0 k=0 k=0

that holds for nonnegative numbers mj; and complex numbers xg, yx where k € {0, ..., n},
we observe that the convergence of the series Z,fio my |xi|? and Z/?o:o my |yi|? imply the

convergence of the series Y po  my |xk [P~ yg]a—t
Utilising (2.8) we then have

Yo laj AP 3 laj] 1B/
Yo lajLIAI P B @D

n
> lajl 1Al 1B <

j=0
which together with (2.5) gives

Yo laj L IIAIP 3o lajl 1 BIIPP
Yoo lal IAI/P=D B/ @D

(2.9

=

> aj(AB)/
j=0

forany n € N.
Since all the series whose partial sums are involved in (2.9) are convergent, then by
taking n — oo in (2.9) we deduce the second inequality in (2.2). O

REMARK 1. The case p = g = 2 produces the Schwarz’s type inequality
2
(2.10) | fAaB)|” < fa(I1AIP) fa(1BI?) .
provided |A|%, | B|I* < R.

The finite-dimensional case is as follows:
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THEOREM 2. Theorem 1 also holds for every unitarily invariant norm ||| - ||| on a
finite matrix algebra. Moreover, we have the inequalities
(2.11) IlfCAB)II = min{L; (p,q), L2 (p,q)}
where
(2.12) Li(p.q) = fa " ANAIPID L IIBINI)
and
o1 La(p. ) i L2 AP Fo QLB

© faCIAIPIY A Bl Py
provided |[|AIP|I. I BI?Il < R.

PROOF. Since [|ABIl < [IAll - lIBIl and [IABIl < WIAPN'YP - IIBI9]|'/9 where
p>1, % + é = 1 (see for instance [1, p. 95]), we have by the Holder inequality that

n n n
(2.14) ‘ > aj (ABY || < lajlIABIY <> lajlIlAIP N7 - 111BI4 17
j=0 =0 j=0
n 1/p n 1/q
< (Z|a,~||||A|P|||J) (Zmﬂnnmqm/)
j=0 j=0
forany n € N.

Since all the series whose partial sums are involved in (2.14) are convergent, then by
taking n — oo in (2.14) we deduce the first inequality in (2.11).
Utilising the inequality (2.8) we also have

n
(2.15) > laj AP P - 1Bl
j=0
_ Xz laj AP 35 laj 18111
= =1 ra—1L
Y o lajlIAIPIY 7 - Bl
Yo lajlAIPIY X — laj 111 BI9 1
I I
Yo lajlIAIPIT - 1Bl ?

forany n € N.
Since all the series whose partial sums are involved in (2.15) are convergent, then by
taking n — oo in (2.15) we deduce the first inequality in (2.11). O

REMARK 2. The case p = g = 2 produces the Schwarz’s type inequality

ILf CABIP < faClIAPID £ (NIBIZN
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provided [[|AI%]I, Il BI]l < R.
A refinement of the inequality (2.10) may be found in the following theorem:

THEOREM 3. Let f(z) = Z;ﬁo anz" (# 0) be a function defined by power series
with complex coefficients and convergent on the open disk D (0, R) C C,R > 0. If A and B
are two bounded operators on the Hilbert space H and

(2.16) IAI%, IBII* < R,
then
(2.17) |f AB|* < fa(NAI* 1BI'=*) £ (1A'= I1B]'*)

< fa(IAIP) fa (1BII)

where o € [0, 1].
Ifzsio la,| < o0 and in addition to the condition (2.16) we have ||A||, ||B|| < R, then

fa (1A1?) fa (1B117)
f(IAN) fa(1B1)

PROOF. We utilize the Callebaut inequality (see for instance [2, Remark 3.31])

n 2 n n n n
1 1—- l—ayl
(pis) =X piaf s} paf v} =3 piad Yot
j=1 j=1 j=1 j=1 j=1

(2.18) |fAB| < fa (D)

that holds for « € [0, 1] and the nonnegative numbers a;, b;, p; with j € {1,...,n}.
Therefore
n 2 n n
(Zw 1Al ||B||J> <Y lajl TAFDT BT " ja | A B
j=0 j=0 Jj=0

n n

2j 2j

<> lai AP lasl 1B
.=0 .=O

and by (2.5) we get
n ' 2
(2.19) > a;j (AB)
j=0

n n
<Y laj NANTFTYBIE=OTS " ;| LA | B
j=0 j=0

n n

2j 2j

<Y lajl 1AI1%7 ) la; 1 1BI
= —
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forany n € N.

