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Small-time Existence of a Strong Solution of Primitive
Equations for the Ocean
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Abstract. Primitive equations derived originally by Richardson in 1920’s have been considered as the model
equations describing the motion of atmosphere, ocean and coupled atmosphere and ocean. In this paper, we discuss
the free boundary problem of the primitive equations for the ocean in three-dimensional strip with surface tension.
Using the so-called p-coordinates and a coordinate transformation similar to that in [2] in order to fix the time-
dependent domain, we prove temporally local existence of the unique strong solution to the transformed problem in
Sobolev-Slobodetskii spaces.

1. Introduction

The idea of weather forecast was conceived by Bjerknes in 1904, and then numerical
weather forecast was executed by Richardson in 1920’s ([20]). He derived a system of equa-
tions describing the motion of atmosphere, which was similar to the Navier-Stokes equations.
His attempt unfortunately failed because of mainly the lack of stability of the calculations,
however many attempts have carried on him. Since around 1940-50’s, digital computers
made possible automatic calculations, so that the weather forecast with numerical calcula-
tion became practical; the first success was done by Charney, Fjortoft and von Neumann
(see [19] in detail). Until the present time many simplified models such as geostrophic and
quasi-geostrophic models have been proposed in order to lessen the amount of numerical cal-
culations. Nowadays, even the primitive equations can be solved numerically since the power
of the computers intensively increases.

In 1969 Bryan [3] formulated the model of the ocean circulation similar to the Richard-
son’s model of the atmosphere by applying the hydrostatic approximation. In it eddy or turbu-
lent viscosity terms were introduced, which was anisotropic in the horizontal and the vertical
directions. Now his model equations are called primitive equations for the ocean [30]. Based
upon his formulation Semtner [21] proposed the general circulation model and studied it in
detail numerically. In his model Boussinesq approximation and rigid lid hypothesis, which
means that the ocean surface is fixed and flat, were used. On the other hand, Crowly [5]
studied the free surface case, not the rigid lid, of the ocean numerically.
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Mathematical arguments of primitive equations were begun in 1990’s. One of the main
feature of primitive equations is the fact that the vertical velocity is determined by the hor-
izontal velocities via the continuity equation, since the vertical velocity disappears in the
vertical component of equations of motion due to the hydrostatic approximation. In [11], Li-
ons, Temam and Wang formulated the evolution problem of primitive equations for the ocean
and showed the existence of a weak solution in L»(0, T; H'(£2)) () Loo(0, T; L2(£2)) by the
Galerkin method, where 2 = US M, each M, is a connected domain with both horizontally
and vertically flat boundaries. In [12], [13], [15]-[17], they also studied the evolutionary 3D
coupled atmosphere and ocean model with rigid lid. In [17] they showed the well-posedness
of the model formulated in [15] in the same function spaces as above. In [14] they derived
quasi-geostrophic equations from primitive equations and showed the existence and unique-
ness of a global weak solution in the similar function spaces as above.

Guillen-Gonzalez, Masmoudi and Rodriguez-Bellido in [7], [8] discussed the ini-
tial boundary value problem for the primitive equations for the ocean in the domain
surrounded by the rigid lid, the vertically flat lateral boundary and the bottom. They
showed the existence of a global strong solution with small data and a local strong so-
lution with any data in L>(0, T; H'(£2)) (" L2(0, T; H*(2)) (W} (0, T; L*(2)). In
the similar situation as that in [8], Temam and Ziane [29] verified the existence and
uniqueness of a strong local in time solution of primitive equations for the ocean in
C,T; HY(£)) () L2(0,T; H?2(£2)). Cao and Titi [4] showed the existence and uniqueness
of a global solution in C(0, T; H'(£2)) (M L2(0, T; H*(2)) W[ (0, T; L2(£2)).

While the depth of the ocean is finite in these papers, Azerad and Guillen-Gonzalez [1]
showed the existence of the weak solution of the Navier-Stokes equations with anisotropic
viscosity terms and its convergence to a weak solution of primitive equations as the aspect
ratio of depth to width of the domain tends to zero.

Almost all the results cited above were obtained under the rigid lid hypothesis, and the
turbulent viscosity terms were added as an empirical claim. In addition to the turbulent vis-
cosity we take into account the effect of the surface movement following Crowly [5], and
adopt f-plane approximation, i.e., Coriolis parameter is a constant, where f is the deforma-
tion angle from the sphere over the plane. Furthermore, it is to be noted that in the papers
cited above, ocean and atmosphere models are described in Cartesian and p-coordinates, re-
spectively. Lions et al. [12], [13], [15]-[17] used these coordinates for the coupled ocean and
atmosphere model in each layer, and made a physically unrealistic assumption that the height
of the pressure isobar coincides with that of the ocean surface.

We use p-coordinates for the ocean model in this paper, which is the first study on the
primitive equations for the ocean. Here, we enumerate the major features of this paper:

1. The surface of the ocean is free, not the rigid lid;

2. The boundary conditions on the free surface are described by the stress tensor and

the effect of vapour;

3. The original equations are transformed by the p-coordinates system;
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4. The existence of the strong solution is proved in the Sobolev-Slobodetskii spaces.

The paper is organized as follows. In Section 2 we describe the mathematical formulation
of our problem. Then the problem is rewritten in p-coordinates, and transformed into the one
in the fixed time independent domain. In Section 3 we introduce function spaces, and describe
the main theorem. In Section 4 some auxiliary lemmas are prepared, which are used in the
proof of the main theorem. In Section 5 we solve the non-homogeneous linear problem in the
transformed domain. In Section 6 we investigate the nonlinear problem, making use of the
iteration method for a small time interval.

2. Formulation of the problem

As stated in Section 1, we are concerned with the free boundary problem of primitive
equations for the ocean. By adopting f-plane approximation, our problem can be formulated
in the strip-like region. By x = (x1, x2, x3), we denote orthogonal Cartesian coordinate
system with x3 being the vertical direction. Let the surface and the bottom of the ocean be
described by x3 = d(x’, ) and x3 = b(x’) (x' = (x1, x2)), respectively, where b(x') is a
function satisfying d(x’, 0) = dp(x’) > b(x’). Then the domain £2(¢) of the ocean at time ¢
is represented as {(x’, x3)|x’ € R%, b(x") < x3 < d(x/, 1)}. The equations that we consider in
this paper are as follows:

2

av av a°v 1 ,
—+ V- VIVtw— — | AV + po— |+ fAv=——Vp +F,
X3 0x Q

at 3

ap ~
— =(Fi3—09) =: F13,
0x3

Vvt — =0,
v+ oxa 2.1)

% v-V)o + d A6 + %6 F
_ . w— —_— _— = N
o1 o3 3 4 8x§ 2

EXY aS REXY
— 4+ V- VSH+w— — | usAS+us—=\|=F, xe82@), t>0.
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1

constant); V and A are 2 dimensional gradient and Laplacian, respectively; F} and Fy3 are the

Here, fAv is a Coriolis force with A = ( _01> and the Coriolis parameter f (a positive

horizontal and vertical components of external forces given in R3 x [0, c0). The horizontal
component of the velocity is represented by v and the vertical component w; p is the pressure,
o is the density (a positive constant), 8 is the temperature, S is the salinity; F> and F3 are the
sources of heat and salinity, respectively; p1 and u; are the coefficients of turbulent viscosity;
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(u3, na) and (us, ue) are, respectively, given by scaling sum of turbulent and molecular

diffusivities of heat and salinity.
The conditions on the free surface Iy (1) = {x € R3|x3 = d(x/, ), ¢ > 0} are as follows:

T(v)n — (T(v)n-n)n’ = |v|%,

00
- <M3V9 n' + M4a—n3> =—la®.)V + g1|v|*0 + o LH, (2.2)
X3

(Qa Sa P) = (989 Se, PO) £

where
vy vy dvy
M= M= Mo
_ 0x1 0x2 0x3
TV = vy vy vy 23)
M1 9x1 M1 9 n2 9x3

is a part of the stress tensor, ) is the normal velocity of the free surface, /a(6,) is a latent
heat with saturation temperature 6., o is the surface tension coefficient, H is twice mean
curvature, n = (ny, ny, n3) = (n’, n3) is the unit normal vector to [ () at time ¢ pointing to
the atmospheric region, L is the heat capacity, g; is a given function representing the turbulent
transition on the free surface including the albedo of the earth, and p is atmospheric pressure
at the ocean surface (constant). The conditions of the form (2.2) are called bulk formulae ([6],
[11], [18], [30D).

Since V = %—‘f /+/1+ |Vd|?2, the condition (2.2), can be written in the explicit form

dd
o, = Laad + Gea(v,w,0), x'eR?, 1>0, (2.4)

oL 3d \*\92d _dd ad 9%d
Lggd = 1+ — — 22—
' la.)(1 + |Vd|?) 9x2 ax? 9x1 dx dx19x2
axy 8x§ ’
1 06
G ,w,0) = — || —u3Veo - Vd —_— 1 Vd|?|v|*6 | .
6,d(v, w, 0) 12y [( u3 +M4ax3) + 914/ 1 + [Vd|?]V] }

The conditions on the bottom I, = {(x’, b(x'))|x’ € R?} are

where

v w,0, ), b(x), 1) = (0,0,65, (', 1), x' €R*, 1>0. (2.5)
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Initial conditions are

(v,0,8)(x,0) = (vo, 00, So)(x), x€£2:=80(0), (2.6)
d(x',0)=do(x"), x eR>. (2.7)
Let us introduce the “p-coordinate system”. From (2.1); and (2.2)3, p can be represented
as
X3 8]’ X3 -
p=pmt [ L=+ [ Fadn. 2.8)
4 0x3 d

We assume that | F13| < og in R3 x [0, 00), which means the gravity force is dominant in
the vertical directon. Now we denote the pressure at the bottom of the ocean by h(x’, t) :=

po + f; Fi3 dx3, and hy = po + f;; Fi3)i—0 dx3. We assume do(x’) > b(x’) for any
x’ € R2. Since dp/dx3 = Fi3 < 0, we can take p as an independent variable in place of

x3 = X3(x’, p, t; h) with X3 being the inverse function of (2.8), and d can be represented as
an implicit function, d = ¥ (x’, t; k). From (2.8), we get

