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Small-time Existence of a Strong Solution of Primitive
Equations for the Ocean

Hirotada HONDA and Atusi TANI

Keio University

Abstract. Primitive equations derived originally by Richardson in 1920’s have been considered as the model
equations describing the motion of atmosphere, ocean and coupled atmosphere and ocean. In this paper, we discuss
the free boundary problem of the primitive equations for the ocean in three-dimensional strip with surface tension.
Using the so-called p-coordinates and a coordinate transformation similar to that in [2] in order to fix the time-
dependent domain, we prove temporally local existence of the unique strong solution to the transformed problem in
Sobolev-Slobodetskiı̆ spaces.

1. Introduction

The idea of weather forecast was conceived by Bjerknes in 1904, and then numerical
weather forecast was executed by Richardson in 1920’s ([20]). He derived a system of equa-
tions describing the motion of atmosphere, which was similar to the Navier-Stokes equations.
His attempt unfortunately failed because of mainly the lack of stability of the calculations,
however many attempts have carried on him. Since around 1940–50’s, digital computers
made possible automatic calculations, so that the weather forecast with numerical calcula-
tion became practical; the first success was done by Charney, Fjörtoft and von Neumann
(see [19] in detail). Until the present time many simplified models such as geostrophic and
quasi-geostrophic models have been proposed in order to lessen the amount of numerical cal-
culations. Nowadays, even the primitive equations can be solved numerically since the power
of the computers intensively increases.

In 1969 Bryan [3] formulated the model of the ocean circulation similar to the Richard-
son’s model of the atmosphere by applying the hydrostatic approximation. In it eddy or turbu-
lent viscosity terms were introduced, which was anisotropic in the horizontal and the vertical
directions. Now his model equations are called primitive equations for the ocean [30]. Based
upon his formulation Semtner [21] proposed the general circulation model and studied it in
detail numerically. In his model Boussinesq approximation and rigid lid hypothesis, which
means that the ocean surface is fixed and flat, were used. On the other hand, Crowly [5]
studied the free surface case, not the rigid lid, of the ocean numerically.

Received September 14, 2010
Mathematics Subject Classification: 35M10, 35Q35, 35R35, 76D99, 86A05
Key words and phrases: Primitive Equations for the Ocean, Sobolev-Slobodetskiı̆ Space, Strong Solution



98 HIROTADA HONDA AND ATUSI TANI

Mathematical arguments of primitive equations were begun in 1990’s. One of the main
feature of primitive equations is the fact that the vertical velocity is determined by the hor-
izontal velocities via the continuity equation, since the vertical velocity disappears in the
vertical component of equations of motion due to the hydrostatic approximation. In [11], Li-
ons, Temam and Wang formulated the evolution problem of primitive equations for the ocean

and showed the existence of a weak solution in L2(0, T ; H 1(Ω))
⋂

L∞(0, T ; L2(Ω)) by the
Galerkin method, where Ω = ⋃

s Ms , each Ms is a connected domain with both horizontally
and vertically flat boundaries. In [12], [13], [15]–[17], they also studied the evolutionary 3D
coupled atmosphere and ocean model with rigid lid. In [17] they showed the well-posedness
of the model formulated in [15] in the same function spaces as above. In [14] they derived
quasi-geostrophic equations from primitive equations and showed the existence and unique-
ness of a global weak solution in the similar function spaces as above.

Guillen-Gonzalez, Masmoudi and Rodriguez-Bellido in [7], [8] discussed the ini-
tial boundary value problem for the primitive equations for the ocean in the domain
surrounded by the rigid lid, the vertically flat lateral boundary and the bottom. They
showed the existence of a global strong solution with small data and a local strong so-

lution with any data in L∞(0, T ; H 1(Ω))
⋂

L2(0, T ; H 2(Ω))
⋂

W 1
2 (0, T ; L2(Ω)). In

the similar situation as that in [8], Temam and Ziane [29] verified the existence and
uniqueness of a strong local in time solution of primitive equations for the ocean in

C(0, T ; H 1(Ω))
⋂

L2(0, T ; H 2(Ω)). Cao and Titi [4] showed the existence and uniqueness

of a global solution in C(0, T ; H 1(Ω))
⋂

L2(0, T ; H 2(Ω))
⋂

W 1
1 (0, T ; L2(Ω)).

While the depth of the ocean is finite in these papers, Azerad and Guillen-Gonzalez [1]
showed the existence of the weak solution of the Navier-Stokes equations with anisotropic
viscosity terms and its convergence to a weak solution of primitive equations as the aspect
ratio of depth to width of the domain tends to zero.

Almost all the results cited above were obtained under the rigid lid hypothesis, and the
turbulent viscosity terms were added as an empirical claim. In addition to the turbulent vis-
cosity we take into account the effect of the surface movement following Crowly [5], and
adopt f -plane approximation, i.e., Coriolis parameter is a constant, where f is the deforma-
tion angle from the sphere over the plane. Furthermore, it is to be noted that in the papers
cited above, ocean and atmosphere models are described in Cartesian and p-coordinates, re-
spectively. Lions et al. [12], [13], [15]–[17] used these coordinates for the coupled ocean and
atmosphere model in each layer, and made a physically unrealistic assumption that the height
of the pressure isobar coincides with that of the ocean surface.

We use p-coordinates for the ocean model in this paper, which is the first study on the
primitive equations for the ocean. Here, we enumerate the major features of this paper:

1. The surface of the ocean is free, not the rigid lid;
2. The boundary conditions on the free surface are described by the stress tensor and

the effect of vapour;
3. The original equations are transformed by the p-coordinates system;
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4. The existence of the strong solution is proved in the Sobolev-Slobodetskiı̆ spaces.
The paper is organized as follows. In Section 2 we describe the mathematical formulation

of our problem. Then the problem is rewritten in p-coordinates, and transformed into the one
in the fixed time independent domain. In Section 3 we introduce function spaces, and describe
the main theorem. In Section 4 some auxiliary lemmas are prepared, which are used in the
proof of the main theorem. In Section 5 we solve the non-homogeneous linear problem in the
transformed domain. In Section 6 we investigate the nonlinear problem, making use of the
iteration method for a small time interval.

2. Formulation of the problem

As stated in Section 1, we are concerned with the free boundary problem of primitive
equations for the ocean. By adopting f -plane approximation, our problem can be formulated
in the strip-like region. By x = (x1, x2, x3), we denote orthogonal Cartesian coordinate
system with x3 being the vertical direction. Let the surface and the bottom of the ocean be
described by x3 = d(x ′, t) and x3 = b(x ′) (x ′ = (x1, x2)), respectively, where b(x ′) is a
function satisfying d(x ′, 0) = d0(x

′) > b(x ′). Then the domain Ω(t) of the ocean at time t

is represented as {(x ′, x3)|x ′ ∈ R2, b(x ′) < x3 < d(x ′, t)}. The equations that we consider in
this paper are as follows:



∂v
∂t

+ (v · ∇)v + w
∂v
∂x3

−
[
µ1∆v + µ2

∂2v

∂x2
3

]
+ f Av = − 1

�
∇p + F′

1 ,

∂p

∂x3
= (F13 − �g) =: F̃13 ,

∇ · v + ∂w

∂x3
= 0 ,

∂θ

∂t
+ (v · ∇)θ + w

∂θ

∂x3
−
[
µ3∆θ + µ4

∂2θ

∂x2
3

]
= F2 ,

∂S

∂t
+ (v · ∇)S + w

∂S

∂x3
−
[
µ5∆S + µ6

∂2S

∂x2
3

]
= F3 , x ∈ Ω(t) , t > 0 .

(2.1)

Here, f Av is a Coriolis force with A =
(

0 −1
1 0

)
and the Coriolis parameter f (a positive

constant); ∇ and ∆ are 2 dimensional gradient and Laplacian, respectively; F′
1 and F̃13 are the

horizontal and vertical components of external forces given in R3 × [0,∞). The horizontal
component of the velocity is represented by v and the vertical component w; p is the pressure,
� is the density (a positive constant), θ is the temperature, S is the salinity; F2 and F3 are the
sources of heat and salinity, respectively; µ1 and µ2 are the coefficients of turbulent viscosity;
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(µ3, µ4) and (µ5, µ6) are, respectively, given by scaling sum of turbulent and molecular
diffusivities of heat and salinity.

The conditions on the free surface Γs(t) = {x ∈ R3|x3 = d(x ′, t), t > 0} are as follows:

T(v)n − (T(v)n · n′)n′ = |v|αv ,

−
(

µ3∇θ · n′ + µ4
∂θ

∂x3
n3

)
= −la(θe)V + g1|v|αθ + σLH ,

(θ, S, p) = (θe, Se, p0) ,

(2.2)

where

T(v) =

µ1
∂v1

∂x1
µ1

∂v1

∂x2
µ2

∂v1

∂x3

µ1
∂v2

∂x1
µ1

∂v2

∂x2
µ2

∂v2

∂x3

 (2.3)

is a part of the stress tensor, V is the normal velocity of the free surface, la(θe) is a latent
heat with saturation temperature θe, σ is the surface tension coefficient, H is twice mean
curvature, n = (n1, n2, n3) = (

n′, n3
)

is the unit normal vector to Γs(t) at time t pointing to
the atmospheric region, L is the heat capacity, g1 is a given function representing the turbulent
transition on the free surface including the albedo of the earth, and p0 is atmospheric pressure
at the ocean surface (constant). The conditions of the form (2.2) are called bulk formulae ([6],
[11], [18], [30]).

Since V = ∂d
∂t

/
√

1 + |∇d|2, the condition (2.2)2 can be written in the explicit form

∂d

∂t
= L4,dd + G6,d(v, w, θ) , x ′ ∈ R2 , t > 0 , (2.4)

where

L4,dd := σL

la(θe)(1 + |∇d|2)
{(

1 +
(

∂d

∂x2

)2)
∂2d

∂x2
1

− 2
∂d

∂x1

∂d

∂x2

∂2d

∂x1∂x2

+
(

1 +
(

∂d

∂x1

)2 )
∂2d

∂x2
2

}
,

G6,d(v, w, θ) := 1

la(θe)

[(
−µ3∇θ · ∇d + µ4

∂θ

∂x3

)
+ g1

√
1 + |∇d|2|v|αθ

]
.

The conditions on the bottom Γb = {(x ′, b(x ′))|x ′ ∈ R2} are

(v, w, θ, S)(x ′, b(x ′), t) = (0, 0, θb, Sb)(x
′, t) , x ′ ∈ R2 , t > 0 . (2.5)
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Initial conditions are

(v, θ, S)(x, 0) = (v0, θ0, S0)(x) , x ∈ Ω := Ω(0) , (2.6)

d(x ′, 0) = d0(x
′) , x ′ ∈ R2 . (2.7)

Let us introduce the “p-coordinate system”. From (2.1)2 and (2.2)3, p can be represented
as

p = p0 +
∫ x3

d

∂p

∂x3
dx3 = p0 +

∫ x3

d

F̃13 dx3 . (2.8)

We assume that |F13| < �g in R3 × [0,∞), which means the gravity force is dominant in
the vertical directon. Now we denote the pressure at the bottom of the ocean by h(x ′, t) :=
p0 + ∫ b

d
F̃13 dx3, and h0 := p0 + ∫ b

d0
F̃13|t=0 dx3. We assume d0(x

′) > b(x ′) for any

x ′ ∈ R2. Since ∂p/∂x3 = F̃13 < 0, we can take p as an independent variable in place of
x3 = X3(x

′, p, t; h) with X3 being the inverse function of (2.8), and d can be represented as
an implicit function, d = Ψ (x ′, t; h). From (2.8), we get

∇p = −F̃13(x
′, d, t)∇d +

∫ x3

d

∇F̃13 dx3 =: F5(x
′, x3, t) , (2.9)

∂p

∂t
= −F̃13(x

′, d, t)
∂d

∂t
+
∫ x3

d

∂F̃13

∂t
dx3 =: F6(x

′, x3, t) . (2.10)

Note that after introducing p-coordinates, the ocean surface becomes flat and is repre-
sented by the equation p = p0. Hereafter, we denote a function f (x ′, x3, t) after this coordi-

nate transform by f (h)(x ′, p, t) = f (x ′,X3(x
′, p, t; h), t). Moreover, we introduce another

mapping:

y ′ = x ′ , y3 = (p0 − h0)
p − h(x ′, t)
p0 − h(x ′, t)

+ h0 . (2.11)

For simplicity, instead of F̃13w we use w̄. By composing these transformations, it is clear that
the regions

⋃
0≤t≤T (Ω(t) × {t}), ⋃0≤t≤T (Γb × {t}), ⋃0≤t≤T (Γs(t) × {t}) are transformed

onto the regions Ω̃T := Ω̃ × [0, T ], Γ̃bT := Γ̃b × [0, T ], Γ̃sT := Γ̃s × [0, T ], respectively,

where Ω̃ = {(y ′, y3)|y ′ ∈ R2, p0 < y3 < h0(y
′)}, Γ̃b = {(y ′, y3)|y ′ ∈ R2, y3 = h0(y

′)}
and Γ̃s = {(y ′, y3)|y ′ ∈ R2, y3 = p0}. We denote the inverse of transposed matrix of the
Jacobian matrix by J [(x ′, p)/(y ′, y3)]−T = (aij ) = (aij (h)) (i, j = 1, 2, 3). Then one can
easily derive

a3 :=
(
a31, a32

)
= (p0 − h0)(p(y, t) − p0)

(p0 − h)2
∇h + p0 − p(y, t)

p0 − h
∇h0

=: A1(y, t)∇h + B1(y, t) ,
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p(y, t) = (p0 − h)(y3 − h0)

p0 − h0
+ h ,

a33 = p0 − h0

p0 − h
, aij = δij (i = 1, 2, j = 1, 2, 3) .

In the following, we use the notation( ∇h

∇h,3

)
= J

[
(x ′, p)

(y ′, y3)

]−T
 ∇

∂

∂p

 ;

X3(x
′, p, t; h)

∣∣
x ′=y ′, p=p(y,t)

= X̃3(y
′, y3, t; h) ;

f (h)(x ′, p, t)
∣∣
x ′=y ′, p=p(y,t)

= f (h)∗(y ′, y3, t) .

Now let us derive the explicit representation of F(h)∗
5 and F

(h)∗
6 . Representing the integral

term in (2.8) by p-coordinate system, we have

F(h)
5 (x ′, p, t) = −F̃13

∣∣
x3=Ψ

∇Ψ +
∫ p

p0

1

F̃
(h)
13

(
∇F̃

(h)
13 + F(h)

5

∂F̃
(h)
13

∂p

)
dp .