Since all the series whose partial sums are involved in (2.19) are convergent, then by
taking n — oo in (2.19) we deduce the inequality (2.17).

For the second part, we use the following inequality obtained by S.S. Dragomir in 1984
[3] (see also [2, Theorem 2.20]):

Yimipjaibi 31 piaj i Pibi N o
> p; <D pia; Y pib;
j=1Pj pe= =

that holds for the nonnegative numbers a;, b;, p; with j € {1,...,n}and 3>_, p; > 0.
Utilising this inequality, we have

il |||A||f||B||f<il | Zizo I I 3o laj 18I
ai aijl -
J — J
= = Yo lajl IAIZ Y2 lajl I1BII?

which together with (2.5) produces

(2.20)

u . u S o lail AN g la, | I BII*
=0 J =0 J

> aj (AB) | <) jaj| - = /

j=0 j=0

2 2
>0 lajl ITAN= 325 g la; LI Bl

Since all the series whose partial sums are involved in (2.20) are convergent, then by taking
n — oo in (2.20) we deduce the inequality (2.18). O

REMARK 3. The condition f, (1) < oo canbe avoided if a complex parameter |z| < R
is introduced. Namely, we can obtain the following generalization of (2.18)

fa(1zLIAIP) fa(l21 1 B1)
fa(1z AT fa (121 1B1)

provided [z| |AlI%, 1z IIBI*, Izl [IAll, || 1 BIl < R.

(2.21) |f@AB | < fa(z)) -

k]

The finite-dimensional version of Theorem 3 is as follows:

THEOREM 4. Theorem 3 also holds for every unitarily invariant norm ||| - ||| on a
finite matrix algebra. Moreover, we have the inequalities

(2.22) Ilf (AB)|I?

2 e 252 2 ize 9, 1t
< L (MAPNZ MBI L (NAPITZ BRI =)
< fa (AN fa (MBIAN)

provided
(2.23) WAL B < R,

where a € [0, 1].
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Ifzzio la,| < oo and in addition to the condition (2.23) we have
AW, BN < R,
then

Sa (AT £a (N1BI211)
Fa(NATI2) fa (NBI2IZ)

The details of the proof are left to the reader.

(2.24) llf (AB)II < fa (1) -

3. Some Vector Inequalities for Normal Operators
The case of normal operators is as follows:

THEOREM 5. Let f (2) = Z,‘iio anz" be a function defined by power series with com-
plex coefficients and convergent on the open disk D (0, R) C C, R > 0. If A and B are two
commuting normal operators on the Hilbert space H, z € C and

3.1) Izl IAI%, 12| 1 BI* < R,
then we have
2
(3.2) [(f @AB)Yx, 3)|” < (fallzl |AP)x, x)(fa(lzl [BI*), )
foranyx,y € H.
PROOF. By utilizing Schwarz inequality we have for any x, y € H that
[(ATx, (B y)|” < (A7x, ATx)((B*)y, (B*)y)
for any j € N, which in operator modulus notations is equivalent with
. . 2 . .
(3.3) (BT A x, |7 < (14717, x)(1(BH Py, ).