Vp = —Fis(x'sd. )V + / Vs des = Fs(v', x3.1) 2.9)
d

op - ., . dd /“ IF13 /

— =-F ,d, t)— — dx3 =: F, L X3, 1) . 2.10

a1 13(x )Bt + Ay X3 6(x’, x3,1) (2.10)

Note that after introducing p-coordinates, the ocean surface becomes flat and is repre-
sented by the equation p = pg. Hereafter, we denote a function f(x’, x3, t) after this coordi-
nate transform by f(x', p,t) = f(x’, X3(x', p, t; h), t). Moreover, we introduce another
mapping:

/ / ) 2 h(x /a t )

=x', y3=(po—ho) L 4. 2.11
y=x, y=(po O)po—h(x/,t)+0 (2.11)

For simplicity, instead of F3w we use w. By composing these transformations, it is clear that
the regions (Jy<,<7(2(t) x {t}), Up<;<r (I x {t}), Up<;<7(Is(t) x {t}) are transformed
onto the regions QT =2 x [0, T], be = fb x [0, T], I:sT = I:S x [0, T], respectively,
where 2 = {(y/, y3)|y’ € R%, po < y3 < hoO)} Iy = (V. y3)ly’ € R%, y3 = ho(y))}
and Iy = {(y/, y3)|y' € R%, y3 = po}. We denote the inverse of transposed matrix of the
Jacobian matrix by J[(x', p)/ (', y3)]7 T = (a”/) = (a"/(h)) (i, j = 1,2, 3). Then one can
easily derive
—h , 1) — — , 1
ad — (a31’ 032) _ (po = ho)(p(y 2) po)thL Po — p(y )Vh0
(po—h) po—h

= A1(y,)Vh+Bi(y, 1),
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—h _
(po — h)(y3 — ho) h
po—ho

’

p(y, 1) =

—h
a33= Po 0

».odl =8 (=12.j=123).
po —

In the following, we use the notation
(w)_][(xap) Y.
Vi) LG, y3) —
Y,y ap

X3 i)y oy = X3 y30 13 h)s
f(h) (x/9 p? t)

_ Uk,
x'=y', p=p(y.1) Sy,

Now let us derive the explicit representation of th)* and Fé(h)*. Representing the integral
term in (2.8) by p-coordinate system, we have

By Fis| Pl ) o OFL)
F'(x', p,t) = —Fi3|_ _ VlIJ—}—/ — (VF +F —)dp.
5 = 13 5
we T B ”
From this integral equation with the condition th)| p=py = —F 13lx;=w V¥, we derive the
explicit representation
- (h)
-~ PVF
h h
FO O, p,1) = F1(3)<—V11/ +/ — G dp) ,
pPo F13
and hence
, = (h)%
~ 3o - oF
h h h
F§" (v 33 0) = F1(3)*{_le " / W(Vﬂ?* + a3(h)%> dy3}
po F y3
13
= —FI*VW + Ci(y,1). (2.12)

Similarly, we obtain

(h)
~ L' r1 OF
Fé’”(x’,p,t)=Ff’§)<— + / R dp),
p

B ) TR o
= (h)% i (h)*
()% 2| 3% /” I (9Fy 0y dFy
F ) 7t =F YR d F d
6 (V,y3.0) 13 { ot + o Fl(ét)*Z ot * ar  dy3 .
=y 0¥~
= P L 60, 2.13)

at
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ay3 oh
where — = A;(y,t)—.
5 1y, 1) o7

b
Differentiating the relation £ (x’, t) = pg + / F13 dx3 with respect to x” and ¢ leads us
d
to the following equalities, respectively:
1 . b Vh
VY = —— 1 —Vh + F13|,= Vb + VFi3dx3; =1 ———+ Dy, (2.14)
Fi3|=w d Fi3|=w

where D1 = (D1, D),

92w 1 8%h a( 1 >8h D,

= —— (= — +
0y;dy; Fi3las=w 0Yidy;  3Yj \ Fi3]x;=¢ / 0yi ~ yj

! 9% +H; (,j=1,2) (2.15)

= j G, j=12), :
F13|xy=w 9Yi0Y; N

ow 1 ah baoF 1 oh
_=~7{__ de3}=-—~7—+E1. (2.16)
o Fialy=w | 01 Jg 01 Fi3) 5= 01

Now, rewriting the problem (2.1)—(2.7) in y-coordinates and denoting (v*, w*, 6*, $*, h)
by (u, u3, é, §, h) for brevity, we have

oJu ~
rrie Lipu+Gyp(u, uz),

~(h ],t3 ~
Vih3uz — (VMFI%)*)W = G3,p(0),
13

30

e L2340 + Gyp(u,us, 6), (2.17)
3S - - L .
Tl L3 pS+ Gsp(a,usz, §) in 27,
dh . .
57 = Lanh+ Gop(uus,6) in R7 .
Byu=Gy(u),

@,5) = (Be, Se)lxs=w  on Fy7,
(w,u3,6,8) = (0,0,6p, Sp)lxs=p on Ipr, (2.18)

(W, 0, 3)(y,0) = (vJ%, 6%, s{*)(y) on 2,

h(y',0) = ho(y’) onR?,
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where

Lypu:= piLiypu+ puzLizpu,

52
h
Lijpu:= |:111 h+ 2l + S 12(a%)? 2:|
9y3
9%u
Lippu:= F(h)*z( B,
ay3

B 92
Lyp=V>+2a3. v— 4 |a3|2—2 ligp = a33th)* SV, —,
ay ay3 ay3

. 0
Gin(u,us) := [(%% — i) + Vi - <a33th>*>a—y3

s (027 Bl 0
e (28 ) 2,
5 dy3 9y3

3 ams 0\ 33 a2 07
+m[( 7 )_<a 2 )—:|u
8_)) 13 ay%

oh\ 0
- [(u - Vi) + (<th>* ‘wa® + uza® + FM ¥ + A1y, z)5> W}“
3

(h)* /()%

+ fAu — +F,

- ~ ~ 1
= u1Gipu+ u2Gizpu — Gz p(u, uz)u + fAa — Eth)* + F/l(h)* ’

33th)* e
ay3

G&h(u) ==Vp-u—a
Lopf = p3L11.00 + paliapf
= = = = 5 s = = h
Gan(u,u3,0) = u3Gri,n0 + naGro,n0 — Gz n(w, u3)d + Fz( *,

L34S := pusLii pS + peL12.sS

Gsn(w,u3, S) =t nsGrinS + u6Gi24S — Gi3 p(u, u3)S + F3(h)*,
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ou ~ ou
Byu = {m [(n’  Viu+ (B n’)a”—} - uzFfé”*a”—na}
day3 ay3

Ju ~ Ju
- {m [(n’ Vpu-n' + FP* e — -n/} + o F* (a33— -n’) n3}n’,
dy3 ay3

G2(u) := [u[u,

2 2
oL 0°h
Ly ph = ) Z Cij 7>
la(.) (14 |V¥| ) 52, 0vidy;
1 an\° 1 an\°
cn=1+{\Dr—=———) . c2=1+|D1—=———] .,
Fi3|x3=p 992 Fi13|x3=p 91

1 oh 1 oh
cpn=c=—————-D||=———-Dy},
F13]x;=p 01 Fi3]x;=p )2

2

Gon(u,0) = Fys3] [E ol > cijH,
6,n U, = I3 lxg=w 1= Cij1jj
s X3 la(eg) (1 + |VW|2) e L )

0 -
{—m (Vh + a33(h)th>*—> 6.vw
ay3

 la(b,)

s a0 Iz
FaF | g @ g g (L Ve |u|°‘9H,
a - T
n=w.ny)' == a=(dWFL” WY W FYT)

|a]
It is to be noted that we can extend (v(()h(’)*, Oéh(’)*, S(()h(’)*)(y) = (vo, 89, So)(x) and dy into
the half space t > 0 preserving the regularity, which is denoted by (uy, éo, S’o, dp). We also
define the extension of /¢ by ho = po + f fo F 13 dx3. For the detail, see Section 4.

Then the problem (2.17), (2.18) can be rewritten as the following one for
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(u/9 uéa é/a S/a h/) = (u - ﬁOa us, é - 509 S - 509 h - EO)

ou’ dup ~
_— = L u/ L l_l - — G u, )
” 1,n0 + L pug o + G1,n(u, u3)

/
~(h u ~
Vi,3us — (Vh,3F1(3)*) 1:“(2)* = G3 p(w),
13

/

o) ~ = 96, - N
5 = Ly 40" + Lo 6o — 8_t0 + Ga,p(u, uz, 0), (2.19)

~ = R ~ ~ o~
= L35S + L35S0 — a—to + Gsp(w,u3,S) in 27,

dho .
= Lgyh' + Lapho — _to + Gep(u,6) inR%,

a </
B
on’
ot a

Byu' = — By + Ga(w),

6,5") = Belvsmw — arfo, Selvymw — S0) on Tz,

W', u}, 6,8 = (=g, 0, Op|xy=p — o, Splxs=b — S0) on Fyr, (2.20)
W,0",5)—0 = (0,0,0) on £,

h|i—o=0 on R2,

where (u, 8, S, h) is replaced by (0’ + g, 0 + 50, S+ g’o, h' 4 hy) in the right-hand sides.