From this integral equation with the condition F(h)
5 |p=p0 = −F̃13|x3=Ψ ∇Ψ, we derive the

explicit representation

F(h)
5 (x ′, p, t) = F̃

(h)
13

(
−∇Ψ +

∫ p

p0

∇F̃
(h)
13

F̃
(h)2
13

dp

)
,

and hence

F(h)∗
5 (y ′, y3, t) = F̃

(h)∗
13

{
−∇Ψ +

∫ y3

p0

1

F̃
(h)∗2
13

(
∇F̃

(h)∗
13 + a3(h)

∂F̃
(h)∗
13

∂y3

)
dy3

}

=: −F̃
(h)∗
13 ∇Ψ + C1(y, t) . (2.12)

Similarly, we obtain

F
(h)
6 (x ′, p, t) = F̃

(h)
13

(
−∂Ψ

∂t
+
∫ p

p0

1

F̃
(h)2
13

∂F̃
(h)
13

∂t
dp

)
,

F
(h)∗
6 (y ′, y3, t) = F̃

(h)∗
13

{
−∂Ψ

∂t
+
∫ y3

p0

1

F̃
(h)∗2
13

(
∂F̃

(h)∗
13

∂t
+ ∂y3

∂t

∂F̃
(h)∗
13

∂y3

)
dy3

}

=: −F̃
(h)∗
13

∂Ψ

∂t
+ C̃1(y, t), (2.13)
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where
∂y3

∂t
= A1(y, t)

∂h

∂t
.

Differentiating the relation h(x ′, t) = p0 +
∫ b

d

F̃13 dx3 with respect to x ′ and t leads us

to the following equalities, respectively:

∇Ψ = 1

F̃13|x3=Ψ

{
−∇h + F̃13|x3=b∇b +

∫ b

d

∇F̃13 dx3

}
=: − ∇h

F̃13|x3=Ψ

+ D1 , (2.14)

where D1 = (D1, D2),

∂2Ψ

∂yi∂yj

= − 1

F̃13|x3=Ψ

∂2h

∂yi∂yj

− ∂

∂yj

(
1

F̃13|x3=Ψ

)
∂h

∂yi

+ ∂Di

∂yj

=: − 1

F̃13|x3=Ψ

∂2h

∂yi∂yj

+ Hij (i, j = 1, 2), (2.15)

∂Ψ

∂t
= 1

F̃13|x3=Ψ

{
−∂h

∂t
+
∫ b

d

∂F̃13

∂t
dx3

}
=: − 1

F̃13|x3=Ψ

∂h

∂t
+ E1. (2.16)

Now, rewriting the problem (2.1)–(2.7) in y-coordinates and denoting (v∗, w̄∗, θ∗, S∗, h)

by (u, u3, θ̃ , S̃, h) for brevity, we have

∂u
∂t

= L1,hu + G̃1,h(u, u3) ,

∇h,3u3 − (∇h,3F̃
(h)∗
13 )

u3

F̃
(h)∗
13

= G̃3,h(u) ,

∂θ̃

∂t
= L2,hθ̃ + G̃4,h(u, u3, θ̃ ) ,

∂S̃

∂t
= L3,hS̃ + G̃5,h(u, u3, S̃) in Ω̃T ,

∂h

∂t
= L4,hh + G̃6,h(u, u3, θ̃ ) in R2

T ,

(2.17)



Bhu = G̃2(u) ,

(θ̃ , S̃) = (θe, Se)|x3=Ψ on Γ̃sT ,

(u, u3, θ̃ , S̃) = (0, 0, θb, Sb)|x3=b on Γ̃bT ,

(u, θ̃ , S̃)(y, 0) = (v(h0)∗
0 , θ

(h0)∗
0 , S

(h0)∗
0 )(y) on Ω̃ ,

h(y ′, 0) = h0(y
′) on R2 ,

(2.18)
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where

L1,hu := µ1L11,hu + µ2L12,hu ,

L11,hu :=
[
l11,h + 2l12,h + |F(h)∗

5 |2(a33)2 ∂2

∂y2
3

]
u ,

L12,hu := F̃
(h)∗2
13 (a33)2 ∂2u

∂y2
3

,

l11,h := ∇2 + 2a3 · ∇ ∂

∂y3
+ |a3|2 ∂2

∂y2
3

, l12,h := a33F(h)∗
5 · ∇h

∂

∂y3
,

G̃1,h(u, u3) := µ1

[
(∇2

h − l11,h) + ∇h · (a33F(h)∗
5 )

∂

∂y3

+ a33F(h)∗
5 ·

(
∂a3

∂y3
+ ∂

∂y3
(a33F(h)∗

5 )

)
∂

∂y3

]
u

+ µ2

[(
a33F̃

(h)∗
13

∂

∂y3

)2

− (a33F̃
(h)∗
13 )2 ∂2

∂y2
3

]
u

−
[
(u · ∇h) +

(
(F(h)∗

5 · u)a33 + u3a
33 + F

(h)∗
6 a33 + A1(y, t)

∂h

∂t

)
∂

∂y3

]
u

+ f Au − 1

�
F(h)∗

5 + F′(h)∗
1

=: µ1G̃11,hu + µ2G̃12,hu − G̃13,h(u, u3)u + f Au − 1

�
F(h)∗

5 + F′(h)∗
1 ,

G̃3,h(u) := −∇h · u − a33F(h)∗
5 · ∂u

∂y3
,

L2,hθ̃ := µ3L11,hθ̃ + µ4L12,hθ̃ ,

G̃4,h(u, u3, θ̃ ) =: µ3G̃11,hθ̃ + µ4G̃12,hθ̃ − G̃13,h(u, u3)θ̃ + F
(h)∗
2 ,

L3,hS̃ := µ5L11,hS̃ + µ6L12,hS̃ ,

G̃5,h(u, u3, S̃) =: µ5G̃11,hS̃ + µ6G̃12,hS̃ − G̃13,h(u, u3)S̃ + F
(h)∗
3 ,
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Bhu :=
{
µ1

[
(n′ · ∇h)u + (F(h)∗

5 · n′)a33 ∂u
∂y3

]
+ µ2F̃

(h)∗
13 a33 ∂u

∂y3
n3

}

−
{
µ1

[
(n′ · ∇h)u · n′ + (F(h)∗

5 · n′)a33 ∂u
∂y3

· n′
]

+ µ2F̃
(h)∗
13

(
a33 ∂u

∂y3
· n′
)

n3

}
n′,

G̃2(u) := |u|αu,

L4,hh := σL

la(θe)
(
1 + |∇Ψ |2)

2∑
i,j=1

cij
∂2h

∂yi∂yj

,

c11 := 1 +
(

D2 − 1

F̃13|x3=b

∂h

∂y2

)2

, c22 := 1 +
(

D1 − 1

F̃13|x3=b

∂h

∂y1

)2

,

c12 = c21 := −
(

1

F̃13|x3=b

∂h

∂y1
− D1

)(
1

F̃13|x3=b

∂h

∂y2
− D2

)
,

G̃6,h(u, θ̃ ) := F̃13|x3=Ψ

[
E1 − σL

la(θe)
(
1 + |∇Ψ |2)

2∑
i,j=1

cijHij

− 1

la(θe)

{
−µ3

(
∇h + a33(h)F(h)∗

5
∂

∂y3

)
θ̃ · ∇Ψ

+ µ4F̃
(h)∗
13

∣∣
x3=Ψ

a33(h)
∂θ̃

∂y3
+ g(h)∗

1 (1 + |∇Ψ |2) 1
2 |u|αθ̃

}]
,

n = (n′, n3)
T = a

|a| , a =
(

a31(h)F
(h)∗
51 , a32(h)F

(h)∗
52 , a33(h)F̃

(h)∗
13

)T
.

It is to be noted that we can extend (v(h0)∗
0 , θ

(h0)∗
0 , S

(h0)∗
0 )(y) = (v0, θ0, S0)(x) and d0 into

the half space t > 0 preserving the regularity, which is denoted by (ū0,
¯̃
θ0,

¯̃
S0, d̄0). We also

define the extension of h0 by h̄0 = p0 + ∫ b

d̄0
F̃13 dx3. For the detail, see Section 4.

Then the problem (2.17), (2.18) can be rewritten as the following one for
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(u′, u′
3, θ̃

′, S̃′, h′) := (u − ū0, u3, θ̃ − ¯̃
θ0, S̃ − ¯̃

S0, h − h̄0):

∂u′

∂t
= L1,hu′ + L1,hū0 − ∂ ū0

∂t
+ G̃1,h(u, u3) ,

∇h,3u
′
3 − (∇h,3F̃

(h)∗
13 )

u′
3

F̃
(h)∗
13

= G̃3,h(u) ,

∂θ̃ ′

∂t
= L2,hθ̃

′ + L2,h
¯̃
θ0 − ∂

¯̃
θ0

∂t
+ G̃4,h(u, u3, θ̃ ) ,

∂S̃′

∂t
= L3,hS̃

′ + L3,h
¯̃
S0 − ∂

¯̃
S0

∂t
+ G̃5,h(u, u3, S̃) in Ω̃T ,

∂h′

∂t
= L4,hh

′ + L4,hh0 − ∂h̄0

∂t
+ G̃6,h(u, θ̃ ) in R2

T ,

(2.19)



Bhu′ = −Bhū0 + G̃2(u),

(θ̃ ′, S̃′) = (θe|x3=Ψ − a
¯
rθ̃0, Se|x3=Ψ − ¯̃

S0) on Γ̃sT ,

(u′, u′
3, θ̃

′, S̃′) = (−ū0, 0, θb|x3=b − ¯̃
θ0, Sb|x3=b − ¯̃

S0) on Γ̃bT ,

(u′, θ̃ ′, S̃′)|t=0 = (0, 0, 0) on Ω̃ ,

h′|t=0 = 0 on R2 ,

(2.20)

where (u, θ̃ , S̃, h) is replaced by (u′ + ū0, θ̃
′ + ¯̃

θ0, S̃
′ + ¯̃

S0, h
′ + h̄0) in the right-hand sides.

3. Main Theorem

Before stating the main theorem, we introduce function spaces (see, for in-
stance, [23], [24]).

Let G be a domain in Rn and l a non-negative number. By Wl
2(G) we mean a space of

functions u(x), x ∈ G, equipped with the norm ‖u‖2
Wl

2(G)
= ∑

|α|<l ‖Dαu‖2
L2(G) +‖u‖2

Ẇ l
2(G)

,

where

‖u‖2
Ẇ l

2(G)
=
∑
|α|=l

‖Dαu‖2
L2(G) =

∑
|α|=l

∫
G

|Dαu(x)|2dx if l is an integer ,

‖u‖2
Ẇ l

2(G)
=
∑

|α|=[l]

∫
G

∫
G

|Dαu(x) − Dαu(y)|2
|x − y|n+2{l} dxdy

if l is a non-integer, l = [l] + {l}, 0 < {l} < 1.
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We also define the following function spaces with m > 1:

W
m

2 (G) =
{
f (x)

∣∣∣∣‖f ‖
W

m
2 (GT )

:= sup
x∈G

|f |2 + ‖f ‖2
Ẇ

m−[m]
2 (G)

+ ‖Df ‖2
Wm−1

2 (G)
< ∞

}
.

Next we introduce anisotropic Sobolev-Slobodetskiı̆ spaces W
l, l

2
2 (GT ) := W

l,0
2 (GT ) ∩

W
0, l

2
2 (GT ) (GT := G × [0, T ]), whose norms are defined by

‖u‖2

W
l, l

2
2 (GT )

=
∫ T

0
‖u(·, t)‖2

Wl
2(G)

dt +
∫

G

‖u(x, ·)‖2

W
l
2

2 (0,T )

dx

=: ‖u‖2
W

l,0
2 (GT )

+ ‖u‖2

W
0, l

2
2 (GT )

.

We also define function spaces

W̃
l, l

2
2 (GT ) =

{
f ∈ W

l, l
2

2 (GT )

∣∣∣∣ ∂f

∂x3
∈ W

l, l
2

2 (GT )

}
with the norm

‖f ‖2

W̃
l, l

2
2 (GT )

= ‖f ‖2

W
l, l

2
2 (GT )

+
∥∥∥∥ ∂f

∂x3

∥∥∥∥2

W
l, l

2
2 (GT )

,

and for m > 2,

W
m, m

2
2 (GT ) =

{
f (x, t)

∣∣∣∣‖f ‖
W

m, m
2

2 (GT )
:= sup

GT

|f |2 + sup
x∈G

‖f ‖2

Ẇ

m−[m]
2

2 (0,T )

+ sup
t∈(0,T )

‖f ‖2
Ẇ

m−[m]
2 (G)

+ ‖Dxf ‖2

W
m−1, m−1

2
2 (GT )

+ ‖Dtf ‖2

W
m−2, m−2

2
2 (GT )

< ∞
}
,

where Dx and Dt represent the differential operators with respect to x and t , respectively. The
norms of the vector spaces and the product spaces are defined by the standard vector norm
and the sum of the norms of each space, respectively.

Now the following is our main result,

THEOREM 3.1. Let l ∈ (1/2, 1), and T be an arbitrary positive number. Assume that
(i) α = 2 or α > 2l + 1;

(ii) la(·) : R → R+ satisfies la(x) > 0, and is bounded and Lipschitz continuous
together with its derivatives such that

|||la||| :=
2∑

i=0

[
sup
x∈R

∣∣∣∣( d

dx

)i

la(x)

∣∣∣∣+ ∣∣∣∣( d

dx

)i

la

∣∣∣∣(L)]
< ∞ ,

where |la|(L) is Lipschitz coefficient of la;
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(iii) v0 ∈ W 1+l
2 (Ω), θ0, S0 ∈ W

1+l

2 (R3), d0 ∈ W
3
2 +l

2 (R2), 0 < θ0 ≤ θ0(x) < ∞ and
0 < S0 ≤ S0(x) < ∞ with positive constants θ0 and S0, respectively;

(iv) 0 < θ0 ≤ θe(x), θb(x) < ∞, 0 < S0 ≤ Se(x), Sb(x) < ∞, θe, θb, Se, Sb ∈
W

2+l, 2+l
2

2 (R3
T ). ∂θe

∂x3
, ∂θb

∂x3
, ∂Se

∂x3
, ∂Sb

∂x3
∈ W

2+l, 2+l
2

2 (R3
T ), and θe −θ0, θb −θ0, Se −S0,

Sb − S0 ∈ W̃
2+l, 2+l

2
2 (R3

T );
(v) b ∈ W

5
2 +l

2 (R2) and d0(x
′) − b(x ′) > c0 on x ′ ∈ R2 with a positive constant c0;

(vi) F′
1, F2 and F3 ∈ W̃

l, l
2

2 (R3
T ), and their derivatives with respect to x3 satisfy

Hölder condition with exponent β > l/2 with respect to x3 (we call this property
as condition (A)). For the function with this property, we introduce the notation

|||f |||20,T := ‖f ‖2

W̃
l, l

2
2 (R3

T )

+
( ∣∣∣∣ ∂f

∂x3

∣∣∣∣(β)

x3

)2

,

where |f |(β)
x3 stands for the Hölder coefficient of f in x3 with exponent β;

(vii) g1 ∈ W̃
2+l, 2+l

2
2 (R3

T );

(viii) F13 ∈ W̃
3+l, 3+l

2
2 (R3

T ) , and |F13| < �g in R3
T .