Since A and B are normal operators, then

A2 = 1A and  |(BY|" =B
forany j € N.
By the commutativity of A with B we also have
B/ Al = (AB)’
for any j € N and then by (3.3) we have
(34) [(AB) x, )| < (1A x, x| BIMy, )

for any x, y € H and for any j € N.
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If we multiply the inequality (3.3) with ’a j’ |z|/, sum over j from 0 to m and use the
generalized triangle inequality and the Cauchy-Bunyakovsky-Schwarz weighted inequality,
we have successively

<Zajzj (AB)jx,y>‘

j=0

(3.5)

<Y lajllzV[{(AB) x, )|

j=0

m
<> lajl 2l (AP x, x) 2 By, y)

j=0
m _ _ 12, m . _ 1/2
s(Z|a,-||z|f<|A|2fx,x)) (Z|a,-||z|f(|B|21y,y))
j=0 j=0
m ' ' 12, m ' ' 172
= <Z|ajl |2}/ IAIZJx,x> <Zlajl lz|/ |B|2’y,y>
j=0 Jj=0

for any x, y € H and for any m € N.

Since the series Z?O:() |aj| 1zl |A[> Z;’io |aj| 1zl |B|?/ and Z?O:o ajz/ (AB)/ are
convergent, then by taking the limit over m — oo in (3.5) we deduce the desired result
(3.2). O

COROLLARY 1. Let f(z) = Y oganz" be a function defined by power series with
real coefficients and convergent on the open disk D (0, R) C C, R > 0. If A and B are two
commuting normal operators on the Hilbert space H satisfying the condition (3.1) then we
have the norm inequality

(3.6) If GAB)Y | < | fallzllAP||| £u (2l 1B
and the numerical radius inequality

1
(3.7) w[f (zAB)] < §||fa(lzl A + fa(zl 1B

PROOF. From (3.2) we also have the inequalities

[(f @AB)x,x)| < (fallzl1AP)x, x) 2 ( fullz] 1BIP)x, x)2
1
< E<[fa<|z| A + fa(lz] IBID)]x, x)

for any x € H, which, by taking the supremum over ||x|| = 1, produces the desired result
(3.7). O
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REMARK 4. If A is a normal operator and z € C with |z] lAlI%, 1z] < R, then by
taking B = 1y in (3.2) we get

(3.8) [(f GAYx, W[ < fu (2 (fallzl1AP)x, x) [1y12

forany x,y € H.
If A is a normal operator and z € C with |z| IA|%, |z| < R, then by taking B = A in
(3.2) we get

(3.9) [(F @AY, W7 < (fullzl1APx, ) fu (2l APy, y)

and by taking B = A* in (3.2) we also get

(3.10) [(FGIAPY, )P < (falzllAP)x, x){ £ (2l APy, ¥)

forany x,y € H.
Moreover, if U and V are two commuting unitary operators, then by taking A = U and
B =V in (3.2) we get

(3.11) [(f@UVIx, )| < fallzDIx ]y
for any x, y € H and z € C with |z| < R.
The following result for two power series can be stated as well:

THEOREM 6. Let f(2) = Y noganz” and be g(2) = Y oo bz be two functions
defined by power series with complex coefficients and both of them convergent on the open
disk D (0,R) C C, R > 0. If A and B are two normal operators on the Hilbert space H,
z,u € Cand

(3.12) I ALl ul 1B] < R

then we have

(3.13) |(f(zA)x, guB)y)
< fa(121?) ga (1u?)( £ 1 AID)x. x)9a(IBIP) . y)

| 2

foranyx,y € H.

PROOF. By Schwarz’s inequality we also have the following inequality for normal op-
erators

(3.14) [(ATx, BEy)| < (14127 x, %) (1B y, y)'?

forany x,y € H and j, k € N.
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If we multiply (3.14) with ’aj| Izlj |b | Iulk , sum over j and k from O to m and use the
generalized triangle inequality, then we have successively

m m
<ZajZJA/x, ZbkukBky>‘
=0 k=0

(3.15)