3. Main Theorem

Before stating the main theorem, we introduce function spaces (see, for in-
stance, [23], [24]).
Let G be a domain in R” and / a non-negative number. By Wé(G) we mean a space of

2

functions u(x), x € G, equipped with the norm ||u||W£(G) =D lal<l IID“MH%Z(G) + ||u||%i/£(G),

where

||u||€.V£(G) =Y DUl ) = Z/G|D“u(x)|2dx if / is an integer,

la|=l o=l

, |D*u(x) — D*u(y)|?
el ) = Z]/G/G Ix — y 20 dxdy

la|=l

if / is a non-integer, [ = [I]+ {I/}, 0 < {l} < 1.
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We also define the following function spaces with m > 1:

w _ . .: 2 2 2
L (G)—{f(x) 1175 G = Sup 1| +||f||W2m_lmJ(G)+||Df||W£n_l(G)<oo}.
. . . . 1,5
Next we introduce anisotropic Sobolev-Slobodetskii spaces W, 2(Gr) = Wé’O(GT) N

L
WS’Z (Gt) (G := G % [0, T]), whose norms are defined by

T
2 2 2
lul® =/ ||u(-,r)||W1(G)dr+/||u<x,')|| ;o dx
W, *(Gr) 0 2 G W5 (0.7)
= lull® o . +lul®,
Wy (Gr) w2 Gr)

We also define function spaces

WGy = {f e WG

af L
—— e W, % (G
3)(36 2 ( T)}

with the norm
2

af

dx3

’

vz, =0, +‘

W, 2(Gr) W, 2 (Gr)

1L
W, 2 (Gr)

and form > 2,

—m,
W, 2 (Gr) = {f(x, Oy =sup | f1* +sup [ F1? ppm
W, = (Gr Gr xeG W, 2 0.7
2 2 2
+ S ey TIPS st NP, s <oo},
1€(0,T) 2 w, 2 (Gp) w, 2 (Gp)

where D, and D; represent the differential operators with respect to x and ¢, respectively. The
norms of the vector spaces and the product spaces are defined by the standard vector norm
and the sum of the norms of each space, respectively.

Now the following is our main result,

THEOREM 3.1. Letl € (1/2,1),and T be an arbitrary positive number. Assume that
(i) a=2o0ra>2l+1;
(ii) la(-) : R — RT satisfies la(x) > 0, and is bounded and Lipschitz continuous
together with its derivatives such that
a\v
+{— ) la
(&)

2

d i
lall =" [sup ‘(@ la(x)

i=0 xeR

(L)
}@0,

where |la|'" is Lipschitz coefficient of la;
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— 3
(i) vo € WIH(82),00. S0 € Wy (R®),dy € W2 (R2),0 < 0, < 6y(x) < o0 and
0 < 8y < So(x) < oo with positive constants 0y and S, respectively;
(IV) 0 < QO S ge(x)» gb(x) < 00, O < §0 S Se(x),Sb(x) < 00, 963 9[]9 Ses Sb €
241

w2 H 2 3 90, 96, S, 88, 2+, 3
W2 : (RT)‘ 3x§’ ﬁ’ 3)6;’ ﬁ € W2 : (RT)7 and9€_907 9}7_907 Se_SO’

~2 [,ﬂ
Sy—SoeW, 7 (R3);

34
v) be W22+ (R?) and do(x") — b(x") > co on x’ € R? with a positive constant co;

. ~1.% . L . :
(vi) F’l, F, and F3 € W, 2(R3T), and their derivatives with respect to x3 satisfy
Holder condition with exponent B > 1/2 with respect to x3 (we call this property
as condition (A)). For the function with this property, we introduce the notation

af 8 )2
X3 '

ax3
where | f |)(£) stands for the Holder coefficient of f in x3 with exponent B;
241

.. ~2+], =
i) gre W, T (R});

~34/ 3L 4 53
(viii) F13 € W, (R7) , and |Fi3| < 0g in Ry.

Moreover, the following compatibility conditions are satisfied:

WAGr == 1fF1%,, + <
)

W, * ]

u(y,00=0, yel,,
Bjotig(y. 0) = Go(ilo|,_,) .y e Ty,

0., (', 0),00 = 6% (3), Sy, ¥(,0),0) =SSy, yely,

0y, b(y), 00 = 6% (3, Sp(y,b(y),0) = S{*(y), yelp.

Then, there exists T* € (0, T] such that the problem (2.19)—(2.20) has a unique solution

-~ o~ L. ~ 1.1 L.
Wous, 0, 5,1 € Z(T*) = Wy (@) x Wy T (@) e wy T (G x
24145 ~ S+ +E x s = & &, =
W, () x Wy 2(R%.,) satisfying0 < =6+ 0 <ocoand0 < § =58+ Son

are.

4. Auxiliary Lemmas

In this section, we prepare some lemmas used in the proof of the main theorem in

— 3
Section 6. It is to be noted that vo € WiV (£2), 6. So € Wy (R®), dy € W2 (R?)
(1/2 <1 < 1) imply v(()h(’)* € W21+l(f2), Oéh(’)*, S(()hO)* € Wé“((}). By trace theorem, they

are extensible into the half space ¢ > 0 so that the extended functions (uy, éo, g'o, c?o) satisfy
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for some constant C (see, for instance, [31])

= (ho)x
IBoll ooz = I gy
2
;i (ho)x
60ll_,; 241 = Cllby ™" N1+, g, »
W;LT(QT) 0 Wy () @D
< (ho)x '
< — ~
”SOHWZ-H;-{_[((}T) = CHSO ”WIH(.Q) s
Idoll 5., 5.1 = Clidoll 3
2+l ) (R%) W22+I(R2

Now, making use of the well known inequalities

1+, A
||uv||W21+z(é) < c1||u||W21+z(_(~2)|Iv||W21+z(_(~2) for Yu, ve W, (£2), s
(4.2)
1+ /A 5
vl @) < crllullyr gy 1]y g, for Yu € W, H(82), Yv e Wh(2)

with a positive constant ¢ (see, for instance, [25]-[28]), we prepare some lemmas concerning

the estimates used later. In the followings, C stands for a constant depending on ||b ||_% o
W7 (R?)

||So|| Ry’ and P a polyno-

| F13ll 7 134 doll 34y s IVollyret gy 1001514 s
+ (R3T) W22+(R W, (§2) R)

mial of 1ts arguments with coefficients having the same dependency as C.

LEMMA 4.1. Let h', b, b} € WZ” 4+2(R Yand h = ' + ho, hi = b, + ho (i =
1, 2). The following estimates hold:

(s h < P|Ix] |, i i =0,1,2,3), 4.3
1 (s by? i 1+1142rz %(RZT)_ <|| I ;_%H’%—[—%‘(R%) (i ) (4.3)
W(:h) —W(:h ,
¥ (5 h1) (5 ho)|? 2+,+14++1(R)
/ / / ;] —
<P(Zuh || 14 2))||h — h5 | SRR, (i=0.1,2). (44)
T T
1 in the norm ||y — h) || Liian gl wheni = 2 can be replaced by any ', 1/2 <1’ < 1.
T )

PROOF. Making use of the relation (2.16), we have

” c(H Ll ) 4.5)
a. 1 2 . .
Ly(R?) I I, r2) L2(R9
This and
w2 <||d |12 l”mp 2 ) (4.6)
2y = 0 2 . .
LyR2) = Ly(R?) ot || e
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yield the estimate of || || LRy’
The fractional norm || ¥ |2 l

1 is easily estimated from the inequality
W, 27 (R})
WOV k) =GP P

2
< 0(7) [m(y“, 1) —h(y?, 01> + 1b(G") — b)) sup |Fi3(yY, - 1)
lnfx,t | F13] X3

“4.7)

+sup| Fia(' o3, 1) = Fia(p, 3, 0P (bOGH) P+ 1w 0V, 1 h>|2)}
X3
with i = po+ [ ; F3 dx3. Indeed, applying the Holder inequality and the Sobolev embedding

theorem, one can easily confirm that

WOV, P IFisOY, x3,0) — FisGY x5, 017 1, o
U o1t dy"dy
rR2 JR2 [yl — yZ |1+

3 19O WIT o IF130Y X3, 0) = Fis(V = 233,07 o)
= Jee 7|1+ <

<CIYOI; @ IVF3CoxDIP +1Fi3Cx3.017
L,(R?) -5 -5
W, 2(R?) W, 2(R?)
(1/p + 1/g = 1/2) holds with a postive constant C. Other terms in (4.7) can be estimated in
the same way.
For || || 041 , using the relation & = pg + ff I:“l3 dx3 again, we have
W, (R%)

2
I,

< C[uhu2 R (nbu2 .+ supwa)
w, 2 4(R%) w, 2 *(R3) Wi R» RZ
Making use of these facts, we arrive at (4.3) with i = 0.

Fori = 1, we make use of (2.14). Since

Ve Y 1 h) — Ve, 1 b))

[~}
|

5
W2

IFsl® }

Wy 2 (R})

< C[|Fl3(y“, vV, h), 1) — FisY, w (¥, 1 h), 1)

X

d
_Vh 4+ Fis (v b)), Vb + / V Fis dxs
b

+ VRV, 1) = VR, 1)

+|Fs 0" 661, DVBO) = Fa(?, bG¥), DVBG)
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+ sup IVEI( G 6 h) — w50+ 16k — b))

R7

- (sup || + sup |b|) sup [VFi3(yY, x3,1) — VE3(3%, x3, r)q )
R% R2 X3

the estimate of [VW (., t; h)| ,_ o follows by tracing the argument in the case of (4.3)
W, *(R?)

with i = 0. Similarly |¥] ryroocan be estimated as in the case i = 0, and hence we
w, 2R3

have the estimate of |V || 1

1+ 5+

s (RZ )-
2 T
For the higher order norms (i = 2, 3) of ¥, one can easily estimate them from (2.14)—
(2.16).
Estimates in (4.4) are obtained in exactly the same way as (4.3). O

341,341 = . . .
LEMMA 4.2. Leth' € W22+ 4+2(R2T) and h = h' + hg. The following inequality

holds:
X300V, yi 65 0) — X33, y3, 15 h)

=PI sugey )" =3P +1vd = 37).
W22+['4+2(R%) ( 3 3 )

X3(x',p,1)
PROOF. Since p = po + / F13 dx3 by the definition of X3,
v

X352, p.) X
P—ﬁ=/ Fi3(x", x3,1) dx3
X3(xV,p.1)

X3(x?,p.) .
~I—/ [F13(x1/,x3, 1) — Fi3(x?, x3, t)] dx3
w(xV. t;:h)

vV,
~I—/ Fi3(x?, x3, 1) dx3
W (x¥,1;h)

holds. Each term in the right-hand side is estimated as follows:

X3(x¥,p,t)
‘ f Fi3(xV, x3,1) dx3
X3(xV,p,1)

> CIX3(xY, p, 1) — X3(x¥, p, 1),

X3 p T -
‘/ [F13(x1’,X3, 1 — Fi3(x?, x3, t):| dx3
wxl rh)

< (Sup |b] + sup I‘I’I> sup |Fi3(xY, x3,1) — Fi3(x%, x3, 1)

2 2
R R2 x3



112 HIROTADA HONDA AND ATUSI TANI

= (sup b1+ sup W) sup |V Fislx" — %,

R? RZ R}
wxVh)
/ Fis@®, x50 dus| = ((sup | Fisl + ) sup [VW|[x" — 2%,
W (x? t;h) R3T RZT
Thus we have
1X3(x", p,t; h) — Xs(x™, p 15 )P
||b|| + v 3,31 >||F13|| 341
[( " r2) w2 Rz, TR
+ (1 + I Fi3ll? . 3 . )II‘I’II $4.54] }le’ —xYP +1p-p*.
W, R7) W, R%)

From this and (2.11) the assertion is derived easily.

d

Now we turn to the estimates of the functions appearing in the conditions of Theorem

3.1.