Moreover, the following compatibility conditions are satisfied:
u′

0(y, 0) = 0 , y ∈ Γ̃b ,

Bh0 ū0(y, 0) = G̃2(ū0
∣∣
t=0) , y ∈ Γ̃s ,

θe(y
′, Ψ (y ′, 0), 0) = θ

(h0)∗
0 (y) , Se(y

′, Ψ (y ′, 0), 0) = S
(h0)∗
0 (y) , y ∈ Γ̃s ,

θb(y
′, b(y ′), 0) = θ

(h0)∗
0 (y) , Sb(y

′, b(y ′), 0) = S
(h0)∗
0 (y), y ∈ Γ̃b .

Then, there exists T ∗ ∈ (0, T ] such that the problem (2.19)–(2.20) has a unique solution

(u′, u3, θ̃
′, S̃′, h′) ∈ Z(T ∗) := W

2+l,1+ l
2

2 (Ω̃T ∗) × W̃
1+l, 1

2 + l
2

2 (Ω̃T ∗) × W
2+l,1+ l

2
2 (Ω̃T ∗) ×

W
2+l,1+ l

2
2 (Ω̃T ∗) × W

5
2 +l, 5

4 + l
2

2 (R2
T ∗) satisfying 0 < θ̃ = θ̃ ′ + ¯̃

θ < ∞ and 0 < S̃ = S̃′ + ¯̃
S on

Ω̃T ∗ .

4. Auxiliary Lemmas

In this section, we prepare some lemmas used in the proof of the main theorem in

Section 6. It is to be noted that v0 ∈ W 1+l
2 (Ω), θ0, S0 ∈ W

1+l

2 (R3), d0 ∈ W
3
2 +l

2 (R2)

(1/2 < l < 1) imply v(h0)∗
0 ∈ W 1+l

2 (Ω̃), θ
(h0)∗
0 , S

(h0)∗
0 ∈ W

1+l

2 (Ω̃). By trace theorem, they

are extensible into the half space t > 0 so that the extended functions (ū0,
¯̃
θ0,

¯̃
S0, d̄0) satisfy
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for some constant C (see, for instance, [31])

‖ū0‖
W

2+l, 2+l
2

2 (Ω̃T )

≤ C‖v(h0)∗
0 ‖

W 1+l
2 (Ω̃)

,

‖ ¯̃
θ0‖

W
2+l, 2+l

2
2 (Ω̃T )

≤ C‖θ(h0)∗
0 ‖

W
1+l
2 (Ω̃)

,

‖ ¯̃
S0‖

W
2+l, 2+l

2
2 (Ω̃T )

≤ C‖S(h0)∗
0 ‖

W
1+l
2 (Ω̃)

,

‖d̄0‖
W

5
2 +l, 5

4 + l
2

2 (R2
T )

≤ C‖d0‖
W

3
2 +l

2 (R2)

.

(4.1)

Now, making use of the well known inequalities
||uv||

W 1+l
2 (Ω̃)

≤ c1||u||
W 1+l

2 (Ω̃)
||v||

W 1+l
2 (Ω̃)

for ∀u, v ∈ W 1+l
2 (Ω̃) ,

||uv||Wl
2(Ω̃) ≤ c1||u||

W 1+l
2 (Ω̃)

||v||Wl
2(Ω̃) for ∀u ∈ W 1+l

2 (Ω̃), ∀v ∈ Wl
2(Ω̃)

(4.2)

with a positive constant c1 (see, for instance, [25]-[28]), we prepare some lemmas concerning
the estimates used later. In the followings, C stands for a constant depending on ‖b‖

W
5
2 +l

2 (R2)

,

‖F13‖
W̃

3+l, 3+l
2

2 (R3
T )

, ‖d0‖
W

3
2 +l

2 (R2)

, ‖v0‖W 1+l
2 (Ω)

, ‖θ0‖
W

1+l
2 (R3)

, ‖S0‖
W

1+l
2 (R3)

, and P a polyno-

mial of its arguments with coefficients having the same dependency as C.

LEMMA 4.1. Let h′, h′
1, h′

2 ∈ W
5
2 +l, 5

4 + l
2

2 (R2
T ) and h = h′ + h̄0, hi = h′

i + h̄0 (i =
1, 2). The following estimates hold:

‖Ψ (·; h)‖2

W
i− 1

2 +l, i+l
2 − 1

4
2 (R2

T )

≤ P

(
‖h′‖

W
i− 1

2 +l, i+l
2 − 1

4
2 (R2

T )

)
(i = 0, 1, 2, 3) , (4.3)

‖Ψ (·; h1) − Ψ (·; h2)‖2

W
1
2 +i+l, 1

4 + i+l
2

2 (R2
T )

≤ P

( 2∑
j=1

‖h′
j‖2

W
5
2 +l, 5

4 + l
2

2 (R2
T )

)
‖h′

1 − h′
2‖2

W
1
2 +i+l, 1

4 + i+l
2

2 (R2
T )

(i = 0, 1, 2) . (4.4)

l in the norm ‖h′
1 − h′

2‖2

W
1
2 +i+l, 1

4 + i+l
2

2 (R2
T )

when i = 2 can be replaced by any l′, 1/2 < l′ < l.

PROOF. Making use of the relation (2.16), we have∥∥∥∥∂Ψ

∂t

∥∥∥∥2

L2(R2)

≤ C

(∥∥∥∥∂h

∂t

∥∥∥∥2

L2(R2)

+ ‖E1‖2
L2(R2)

)
. (4.5)

This and

‖Ψ ‖2
L2(R2

T )
≤ C

(
‖d0‖2

L2(R2)
+ t

∥∥∥∥∂Ψ

∂t

∥∥∥∥2

L2(R2
T )

)
(4.6)
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yield the estimate of ‖Ψ ‖2
L2(R2

T )
.

The fractional norm ‖Ψ ‖2

W
l− 1

2 ,0

2 (R2
T )

is easily estimated from the inequality

|Ψ (y1′, t; h) − Ψ (y2′, t; h)|2

≤ C

(
1

infx,t |F̃13|
)2[

|h(y1′, t) − h(y2′, t)|2 + |b(y1′) − b(y2′)|2 sup
x3

|F̃13(y
1′, ·, t)|2

+ sup
x3

|F̃13(y
1′, x3, t) − F̃13(y

2′, x3, t)|2(|b(y2′)|2 + |Ψ (y1′, t; h)|2)
]

(4.7)

with h = p0+∫ b

d F̃13 dx3. Indeed, applying the Hölder inequality and the Sobolev embedding
theorem, one can easily confirm that∫

R2

∫
R2

|Ψ (y1′, t; h)|2|F13(y
1′, x3, t) − F13(y

2′, x3, t)|2
|y1′ − y2′|1+2l

dy1′dy2′

≤
∫

R2

‖Ψ (y1′, t; h)‖2
Lp(R2)

‖F13(y
1′, x3, t) − F13(y

1′ − z′, x3, t)‖2
Lq(R2)

|z′|1+2l
dz′

≤ C‖Ψ (t)‖2
Lp(R2)

(
‖∇F13(·, x3, t)‖2

Ẇ
l− 1

2
2 (R2)

+ ‖F13(·, x3, t)‖2

Ẇ
l− 1

2
2 (R2)

)
(1/p + 1/q = 1/2) holds with a postive constant C. Other terms in (4.7) can be estimated in
the same way.

For ‖Ψ ‖
W

0, l
2 − 1

4
2 (R2

T )

, using the relation h = p0 + ∫ b

d F̃13 dx3 again, we have

‖Ψ ‖2

W
0, l

2 − 1
4

2 (R2
T )

≤ C

[
‖h‖2

W
0, l

2 − 1
4

2 (R2
T )

+
(

‖b‖2

W
5
2 +l

2 (R2)

+ sup
R2

T

|Ψ |2
)

‖F13‖2

W
l, l

2
2 (R3

T )

]
.

Making use of these facts, we arrive at (4.3) with i = 0.
For i = 1, we make use of (2.14). Since

|∇Ψ (y1′, t; h) − ∇Ψ (y2′, t; h)|

≤ C

[
|F13(y

1′, Ψ (y1′, t; h), t) − F13(y
2′, Ψ (y2′, t; h), t)|

×
∣∣∣∣−∇h + F̃13(y

′, b(y ′), t)∇b +
∫ d

b

∇F̃13 dx3

∣∣∣∣+ |∇h(y1′, t) − ∇h(y2′, t)|

+
∣∣∣F̃13(y

1′, b(y1′), t)∇b(y1′) − F̃13(y
2′, b(y2′), t)∇b(y2′)

∣∣∣
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+ sup
R3

T

|∇F̃13|(|Ψ(y1′, t; h) − Ψ (y2′, t; h)| + |b(y1′) − b(y2′)|)

+
(

sup
R2

T

|Ψ | + sup
R2

|b|
)

sup
x3

|∇F̃13(y
1′, x3, t) − ∇F̃13(y

2′, x3, t)|
]

,

the estimate of ‖∇Ψ (·, t; h)‖
W

l− 1
2

2 (R2)

follows by tracing the argument in the case of (4.3)

with i = 0. Similarly ‖Ψ ‖
W

0, l
2 + 1

4
2 (R2

T )

can be estimated as in the case i = 0, and hence we

have the estimate of ‖Ψ ‖
W

l+ 1
2 , l

2 + 1
4

2 (R2
T )

.

For the higher order norms (i = 2, 3) of Ψ , one can easily estimate them from (2.14)–
(2.16).

Estimates in (4.4) are obtained in exactly the same way as (4.3). �

LEMMA 4.2. Let h′ ∈ W
3
2 +l, 3

4 + l
2

2 (R2
T ) and h = h′ + h̄0. The following inequality

holds:
|X̃3(y

1′, y1
3 , t; h) − X̃3(y

2′, y2
3 , t; h)|2

≤ P
(
‖h′‖

W
5
2 +l, 5

4 + l
2

2 (R2
T )

)(|y1′ − y2′|2 + |y1
3 − y2

3 |2) .
PROOF. Since p = p0 +

∫ X3(x
′,p,t)

Ψ

F̃13 dx3 by the definition of X3,

p − p̃ =
∫ X3(x

2′,p̃,t )

X3(x
1′,p,t)

F̃13(x
1′, x3, t) dx3

+
∫ X3(x

2′,p̃,t )

Ψ (x1′,t;h)

[
F̃13(x

1′, x3, t) − F̃13(x
2′, x3, t)

]
dx3

+
∫ Ψ (x1′,t;h)

Ψ (x2′,t;h)

F̃13(x
2′, x3, t) dx3

holds. Each term in the right-hand side is estimated as follows:∣∣∣∣ ∫ X3(x
2′,p̃,t )

X3(x
1′,p,t)

F̃13(x
1′, x3, t) dx3

∣∣∣∣ ≥ C|X3(x
1′, p, t) − X3(x

2′, p̃, t)|,

∣∣∣∣ ∫ X3(x
2′,p̃,t )

Ψ (x1′,t;h)

[
F̃13(x

1′, x3, t) − F̃13(x
2′, x3, t)

]
dx3

∣∣∣∣
≤
(

sup
R2

|b| + sup
R2

T

|Ψ |
)

sup
x3

|F13(x
1′, x3, t) − F13(x

2′, x3, t)|
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≤
(

sup
R2

|b| + sup
R2

T

|Ψ |
)

sup
R3

T

|∇F13||x1′ − x2′| ,

∣∣∣∣ ∫ Ψ (x1′,t;h)

Ψ (x2′,t;h)

F̃13(x
2′, x3, t) dx3

∣∣∣∣ ≤
(

sup
R3

T

|F13| + �g
)

sup
R2

T

|∇Ψ ||x1′ − x2′| .

Thus we have

|X3(x
1′, p, t; h) − X3(x

2′, p̃, t; h)|2

≤ C

[(
‖b‖2

W
5
2 +l

2 (R2)

+ ‖Ψ ‖2

W
3
2 +l, 3

4 + l
2

2 (R2
T)

)
‖F13‖2

W̃
3+l, 3+l

2
2 (R3

T )

+
(

1 + ‖F13‖2

W̃
3+l, 3+l

2
2 (R3

T )

)
‖Ψ ‖2

W
5
2 +l, 5

4 + l
2

2 (R2
T)

]
|x1′ − x2′|2 + |p − p̃|2 .

From this and (2.11) the assertion is derived easily. �

Now we turn to the estimates of the functions appearing in the conditions of Theorem
3.1.

LEMMA 4.3. Let h′, h′
1, h′

2 ∈ W
5
2 +l, 5

4 + l
2

2 (R2
T ), h = h′ + h̄0, hi = h′

i + h̄0 (i = 1, 2)

and 1/2 < l′ < l.
(1) For a function f satisfying condition (A), the following estimates hold:

‖f (h)∗‖2

W
l, l

2
2 (Ω̃T )

≤ P

(
‖h′‖

W
5
2 +l′, 5

4 + l′
2

2 (R2
T )

)
|||f |||20,T , (4.8)

‖f (h1)∗ − f (h2)∗‖2

W
l, l

2
2 (Ω̃T )

≤ P

( 2∑
j=1

‖h′
j‖

W
5
2 +l, 5

4 + l
2

2 (R2
T )

)
‖h′

1 − h′
2‖2

W
3
2 +l, 3

4 + l
2

2 (R2
T )

|||f |||20,T . (4.9)

(2) For a function f ∈ W̃
1+l, 1+l

2
2 (R3

T ), the following estimates hold:

‖f (h)∗‖2

W
1+l, 1+l

2
2 (Ω̃T )

≤ P

(
‖h′‖

W
5
2 +l′, 5

4 + l′
2

2 (R2
T )

)
‖f ‖2

W̃
1+l, 1+l

2
2 (R3

T )

, (4.10)

‖f (h1)∗ − f (h2)∗‖2

W
1+l, 1+l

2
2 (Ω̃T )

≤ P

( 2∑
j=1

‖h′
j‖

W
5
2 +l, 5

4 + l
2

2 (R2
T )

)
‖h′

1 − h′
2‖2

W
5
2 +l′, 5

4 + l′
2

2 (R2
T )

‖f ‖2

W̃
1+l, 1+l

2
2 (R3

T )

. (4.11)
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(3) For a function f ∈ W̃
2+l,1+ l

2
2 (R3

T ), the following estimates hold:

‖f (h)∗‖2

W
2+l, 2+l

2
2 (Ω̃T )

≤ P

(
‖h′‖

W
5
2 +l′, 5

4 + l′
2

2 (R2
T )

)
‖f ‖2

W̃
2+l,1+ l

2
2 (R3

T )

, (4.12)

‖f (h1)∗ − f (h2)∗‖2

W
2+l, 2+l

2
2 (Ω̃T )

≤ P

( 2∑
j=1

‖h′
j‖

W
5
2 +l, 5

4 + l
2

2 (R2
T )

)
‖h′

1 − h′
2‖2

W
5
2 +l′, 5

4 + l′
2

2 (R2
T )

‖f ‖2

W̃
2+l,1+ l

2
2 (R3

T )

. (4.13)

PROOF. To prove (4.8), (4.10), (4.12), we use the relation

f (h)∗(y ′, y3, t) = f (y ′, X̃3(y
′, y3, t; h), t) and

∫
Ω̃

∫
Ω̃

|f (h)∗(y1′, y1
3 , t) − f (h)∗(y2′, y2

3 , t)|2
(|y1′ − y2′|2 + |y1

3 − y2
3 |2) 3+2l

2

dy1′dy2′dy1
3dy2

3

=
∫

Ω̃

∫
Ω̃

|f (y1′, X̃3(y
1′, y1

3 , t; h), t) − f (y2′, X̃3(y
2′, y2

3 , t; h), t)|2
(|y1′ − y2′|2 + |X̃3(y1′, y1

3 , t; h) − X̃3(y2′, y2
3 , t; h)|2) 3+2l

2

× (|y1′ − y2′|2 + |X̃3(y
1′, y1

3 , t; h) − X̃3(y
2′, y2

3 , t; h)|2) 3+2l
2

(|y1′ − y2′|2 + |y1
3 − y2

3 |2) 3+2l
2

dy1′dy2′dy1
3dy2

3 .