=

M-
M= LM

laj] 217 bx lul* [(A7x, B y)|

=

M-

~

Il
S
~

Il
=

; i 1/2 1/2
lajl Iz 1ol Ll (| A1 x, )" %(1 By, y)!/

m m
= > ajl 1zl (1A 2, x) 257 il lul (1B 1y, y)!/?
j=0 k=0

forany x,y € H andm € N.
Further, by the Cauchy-Bunyakovsky-Schwarz inequality we also have
m ) ) A m ) 1/2, m ) 1/2
> lajl Izl (1A 6 x)? < <Z laj| |z|2f) <Z lajl 1A x,x>
j=0 j=0 j=0
and

m

m 1 m 1/2 1/2
> ibed lult (1B y, y) s(ZwmuP") <Z|bk||B|2"y,y>
k=0

k=0 k=0

for any x, y € H and m € N, which together with (3.15) provide

m m
<Zajszjx,ZbkukBky>‘
j=0 k=0
m 12, m 12
s<2|aj||z|2f) <Z|a,~||z|f|A|2fx,x>
j=0

(3.16)

j=0
m 1/2, m 1/2
X<Z|bk||u|2k) <Z|bk||u|’<|B|2"y,y>
k=0 k=0

forany x,y € H andm € N.

Since the series whose partial sums are involved in the inequality (3.16) are convergent,
then taking the limit over m — oo in (3.16) we deduce the desired result (3.13). O

COROLLARY 2. Let f(2) =Y poganz" andbe g(z) = Y oo bnz" be two functions
defined by power series with real coefficients and both of them convergent on the open disk
D@O,R) c C, R > 0. If A and B are two normal operators on the Hilbert space H that
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satisfy condition (3.12) then we have

(3.17) lg @B*) £ A < ful121) ga(1u1?)] £ (1AP) | | 9 (1B1?)]|
and
(3.18) w(g@B*) f(zA)) < %fu(|z|2)ga(|u|2) | £2(141%) + g (1B1?)] -

4. Some Examples

As some natural examples that are useful for applications, we can point out that, if

[e.e]

_1 n
4.1) f(z)=Z( n) "=1In

n=1

, z€D(,1);
14z ©.1

o]

(_l)n n
9(2) =Zmz2 =cosz, z€C;
n=0

o]

D" 5, .
h(z)=2}mz2 +1=s1nz, z€C;

00
1

I(Z):§ (_l)nanr, ze€ D(@O,1);
n=0 z

then the corresponding functions constructed by the use of the absolute values of the coeffi-

cients are
o0

1 1
4.2) fa@ =) =7"=In , ze€D(,1);
n 1—-z
n=1
=1
_ 2n __ .
ga(z)—zmz " =coshz, ze€C,;
n=0
o0

1
ha(z) = Z — 2l —§inhz, zeC:
n=0 ’

00
1
Ia(z) = EOZH= :, ze€ D(,1).
n=

Other important examples of functions as power series representations with nonnegative co-
efficients are:
o

1
4.3) exp(z) = Z ;z" ze€C,

n=0 "
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1 14z e
—1 = n=t eD(,1);
2“(1—z) ’;2n—lz zeb@.b

A\l

1 — F<n+%) 2n+1
i) = L DO 1):
sin (@) 2w nt Dl zeDO.D

o]

1
tanh~!(z) = Z P IZZ"_I, ze€ D(0,1)

n=1

~T(n+a) T (n+p) (),
2Fi(a, B,y,2) = o, B,y >0,
HX:(:) nC @I (BT (n+y)

z€D(0,1);

where I" is Gamma function.
On making use of Theorem 1, we can state some particular examples as follows:

EXAMPLE 1. a) If A and B are two bounded operators on the Hilbert space H and
forp > 1, ; + ql =1, |All, |B]| < 1, then
(44) [(ta = AB)™!| < min {Si(p, 9), S2(p. 9)}
where
S R _ p —1/p _ q —1/q
1(pq) = (1= 11AIP) P (1 —1B)%) "7,
and

L e 1
L= A7) (1= 11BI7)