S S5, 1 _ _
LEMMA 4.3. Leth', i}, hy € W24 2 (R2), h = h' + o, hi = + o (i = 1,2)

and 172 <1’ < 1.
(1) Forafunction f satisfying condition (A), the following estimates hold:

(h)* 2 P h/ , 2
A (n ||W23+1,,3+12(R%)mfmo,f,

(-QT)

||f(h1)* _ f(hz)*”Z
2 (2r)

2
<P A5 s, 5.t )IIh’ o] TR Vi P
(; Pwp i g “4*2(11%) ’

1+
(2) Fora function f € W1+l = (R ), the following estimates hold:

h
(WA o sp(nh’nwgﬂ,H(R ))ufuw o
T

W, 7) 2 W, (RT)

”f(hl)* _ f(hz)*”Z

142, 1
W, (&)
2
(Z LS 2)||h’1— Y POV Vi by
=l R7) Wi e T

(4.8)

(4.9)

(4.10)

“.11)
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~ 241, 14k . .
(3) Forafunction f € W2+ 1 (R3T), the following estimates hold:

(A SP(nh’u s st )nfn2 L (4.12)
W22+1, 3 (fZT) W22+l’4+2(R2T) WZZH’HZ(R’})
Lo — g2
w, % (2r)

2
=< P( W5 s, st )Ilh’l =B s s s ISIP .- (413)
j; J sz 1 Z(R%) W27+[YZ+7(R%~) W;+1,1+2(R%)
PROOF. To prove (4.8), (4.10), (4.12), we use the relation
FO* y3.0) = £, X3(', y3.1: h), 1) and
|f(h)*(y1/7 )’31, t) - f(h)*()’Z/’ y%’ t)lz

17 1.2 1 2
Jals s Ay /dy”dy;dy;
YV =y +1y3 — y31H) 72

3+21

_// 1FOY, X307, ), 60,0 = FOY, X3G67, v3, 15 ), D
@@ (|yV — yY 2+ 1 X307, yi 65 h) — X300, y2, 6 )12 T

~ ~ 3421
5 UyV =y +1X30Y, vl t0) — X3(3?, y3, 1; )|?) 2
3421

dyl’dyz’dy3ld)f32 .
YV =y +1y; = 33172

Applying Lemma 4.2, changing the variables X3 oV, y31, t; h) and X3 »?, y32, t; h) to §31 and

a0y, y3) po — ho

i%, respectively in the integrand, and noting . = F 13(yi’, ié, t)———, we can get
a0y, ¥3) po—h
the estimate
W2 < / ) 2
1O 55, < P(uh I 3o (Rz))llf(t)llwé(Rg)- (4.14)
2 T
The estimate of || £ /*(y)||? i can be obtained in a similar way, and hence we arrive
W} (0,T)
at the estimate of || fM*|>
l,f ~
W, = (82r)

Higher order derivatives of fV* can be estimated analogously.
To prove (4.9), (4.11), (4.13), we use the following expression of f =

FEO*R(y ya 1) — fBD*(y ya 1) derived from the mean value theorem (see, for in-
stance, [22]):

1

_ _ af - .

Oy = X300, 3, t)/ ™ ' s X300, y3, 5 h) + (1 —$)X3(y', y3, 1 ha), 1) ds,
0
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X3 = X305, y3. t; hi) — X3(Y', y3. 11 ha) .
First, we show
2
F . <P . h' — K .
110y < (; 51 30504 o ))u Ll e 1 T0T
Indeed, the above expression yields

IFOY, v, 0 — FO¥, v3 0

1
af . .
< / a—m(y“,sX3<y“,y3‘,r;h1)+(1—s)X3(y1’,y3‘,r;hz),r)
0

of ; ; e 2
— L (¥, sX30%, y3 s h) + (1 — ) X307, ¥3, 15 o), 1) ds| [ X300, v),0)|

0x3

2

1
) ] i
4] [ L0 Ta0P Rt ) + (1= 9520 03,15 ha). 1) ds
0

x| X0V 30 = K0P i) = L+ b (4.15)
On the other hand, for p(y, t; h) = W + h, we have from (2.8)

X3, p(y.t;hy),t5h) vy th)
p(y,t; h) — p(y, t; h2)=/ I3 dX3+/ F3 dxs,

X300, p(y,t;ha),t;h2) w(y't;hy)
2)

which easily leads to

— 2 P ‘I/(yl»tlhz) -
| X3y, 0)|" < C(Ip(y,t;in) = p(y, t; ha)|” + / F13 dx3

W th)
Noting that
(po — y3)(h} — h5)
|p(y. t; k1) = p(y. 15 ho)| = L2%) < |0} — k)],
po — ho
hy =1
W 6 h) =W, 5 )| < | ——= ,
infy, Fi3(y’, x3, 1)
we obtain
_ 2 2
|X3(3. 0| < c(l l LAE] ) |(hy =R, 0| (4.16)
W, 7 R))

In the similar manner, using a notation & := h — h’,, we obtain

[PV 3. tshD) — pGY, v3, )] = [P, v3. i) — p(YY, 3. 15 )]
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1 1 INg o 17
= —_ _ h ,
[Po —ho(y")  po-— h()(yz’)] (po = y3)h(y™. 1)

3 —yDhGY, 1) po— 3
po — ho(y?) po — ho(y

w(yV.rhy) . Wy t:hy) )
/ Fi3(y", x3,1) dx3 —/ Fi3(y7, x3,1) dx3
w(yV.1;hy) (¥ t;hy)

2,) [ii(yl/9 t) - ﬁ(y2/’ t)] s

< sup| Fis(yY, x3, O||w Y 1) — W (Y, 15 )|
x3

+ sup| Fis (v, x3, O || @ 0%, 15 hy) — W (0, 15 o))
X3

These yield

o S 2
X300V, vh 0 — X307, y3, 1)

2 ~
< c[(l +sup fhol) [ro(r') = ho() G P
R2

- 2, . - )
+ [yd = 33P[RGY DR + (1 +suplhol ) [RGY,0) — A, )|
R2
2 = 17 2 T2 2
+ (T 1Fs s ) (G 0P+ 1RGP, 0P). (4.17)
W, TR}
1

Here we have used the estimates |po — y3| < C(1 4 supge |Ao]), and ————— < C due

Po — ho(y")

dy
tOhO:PO+/ F13 dx3z with dp — b > co.
b

We apply (4.16) to the term I; in (4.15), and proceed to evaluate in the same way as
(4.14), so that

T
I
/ a / / 1 2112 1 212432 dyl/dyz/dyédyg
0 2J2 (|y" = yI7 + ly; — y319) 2

Sy of | -
=< P( IR s 5.0 )‘ I (L ! . (4.18)
; ! W27+['Z+7(RZT) 0x3 Wé’i(RST) W27+[’Z+7(R%)

As for I in (4.15), we need to estimate the right-hand side of (4.17). For the terms
except the second, we make use of the estimate

)
1/ glyioi, = C(1+suplhol) ISP, gl 4, 5, (4.19)
Wy (£27) R2 Wévz(f}r) W22+l,4+2(R%)
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for any f € W : (27) and ¢ € W2+ A+3 (R%) in general with some positive constant §.
Indeed, let y =2 — 2] — § with 0 < § < min{2/(2] — 1)/(3 — 2I), 2 — 2l}. Then, it is easy
to see that

gV, 10— g¥. D) dyldyl
5 U 22 2y 32 y a3
2 (IyV = y¥12+1y; — ¥ 2

y 2—y |yl/_ 2/|2 4 17 1
= 2Sl.1p|g([)| Sup|Vg(t)| 1 12 2 3+2[ dy dy3
R? R2 2 (IyV —y¥PP+ 1y — 2?2
Ly el L
< 2msup g0l sup Vg0 B oY Lyy / Iy = y21r 2 gyl
vl 227 2) ),

where B(x, y) is the beta function. This leads to the estimate

/ IFO¥. y3. DP9, ) — g, DI
2J0

dy"dy?dyjdy?