Applying Lemma 4.2, changing the variables X̃3(y
1′, y1

3 , t; h) and X̃3(y
2′, y2

3 , t; h) to ỹ1
3 and

ỹ2
3 , respectively in the integrand, and noting

∂(y ′, y3)

∂(y ′, ỹi
3)

= F̃13(y
i′, ỹi

3, t)
p0 − h0

p0 − h
, we can get

the estimate

‖f (h)∗(t)‖2
Ẇ l

2(Ω̃)
≤ P

(
‖h′‖

W
5
2 +l′, 5

4 + l′
2

2 (R2
T )

)
‖f (t)‖2

Ẇ l
2(R3)

. (4.14)

The estimate of ‖f (h)∗(y)‖2

Ẇ
l
2

2 (0,T )

can be obtained in a similar way, and hence we arrive

at the estimate of ‖f (h)∗‖2

W
l, l

2
2 (Ω̃T )

.

Higher order derivatives of f (h)∗ can be estimated analogously.

To prove (4.9), (4.11), (4.13), we use the following expression of f̃ :=
f (h1)∗(y ′, y3, t) − f (h2)∗(y ′, y3, t) derived from the mean value theorem (see, for in-
stance, [22]):

f̃ (y ′, y3, t) = X̄3(y
′, y3, t)

∫ 1

0

∂f

∂x3
(y ′, sX̃3(y

′, y3, t; h1) + (1 − s)X̃3(y
′, y3, t; h2), t) ds ,
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X̄3 = X̃3(y
′, y3, t; h1) − X̃3(y

′, y3, t; h2) .

First, we show

‖f̃ ‖
W

l,0
2 (Ω̃)

≤ P

( 2∑
j=1

‖h′
j‖

W
5
2 +l, 5

4 + l
2

2 (R2
T )

)
‖h′

1 − h′
2‖

W
3
2 +l, 3

4 + l
2

2 (R2
T )

|||f |||0,T .

Indeed, the above expression yields

|f̃ (y1′, y1
3 , t) − f̃ (y2′, y2

3 , t)|2

≤
∣∣∣∣∫ 1

0

∂f

∂x3

(
y1′, sX̃3(y

1′, y1
3 , t; h1) + (1 − s)X̃3(y

1′, y1
3 , t; h2), t

)
− ∂f

∂x3

(
y2′, sX̃3(y

2′, y2
3 , t; h1) + (1 − s)X̃3(y

2′, y2
3 , t; h2), t

)
ds

∣∣∣∣2∣∣X̄3(y
1′, y1

3 , t)
∣∣2

+
∣∣∣∣ ∫ 1

0

∂f

∂x3

(
y2′, sX̃3(y

2′, y2
3 , t; h1) + (1 − s)X̃3(y

2′, y2
3 , t; h2), t

)
ds

∣∣∣∣2
× ∣∣X̄3(y

1′, y1
3 , t) − X̄3(y

2′, y2
3 , t)

∣∣2 =: I1 + I2 . (4.15)

On the other hand, for p(y, t; h) = (p0−h)(y3−h0)
p0−h0

+ h, we have from (2.8)

p(y, t; h1) − p(y, t; h2) =
∫ X3(y

′,p(y,t;h1),t;h1)

X3(y
′,p(y,t;h2),t;h2)

F̃13 dx3 +
∫ Ψ (y ′,t;h2)

Ψ (y ′,t;h1)

F̃13 dx3 ,

which easily leads to∣∣X̄3(y, t)
∣∣2 ≤ C

(
|p(y, t; h1) − p(y, t; h2)|2 +

∣∣∣∣ ∫ Ψ (y ′,t;h2)

Ψ (y ′,t;h1)

F̃13 dx3

∣∣∣∣2) .

Noting that

|p(y, t; h1) − p(y, t; h2)| =
∣∣∣∣ (p0 − y3)(h

′
1 − h′

2)

p0 − h0

∣∣∣∣ ≤ |h′
1 − h′

2| ,

|Ψ (y ′, t; h1) − Ψ (y ′, t; h2)| ≤
∣∣∣∣ h′

1 − h′
2

infx3 F̃13(y ′, x3, t)

∣∣∣∣ ,
we obtain ∣∣X̄3(y, t)

∣∣2 ≤ C

(
1 + ‖F13‖2

W
3+l, 3+l

2
2 (R3

T )

) ∣∣(h′
1 − h′

2)(y
′, t)
∣∣2 . (4.16)

In the similar manner, using a notation h̃ := h′
1 − h′

2, we obtain[
p(y1′, y1

3 , t; h1) − p(y1′, y1
3 , t; h2)

]− [p(y2′, y2
3 , t; h1) − p(y2′, y2

3 , t; h2)
]
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=
[

1

p0 − h0(y1′)
− 1

p0 − h0(y2′)

]
(p0 − y1

3)h̃(y1′, t)

+ (y2
3 − y1

3)h̃(y1′, t)
p0 − h0(y2′)

+ p0 − y2
3

p0 − h0(y2′)
[h̃(y1′, t) − h̃(y2′, t)] ,

∣∣∣∣∫ Ψ (y1′,t;h2)

Ψ (y1′,t;h1)

F̃13(y
1′, x3, t) dx3 −

∫ Ψ (y2′,t;h2)

Ψ (y2′,t;h1)

F̃13(y
2′, x3, t) dx3

∣∣∣∣
≤ sup

x3

∣∣F̃13(y
1′, x3, t)

∣∣∣∣Ψ (y1′, t; h1) − Ψ (y1′, t; h2)
∣∣

+ sup
x3

∣∣F̃13(y
2′, x3, t)

∣∣∣∣Ψ (y2′, t; h1) − Ψ (y2′, t; h2)
∣∣ .

These yield∣∣X̄3(y
1′, y1

3 , t) − X̄3(y
2′, y2

3 , t)
∣∣2

≤ C

[(
1 + sup

R2
|h0|

)2∣∣h0(y
1′) − h0(y

2′)
∣∣2|h̃(y1′, t)|2

+ ∣∣y1
3 − y2

3 |2∣∣h̃(y1′, t)|2 +
(

1 + sup
R2

|h0|
)2∣∣h̃(y1′, t) − h̃(y2′, t)

∣∣2
+
(

1 + ‖F13‖
W

3+l, 3+l
2

2 (R3
T )

)2(|h̃(y1′, t)|2 + |h̃(y2′, t)|2) . (4.17)

Here we have used the estimates |p0 − y3| < C(1 + supR2 |h0|), and
1

p0 − h0(y ′)
< C due

to h0 = p0 +
∫ d0

b

F̃13 dx3 with d0 − b > c0.

We apply (4.16) to the term I1 in (4.15), and proceed to evaluate in the same way as
(4.14), so that∫ T

0
dt

∫
Ω̃

∫
Ω̃

I1

(|y1′ − y2′|2 + |y1
3 − y2

3 |2) 3+2l
2

dy1′dy2′dy1
3dy2

3

≤ P

( 2∑
i=1

‖h′
i‖2

W
5
2 +l, 5

4 + l
2

2 (R2
T )

)∥∥∥∥ ∂f

∂x3

∥∥∥∥2

W
l, l

2
2 (R3

T )

‖h̃‖2

W
3
2 +l, 3

4 + l
2

2 (R2
T )

. (4.18)

As for I2 in (4.15), we need to estimate the right-hand side of (4.17). For the terms
except the second, we make use of the estimate

‖f g‖
W

l,0
2 (Ω̃T )

≤ C
(

1 + sup
R2

|h0|
)δ‖f ‖2

W
l, l

2
2 (Ω̃T )

‖g‖2

W
3
2 +l, 3

4 + l
2

2 (R2
T )

(4.19)
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for any f ∈ W
l, l

2
2 (Ω̃T ) and g ∈ W

3
2 +l, 3

4 + l
2

2 (R2
T ) in general with some positive constant δ.

Indeed, let γ = 2 − 2l − δ with 0 < δ < min{2l(2l − 1)/(3 − 2l), 2 − 2l}. Then, it is easy
to see that∫

Ω̃

|g(y1′, t) − g(y2′, t)|2
(|y1′ − y2′|2 + |y1

3 − y2
3 |2) 3+2l

2

dy1′dy1
3

≤ 2 sup
R2

|g(t)|γ sup
R2

|∇g(t)|2−γ

∫
Ω̃

|y1′ − y2′|2−γ

(|y1′ − y2′|2 + |y1
3 − y2

3 |2) 3+2l
2

dy1′dy1
3

≤ 2π sup
R2

|g(t)|γ sup
R2

|∇g(t)|2−γ B

(
2 − γ

2
, l − 1

2
+ γ

2

)∫ sup |h0|

p0

|y1
3 − y2

3 |1−γ−2l dy1
3 ,

where B(x, y) is the beta function. This leads to the estimate∫
Ω̃

∫
Ω̃

|f (y2′, y2
3 , t)|2|g(y1′, t) − g(y2′, t)|2

(|y1′ − y2′|2 + |y1
3 − y2

3 |2) 3+2l
2

dy1′dy2′dy1
3dy2

3

≤ C(1 + sup
R2

h0)
δ‖g(t)‖γ

W
1
2 +l

2 (R2)

‖g(t)‖2−γ

W 2
2 (R2)

‖f (t)‖2
L2(Ω̃)

.

Applying the Hölder inequality yields the estimate∫ T

0
‖g(t)‖γ

W
1
2 +l

2 (R2)

‖g(t)‖2−γ

W 2
2 (R2)

‖f (t)‖2
L2(Ω̃)

dt

≤ sup
t

‖g(t)‖γ

W
1
2 +l

2 (R2)

‖g‖2−γ

L 2−γ
l

(0,T ;W 2
2 (R2))

‖f ‖2
L 2

1−l
(0,T ;L2(Ω̃))

.

The assumpition of δ and the Sobolev embedding theorem imply W
l
2

2 (0, T ) ⊂ L 2
1−l

(0, T )

and W

1
2

(
l− 1

2

)
2 (0, T ) ⊂ L 2−γ

l

(0, T ), so that (4.19) holds.

For the second term in the right-hand side of (4.17), it is sufficient to consider∫ |f (y2′, y2
3 , t)|2|y1

3 − y2
3 |2|h̃(y1′, t)|2

(|y1′ − y2′|2 + |y1
3 − y2

3 |2) 3+2l
2

dy1′dy2′dy1
3dy2

3

in the region |y1
3 − y2

3 | = 0 with f ∈ W
l, l

2
2 (Ω̃T ). Then we have

sup
R2

T

|h̃|2
∫ T

0
dt

∫
Ω̃

(∫
Ω̃

|y1
3 − y2

3 |2
(|y1′ − y2′|2 + |y1

3 − y2
3 |2) 3+2l

2

dy1′ dy1
3

)
|f (y2′, y2

3 , t)|2 dy2′dy2
3

≤ πB

(
1,

1

2
+ l

)
‖f ‖2

L2(Ω̃T )
‖h̃(t)‖2

W
3
2 +l, 3

4 + l
2

2 (R2)

(
sup
y2

3

∫ sup h0

p0

|y1
3 − y2

3 |1−2l dy1
3

)
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≤ C(p0 + sup
R2

|h0|)2−2l‖f ‖2
L2(Ω̃T )

‖h̃‖2

W
3
2 +l, 3

4 + l
2

2 (R2
T )

.

Therefore, we can estimate the second term of (4.17), and consequently ‖f̃ ‖
W

l,0
2 (Ω̃T )

.

The estimate of ‖f̃ ‖
L2(Ω̃;Ẇ

l
2

2 (0,T ))

is obtained in a similar manner under the assumption

of the Hölder continuity of ∂f /∂x3. Actually, in this case, the right-hand side of (4.15) is
replaced by[∣∣∣∣∫ 1

0

∂f

∂x3

(
y ′, sX̃3(y

′, y3, t; h1) + (1 − s)X̃3(y
′, y3, t; h2), t

)
− ∂f

∂x3

(
y ′, sX̃3(y

′, y3, t; h1) + (1 − s)X̃3(y
′, y3, t; h2), t − τ

)
ds

∣∣∣∣2
+
∣∣∣∣∫ 1

0

∂f

∂x3

(
y ′, sX̃3(y

′, y3, t; h1) + (1 − s)X̃3(y
′, y3, t; h2), t − τ

)
− ∂f

∂x3

(
y ′, sX̃3(y

′, y3, t − τ ; h1) + (1 − s)X̃3(y
′, y3, t − τ ; h2), t − τ

)
ds

∣∣∣∣2]
× ∣∣X̄3(y

′, y3, t)
∣∣2

+
∣∣∣∣ ∫ 1

0

∂f

∂x3

(
y ′, sX̃3(y

′, y3, t − τ ; h1) + (1 − s)X̃3(y
′, y3, t − τ ; h2), t − τ

)
ds

∣∣∣∣2
× ∣∣X̄3(y

′, y3, t) − X̄3(y
′, y3, t − τ )

∣∣2
=: J1 + J2 + J3 . (4.20)

It is easily seen that J1 and J3 in (4.20) can be estimated in exactly the same way as in (4.15).
For J2, we have∣∣∣∣∫ 1

0

∂f

∂x3

(
y ′, sX̃3(y

′, y3, t; h1) + (1 − s)X̃3(y
′, y3, t; h2), t − τ

)
− ∂f

∂x3

(
y ′, sX̃3(y

′, y3, t − τ ; h1) + (1 − s)X̃3(y
′, y3, t − τ ; h2), t − τ

)
ds

∣∣∣∣2

≤ C

( ∣∣∣∣ ∂f

∂x3

∣∣∣∣(β)

x3

)2 2∑
i=1

∣∣X̃3(y
′, y3, t; hi) − X̃3(y

′, y3, t − τ ; hi)
∣∣2β

.