$(p,q) = (

We also have the following inequality for the logarithm
(4.5) [In(1z £ ABY™"| < min{T1 (p.q). T2 (p. 9)}
where
Ti (p, @) := [In(1 — | A1") '] "?[Int — B9 ~"']"*
and
[In(1 — A7)~ ][In(1 = |B]9)~"]
In(1— AP~ ")

Ty (p,q) =

b) If A and B are two bounded operators on the Hilbert space H and p > 1, %—kql =1,
then

(4.6) lexp (AB)| < min{U; (p,q)., U2 (p.9)}
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where
1 po 1 q
Ui (p.q) :==exp | — IIAI” + = IIBI? ],
p q
and
Uz (p.q) == exp(|AlI” + 1BI? — | AP~ [ BII7").
Theorem 2 provides the following results for unitarily invariant norm ||| - ||| on a finite

matrix algebra.

EXAMPLE 2. a) Let]||- || be a unitarily invariant norm on a finite matrix algebra. If
IAIPIL MBI < 1. where p > 1, L+ 1 =1, then

4.7 (7 = AB)~'| < min {Vi (p.q). V2 (p. q)}

where

Vi(prg) = (1=APn) "7 —msien) =",

and
_ ryl/q ql/p
e e Ty

and

(4.8) [|in(z £ AB)™"|| < min{W; (p.q). W2 (p. 9)}
where

Wi (p.q) == [In(1 = APID] Y[ (L — i1 n =117,

and

In (1= APH) " (1= B~

Wa(p.q) = -
In (1= [I[AIPIIYal B4/ P)

b) For any two matrices we have

(4.9) [lexp(AB)|| < min{Z (p.q).Z>(p. )}

where
1 p 1 q
Z1(p,q) =exp | —IIAI"Il + =MIBIIl )
p q

and

Z> (p, q) == exp (IIAIPI -+ BN — AP0 B1N0P) .
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Employing the inequalities from Theorem 3 and Remark 3 we can state:

EXAMPLE 3. a) If A and B are two bounded operators on the Hilbert space H and

AL IBI <1,

then

@100 [an AR < (- At BT) T 1 - A e Bt
<(t=1a>) "1 =1B1?)",

and

(4.11) |in(ly +AB)™|?

<tn (1= Al BI) T (1= A By )T
<ln(1—[A12) ' m(1—1B1>)",

where @ € [0, 1].
b) For any bounded linear operators A and B we have the inequalities

(4.12) | exp (AB) |* < exp (A1 IBI'= + A"~ | B|'*+)
<exp (Al +1BI%).
where @ € [0, 1], and
(4.13) lexp zAB)|| < exp (Izl (1+ IAI* + I1BI* = Al = IBIl))
where z € C.
Finally, by the use of the result in Theorem 5 we also have:

EXAMPLE 4. a) If A and B are two commuting normal operators on the Hilbert
space H with ||A]l, ||B]l < 1and z € D (0, 1) then we have the inequalities

(4.14) (g +z4B) " x, )

<(Am —1zl1AP %, 2w = 121 1B1D My, y),

(4.15) ((In (1 +zAB) " x, )
< (In(lg — Izl AP %, x)In(Le — |21 1BIH 'y, y).
and
(4.16) ((2F1 (o, B, v, zAB) x, y)|°
<(2F1(a, By, |2l |AP)x, x)( 2 Fi (e, B, v. 1z By, y)

where o, 8,y > 0, forany x,y € H.
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b) If A and B are two commuting normal operators on the Hilbert space H and z € C

then we have the inequalities

4.17) |(sin (zAB) x, y)

(4.18) |(cos (zAB) x, y)

and

(4.19) |(exp (zAB) x, y)

? |(sinh zAB) x, y)|*

< (sinh(|z[|A|*)x, x)(sinh(|z||B[*)y, y).

2, }(cosh (zAB) x, y)|2

< (cosh(|z| |A*)x, x){ cosh(|z]| B|})y. y)

17 < (exp(zllA)x, x) exp(izlI B2y, )

forany x,y € H.
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