3+21

Uy = y7P+ 1y = y31H7T

= C(+supho)lg0I”

||g(l)|| ) 2 [FAGI
R w2 W3 (R?) Ly($2) "

Applying the Holder inequality yields the estimate

T
/0 LI ., 9O g IS DI g d

W (R2)

< supllg®I” ||g|| e VA
t Wit gy Lo OTWIRTNL  OT:L: @)°

L
The assumpition of § and the Sobolev embedding theorem imply W, (0, T) C L 2 0,7)

L1
and W22< 2 (0,T) C L2y (0, T), 50 that (4.19) holds.
I

For the second term in the right-hand side of (4.17), it is sufficient to consider
1FO7, 35 D) = y3 PGV, 0
3+2[
Uy =y +yi =3P T

dy"dy¥dyjdy;

L.
in the region |y31 — 3l #0 with f € Wé’z (£27). Then we have

a |h| " s = I Ay dy! )1 £, v2, 02 dy¥dy?
p U 2012 5 ";+21 Yy y3 y y39 y y3
2 (IyV = y¥12+1y; — ¥ 2

sup hg
<xB(1 Li)isp ||h(r>|| , sup/ lvi — v31' 7% dy)
= 2 Ly(2r) +1 344 L
3

) (RZ) 0
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< Cpo +sup lho)* I £ 117 5, 1217 5,
R2 28er

5+
w2
2

NI~

3 .
7t 2
R7)

Therefore, we can estimate the second term of (4.17), and consequently || f ll 10 (6r)"
2
The estimate of || f | I is obtained in a similar manner under the assumption
Ly(£2; W} (0,7))
of the Holder continuity of df/dx3. Actually, in this case, the right-hand side of (4.15) is
replaced by

|

1

a ~ -

/ S (V. sX3(y' ys.t: ) + (1 — ) X3(, y3. 15 ha) . 1)
0 0x3

2

a ~ -
- %(y’,sXﬂy’, ya. t; ) + (1 =) X3(y', y3, 15 ha), t — T) ds

1
) ~ -
+/ %(y/,SXﬂy/,y&t;hl)-F(l—S)X3(y/,y3,t;h2),t—r)
0

5 i ~
- %(y@sXa(yﬂ yat =T h) + (1= 9)X30/, 33,1 = T ha), t — 7) ds

]

x | X307, y3, 0
2

1
0 ~ -
+ /0 %(yasxaw/,ya,r—r;h1)+<1—s)Xa(y’,ya,r_f;hz),r—r)ds

v o 2
X }X:i(y/? y39t) _X3(y/9 y3at_t)}
=Nh+h+ 3. (4.20)

It is easily seen that J; and J3 in (4.20) can be estimated in exactly the same way as in (4.15).
For J,, we have
af

1
/ = (¥, sX3(), y3. 13 h1) + (1 — ) X3()', y3. 15 ha), 1 — 7)
o 0x3

5 i ~ 2
B G_Ji(y/, SX3(0" . y3.t =i h) + (1= 9)X30. y3.t =11 hy). 1 — 7) ds

BIN2 2 3 2
)Z’X3(y/a)’3»t;hi)_X3(y/,)’3at—f;hi)’ -

X3 i=1

2

0x3

o

In the same way as the proof of Lemma 4.2, we have

IX3(y, y3, 13 h) — X3(, y3,t — T3 h)|
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< C[Ip(y, D—pQy,t—r1)

(SUP |b| + sup |‘P|> sup |[F13(y', x3,1) — F13(y', x3, 1 — 7)|
R2 RZ X3

+ <1 + sup |F13I>I‘1’(y/, th) =¥y, -1 h)I} .
R}

Thus we have

8f 28
dy/ /—d dt<C( )Tzﬁl [|h’||
/~ 1+ ax3 |, . Z WZ% §T+§(R2T)
2 2
(MH5H w7 )wm|ﬂﬁﬂ
W3 (R wi 2 (RS W, ®3)

2 2
+(1+||F13|| ﬂHlﬂ )”‘I/( hi)ll ﬂ 34341 :|||h/ h/ || 3341 .
w, TR w2 AT Rz w2 R

These completes the estimate of || f Il ,: _,andhence | f o, .
W, 2(2) W, 2 (2)

Higher order norms can be estimated in a similar manner. O

LEMMA 4.4. Leth', b}, I}, € W2+ 4+2(R yand h = h' + ho, hi = h, + ho (i =
1, 2). The following estimates hold:

(h)* 12
1Fs N7, i (IIh I 5.5 )
5 W’+['%(fzr) 2+1 4+2(RT)

2

2
(hy)x* (ha)* 2 § :
||F5 - F5 ” 1+l ( l )
Wz+l Gy = z+’ Z+Z(R2T)
x ||K 2 . i=0,1,2
= ﬂltwu+ym% ( )

2

wheni = 2 can be replaced by any ', 1/2 <1’ < 1.

L in the norm ||h| — I, 1 Il |
L J+iH
w2 AT T (R

2

PROOF. According to the explicit form of F(h)* given in (2.12), it is sufficient to esti-

241, 2+[
mate the second term C;. Since V), Fi3 (k)= ew, * (.Q ) and

3
la (h(m))uwj”‘%(gﬂ < P(IIh(m)II % '%+%(Rg)>’ (4.21)
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we have

2
ICIll 20 . < P(IIh/II 5541 >||F13|| 241
w, T (@) w2 R Wt T R

with the aid of multiplicative inequalities. The latter assertion is proved in the same way. O

Similarly as Lemma 4.4, we can obtain the following lemma.

341341 - _
LEMMA 4.5. Let i, i and by € W2 T 3(R2), b= W + fo, by = h] + g (i =
1,2).
The following estimates hold:

(s 2 ,
IE ", < P(Hh Il s s >,
O W g w2 g

2 2r)

NI~

2
(hp)=* (h2)* 2 ’
1Fg " — F&™™ 1% | sP(Zuh,-u S5 )
W+" 2 (@r) j=1 sz N 2(RZT)

2

2
x |IBy = halI” s

5. Linear Problems

Let us introduce the linear operators L; i (i = 1,2,3,4), which are obtained from

Ly (i =1,2,3,4) with (h, ¥) replaced by (ho, dp). From the assumptions of Theorem 3.1,
.. . . . 241 14+L ~
it is easily seen that the coefficients of Li, o (i =1,2,3) belong to W2+ +2 (£27), and those

3 3,1
—3+1.3+5 . . . I
of Ly, to W3 " #72(R7). In this section we consider the following linear problems.

ou’

W — Ll‘ﬁou/ = l],

36’ ~

ar L2-,509/ =la,

as = .o

= L3,50S =I5 in Lr, 5.1

B W =h, ¢,8)=@®,S) on Iir,

W', 8,8 = (—ig, 0, Sp) on Ipr,

(,8',§)=(0,0,0) on £2;
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on’ , ) )
W - L4’th =l¢ in RT s 5.2
W =0 on R?;
(royey W
=~ (ho)s* 3 A
VEo,3u/3 - (Vﬁo,3F13O )To)* =3 in 27, 53)
F :

uy=0 on Tyr .

For problems (5.1), (5.2), we have

Lo 1 1,70 Lo
LEMMA 5.1. () Letl € Wo2(@2r).hh € W23 3Ry 1y Is € Wy (2r),
3 341 - 3 3, _ 3 3,
do e W2 (For) 6, S0 € W2 (). 8y, Sy € W2 NP2 (), and satisfy the
compatibility conditions
=0, 6,(.00=0, 8,0=0, yely,
blzo=0, 6.(y,00=0, S5.(,00=0, yel;.

~ o~ 241,144 ~
Then the problem (5.1) has a unique solution (W',0',8") € Z'(T) = W2+ H_2(.QT) X
241,144 2

- Lo
W, (@2r) x Wi 2@y satisfying

5
AV .
', 6", 81 z+cr) scl[ullu o TR L )+;”l"'wg% i

W, = ($2r W (It 27)
F00ell 34300 - A NSel 33,0
w24 2 (Fyr) 42 ()
+ldoll 33,00 - FU0I 33,00 - FUSHl 3.3, } (5.4
w2 4 2 () w2 4 2 (Hyr) w2 4 2 (Hyr)

.. I+ A+ o . L SHLI+E o
(i) Forls € W, (R7), problem (5.2) has a unique solution i’ € W; (R7)
satisfying

WAl s, 5.1
W22 4 Z(RT)

1

i . (5.5)
2(R2)

< Calllsll 1.1,
sz 7

PROOF. Note that the operator Li, o (i = 1,2,3,4) is uniformly elliptic. Indeed,

T - = \T
for (¢, &) = (&1, &, &) € R\[0} and a5 := (@', ag’) = (a*(ho), a®(ho)) ,
a3’ := a3 (hy), the charasteristic polynomial of Ly, is

pa (18P + 283 - £'63 + [aP63) +2p1a (F'" - 8785 + ag - FS'0785)

h 7 (ho)#2
i [FS P8 + 2 B3 a8
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h = (ho)x2
= wilg’ +a's +aPF G + 1P 0 > 0.

This means that L,  is uniformly elliptic. In exactly the same method, other operators
L;, (@ = 2,3,4) are also uniformly elliptic. Then the general theory for linear partial
differential equations of parabolic type [10] leads to the desired result. O

1.1
LEMMA 5.2. Forlz € W21+Z’2+2 (£21), the problem (5.3) has a unique solution u’y €

~ 14+ +L =
W, "? *(82r) such that

”ué’,”~1+l_l+L . §C3”l3” 14,141
W2 ) Z(QT) W2 272

PROOF. Problem (5.3) has an exact solution given by

/s ~(ho)* , 7 3 I3
M3(y ’y37t)=F13 (y7y3’t) fdy:& .
o

L L ~ 1+ A L o
This directly implies u} € W2+ 2—i_Z(QT). O

6. Nonlinear Problem (Proof of Theorem 3.1)

In this section, we prove Theorem 3.1 by an iteration method. Let (“/(0)’ u/3 )

N/ o7 / _ / / N/ G / _
b0y St0y> o)) = (0,0,0,0,0) and (w,,, 1) 43,4190 Onr1ys Simatys Bimar)) (0 =0, 1,

2, ...) be a solution of the following problem for a given (u’(m), ué(m), é(’m), Sém), hzm))
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e Z(T).
ou/
(m+1) _
T - Ll,ﬁouzm—kl) = [Ll,h(,,,> - Ll,f_lo]u/(m+1) + Ll»h(m)uo
dug = ~ 1
S + G 1.h my, U3(m)) =: 1(1m+ )
- I/t/
_ _ pho)ky C3(m+l) _
Vigs3min — VigaFiz" ) Flhox ~(Viy,3 = Vhon )1y
13
= 1
+G3.h, @An+1), Uon)) =: l§m+ )
Bt L: 8 . =[L L,: 18 Lo 6
Tar F2ho(m+D) —[ 2.hmy — 2,h0] m+1) T L2100
800 5 1
_W + G4,h(,-,,) (u(m)’ u3(m)’ e(m)) = l£m+ ) ’
ISy L.: 8 o =[L L, )]3S Lyn .8
9 "3ho®m+D) —[ 3hmy — 3,h0)] (m+1) T L3,k S0
95 | - 5 D .5
—, + Gsihin @) u3m). Omy) = 1" in 27
B Wity = B 0 + (Bl Wi 1y — By Wi 1)) + G2y =2 15"V
hoW(m+1) = ~ Phiny U0 ho " (m+1) Ty S (m+1) 2W8my)) =1

HIROTADA HONDA AND ATUSI TANI

(é(/m+1)’ S‘Em—i-l)) = (0 — 9~0, Se — SO) on I:STa

(u/(m_;’_l)a 9(/m+1)9 Sém+1))|l=0 = (09 Oa O) on Q )
on’
(m+1) i
9 Lyp /(m+1) = (L ng — L4,Fto)h/(m+1) + La.nguho
oo _ o b
~% T G 6.1y Wiy Om1)> Om)) = "D inR3.,
h/(m+l)|t=0 =0 on R2.