In the same way as the proof of Lemma 4.2, we have

|X̃3(y
′, y3, t; h) − X̃3(y

′, y3, t − τ ; h)|
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≤ C

[
|p(y, t) − p(y, t − τ )|

+
(

sup
R2

|b| + sup
R2

T

|Ψ |
)

sup
x3

|F13(y
′, x3, t) − F13(y

′, x3, t − τ )|

+
(

1 + sup
R3

T

|F13|
)

|Ψ (y ′, t; h) − Ψ (y ′, t − τ ; h)|
]

.

Thus we have∫
Ω̃

dy

∫ T

0

∫ t

0

J2

τ 1+l
dτ dt ≤ C

( ∣∣∣∣ ∂f

∂x3

∣∣∣∣(β)

x3

)2

T 2β−l
2∑

i=1

[
‖h′

i‖2β

W
5
2 +l, 5

4 + l
2

2 (R2
T )

+
(

‖b‖2β

W
5
2 +l

2 (R2)

+ ‖Ψ (·; hi)‖2β

W
5
2 +l, 5

4 + l
2

2 (R2
T )

)
‖F13‖2β

W
3+l, 3+l

2
2 (R3

T )

+
(

1 + ‖F13‖2β

W
3+l, 3+l

2
2 (R3

T )

)
‖Ψ (·; hi)‖2β

W
3
2 +l, 3

4 + l
2

2 (R2
T )

]
‖h′

1 − h′
2‖2

W
3
2 +l, 3

4 + l
2

2 (R2
T )

.

These completes the estimate of ‖f̃ ‖
W

0, l
2

2 (Ω̃)

, and hence ‖f̃ ‖
W

l, l
2

2 (Ω̃)

.

Higher order norms can be estimated in a similar manner. �

LEMMA 4.4. Let h′, h′
1, h′

2 ∈ W
5
2 +l, 5

4 + l
2

2 (R2
T ) and h = h′ + h̄0, hi = h′

i + h̄0 (i =
1, 2). The following estimates hold:

‖F(h)∗
5 ‖2

W
i+l, i+l

2
2 (Ω̃T )

≤ P

(
‖h′‖

W
5
2 +l, 5

4 + l
2

2 (R2
T )

)
,

‖F(h1)∗
5 − F(h2)∗

5 ‖2

W
i+l, i+l

2
2 (Ω̃T )

≤ P

( 2∑
j=1

‖h′
j‖

W
5
2 +l, 5

4 + l
2

2 (R2
T )

)

× ‖h′
1 − h′

2‖2

W
1
2 +i+l, 1

4 + i+l
2

2 (R2
T )

(i = 0, 1, 2) .

l in the norm ‖h′
1 − h′

2‖2

W
1
2 +i+l, 1

4 + i+l
2

2 (R2
T )

when i = 2 can be replaced by any l′, 1/2 < l′ < l.

PROOF. According to the explicit form of F(h)∗
5 given in (2.12), it is sufficient to esti-

mate the second term C1. Since ∇yF
(h)∗
13 ∈ W

2+l, 2+l
2

2 (Ω̃T ) and

‖a3(h(m))‖
W

2+l, 2+l
2

2 (Ω̃T )

≤ P

(
‖h′

(m)‖
W

5
2 +l, 5

4 + l
2

2 (R2
T )

)
, (4.21)
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we have

‖C1‖
W

2+l, 2+l
2

2 (Ω̃T )

≤ P

(
‖h′‖

W
5
2 +l, 5

4 + l
2

2 (R2
T )

)
‖F13‖2

W
2+l, 2+l

2
2 (R3

T )

with the aid of multiplicative inequalities. The latter assertion is proved in the same way. �

Similarly as Lemma 4.4, we can obtain the following lemma.

LEMMA 4.5. Let h′, h′
1 and h′

2 ∈ W
5
2 +l, 5

4 + l
2

2 (R2
T ), h = h′ + h̄0, hi = h′

i + h̄0 (i =
1, 2).

The following estimates hold:
‖F (h)∗

6 ‖2

W
1+l, 1+l

2
2 (Ω̃T )

≤ P

(
‖h′‖

W
5
2 +l, 5

4 + l
2

2 (R2
T )

)
,

‖F (h1)∗
6 − F

(h2)∗
6 ‖2

W
1+l, 1+l

2
2 (Ω̃T )

≤ P

( 2∑
j=1

‖h′
j‖

W
5
2 +l, 5

4 + l
2

2 (R2
T )

)

× ‖h′
1 − h′

2‖2

W
5
2 +l, 5

4 + l
2

2 (R2
T )

.

5. Linear Problems

Let us introduce the linear operators Li,h̄0
(i = 1, 2, 3, 4), which are obtained from

Li,h (i = 1, 2, 3, 4) with (h, Ψ ) replaced by (h̄0, d̄0). From the assumptions of Theorem 3.1,

it is easily seen that the coefficients of Li,h̄0
(i = 1, 2, 3) belong to W

2+l,1+ l
2

2 (Ω̃T ), and those

of L4,h̄0
to W

3
2 +l, 3

4 + l
2

2 (R2
T ). In this section we consider the following linear problems.

∂u′

∂t
− L1,h̄0

u′ = l1,

∂θ̃ ′

∂t
− L2,h̄0

θ̃ ′ = l4 ,

∂S̃′

∂t
− L3,h̄0

S̃′ = l5 in Ω̃T ,

Bh̄0
u′ = l2, (θ̃ ′, S̃′) = (θ̄e, S̄e) on Γ̃sT ,

(u′, θ̃ ′, S̃′) = (−ū0, θ̄b, S̄b) on Γ̃bT ,

(u′, θ̃ ′, S̃′) = (0, 0, 0) on Ω̃ ;

(5.1)
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∂h′

∂t
− L4,h̄0

h′ = l6 in R2
T ,

h′ = 0 on R2 ;
(5.2)

∇h̄0,3u
′
3 − (∇h̄0,3

F̃
(h̄0)∗
13 )

u′
3

F̃
(h̄0)∗
13

= l3 in Ω̃T ,

u′
3 = 0 on Γ̃bT .

(5.3)

For problems (5.1), (5.2), we have

LEMMA 5.1. (i) Let l1 ∈ W
l, l

2
2 (Ω̃T ), l2 ∈ W

1
2 +l, 1

4 + l
2

2 (Γ̃sT ), l4, l5 ∈ W
l, l

2
2 (Ω̃T ),

ū0 ∈ W
3
2 +l, 3

4 + l
2

2 (Γ̃bT ) θ̄e, S̄e ∈ W
3
2 +l, 3

4 + l
2

2 (Γ̃sT ), θ̄b, S̄b ∈ W
3
2 +l, 3

4 + l
2

2 (Γ̃bT ), and satisfy the
compatibility conditions{

ū0 = 0 , θ̄b(y, 0) = 0 , S̄b(y, 0) = 0 , y ∈ Γ̃b ,

l2|t=0 = 0 , θ̄e(y, 0) = 0 , S̄e(y, 0) = 0 , y ∈ Γ̃s .

Then the problem (5.1) has a unique solution (u′, θ̃ ′, S̃′) ∈ Z′(T ) := W
2+l,1+ l

2
2 (Ω̃T ) ×

W
2+l,1+ l

2
2 (Ω̃T ) × W

2+l,1+ l
2

2 (Ω̃T ) satisfying

‖(u′, θ̃ ′, S̃′)‖Z′(T ) ≤ C1

[
‖l1‖

W
l, l

2
2 (Ω̃T )

+ ‖l2‖
W

1
2 +l, 1

4 + l
2

2 (Γ̃sT )

+
5∑

i=4

‖li‖
W

l, l
2

2 (Ω̃T )

+ ‖θ̄e‖
W

3
2 +l, 3

4 + l
2

2 (Γ̃sT )

+ ‖S̄e‖
W

3
2 +l, 3

4 + l
2

2 (Γ̃sT )

+ ‖ū0‖
W

3
2 +l, 3

4 + l
2

2 (Γ̃bT )

+ ‖θ̄b‖
W

3
2 +l, 3

4 + l
2

2 (Γ̃bT )

+ ‖S̄b‖
W

3
2 +l, 3

4 + l
2

2 (Γ̃bT )

]
. (5.4)

(ii) For l6 ∈ W
1
2 +l, 1

4 + l
2

2 (R2
T ), problem (5.2) has a unique solution h′ ∈ W

5
2 +l, 5

4 + l
2

2 (R2
T )

satisfying

‖h′‖
W

5
2 +l, 5

4 + l
2

2 (R2
T )

≤ C2‖l6‖
W

1
2 +l, 1

4 + l
2

2 (R2
T )

. (5.5)

PROOF. Note that the operator Li,h̄0
(i = 1, 2, 3, 4) is uniformly elliptic. Indeed,

for (ξ ′, ξ3) := (ξ1, ξ2, ξ3)
T ∈ R3\{0} and a3

0 := (
a31

0 , a32
0

)T = (
a31(h̄0), a32(h̄0)

)T
,

a33
0 := a33(h̄0), the charasteristic polynomial of L1,h̄0

is

µ1
(|ξ ′|2 + 2a3

0 · ξ ′ξ3 + |a3
0|2ξ2

3

)+ 2µ1a
33
0

(
F(h̄0)∗

5 · ξ ′ξ3 + a3
0 · F(h̄0)∗

5 ξ2
3

)
+µ1|F(h̄0)∗

5 |2(a33
0 )2ξ2

3 + µ2F̃
(h̄0)∗2
13 (a33

0 )2ξ2
3



PRIMITIVE EQUATIONS FOR THE OCEAN 121

= µ1|ξ ′ + a3ξ3 + a33F(h̄0)∗
5 ξ3|2 + µ2F̃

(h̄0)∗2
13 (a33

0 )2ξ2
3 > 0 .

This means that L1,h̄0
is uniformly elliptic. In exactly the same method, other operators

Li,h̄0
(i = 2, 3, 4) are also uniformly elliptic. Then the general theory for linear partial

differential equations of parabolic type [10] leads to the desired result. �

LEMMA 5.2. For l3 ∈ W
1+l, 1

2 + l
2

2 (Ω̃T ), the problem (5.3) has a unique solution u′
3 ∈

W̃
1+l, 1

2 + l
2

2 (Ω̃T ) such that

‖u′
3‖

W̃
1+l, 1

2 + l
2

2 (Ω̃T )

≤ C3‖l3‖
W

1+l, 1
2 + l

2
2 (Ω̃T )

.

PROOF. Problem (5.3) has an exact solution given by

u′
3(y

′, y3, t) = F̃
(h̄0)∗
13 (y ′, y3, t)

[ ∫ y3

h0

l3

a33
0 F̃

(h̄0)∗
13

dy3

]
.

This directly implies u′
3 ∈ W̃

1+l, 1
2 + l

2
2 (Ω̃T ). �

6. Nonlinear Problem (Proof of Theorem 3.1)

In this section, we prove Theorem 3.1 by an iteration method. Let (u′
(0), u

′
3(0),

θ̃ ′
(0)

, S̃′
(0)

, h′
(0)

) = (0, 0, 0, 0, 0) and (u′
(m+1)

, u′
3(m+1)

, θ̃ ′
(m+1)

, S̃′
(m+1)

, h′
(m+1)

) (m = 0, 1,

2, . . .) be a solution of the following problem for a given (u′
(m), u

′
3(m), θ̃

′
(m), S̃

′
(m), h

′
(m))
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∈ Z(T ).

∂u′
(m+1)

∂t
− L1,h̄0

u′
(m+1) = [

L1,h(m)
− L1,h̄0

]
u′

(m+1) + L1,h(m)
ū0

−∂ ū0

∂t
+ G̃1,h(m)

(u(m), u3(m)) =: l(m+1)
1 ,

∇h̄0,3
u′

3(m+1) − (∇h̄0,3
F̃

(h̄0)∗
13 )

u′
3(m+1)

F̃
(h̄0)∗
13

= −(∇h̄0,3
− ∇h(m),3)u

′
3(m+1)

+G̃3,h(m)
(u(m+1), u(m)) =: l

(m+1)
3 ,

∂θ̃ ′
(m+1)

∂t
− L2,h̄0

θ̃ ′
(m+1) = [

L2,h(m)
− L2,h̄0

]
θ̃ ′
(m+1) + L2,h(m)

¯̃
θ0

−∂
¯̃
θ0

∂t
+ G̃4,h(m)

(u(m), u3(m), θ̃(m)) =: l
(m+1)
4 ,

∂S̃′
(m+1)

∂t
− L3,h̄0

S̃′
(m+1) = [

L3,h(m)
− L3,h̄0

)
]
S̃′

(m+1) + L3,h(m)

¯̃
S0

−∂
¯̃
S0

∂t
+ G̃5,h(m)

(u(m), u3(m), θ̃(m)) =: l
(m+1)
5 in Ω̃T ,

(6.1)



Bh̄0
u′

(m+1) = −Bh(m)
ū0 + (Bh̄0

u′
(m+1) − Bh(m)

u′
(m+1)) + G̃2(u(m)) =: l(m+1)

2 ,

(θ̃ ′
(m+1), S̃

′
(m+1)) = (θe − ¯̃

θ0, Se − ¯̃
S0) on Γ̃sT ,

(u′
(m+1), u

′
3(m+1), θ̃

′
(m+1), S̃

′
(m+1)) = (−ū0, 0, θb − ¯̃

θ0, Sb − ¯̃
S0) on Γ̃bT ,

(u′
(m+1), θ̃

′
(m+1), S̃

′
(m+1))|t=0 = (0, 0, 0) on Ω̃ ,

(6.2)



∂h′
(m+1)

∂t
− L4,h̄0

h′
(m+1) = (L4,h(m)

− L4,h̄0
)h′

(m+1) + L4,h(m)
h̄0

−∂h̄0

∂t
+ G̃6,h(m)

(u(m), θ̃(m+1), θ̃(m)) =: l
(m+1)
6 in R2

T ,

h′
(m+1)|t=0 = 0 on R2 .

(6.3)
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Here u(m) = u′
(m) + ū0, θ̃(m) = θ̃ ′

(m) + ¯̃
θ0, S̃(m) = S̃′

(m) + ¯̃
S0, and

G̃3,h(m)
(u(m+1), u(m)) = −∇h(m)

· u(m+1) − a33(h(m))F
(h(m))∗
5 · ∂u(m)

∂y3
,

G̃6,h(m)
(u(m), θ̃(m+1), θ̃(m))

= F̃13(y
′, Ψ (y ′, t; h(m)), t)

[
E1 − σL

la(θe)
(
1 + |∇Ψ (y ′, t; h(m))|2

) 2∑
i,j=1

cijHij

− 1

la(θe)

{
−µ3

(
∇h(m)

+ a33(h(m))F
(h(m))∗
5

∂

∂y3

)
θ̃(m) · ∇Ψ (y ′, t; h(m))

+ g(h(m))∗
1

(
1 + ∣∣∇Ψ (y ′, t; h(m))

∣∣2) 1
2 |u(m)|αθ̃(m)

}]

− µ4

la(θe)

[(
F13(y

′, Ψ (y ′, t; h(m)), t)
2 − (�g)2)a33(h(m))

∂θ̃m

∂y3

+ (�g)2a33(h(m))
∂θ̃m+1

∂y3

]
with la(θe) = la(θe(y

′, Ψ (y ′, t; h(m)), t)).

The unique existence of (u′
(m+1), u

′
3(m+1), θ̃

′
(m+1), S̃

′
(m+1), h

′
(m+1)) is guaranteed by

Lemmas 5.1 and 5.2 and the fixed point arguments [10].
Now applying Lemmas 5.1 and 5.2 again, we shall estimate (u′

(m+1), u
′
3(m+1),

θ̃ ′
(m+1), S̃

′
(m+1), h

′
(m+1)).

By the interpolation and Young’s inequalities, it is easy to confirm that

‖u‖2
W

k,0
2 (Ω̃t )

≤ ε‖u‖2
W

m,0
2 (Ω̃t )

+ Cε

∫ t

0
‖u‖2

L2(Ω̃)
dt

≤ ε‖u‖2
W

m,0
2 (Ω̃t )

+ Cεt
2
∥∥∥∥∂u

∂t

∥∥∥∥2

L2(Ω̃t )

(6.4)

for any ε > 0 if m > k and u|t=0 = 0. Using (4.2), (6.4) and Lemmas 4.1-4.5, we shall
estimate the right-hand side of (6.1)-(6.3). In the followings, P(·) stands for the polynomial
of its arguments, ε an arbitrary positive number, and 1/2 < l′ < l.

First, making use of (4.2), (4.21), (6.4), multiplicative inequalities and the fact that

‖a33(h(m))f ‖
W

i+l, i+l
2

2 (Ω̃t )

≤ P
(
‖h′

(m)‖
W

5
2 +l, 5

4 + l
2

2 (R2
t )

)
‖f ‖

W
i+l, i+l

2
2 (Ω̃t )

(6.5)
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(i = 1, 2) hold for any f ∈ W
2+l, 2+l

2
2 (Ω̃t ), we can show the inequalities∥∥G̃11,h(m)

u(m)

∥∥
W

l, l
2

2 (Ω̃t )

≤
(∥∥∥∥ 2∑

i=1

[
∂a3i (h(m))

∂yi

+ a3i(h(m))
∂a3i (h(m))

∂y3

]∥∥∥∥
W

1+l, 1+l
2

2 (Ω̃t )

+
∥∥∥∥∇h(m)

·
(
a33(h(m))F

(h(m))∗
5

) ∥∥∥∥
W

1+l, 1+l
2

2 (Ω̃t )

)∥∥∥∥∂u(m)

∂y3

∥∥∥∥
W

1+l′, 1+l′
2

2 (Ω̃t )

+ ‖a33(h(m))F
(h(m))∗
5 ‖

W
2+l, 2+l

2
2 (Ω̃t )

(∥∥∥∥∂a3(h(m))

∂y3

∥∥∥∥
W

1+l, 1+l
2

2 (Ω̃t )

+
∥∥∥∥ ∂

∂y3

(
a33(h(m))F

(h(m))∗
5

)∥∥∥∥
W

1+l, 1+l
2

2 (Ω̃t )

)∥∥∥∥∂u(m)

∂y3

∥∥∥∥
W

1+l′, 1+l′
2

2 (Ω̃t )

≤ (ε + Cεt) P (‖h′
(m)‖

W
5
2 +l, 5

4 + l
2

2 (R2
t )

)
∥∥u(m)

∥∥
W

2+l, 2+l
2

2 (Ω̃t )

.

Similarly, we have∥∥G̃12,h(m)
u(m)

∥∥
W

l, l
2

2 (Ω̃t )

≤ (ε + Cεt) P (‖h′
(m)‖

W
5
2 +l, 5

4 + l
2

2 (R2
t )

)

∥∥∥F (h(m))∗
13

∥∥∥2

W
3+l, 3+l

2
2 (Ω̃t )

∥∥u(m)

∥∥
W

2+l, 2+l
2

2 (Ω̃t )

.

It is easy to estimate the lower order terms in l(m+1)
1 , for example,∥∥(u(m) · ∇h(m)

)
u(m)

∥∥
W

l, l
2

2 (Ω̃t )

≤ (ε + Cεt)‖u(m)‖
W

2+l, 2+l
2

2 (Ω̃t )

∥∥∥∥(∇ + a3(h(m))
∂

∂y3

)
u(m)

∥∥∥∥
W

l, l
2

2 (Ω̃t )

,

∥∥∥∥u3(m)a
33(h(m))

∂u(m)

∂y3

∥∥∥∥
W

l, l
2

2 (Ω̃t )

≤ (ε + Cεt)P

(
‖h′

(m)‖
W

5
2 +l, 5

4 + l
2

2 (R2
t )

)
‖u3(m)‖

W
1+l, 1+l

2
2 (Ω̃t )

∥∥u(m)

∥∥
W

2+l, 2+l
2

2 (Ω̃t )

,

∥∥∥∥F (h(m))∗
6 a33(h(m))

∂u(m)

∂y3

∥∥∥∥
W

l, l
2

2 (Ω̃t )
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≤ (ε + Cεt)

∥∥∥F (h(m))∗
6

∥∥∥
W

1+l, 1+l
2

2 (Ω̃t )

∥∥∥∥a33(h(m))
∂u(m)

∂y3

∥∥∥∥
W

1+l, 1+l
2

2 (Ω̃t )

≤ (ε + Cεt)P

(
‖h′

(m)‖
W

5
2 +l, 5

4 + l
2

2 (R2
t )

)∥∥∥F (h(m))∗
6

∥∥∥
W

1+l, 1+l
2

2 (Ω̃t )

∥∥u(m)

∥∥
W

2+l, 2+l
2

2 (Ω̃t )

by virtue of (4.2) and (6.5). It is to be noted that the extended functions of the initial data have
explicit representations

∂

∂yi

u
(h0)∗
0 (y ′, y3) = ∂u0

∂xi

(y ′, X̃3(y
′, y3, 0; h0))(1 − δ3i)

+ ∂u0

∂x3
(y ′, X̃3(y

′, y3, 0; h0))
∂X̃3

∂yi
(y ′, y3, 0; h0) (i = 1, 2, 3) .

Then, we get∥∥∥∥L1,h(m)
ū0 − ∂ ū0

∂t

∥∥∥∥2

W
l, l

2
2 (Ω̃t )

≤
[
P

(
‖h′

(m)‖
W

5
2 +l, 5

4 + l
2

2 (R2
t )

)
+ 1

]
‖ū0‖2

W
2+l, 2+l

2
2 (Ω̃t )

≤
[
P

(
‖h′

(m)‖
W

5
2 +l, 5

4 + l
2

2 (R2
t )

)
+ 1

]
‖v(h0)∗

0 ‖2
W 1+l

2 (Ω̃)

≤
[
P

(
‖h′

(m)‖
W

5
2 +l, 5

4 + l
2

2 (R2
t )

)
+ 1

]
‖v0‖2

W 1+l
2 (Ω)

.

Moreover, the first term in the right-hand side of l(m+1)
1 is estimated by noting the inequalities,

for example,

‖(l11,h(m)
− l11,h̄0

)u′
(m+1)‖

W
l, l

2
2 (Ω̃t )

≤ P

(
‖h′

(m)‖
W

5
2 +l′, 5

4 + l′
2

2 (R2
t )

)
‖u′

(m+1)‖
W

2+l, 2+l
2

2 (Ω̃t )

,

and in general

‖(f (h(m))∗ − f (h̄0)∗)∇2u′
(m+1)‖

W
l, l

2
2 (Ω̃t )

≤ P

(
‖h′

(m)‖
W

5
2 +l′, 5

4 + l′
2

2 (R2
t )

)
‖f ‖

W
2+l, 2+l

2
2 (R3

t )

‖u′
(m+1)‖

W
2+l, 2+l

2
2 (Ω̃t )

for f ∈ W
2+l, 2+l

2
2 (R3

t ). Consequently, with the aid of Lemmas 4.3–4.5, we have

‖l(m+1)
1 ‖

W
l, l

2
2 (Ω̃t )

≤ (
ε + Cεt

)
P

(
‖u3(m)‖

W
1+l, 1+l

2
2 (Ω̃t )

, ‖h′
(m)‖

W
5
2 +l, 5

4 + l
2

2 (R2
t )

)
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×
(∥∥u(m)

∥∥2

W
2+l, 2+l

2
2 (Ω̃t )

+ ∥∥u(m)

∥∥
W

2+l, 2+l
2

2 (Ω̃t )

+ ∥∥u(m+1)

∥∥
W

2+l, 2+l
2

2 (Ω̃t )

)

+ P

(
‖h′

(m)‖
W

5
2 +l, 5

4 + l
2

2 (R2
t )

)
‖v0‖W 1+l

2 (Ω)
.

The terms l
(m+1)
4 , l

(m+1)
5 are estimated in exactly the same way as l(m+1)

1 .

Now we proceed to estimate l(m+1)
2 . First, note that

‖|u(m)|α
∣∣
y3=p0

‖
W

1
2 +l, 1

4 + l
2

2 (R2
t )

≤ C‖u(m)‖2

W
2+l, 2+l

2
2 (Ω̃t )

(
1 + ‖u(m)‖α−2

W
2+l, 2+l

2
2 (Ω̃t )

)
(6.6)

holds for α ≥ 2. Indeed, we first show

‖|u(m)|α
∣∣
y3=p0

‖
W

1
2 +l,0

2 (R2
t )

≤ C‖u(m)‖2

W
2+l, 2+l

2
2 (Ω̃t )

(
1 + ‖u(m)‖α−2

W
2+l, 2+l

2
2 (Ω̃t )

)
. (6.7)

Since in the case α = 2 (6.7) is obvious by (6.4), we consider the case α > 2, i.e., α = 2 + δ

with δ > 0. Then we have∣∣∣∣ ∂

∂yi

(|u(m)|α
)
(y1′, p0, t) − ∂

∂yi

(|u(m)|α
)
(y2′, p0, t)

∣∣∣∣2

=
∣∣∣∣α[|u(m)|δu(m) · ∂u(m)

∂yi

(y1′, p0, t) − |u(m)|δu(m) · ∂u(m)

∂yi

(y2′, p0, t)

]∣∣∣∣2

≤ C

[∣∣∣∣∣∣u(m)

∣∣δ u(m)(y
1′, p0, t) − ∣∣u(m)

∣∣δ u(m)(y
2′, p0, t)

∣∣∣∣2 ∣∣∣∣∂u(m)

∂yi

(y1′, p0, t)

∣∣∣∣2

+ |u(m)(y
2′, p0, t)|2δ+2

∣∣∣∣∂u(m)

∂yi

(y1′, p0, t) − ∂u(m)

∂yi

(y2′, p0, t)

∣∣∣∣2] .

The first term is estimated by using the mean value theorem, so that∣∣∣ ∣∣u(m)

∣∣δ u(m)(y
1′, p0, t) − ∣∣u(m)

∣∣δ u(m)(y
2′, p0, t)

∣∣∣2
≤ C

[
|u(m)(y

1′, p0, t)| + |u(m)(y
2′, p0, t)|

]2δ∣∣u(m)(y
1′, p0, t) − u(m)(y

2′, p0, t)
∣∣2 .

This makes it possible to get the desired estimate for the first term. The second term and

the lower order norm
∥∥∥∣∣u(m)

∣∣α∣∣
y3=p0

∥∥∥
L2(0,t;W 1

2 (R2))
are estimated easily, and finally we have
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(6.7). For
∥∥∥∣∣u(m)

∣∣α∣∣
y3=p0

∥∥∥
W

0, 1
4 + l

2
2 (R2

t )

, we have∥∥∥∣∣u(m)

∣∣α∣∣
y3=p0

∥∥∥
L2(R2;W

1
4 + l

2
2 (0,t ))

≤ C

∥∥∥∣∣u(m)

∣∣α∣∣
y3=p0

∥∥∥
L2(R2;W 1

2 (0,t ))

≤ C‖u(m)‖α

W
2+l,1+ l

2
2 (Ω̃t )

.

Thus we have (6.6), and consequently∥∥∥|um|αum

∣∣
y3=p0

∥∥∥
W

1
2 +l, 1

4 + l
2

2 (R2
t )

≤ (ε + Cεt) ‖u(m)‖3

W
2+l, 2+l

2
2 (Ω̃t )

(
1 + ‖u(m)‖α−2

W
2+l, 2+l

2
2 (Ω̃t )

)
.

Other terms in l(m+1)
2 are estimated in the same way as the corresponding terms in l(m+1)

1 .
Finally we have

‖l(m+1)
2 ‖

W
1
2 +l, 1

4 + l
2

2 (Γ̃st )

≤ (ε + Cεt)

(
‖u(m)‖α+1

W
2+l, 2+l

2
2 (Ω̃t )

+ ‖u(m)‖3

W
2+l, 2+l

2
2 (Ω̃t )

)

+ (ε + Cεt) P

(
‖h′

(m)‖
W

5
2 +l, 5

4 + l
2

2 (R2
t )

)∥∥u(m+1)

∥∥
W

2+l, 2+l
2

2 (Ω̃t )

+ C‖v0‖W 1+l
2 (Ω̃)

.

Since

‖G̃3,h(m)
(u(m+1), u(m))‖

W
1+l, 1

2 + l
2

2 (Ω̃t )

≤
∥∥∥∥(∇ + a3(h(m))

)
· ∂u(m+1)

∂y3
+ a33(h(m))F

(h(m))∗
5 · ∂u(m)

∂y3

∥∥∥∥
W

1+l, 1
2 + l

2
2 (Ω̃t )

≤ P

(
‖h′

(m)‖
W

5
2 +l, 5

4 + l
2

2 (R2
t )

)
‖u(m+1)‖

W
2+l, 2+l

2
2 (Ω̃t )

+ (ε + Cεt) P

(
‖h′

(m)‖
W

5
2 +l, 5

4 + l
2

2 (R2
t )

)
‖F

(h(m))∗
5 ‖

W
2+l′ , 2+l′

2
2 (Ω̃t )

‖u(m)‖
W

2+l, 2+l
2

2 (Ω̃t )

by virtue of (6.4) and (6.5), we easily have

‖l(m+1)
3 ‖

W
1+l, 1

2 + l
2

2 (Γ̃st )

≤ P

(
‖h′

(m)‖
W

5
2 +l, 5

4 + l
2

2 (R2
t )

)
‖u(m+1)‖

W
2+l, 2+l

2
2 (Ω̃t )

+ (ε + Cεt) P

(
‖h′

(m)‖
W

5
2 +l, 5

4 + l
2

2 (R2
t )

)
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×
[
‖u′

3(m+1)‖
W̃

1+l, 1+l
2

2 (Ω̃t )

+ ‖u(m)‖
W

2+l, 2+l
2

2 (Ω̃t )

]
.