6.1)

(6.2)

(6.3)
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Here () = uy,,, + o, Oim) = é{m) + 8o, Smy = Sém) + So, and

A Him Ju
GS,h(m) (u(m+1)» U(m)) = —Vh(m) cU(p+1) — a33(/’l(m))Fg (m)* . ﬁ ,
Gﬁsh(m (Wgm), é(m+l)a é(m))
oL 2
:FIS()’/,"IJ()’/J; hy )),l)|:E1— ciiH:
! la@e) (1 + V¥ (. 15 himy)I?) i,,z_:l R

han)x 0\ =
{—ua (Vh<m> + ¥ (g FS w@) Oy - V' 15 hmy)

a0,
1
i 2)? )
4 gl (1 + VOO 1 hn) | )2 Iu(m)|“9<m)”

4
la(6e)

96,
[(Flg(y/, Uy, 1 hom) 1)* — (09)2)033(h(m))ﬁ

+ (09)*a® (himy)

311
9y3 }
with la(0,) = 1a (e (Y, W (', t; hm)), 1)).
The unique existence of (W(, .|y, u5, ) é{mﬂ), S
Lemmas 5.1 and 5.2 and the fixed point arguments [10].
Now applying Lemmas 5.1 and 5.2 again, we shall estimate (), #5,,1,
9/

! /!
(m+1)° S(m+1)’ h(m+l))'
By the interpolation and Young’s inequalities, it is easy to confirm that

(ma1)> Mony1y) is guaranteed by

t
2 < 2 2
lulyro g, = eleliymo g, + Cs/o Il

2

< elull} o g, + Cet? (6.4)

3020

0 Ny

forany ¢ > Oif m > k and u|;=9 = 0. Using (4.2), (6.4) and Lemmas 4.1-4.5, we shall
estimate the right-hand side of (6.1)-(6.3). In the followings, P (-) stands for the polynomial
of its arguments, ¢ an arbitrary positive number, and 1/2 <1’ < I.

First, making use of (4.2), (4.21), (6.4), multiplicative inequalities and the fact that

12 o f g = Pl sgas VA i 6.5)
(m) W2+1, ¥ 5 (m) W22+l’4+2(R,2) W2+1, s,
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2+l

(i =1,2) hold forany f € W22 o (£2;), we can show the inequalities

Gl

(

2 aa3i(h(m)) i 3a% (hm))
Y| e e — L 11
yi w T (@

i=1 9y3

3[1(,,,)
1+l ‘*1 ay3

32> (h(m))
ays

+

1+, 1451’ 5
W, (82;)

h m
‘wm) - (@® B

(hmy)*
+ la® hon)Fs ™7 5y, 20 (
w, 2 (@)

1+, l+l
w, 2 ()

Bu(m)
ay3

33(,’1 )F(h(m))*)

1+l ) r 1+l
w, " T (@ wit T (@
<<s+csr>P<nh<m)u SETVRNDY [T PWEITRS

2 (RY) w, % (2

” 8y3

Similarly, we have

|| G12 h(m)u(m) ||

2(9)

(hm))
< (e 4 Cqt) P(||H] m)” %-H,f—ﬁ—% )HF "

W23+l 3+l (Q y ”ll(m) “ 2+, 24

@y
It is easy to estimate the lower order terms in limH), for example,
u Vi) Il
I -5
3 a
s+ Celluell 520 AV ) JUm| 1 -
w20 9y3 Wy 2 ($20)
ou
u3(m)a33(/’l(m)) a(m) Ll
Y3 w2 @

< /
(e + Csf)P<||h wll §+1,2+§(th)>||“3(m)||W1+l,‘+l I [L10) vy .

2 (820 w, % (8

Bu(m)
9y3

(hm))*
H F6 (m) a33(h(m))

Lt
W, 2 (20
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(hmy)* du
< (e + C.t) HF R Y (T ey "
w, T (@) vz lw, ™2 (@)
(hmy)%
L (e )HF B IR [V e
wy 4 w, 2 () w, 2 ()

by virtue of (4.2) and (6.5). It is to be noted that the extended functions of the initial data have
explicit representations

(ho)*

P 0; ho))(1 — 83;)
Yi

duo
', y)—

+—(y X530, 3, 0;ho) (=1,2,3).

Then, we get

o | < [P(uh/ I )+1}||' 12
s = 54541 uo 241
ot llwy 2 @ 0T g w7 e

2
/ (ho)*
< [P<||h(m)||W2§+I,Z+Q(th)> :|||V “W”’(Q)

[ (”h m)” §+I,Z+§(R’2)> j|”v0”W1+l(Q)

Moreover, the first term in the right-hand side of l(1m+1)

for example,

” Ll,h(,,,)l_lo -

is estimated by noting the inequalities,

”(lll,h(m) lll ho)u(m-‘rl)” %(_(})

P ||h || 5.0 5.0 )Hll/ ” 241 ,
( (m) 2+1 +2( ,2) (m+1) 22+1, T8
and in general

I(f o — f o) Vil e

2($20)

P 1l s,ps,r )IIfII 20 |l l 241
( (m) 2+1 4+2( R2) W22+1, TR (m+1) W2+z, N

t 2

2+1, 2
for f € W2+ e (R}). Consequently, with the aid of Lemmas 4.3—4.5, we have

+1
||l(1m )|| . < (8 + Cgt)P(”M?,(m)” IRET ||h m)|| 5+, seb )
wil(a,) w, (g ®?)
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(ol s+ o o+ sl e )

2 t 2 t 2

P(Ilh | g+1,3+é(R2)> ||V0||W21+z(9) .

t

The terms [ fth), lgmH) are estimated in exactly the same way as lgmﬂ).

Now we proceed to estimate l(m+1). First, note that

(I I
’ys =po sz“ﬁz(Rz)

= C”u(m)” i1 24 (1 + ”u(m)” 2+l 2+1 ) (6.6)
w, % (2 2 (@)

2 t

holds for « > 2. Indeed, we first show

IHagny | < Cllugn|I? (1+||u 1%~ ) (6.7)
L W22+'°(R2> S 8 " wz” =@

1 2 2
Since in the case @ = 2 (6.7) is obvious by (6.4), we consider the case &« > 2, i.e., 0 =2+ §

with § > 0. Then we have
2

0 o 17 0 o 2/
. ) 9t - 5 ) 7t
'8y,~ (I |*) &Y, po, 1) %, (laemy ) &%, po, 1)

2

ou Ju
= a|:|u(m)|5u(m) : #"_”(yl’, P01 = [y ) - ﬁ(yz’, o, t)}
1 1
2
]

2
) § ou
[um|” womy ", po. 1) — [ugm| U (%, po. 1) '—(m)( v

Yy, po,t)
dyi

1

|20+2 M(

ou
9 yl/’ POat) - ﬂ()’z/, POat)
Vi

+ 1y ¥, po, 1)
(m) E)yi

The first term is estimated by using the mean value theorem, so that

2
) e |* wim Y, pos 1) = [ |’ weny %, po, t))

26 )
S C[lu(m) (yl/’ PO’ t)' + |u(m)(y2/7 p07 t)l] |u(m)(y1/’ PO’ t) - u(m)(yZ/ﬂ p07 t)’

This makes it possible to get the desired estimate for the first term. The second term and

. are estimated easily, and finally we have
L(0,1; W, (R?))

the lower order norm H [ugm || -
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(6.7). For H wm |© _ 1,1 , we have
} (m)| |y3_p0 W;),4+2(Rt2)
o o
u o 1.1 <C ” u o
”| (m)} })3_1)0 L2(R2;W24+2(0,t)) | (m)} })3—])0 Lz(Rz;Wzl(O,l))
= Cllugn I 20+ L
W, 2(2)

Thus we have (6.6), and consequently

o
H | um’y3=po

1 1,1
5+l 7+5
W22 472 (th)

-2
<(E+Cet) lueml’ ., 2 (1+||u<m)||“ T )
w, (2 W, 7 (&)

Other terms in lg"H) are estimated in the same way as the corresponding terms in limH).