For l
(m+1)
6 , we begin with estimating the term G̃6,h(m). First, it is easy to get

‖la(θe)‖2

W
2+l, 2+l

2
2 (Ω̃t )

≤ C|||la|||2
(

1 + ‖Ψ (·; h(m))‖2

W
5
2 +l, 5

4 + l
2

2 (R2)

)2

×
(

1 + ‖θe‖2

W
2+l, 2+l

2
2 (Ω̃t )

)2

.

Second, the term containing |u(m)|α is estimated in exactly the same way as G̃2(u(m)). Indeed,
we have∥∥|um|αθ̃m

∣∣
y3=p0

∥∥
W

1
2 +l,0

2 (R2
t )

≤ (ε + Cεt)

(
1 + ‖θ̃ ′

m‖
W

2+l, 2+l
2

2 (Ω̃t )

)(
‖um‖2

W
2+l, 2+l

2
2 (Ω̃t )

+ ‖um‖α

W
2+l, 2+l

2
2 (Ω̃t )

)
by making use of (6.7), and we also have∥∥|um|αθ̃m

∣∣
y3=p0

∥∥
W

0, 1
4 + l

2
2 (R2

t )

≤ (ε + Cεt)

(
1 + ‖θ̃ ′

m‖
W

2+l, 2+l
2

2 (Ω̃t )

)
‖um‖α

W
2+l, 2+l

2
2 (Ω̃t )

.

Then we easily obtain

‖G̃6,h(m)
(u(m), θ̃(m+1), θ̃(m))‖

W
1
2 +l, 1

4 + l
2

2 (R2
t )

≤ (ε + Cεt) P

(
‖h′

(m)‖
W

5
2 +l, 5

4 + l
2

2 (R2
t )

)

×
[

1 +
(

1 + ‖θ̃ ′
(m)‖

W
2+l, 2+l

2
2 (Ω̃t )

)(
‖u(m)‖α

W
2+l, 2+l

2
2 (Ω̃t )

+ ‖u(m)‖2

W
2+l, 2+l

2
2 (Ω̃t )

)

+ ‖θ̃ ′
(m+1)‖

W
2+l, 2+l

2
2 (Ω̃t )

]
,

and finally

‖l(m+1)
6 ‖

W
1
2 +l, 1

4 + l
2

2 (R2
t )

≤ ‖(L4,h(m)
− L4,h̄0

)h′
(m+1)‖

W
1
2 +l, 1

4 + l
2

2 (R2
t )

+ ‖L4,h(m)
h̄0‖

W
1
2 +l, 1

4 + l
2

2 (R2
t )

+
∥∥∥∥∂h̄0

∂t

∥∥∥∥
W

1
2 +l, 1

4 + l
2

2 (R2
t )

+ ‖G̃6,h(m)
‖
W

1
2 +l, 1

4 + l
2

2 (R2
t )

≤ (ε + Cεt) P

(
‖h′

(m)‖
W

5
2 +l, 5

4 + l
2

2 (R2
t )

)(
1 + ‖h′

(m+1)‖
W

5
2 +l, 5

4 + l
2

2 (R̃2
t )

)
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×
[

1 +
(

1 + ‖θ̃ ′
(m)‖

W
2+l, 2+l

2
2 (Ω̃t )

)(
‖u(m)‖α

W
2+l, 2+l

2
2 (Ω̃t )

+ ‖u(m)‖2

W
2+l, 2+l

2
2 (Ω̃t )

)]

+ C

(
1 + ‖θe‖

W
2+l, 2+l

2
2 (Ω̃T )

)(
1 + ‖θ̃ ′

(m+1)‖
W

2+l, 2+l
2

2 (Ω̃t )

)
+ ‖d0‖

W
3
2 +l

2 (R2)

.

Introduce the notation

Em(t) := ‖(u′
(m), u

′
3(m), θ̃

′
(m), S̃

′
(m), h

′
(m))‖Z(t), E′

m(t) := ‖(u′
(m), θ̃

′
(m), S̃

′
(m))‖Z′(t) .

Making use of the above estimates, we arrive at the inequalities

E′
m+1(t) ≤ C1

[
(ε + Cεt)

{
φ1(Em(t)) + φ2(Em(t))E′

m+1(t)
}+ 1

]
(6.8)

and

‖u′
3(m+1)‖

W̃
1+l, 1+l

2
2 (Ω̃t )

+ ‖h′
(m+1)‖

W
5
2 +l, 5

4 + l
2

2 (R2
t )

≤ C̃2

[
φ3(Em(t))

(
‖u′

(m+1)‖
W

2+l,1+ l
2

2 (Ω̃t )

+ ‖θ̃ ′
(m+1)‖

W
2+l,1+ l

2
2 (Ω̃t )

)

+ (ε + Cεt)

{
φ1(Em(t)) + φ2(Em(t))

×
(

‖u′
3(m+1)‖

W̃
1+l, 1+l

2
2 (Ω̃t )

+ ‖h′
(m+1)‖

W
5
2 +l, 5

4 + l
2

2 (R2
t )

)}
+ 1

]
(6.9)

for any t ∈ (0, T ], where C1 is the constant in Lemma 5.1, C̃2 = C2 + C3 with C2, C3

being the constants in Lemmas 5.1 and 5.2, respectively, and φi (i = 1, 2, 3) are monotone

increasing. Adding (6.8) and (6.9) multiplied by 1/(2C̃2φ3(Em(t)), we get the inequality

Em+1(t) ≤ C4(t)
[
(ε + Cεt)

{
φ1(Em(t)) + φ2(Em(t))Em+1(t)

}+ 1
]

with some constant C4(t) depending on t monotonically increasingly.
Let a positive constant M such that C4(T ) < M . Take ε first small enough so that

εC4(T )φ2(M) < 1 , εC4(T )
[
φ1(M) + φ2(M)M

]
< M − C4(T )

hold, and then T1 ∈ (0, T ] so that

C4(T )Cεφ2(M)T1 < 1 − C4(T )εφ2(M) ,

C4(T )CεT1 {φ1(M) + φ2(M)M} < M − C4(T ) − εC4(T ) {φ1(M) + φ2(M)M}
hold. Consequently we obtain

Em+1(T1) <
C4(T )

{
(ε + CεT1)φ1(M) + 1

}
1 − C4(T )(ε + CεT1)φ2(M)

< M
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from the assumption Em(T1) < M . By induction the sequence {(u′
(m), u

′
3(m), θ̃

′
(m),

S̃′
(m), h

′
(m))}∞m=0 is well defined in Z(T1) and Em(T1) < M for m = 0, 1, 2, . . ..

Now we prove its convergence. Subtract (6.1)-(6.3) with m replaced by (m − 1) from
(6.1)–(6.3). Then

(ũ′
(m+1), ũ

′
3(m+1),

˜̃
θ ′

(m+1),
˜̃
S′

(m+1), h̃
′
(m+1))

:= (u′
(m+1) − u′

(m), u
′
3(m+1) − u′

3(m), θ̃
′
(m+1) − θ̃ ′

(m), S̃
′
(m+1) − S̃′

(m), h
′
(m+1) − h′

(m))

satisfies the equations

∂ ũ′
(m+1)

∂t
− L1,h̄0

ũ′
(m+1) = l(m+1)

1 − l(m)
1 ,

∇h0,3ũ
′
3(m+1) − (∇h0,3F̃

(h0)∗
13 )

ũ′
3(m+1)

F̃
(h0)∗
13

= l
(m+1)
3 − l

(m)
3 ,

∂
˜̃
θ ′
(m+1)

∂t
− L2,h̄0

˜̃
θ ′
(m+1) = l

(m+1)
4 − l

(m)
4 ,

∂
˜̃
S′

(m+1)

∂t
− L3,h̄0

˜̃
S′

(m+1) = l
(m+1)
5 − l

(m)
5 in Ω̃T1 ,



Bh̄0
ũ′

(m+1) = l(m+1)
2 − l(m)

2 ,

(
˜̃
θ ′
(m+1),

˜̃
S′

(m+1)) = (θe|x3=Ψ (·;h(m)) − θe|x3=Ψ (·;h(m−1)) ,

Se|x3=Ψ (·;h(m)) − Se|x3=Ψ (·;h(m−1))) on Γ̃sT1 ,

(ũ′
(m+1), ũ

′
3(m+1),

˜̃
θ ′
(m+1),

˜̃
S′

(m+1)) = (0, 0, 0, 0) on Γ̃bT1 ,

(ũ′
(m+1),

˜̃
θ ′
(m+1),

˜̃
S′

(m+1))|t=0 = (0, 0, 0) on Ω̃,


∂h̃′

(m+1)

∂t
− L4,h̄0

h̃′
(m+1) = l

(m+1)
6 − l

(m)
6 in R2

T1
,

h̃′
(m+1)

∣∣
t=0 = 0 on R2 .

Then Lemmas 5.1 and 5.2 yield for any t ≤ T1 the estimates

‖(ũ′
(m+1),

˜̃
θ ′
(m+1),

˜̃
S′

(m+1))‖Z′(t)

≤ C1

[
‖l(m+1)

1 − l(m)
1 ‖

W
l, l

2
2 (Ω̃t )

+ ‖l(m+1)
2 − l(m)

2 ‖
W

1
2 +l, 1

4 + l
2

2 (Γ̃st )

+ ‖l(m+1)
4 − l

(m)
4 ‖

W
l, l

2
2 (Ω̃t )

+ ‖l(m+1)
5 − l

(m)
5 ‖

W
l, l

2
2 (Ω̃t )
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+ ‖θe(y
′, Ψ (y ′, t; h(m)), t) − θe(y

′, Ψ (y ′, t; h(m−1)), t)‖
W

3
2 +l, 3

4 + l
2

2 (R2
t )

+ ‖Se(y
′, Ψ (y ′, t; h(m)), t) − Se(y

′, Ψ (y ′, t; h(m−1)), t)‖
W

3
2 +l, 3

4 + l
2

2 (R2
t )

]
,

‖h̃′
(m+1)‖

W
5
2 +l, 5

4 + l
2

2 (R2
t )

≤ C2‖l(m+1)
6 − l

(m)
6 ‖

W
1
2 +l, 1

4 + l
2

2 (R2
t )

,

‖ũ′
3(m+1)‖

W̃
1+l, 1+l

2
2 (Ω̃t )

≤ C3‖l(m+1)
3 − l

(m)
3 ‖

W
1+l, 1+l

2
2 (Ω̃t )

.

Each term in the right-hand side of the above inequalities except for ‖l(m+1)
2 −

l(m)
2 ‖

W
1
2 +l, 1

4 + l
2

2 (Γ̃st )

and ‖l(m+1)
6 − l

(m)
6 ‖

W
1
2 +l, 1

4 + l
2

2 (R2
t )

can be estimated just as we have done

for ‖l(m+1)
1 ‖

W
l, l

2
2 (Ω̃t )

, ‖l(m+1)
i ‖

W
l, l

2
2 (Ω̃t )

(i = 4, 5) and ‖l(m+1)
3 ‖

W
1+l, 1+l

2
2 (Ω̃t )

. Then we have

‖l(m+1)
1 − l(m)

1 ‖
W

l, l
2

2 (Ω̃t )

+
5∑

i=4

‖l(m+1)
i − l

(m)
i ‖

W
l, l

2
2 (Ω̃t )

≤ (ε + Cεt)

[
P

(∥∥(u′
(m+1), u′

(m), u′
(m−1)

)∥∥
W

2+l,1+ l
2

2 (Ω̃t )

, ‖u′
3(m−1)‖

W̃
1+l, 1+l

2
2 (Ω̃t )

,

∥∥(θ̃ ′
(m+1), θ̃

′
(m)

)∥∥
W

2+l,1+ l
2

2 (Ω̃t )

,
∥∥(S̃′

(m+1), S̃
′
(m)

)∥∥
W

2+l,1+ l
2

2 (Ω̃t )

,

∥∥(h′
(m), h

′
(m−1)

)∥∥
W

5
2 +l, 5

4 + l
2

2 (R2
t )

)∥∥∥(ũ′
(m), ũ

′
3(m),

˜̃
θ ′
(m),

˜̃
S′

(m), h̃
′
(m))

∥∥∥
Z(t)

,

+ P

(
‖h̃′

(m−1)‖
W

5
2 +l, 5

4 + l
2

2 (R2
t )

)∥∥∥(ũ′
(m+1),

˜̃
θ ′
(m+1),

˜̃
S′

(m+1))

∥∥∥
Z′(t)

]
,

‖l(m+1)
3 − l

(m)
3 ‖

W
1+l, 1+l

2
2 (Ω̃t )

≤ (ε + Cεt)

[
P

(∥∥(u′
(m+1), u′

(m)

)∥∥
W

2+l,1+ l
2

2 (Ω̃t )

, ‖u′
3(m+1)‖

W̃
1+l, 1+l

2
2 (Ω̃t )

,

∥∥(h′
(m), h

′
(m−1)

)∥∥
W

5
2 +l, 5

4 + l
2

2 (R2
t )

)

×
(

‖ũ′
(m)‖

W
2+l,1+ l

2
2 (Ω̃t )

+ ‖ũ′
3(m+1)‖

W̃
1+l, 1+l

2
2 (Ω̃t )

+ ‖h̃′
(m)‖

W
5
2 +l, 5

4 + l
2

2 (R2
t )

)
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+ P(‖h̃′
(m−1)‖

W
5
2 +l, 5

4 + l
2

2 (R2
t )

)‖ũ′
(m+1)‖

W
2+l, 2+l

2
2 (Ω̃t )

]
.

In estimating
∥∥l(m+1)

6 − l
(m)
6

∥∥
W

1
2 +l,0

2 (R2
t )

, the terms except the one containing∣∣u(m)

∣∣α θ̃(m) − ∣∣u(m−1)

∣∣α θ̃(m−1) are rather easy to do. Hence we show only its estimates.
Let f (u, θ) := |u|αθ |y3=p0 . Then the mean value theorem implies

f (u(m),θ̃(m)) − f (u(m−1), θ̃(m−1))

=
∫ 1

0

d

ds
f
(
s(u(m), θ̃(m)) + (1 − s)(u(m−1), θ̃(m−1))

)
ds

=
∫ 1

0

[ 2∑
i=1

∂f

∂ui

(us , θs)(u(m)i − u(m−1)i) + ∂f

∂θ
(us, θs)(θ̃(m) − θ̃(m−1))

]
ds

=
∫ 1

0

[
α |us |α−2 us · ũ′

(m)θs + |us |α ˜̃
θ ′
(m)

]
ds ,

where us = su(m) + (1 − s)u(m−1), θs = sθ̃(m) + (1 − s)θ̃(m−1). For the estimate
‖f (u(m), θ(m)) − f (u(m−1), θ(m−1))‖

L2(0,t;Ẇ
1
2 +l

2 (R2))

, it is sufficient to estimate the term

∫ 1

0

[
∂

∂yi

(|us |α−2 us · ũ′
(m)θs)(y

1′, p0, t) − ∂

∂yi

(|us |α−2 us · ũ′
(m)θs)(y

2′, p0, t)

]
ds .

Let

Gi(t, y
′) := ∂

∂yi

∫ 1

0
|us |α−2 us · ũ′

(m)θsds

=
∫ 1

0

[
(α − 2) |us |α−4

(
us · ∂us

∂yi

)
(us · ũ′

(m))θs

+ |us |α−2 ∂

∂yi

((us · ũ′
(m))θs)

]
ds ,

and estimate ∫
R2

∫
R2

|Gi(y
1′, t) − Gi(y

2′, t)|2
|y1′ − y2′|1+2l

dy1′dy2′

=
∫ ∫

|y1′−y2′|>1

|Gi(y
1′, t) − Gi(y

2′, t)|2
|y1′ − y2′|1+2l

dy1′dy2′
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+
∫ ∫

|y1′−y2′|≤1

|Gi(y
1′, t) − Gi(y

2′, t)|2
|y1′ − y2′|1+2l

dy1′dy2′ . (6.10)

The estimate of the second term in (6.10) is more difficult, so that we first estimate it. Denoting

Ki(t, y
′) := |us |α−4

(
us · ∂us

∂yi

)
(t, y ′, p0), we have

|Gi(y
1′, t) − Gi(y

2′, t)|2

≤ C

[∫ 1

0

∣∣∣Ki(y
1′, t) − Ki(y

2′, t)
∣∣∣2 |us · ũ′

(m)(y
1′, p0, t)|2|θs(y

1′, p0, t)|2 ds

+
∫ 1

0
|Ki(y

2′, t)|2|us · ũ′
(m)(y

1′, p0, t) − us · ũ′
(m)(y

2′, p0, t)|2|θs(y
1′, p0, t)|2 ds

+
∫ 1

0
|Ki(y

2′, t)|2|us · ũ′
(m)(y

2′, p0, t)|2|θs(y
1′, p0, t) − θs(y

2′, p0, t)|2 ds

+
∫ 1

0

∣∣∣|us |α−2(y1′, p0, t) − |us |α−2(y2′, p0, t)

∣∣∣2 ∣∣∣∣ ∂

∂yi

(
(us · ũ′

(m))θs

)
(y1′, p0, t)

∣∣∣∣2 ds

+
∫ 1

0
|us(y

2′, p0, t)|2(α−2)
∣∣∣∣ ∂

∂yi

(
(us · ũ′

(m))θs

)
(y1′, p0, t)

− ∂

∂yi

(
(us · ũ′

(m))θs

)
(y2′, p0, t)

∣∣∣∣2 ds

]
. (6.11)

Among the terms in the right-hand side of (6.11), the first term is most difficult due to its
singularity, so that we show its estimate.

Take 0 < σ < 1, which will be determined later. Then, by applying the mean value
theorem, there exists 0 < ŝ < 1 such that∣∣∣Ki(y

1′, t) − Ki(y
2′, t)

∣∣∣2
= |∇Ki( ŝy1′ + (1 − ŝ)y2′, t)|2σ |y1′ − y2′|2σ

∣∣∣Ki(y
1′, t) − Ki(y

2′, t)
∣∣∣2−2σ

.

Taking into account

∂

∂yj

Ki = (α − 4) |us |α−6
(

us · ∂us

∂yj

)(
us · ∂us

∂yi

)
+ |us |α−4 ∂

∂yj

(
us · ∂us

∂yi

)
,

and putting z′ := y1′ − y2′ in (6.11), we have for the first term,∫ t

0
dt

∫ ∫
|z′|≤1

|Ki(y
1′, t) − Ki(y

1′ + z′, t)|2|us · ũ′
(m)

θs(y
1′, p0, t)|2

|z′|1+2l
dy1′dz′
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≤ C

3∑
j=1

∫ t

0
dt

∫ ∫
|z′|≤1

1

|z′|1+2l

×
[
|us (y

1′ + z′, p0, t)|2σ(α−4)
∣∣∣∣∂us

∂yj

(y1′ + z′, p0, t)

∣∣∣∣2σ ∣∣∣∣∂us

∂yi

(y1′ + z′, p0, t)

∣∣∣∣2σ

+ |us (y
1′ + z′, p0, t)|2σ(α−3)

∣∣∣∣ ∂2us

∂yi∂yj

(y1′ + z′, p0, t)

∣∣∣∣2σ]

× 2

(
sup
R2

t

|us(·, p0, ·)|α−3 sup
R2

∣∣∣∣∂us

∂yi

(·, p0, t)

∣∣∣∣ )2−2σ

× |z′|2σ |us · ũ′
(m)θs(y

1′, p0, t)|2 dz′dy1′

≤ C

3∑
j=1

sup
R2

t

|θs

(·, p0, ·)|2
∫

|z′|≤1

|z′|2σ

|z′|1+2l
dz′

×
[

sup
R2

t

|us(·, p0, ·)|2(α−σ−2) sup
t

∫
|ũ′

(m)(y
1′, p0, t)|2 dy1′

×
(∫ t

0
sup
R2

∣∣∣∣∂us

∂yi

(·, p0, t)

∣∣∣∣2p

dt

) 1
p
(∫ t

0
sup
R2

∣∣∣∣∂us

∂yj

(·, p0, t)

∣∣∣∣2σp′

dt

) 1
p′

+ sup
R2

t

|us (·, p0, ·)|2(α−2) sup
R2

t

|ũ′
(m)(·, p0, ·)|2

×
(∫ t

0
sup
R2

∣∣∣∣∂us

∂yi

(·, p0, t)

∣∣∣∣(2−2σ)q

dt

) 1
q
(∫ t

0

∥∥∥∥ ∂2us

∂yi∂yj

(·, p0, t)

∥∥∥∥2σq ′

L2(R2)

dt

) 1
q′ ]

.

(6.12)

Here we applied Hölder inequality, and 1/p + 1/p′ = 1/q + 1/q ′ = 1. It is to be

noted that the integral
∫

|z′|≤1

|z′|2σ

|z′|1+2l
dz′ =

∫ 1

0

r2σ+1

r1+2l
dr determines as a finite value for

σ > l − 1/2 and W
l
2 − 1

4
2 (0, t) ⊂ L2p(0, t)

⋂
L2σp′(0, t)

⋂
L(2−2σ)q(0, t)

⋂
L2σq ′(0, t) with

σ ≤ 2η
1−2η

, η = l/2 − 1/4, 1 ≤ p ≤ 1
1−2η

, 1
1−2ση′ ≤ q < 1

(2−2σ)η′ , η′ = 3/4 − l/2.

Now if we take σ such that l − 1/2 < σ ≤ min{α − 2,
2η

1−2η
}, then the right most hand

side of (6.12) is determined as a finite value. The first term in (6.10) can be estimated in

the same manner by taking σ = 0. These give an estimate of
∥∥f (u(m), θ̃(m)) − f (u(m−1),
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θ̃(m−1))
∥∥

L2(0,t;Ẇ
1
2 +l,0

2 (R2
t ))

. Adding this to the lower order norms, which are easy to get, yields

the estimate of
∥∥f (u(m), θ̃(m)) − f (u(m−1), θ̃(m−1))

∥∥
W

1
2 +l,0

2 (R2
t )

. Similarly one can obtain the

estimate
∥∥f (u(m), θ̃(m)) − f (u(m−1), θ̃(m−1))

∥∥
W

0, 1
4 + l

2
2 (R2

t )

. Consequently, we have

‖l(m+1)
6 − l

(m)
6 ‖

W
1
2 +l, 1

4 + l
2

2 (R2
t )

≤ (ε + Cεt)

[
P

(∥∥(u′
(m), u′

(m−1)

)∥∥
W

2+l,1+ l
2

2 (Ω̃t )

,

∥∥(θ̃ ′
(m), θ̃

′
(m−1)

)∥∥
W

2+l,1+ l
2

2 (Ω̃t )

, ‖h′
(m)‖

W
5
2 +l, 5

4 + l
2

2 (R2
t )

)

×
(

‖ũ′
(m)‖

W
2+l,1+ l

2
2 (Ω̃t )

+ ‖θ̃ ′
(m)‖

W
2+l,1+ l

2
2 (Ω̃t )

+ ‖h̃′
(m)‖

W
5
2 +l, 5

4 + l
2

2 (R2
t )

)

+ P

(
‖h′

(m−1)‖
W

5
2 +l, 5

4 + l
2

2 (R2
t )

)(
‖h̃′

(m+1)‖
W

5
2 +l, 5

4 + l
2

2 (R2
t )

+ ‖ ˜̃
θ ′
(m+1)‖

W
2+l,1+ l

2
2 (Ω̃t )

)]
.

∥∥∥l(m+1)
2 − l(m)

2

∥∥∥
W

1
2 +l, l

2 + 1
4

2 (Γ̃st )

is estimated in exactly the same way as above,

∥∥∥l(m+1)
2 − l(m)

2

∥∥∥
W

1
2 +l, l

2 + 1
4

2 (Γ̃st )

≤ (ε + Cεt) P

(∥∥(u′
(m), u′

(m−1)

)∥∥
W

2+l,1+ l
2

2 (Ω̃t )
,

‖h′
(m)‖

W
5
2 +l, 5

4 + l
2

2 (R2
t )

)(
‖ũ′

(m)‖
W

2+l,1+ l
2

2 (Ω̃t )

+ ‖h̃′
(m)‖

W
5
2 +l, 5

4 + l
2

2 (R2
t )

)
.

In this case, we need only α > l + 1/2.
Denoting

Ẽm(t) := ‖(ũ′
(m), ũ

′
3(m),

˜̃
θ ′
(m),

˜̃
S′

(m), h̃
′
(m))‖Z(t), Ẽ′

m(t) := ‖(ũ′
(m),

˜̃
θ ′
(m),

˜̃
S′

(m))‖Z′(t)

we get for any t ∈ (0, T1],
Ẽ′

m+1(t) ≤ C1(ε + Cεt)
[
φ4
(
Em+1(T1) + Em(T1) + Em−1(T1)

)
Ẽ′

m(t)

+ φ5(Em−1(T1))Ẽ
′
m+1(t) + φ6(Em+1(T1) + Em(T1))‖h̃′

(m)‖
W

3
2 +l, 3

4 + l
2

2 (R2
t )

]
, (6.13)

‖ũ′
3(m+1)‖

W̃
1+l, 1+l

2
2 (Ω̃t )

+ ‖h̃′
(m+1)‖

W
3
2 +l, 3

4 + l
2

2 (R2
t )

≤ C̃2

[
φ7(Em(T1))

(
‖ũ′

(m+1)‖
W

2+l,1+ l
2

2 (Ω̃t )

+ ‖ ˜̃
θ ′
(m+1)‖

W
2+l,1+ l

2
2 (Ω̃t )

)
+ (ε + Cεt)φ4

(
Em+1(T1) + Em(T1) + Em−1(T1)

)
Ẽm(t)



136 HIROTADA HONDA AND ATUSI TANI

+ (ε + Cεt)φ5(Em−1(T1))

{
‖ũ′

3(m+1)‖
W̃

1+l, 1+l
2

2 (Ω̃t )

+ ‖h′
(m+1)‖

W
3
2 +l, 3

4 + l
2

2 (R2
t )

}]
,

(6.14)

where φi (i = 4, 5, 6, 7) are monotonically increasing in their arguments.

Adding (6.13) and (6.14) multiplied by 1/(2C̃2φ7(Em(T1)), we get the estimate

Ẽm+1(t) ≤ C5(T1)(ε + Cεt)
{
φ4
(
Em+1(T1) + Em(T1) + Em−1(T1)

)
Ẽm(t)

+φ5(Em−1(T1))Ẽm+1(t) + φ6(Em+1(T1) + Em(T1))Ẽm(t)
}

(6.15)

for any t ∈ (0, T1] with C5(t) having the same property as C4(t). Take ε small enough again
so that

εC5(T1)
[
φ4(3M) + φ5(M) + φ6(2M)

]
< 1

holds, and then T2 ∈ (0, T1] so that

C5(T1)Cεφ5(M)T2 < 1 − C5(T1)εφ5(M) ,

C5(T1)Cε [φ4(3M) + φ5(M) + φ6(2M)] T2 < 1 − εC5(T1) [φ4(3M) + φ5(M) + φ6(2M)]

hold. For these ε and T2, we obtain

Ẽm+1(T2) ≤ rẼm(T2) , r = C5(T1)(ε + CεT2)
[
φ4(3M) + φ6(2M)

]
1 − C5(T1)(ε + CεT2)φ5(M)

∈ (0, 1) .

Then we can verify that {(ũ′
(m), ũ

′
3(m),

˜̃
θ ′
(m),

˜̃
S′

(m), h̃
′
(m))}∞m=0 is a Cauchy sequence in

Z(T2). Therefore the limit

(ũ′, ũ′
3,

˜̃
θ ′, ˜̃

S′, h̃′) = lim
m→∞(ũ′

(m), ũ
′
3(m),

˜̃
θ ′
(m),

˜̃
S′

(m), h̃
′
(m))

exists in Z(T2), which is our desired solution.

Now we shall show that 0 < θ0/2 ≤ θ̃ (y, t) < ∞ and 0 < S0 ≤ S̃(y, t) < ∞ holds by

taking the time interval small enough again. Since θ̃ ′ = θ̃ − ¯̃
θ0 ∈ W

2+l, 2+l
2

2 (Ω̃T ), we have

θ̃ (y, t) ≥ ¯̃
θ0
∣∣
t=0(y) −

(
|θ̃ ′(y, t)| + | ¯̃θ0(y, t) − ¯̃

θ0(y, 0)|
)

≥ θ0 − tγ

(
sup
y∈Ω̃

|θ̃ ′(y, ·)|(γ )
t + sup

y∈Ω̃

| ¯̃θ0(y, ·)|(γ )
t

)
,

where |f |(γ )
t stands for the Hölder coefficient of f with respect to t with exponent 0 < γ <

l
2 − 1

4 . Note that Sobolev embedding inequality leads to sup
y∈Ω̃

|θ̃ ′(y, ·)|(γ )
t ≤ ‖θ̃ ′‖

W
2+l, 2+l

2
2 (Ω̃T2 )

,
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sup
y∈Ω̃

| ¯̃θ0(y, ·)|(γ )
t ≤ ‖ ¯̃

θ ′
0‖

W
2+l, 2+l

2
2 (Ω̃T2 )

. If we take

T3 =

 θ0

2

(
‖θ̃ ′‖

W
2+l, 2+l

2
2 (Ω̃T2 )

+ ‖ ¯̃
θ ′

0‖
W

2+l, 2+l
2

2 (Ω̃T2 )

)


1
γ

,

then we have θ0/2 < θ̃(y, t) < ∞ on [0, T3]. A similar argument holds for S̃, and we again

denote the time interval by [0, T3] on which θ0/2 < θ̃(y, t) < ∞ and S0/2 < S̃(y, t) < ∞
hold. T ∗ = min{T2, T3} provides the desired result.

Uniqueness of the solution can be proved by virtue of an analogous inequality to (6.15).
This completes the proof of the main theorem.
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