Finally we have

+1 1 3
IV vy L S E+Cen) (uu(m)u“;LM P, )
W (Is) W, 2 () Wy @20

/
+ (5 + Cgt) P<||h(m) ||W2§+l'2+é(R%)) ||u(m+1) ” WZZH,%(QI

) + C||V0||W21+1(Q) .
Since

1G 3.0 W 1), W)l 1y 10l
(m) \Um m W21+l,2+2(91)

UGy 33 (o) OU@m)
< <V+a3(h ))~7+a (hgm)Fe ™" 22
H o ays m7%s A

RN A
w, 222

< /
< P(Ilh(m)IIWZg+,,g+é(th)) ”u(m+1)”W22+l’%(fZ,

(hmy)*
+ (e + Cet) P(IIh/ | ) )IIF I 2z gl 24
13 m) W22+[' 5 WZH'%((}) (m) W2+1, 3

+
472 m2
(Rt) 2 t 2 4

by virtue of (6.4) and (6.5), we easily have

+1
[ §P<Ilh’(m)ll S5l )||u<m+1>|| 2l
w, 22y wi P IRY W, 2 (20

/

2
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Flaemyll o2 :|
) W, 2 ()

o3 N7y T
[ (m+1) WH—,Z(Q ;

2 t

(m+1)

For [, , we begin with estimating the term GQh(m). First, it is easy to get

2
la@I? ,,, 20 sC|||la|||2(1+||sv(-;h(m>)||2 )
W, ($21) W, (R?)

2
x (1+||ee||;+,,ﬂ ) ) :
W, 2 (2)

Second, the term containing [u,,|* is estimated in exactly the same way as G2 (uy)). Indeed,
we have

aF
0
|| |um| m ’y3:p0 || W2%+1,0(Rt2)

< (e +Cet) (1+||é’ [ )(numu2 vl )
wy T @ w8 w7 e

by making use of (6.7), and we also have

|, %6 < (e + Cet) (1+||é" I 5. 2 )uu s
” m m| 3 m W22+l. > (G mi oy 2H

1,1
W, * 2 (RY) w, T (8
Then we easily obtain

5

/

1G 6.1y WGm) > Om+1) Om)) |l W2% el ®)

X 1+<1+|I5’ oo 2e )(Ilu(m)llo‘ vl 2 )
|: (m) W2+’ > (8 W22+LT(.(~Z,) W22+1, 2 ()

ol (7N }
(m+1) W22+1, N

and finally
(m+1) /
Mg "Il 1.1t < I(Lahgy = Ly )Pyl 1101
sz 3T2 tz) >0 sz 4 2(th)
+ WLy ol Ok UG
4hemy 00 1y 1] 1y 1L 6.1 (m) L1yl
m sz 77 (er) at W22+ ,4+2 (RIZ) m WZZ ) (RIZ)

/ /

t 2
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X 1+<1+|I5’ ooz )(IIu(m)II“ sl 2 )}
|: (m) W2+’ N W22+LT(.(~Z,) W22+1, 2 (%)

+C<1+|I9ell_2+,,ﬂ . )<1+|I9~(/m+1)|| 21,2 >+||do||
W, 2 (2r) Wy % (%20 W,

Introduce the notation

129

3
3+ (R2

2

En(®) = 1y @30y Omys Stmy» o) 1200 Eg () = 10 0+ St 1 z06) -

Making use of the above estimates, we arrive at the inequalities

Ep (1) < Ci[(e 4+ CeD{p1(En (1)) + 2 (En () E;, (D)} + 1]
and

(6.8)

13l gt F MGyl 55,0
(m+1) W21+1, > (G (m+1) W22+l’4+2(R,2)

~ / N’
< |:¢3(Em(t))(”u(m—i_l)”sz-H'H%(fz,) + ||9(m+1)”W22+[,1+[ )

220

+ (e + Cst){¢l(Em (D) + P2(En (1))

) ('lug(erl)'lW'”’lZH(fz) * ||h/(m+”||wg“"5‘+5(kz>)} * l} ©
2 t 2 1

for any t € (0, T], where C; is the constant in Lemma 5.1, C‘z = Cy + C3 with Cp, C3
being the constants in Lemmas 5.1 and 5.2, respectively, and ¢; (i = 1, 2, 3) are monotone

increasing. Adding (6.8) and (6.9) multiplied by 1 /(2@2¢>3(Em (1)), we get the inequality

En1(t) = Ca)[(e + Ce){p1(Em (1)) + $2(Em (1) Ems1 (D)} + 1]
with some constant C4(t) depending on # monotonically increasingly.

Let a positive constant M such that C4(T) < M. Take ¢ first small enough so that
eCa(T)(M) < 1,

eCy(T)[p1(M) + p2(M)M] < M — C4(T)
hold, and then 77 € (0, T'] so that
Cy(T)Cepo(M)T1 < 1 — Cy(T)epa (M),

Ca(T)CeTi {1 (M) + p2(M)M} < M — Ca(T) — eCa(T) {¢p1 (M) + ¢p2(M)M}
hold. Consequently we obtain

C4(T){(e + C: T M) +1
B (1) < SONC £ ETDOOD 1]
1 — C4(T) (e + CcT1)p2(M)
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from the assumption E,, (T1) < M. By induction the sequence {(u/(m), ug(m), 6/

(m)®
(m), ))}Oo o is well defined in Z(T1) and E,, (T1) < M form =0, 1,2,.

Now we prove its convergence. Subtract (6.1)-(6.3) with m replaced by (m — 1) from
(6.1)—(6.3). Then

~/ ~/ :/ :/ 7/
g1y @30n41)> Ot 1) Somays Pms1)

_ 4 / / 4 A/ A/ o/ o7 / /
= (Wenp 1) = Wony> U30nt1) = U3(my> Omsty = Oy Stm1y = Sty Bty = Himy)

satisfies the equations

o’
(m+1) ~/ (m+1) _ (m)
“or Ly agUmyny =1 -,
/
- = (ho)#s 43(m+1) (m+1) (m)
Vh0,3u3(m+l) (Vho 3F 0 ) = (hg)* _l l ’
Fi3
/
a9(m+1) _L 9 l(m+1) l(m)
ar 2,ho%(m+1) = 4 >
8S’
(m+1) (m+1) (m) . A
“or Ly hOS(m-'rl) =1 —Is7 in L7,
(m+1) (m)
Bhou(mH) =1 -1,
(9(m+1)’ Sém+1)) = (9€|X3:‘1/(~:h(m>) - 9€|X3:‘1/(~:h(m71>) >

Se|x3=11’(~;h(m)) - S€|X3=W(~;/’l(m_1))) on FYTI 5

@11y Os1ys Sigr)li=0 = (0,0,0)on 2,

on

(m+1) 7 — g(m+1) (m)
o Ly g 2m+1) =lg —lg in RTI’
> _ 2
h2m+1)|t=0 =0 on R”.

Then Lemmas 5.1 and 5.2 yield for any ¢ < T} the estimates

141 Oty Smsr) 1z

1) (m) (m+1) (m)
scl[nl("’* O R o | anti (O TIY)
: Vw0 2wt R,

(m+1) lé(‘m) ”

1
+ 1 D gy

17 ~ 1,7 ~
Wy 2 (2) Wy 2 ($20)
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+ ”06()/7 ‘Il(y/’ ta h(m))a t) - ee(y/’ '1’()’/, t’ h(m—l))’ t)” §+l,,+L
W22 4 Z(th)

+ ||Se(y/,'1/(y/» ta h(m))at) _Se(y/»lp(y/,t; h(m—l))at)” §+1,§+L }9
W22 4 Z(RIZ)
7 (m+1) (m)
Iiminy | 5500 < Calll —lg |l
(m+1) W22+l’4+2(R2) 6 6 Ny

1 1,1
*2+l.*4+
t

g Z(R?)

”ﬁ3(m+l)”~l+l I
W, 2 (2)

1
< Gyt — 1" I

: )

Each term in the right-hand side of the above inequalities except for ||l§m+1) —
+1
l;m)” 1*"%%(1; ) and ||1ém ) _ lém)

1 | 1,,1,1 _ can be estimated just as we have done
w2 " w2 AT (R
for 11 Ly " =45 and I18""P) |, 11 _ . Then we have
) 2 (%20 5 2 (20 W, 2 (82)

1L

5
(m+1) (m) (m+1) (m)
1) bt WA E Z; =L
1 1 Wl.2 ) — i i WZ,Z (Qz)

)2 (2

<+ Ct) [P(n (W1 Wy W)

/
2L1+E ’||”3(m—1)||~1+1,'—+’ L
w, (20 W, 7 (@)

Oiminy O/ L
“( (m+1) (m))”W22+1,1+§(Q) |

t

G S| et

’ l ~/ ~/ 5 & 7/
[ (2ony. (m—l))||W2§+z,§+§(th)> ”(u(m)’u?)(m)’g(m)’s(m)’ (m))HZ(z)’

7 ~/ :/ :/
+ P(”h(m—l)||W2%+1,§T+§(R[2)) H (“(m+1)’ 9(m+1)’ S(m+1))‘ Z’(t)] ’

+1
“lém - lém) I 1+/,% -
W2 t

’

= (e+Cet) |:P(||(uém+l)’u/(m))”WZ-*-’vl‘*'% - ||M/3(m+1)llwl+z,% 5

gy ) )

[ )] 30508 )

x | [, o+ Iyt - MR s, 5.0 )
( (m) W22+“+2(.Q¢) 3(m+1) W21+1, > (B (m) W22+l'4+2(R,2)
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)l l 24 }
) (m+1) W2+[, R

2

W
PGl 0344 o

(m+1) lém)

In estimating ||l6 , the terms except the one containing

” WZ%H,O(R?)

|u(m) |a Oim) — |u(m_1)|a O(n—1) are rather easy to do. Hence we show only its estimates.
Let f(u, 8) := |u|*#|y,=p,. Then the mean value theorem implies

F @y 00m) — F Q=1 Oom—1)
= I%f $W0mys Omy) + (1 =)W1y, Om—1)) ) ds
0

e 9 -
= /O |:Z _f(us, es)(“(m)i - u(m—l)i) + %(ux, Q‘Y)(Q(m) — Q(m_l)):|ds

du;
i=1 !

1 -
= /o [oe lug |22 uy .ﬁ’(m)Qs + ug|® O{m)]ds ,

where u; = sug) + (1 — Hugn_1), 05 = 56um) + (I — $)0u_1). For the estimate

| f gy, Oom)) — f Wan—1y, Om—1)) |l 1y , it is sufficient to estimate the term
Ly(0.6; W7 (R%))

1

0 _ - ] _ -

A[g;mm“Zm-%m@xfﬂmhn—g;mmaZm-%m%xﬁﬁmnﬂdn
l L

Let

o [t
Gi (t’ y/) = a_y[/(; |uS|Ol U - llzm)esds

! ou -
= A |:(0( —-2) |llS|Ot_4 <lls : a—yj> (uy - Uém))es

d -
+ |us|o¢—2 a_y((us : u/(m))és):|ds )
i

and estimate

GO0 = GG D |y
U _ it yoay
R? JR? [y =y

GOV, D= GiGY DR .
- dy“'dy
yl—y¥|>1 [yl — y|1+2
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Gi h,t -G 2/,1 2
+//|1 . ll l(y ) t(y )| dyl/dyz/. (6.10)
y’—y/s

|y1/ _y2/|1+2l

The estimate of the second term in (6.10) is more difficult, so that we first estimate it. Denoting

_ dug
Ki(t,y) i= u,|*™* (us i
dyi

) (t,y', po), we have

1G:(y", 1) — G:(»¥, I

! 1 2 2 1 2 1 2
< C[/O ‘Ki(y L= Ki(y”, t)) lug - @, (v, po, D716 (¥, po, )|~ ds
! 2 2 1 2 2 1 2
+ / |Kl (y /9 t)| |uS ° ﬁzm) (y /9 PO’ t) — Uy - ﬁzm) (y /9 PO’ t)| |9Y(y /7 p07 t)l dS
0

1
+ / K%, 0Pl - 6 67, po, DRI, po, ) — 6,07, po, D ds
0

: 2.1 2.2 219 ~ 1 ?
[ 200 o) = 207, po.)| ‘5 (- 8,)6) 0, po, )| ds
0 i
: 2 2 2 0 ~ 1
+/ |uS(y /9 Po t)l @=2) a_ ((lls ’ uzm))gs) (y /’ pPo, t)
0 Vi
9 2
=5y (@ 8,)8) 07 po.1) ds} : 6.11)
L

Among the terms in the right-hand side of (6.11), the first term is most difficult due to its
singularity, so that we show its estimate.

Take 0 < o < 1, which will be determined later. Then, by applying the mean value
theorem, there exists 0 < § < 1 such that

% 2 2
Kl(y 9t)_Kl(y at)

2—-20
= |VK;(SyV + (1 =)y, 01 Iy — y¥1*°

K" 0 = K.

Taking into account

0 ou, ou d ou
—K;=(a—4) |us|a_6 (us . S) <us . S) + |us|a_4 — <us : S) s
ayj ayj dyi ayj ayi

17

— yz’ in (6.11), we have for the first term,

f IKiV, 0 = KV + 2 0P ug -1, 053", po, DI
dr 711421 d
0 lz/|<1 1z’

and putting 7’ :=y

yl/dz/
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3 t 1
<C / dt// —
; 0 < 121

20 (x—4)

20 20

Juyg
dy;j

Juyg

. o+, po.0)
1

}

OV +7, po,t)

x [|us(y“+z’,po,t)|

20
92u,
—— V47, po. 1)

+ |ux(y1/ + Z/, PO, t)|20(0t—3)
9yidy;
)2—20

0 (. post)
ay 9p09

1

X 2<Sup |uS('9 Po, ')la_3 sup
R? R?

12177 ug - [, 05 (v, po, ) dz'dy"

<CS suplo 2 A
= ZSUPH(',PO,'N ‘ i 92

!/
=R 21 ]

* [S“mus(-,po, P2 sup f li,,, (»"". po. > dy"
R? !

! d
X < / sup
0 R2

L

20p’ 7
dt)

2p ? t Ju.
dt) </ sup i(-,po,l)
0 g2 10yj

& o)
—(, po’
0yi

+ sup |uS('7 Po, _)|2(Ol_2)

sup |ﬁ2m)(7 Po, )|2
R? R}

’ 1

t ou (2—20)q q t aZu 2049 7
X (/ sup | =—(-, po, 1) dt) (/ (-, po. 1) dt) ]

0o g2 |0y 0 I19yidy; Lr(R2)
(6.12)
Here we applied Holder inequality, and 1/p + 1/p’ = 1/q + 1/q¢’ = 1. Tt is to be
|Z/|20 1 ,20+1
. ;o . .

noted that the integral /lz - W dz’ = /0 pREsTy dr determines as a finite value for

L_1
o>1—1/2and Wy *(0,1) C L2p(0,1) () L2 p'(0,1) [ L2-20)4(0, ) [ L2g¢ (0, t) with
2
o< =124 1 <p< o <g < b = 34102
Now if we take o such that [ — 1/2 < o < min{a — 2, lz—gn}, then the right most hand

side of (6.12) is determined as a finite value. The first term in (6.10) can be estimated in
the same manner by taking o = 0. These give an estimate of || [, é(m)) — fug—n,
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Om-1)|| 140

. Adding this to the lower order norms, which are easy to get, yields
L»(0,t; W

(RD)
the estimate of || F @y, Omy) — f@@—1)» é(m_l))“ % o Similarly one can obtain the
(RY)

t

estimate ||f(u(m), Q(m)) — fagm-1), Q(m 1))|| W0 1yl (RZ). Consequently, we have
2 t

< /
W2%+l,%+%(R2) = (e +Cet) [P< iy Wi |

t

1
1D — g

El

w11+4 o
w, (82¢)

L ] TR BN, 2))
2

5
s

~/ 51
X (”u(m)”W22+l,l+%(ét) + ”9(m)”W22+l,l+%(ét) + ”h m)” 2§+l S.1 )

) (RZ)

/ T 51
P<”h(m_””wf“"sﬁém%)) (”h(’"“)uwﬁ“'i*é(l{%) " ||9(’"+””w22”’”5<fz,)>} '

Hl(m+1) (m) H ! byl is estimated in exactly the same way as above,
)]

2411+5

(m+1) _ (m)
] 0 0

/ ~/
||h(m)||W2%+z,§T+§(th))<||u(m)||wz+1,1+§(9 + ||h(m)” §+t,%+%(R’2)>'

2

In this case, we need only @ > [ + 1/2.
Denoting

En(0) = 1@ @)+ Omys Stuys B 1207 Ep(0) 1= 1@y 6y St 2700
we get for any ¢ € (0, T1],

Epy 10 = Co(e + Cen) [ @4( B (T) + En(T) + Eno1 (1) E5, )

+ ¢s(Ep— I(Tl))Em_H(t)+¢6(Em+1(T1)+Em(T1))||h/m)|| % %+5(R2)], (6.13)

18 el st MRy 340 3,2
(m+1) W2+, T8 (m+1) W22+'4+2(R,2)

= 62|:¢7(Em(T1))<”ﬁ/(m+l)” 24,1+ L + ||9~(/m+1)|| 241+ L )
W2 W2

22 22

+ (& + CeVpa(Em+1(T1) + En(T1) + En—1(T1)) Em (1)
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+ |1y I 3,3t ”
&) (m+1) W2+l’4+2(R,2)

t 2

+(e+ csr)¢s<Em_1(T1)){nﬁg(mﬂ)nw,%ﬂ
2

(6.14)
where ¢; (i = 4,5, 6,7) are monotonically increasing in their arguments.
Adding (6.13) and (6.14) multiplied by 1/(2C2¢7(E,,(T1)), we get the estimate
Ept1(1) < Cs(T1)(e + Cet){¢a(Em+1(T1) + En(T1) + Em—1(T1) En (1)
+5(En-1(T1) En1(0) + ¢6(Eps1 (T1) + Ena(T1) En (1)} (6.15)

for any ¢ € (0, T1] with Cs(¢) having the same property as C4(¢). Take ¢ small enough again
so that

eCs(T)[2(3M) + ¢5(M) + ps(2M)] < 1
holds, and then 7> € (0, T1] so that
Cs(T)Ceps(M)T < 1 = C5(Th)eps(M) ,

Cs(T)Ce [9p4(BM) + ¢5s(M) + ps2M)] T2 < 1 — eCs(T1) [pa(BM) + ¢5(M) + ¢p6(2M)]
hold. For these ¢ and 7>, we obtain

~ ~ _ Cs(Ty)(e + CeT2)[p2(3M) + s (2M) ]
Ent1(T) <rEn(r), r= 1= Cs(T1) (e + CaT2)ps (M) e 0,1).

Then we can verify that {(ﬁ’(m), 12’3(m), é(’m), Sém), fzzm))}fno:o is a Cauchy sequence in
Z(T»). Therefore the limit

(ﬁ/’ ﬁ/3’ 9/’ S/’ h/) = mli_)moo(ﬁ/(m)’ ﬁ/S(m)’ 9(/m)’ Sém)’ h/(m))

exists in Z(7»), which is our desired solution.
Now we shall show that 0 < 6,/2 < 6(y, 1) <ooand0 < Sy < S(y,t) < oo holds by

. L N 5 s = 24,2
taking the time interval small enough again. Since ' =0 — 6 € W2Jr 2 (£27), we have

8.1 = fol, o) = (18 D1 + 10y, ) — (v, 0)1)

>0y — 17 (sup 16" (v, )1 + sup [Bo(y., -)|§”) :
vel ved
where |f|t(y)

L_
2

stands for the Holder coefficient of f with respect to ¢ with exponent 0 < y <

%. Note that Sobolev embedding inequality leads to sup 16" (y, -)|fV) < ”é/”w“"%g ,
2

ye 7))
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sup 180y, I < ”é(/)”_zw,% . If we take
ye w, (£21,)
1
2
0
T3 = =0 - ,
2<”9/” o4, 2L +||9(/)||_2+1M ~ )
W, % (2r) W, 2 (1)

then we have 0,/2 < ] (y,t) < ooon [0, T3]. A similar argument holds for S, and we again

denote the time interval by [0, 73] on which 6/2 < 6(y,t) < oo and Sp/2 < S(y, 1) < o0
hold. T* = min{T,, T3} provides the desired result.

[1]

[2]
[31]

[4]

[5]

[6]
[71]

[8]

[91]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

Uniqueness of the solution can be proved by virtue of an analogous inequality to (6.15).
This completes the proof of the main theorem.
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