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Introduction

Let & be a field, S an affine semigroup, i.e., a finitely generated
additive submonoid of N”, and k[S] the semigroup ring of S over k.
Then S is called normal if the ring k[S] is integrally closed. (This con-
dition does not depend on the field k. See Proposition 1, [10].) In
[10] Hochster proved that k[S] is a Macaulay ring if S is a normal
semigroup and deduced from this fact that, if G is a torus over % and
if G acts on a finite-dimensional vector space V over k rationally, then
the ring A® of invariants under the induced action of G on the sym-
metric algebra A of V is a Macaulay ring. (His proof of the above
fact on semigroup rings depends on a certain result concerning the shell-
ability of real polytopes.) Further in [18] Stanley studied the Hilbert
functions of the algebra k[S] and gave a criterion of K[S] to be a
Gorenstein ring in case S is a normal semigroup. It seems to be inter-
esting to ask when the ring %[S] is Macaulay (resp. Gorenstein) in case
S is not necessarily normal.

The main purpose of our paper is to give a purely ring-theoretic
proof of the Hochster’s result on normal semigroups and, applying our
way of proof further to arbitrary affine semigroups S, to find a criterion
of the ring k[S] to be Macaulay (resp. Gorenstein) in terms of S. Note
that this was achieved by the authors and Suzuki [5] in case S is a
simplicial monoid.

For this purpose we will develope a certain theory of graded rings
and modules. Let H be a finitely generated free abelian group. By
definition, an H-graded ring is a commutative Noetherian ring R
together with a family {R,},., of subgroups such that R=@,.»R, and
R,R,CR,,, for all h,ge H. Similarly an H-graded R-module is an
R-module M for which there is given a family {M,},.» of subgroups so
that M=@;.x M, and R,M,c M,,, for all h,gc H. A homomorphism
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f:M—N of H-graded R-modules is an R-linear map such that f(M,)c N,
for all he H. We denote by M,(R) the category consisting of all the
H-graded R-modules and their homomorphisms. Of course our typical
examples of graded rings are semigroup rings %[S]. In fact, if we
denote by T* the image of seS in k[S], then Kk[S] is naturally
an H-graded ring for H=Z"—Fk[S),=kT"* if heS and k[S],=(0) if
heS. _

In [4] the authors investigated Z-graded rings and, even though the
main subject of the present paper is to study semigroup rings, it is at
the same time one of our purposes to generalize the results of [4] to
H-graded rings with H an arbitrary finitely generated free abelian group.

In Chapter 1 the local conditions of H-graded rings are studied. It
is proved in Section 1 that every simple H-graded ring is an (abelian)
group ring over a field. In Section 2 it is showed that various pro-
perties of H-graded rings—being Macaulay rings, Gorenstein rings, or
regular rings—are determined by their graded local data only. In
Section 3 the structure of minimal injective resolutions of H-graded
R-modules in My(R) is determined. We construct in Section 4 a complex
associated with a given H-graded R-module, which we call the Cousin
complex. We will classify the H-graded R-modules by the behavior of
their Cousin complexes.

In Chapter 2 we assume that R is an H-graded ring defined over a
field. We give in Section 1 a duality of Noetherian H-graded R-modules
and Artinian H-graded R-modules. We will define the eanonical module
of R in Section 2 and give a condition of R to be a Gorenstein ring in
terms of the canonical module.

Thus some of the results of [4] are generalized in these two chapters.

In Chapter 3 R is assumed to be an affine semigroup ring over a
field. Section 1 is devoted to give some properties of R which we shall
need later. In Section 2 we will compute the local cohomology modules
of R and give an explicit description of the canonical module. From
them we deduce the Hochster’s result on normal semigroup rings. These
prepare to establish a criterion of the ring R to be Macaulay (resp.
Gorenstein) for more general semigroup rings R, which we will find in
Section 3. We will give in Section 2, as an application of the above
results, a necessary and sufficient condition of the Rees algebra @..,a‘
to be a Gorenstein ring, where a is the ideal (X, X,, -+, X,)%d>0) of
the polynomial ring k[X,, X,, .-+, X,] over a filed k.

Throughout this paper we denote by H a finitely generated free
abelian group and by R=@,.; R, a Noetherian H-graded ring.
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CHAPTER I. LOCAL CONDITIONS OF H-GRADED RINGS AND MODULES.

Let R=@;.x R, be a Noetherian H-graded ring with H a finitely
generated free abelian group.

§1. The structure of simple H-graded rings.*
We begin with the definition of simple H-graded rings.

DEFINITION 1.1.1. We say that R is a simple H-graded ring if every
non-zero homogeneous element of R is a unit. (This is equivalent to
the condition that R has no proper H-graded ideals except (0).)

For example, let £ be a field and G a subgroup of H. We denote
by k[G] the group ring of G over k¥ and by 7 the image of geG in
E[G]. Then k[G] can be regarded as an H-graded ring whose grading is
given by

kET"he@)
O)(heq).

Note that k[G] is a regular UFD. (In fact, let e, e, ---, e, be a free
basis of G and put T,=7T% for 1<¢<wn. Then T, T, ---, T, are alge-
braically independent over the field ¥ and Kk[G]=kKk[T, T}, ---, T,, T\,
Y «++, Tw'].) Obviously k[G] is a simple H-graded ring. The aim of
this section is to show that the converse of this fact is also true, i.e.,
if R is a simple H-graded ring, then it is isomorphic to a group ring
k[G] for some field ¥ and some subgroup G of H.
From now on, we put k=R, and G={h € H/R, contains a unit of R}.
(Thus G={h € H/R,#(0)} if R is a simple H-graded ring.) Of course G
is a subgroup of H. First we note

kGl = {

LEMMA 1.1.2. Let geG and u a unit of R contained in R,. Then
wteR_, and R,=ku.

COROLLARY 1.1.3. Suppose that R is a simple H-graded ring. Then
k is a field and [R,: k]=1 for all geG.

In order to state the main theorem we need some definitions. Let
M be an H-graded R-module and he H. We denote by M(h) the
H-graded R-module which coincides with M as the underlying R-module
and whose grading is given by M(h),=M,. (g€ H). An H-graded
R-module F' is called free if it is isomorphic to a direct sum of H-graded

* In this section we do not need the Noetherian assumption on E.
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R-modules of the form R(h) (he H). (This is equivalent to the condition
that F' has an R-free basis consisting of homogeneous elements.)
The next theorem is the main result of this section.

THEOREM 1.1.4. The following conditions are equivalent.
(1) R 18 a simple H-graded ring.

(2) k is a field and R=k[G] as H-graded k-algebras.
(3) Every H-graded R-module is free.

PROOF. (1)=(2) Certainly % is a field. Now let U(R) denote the
group of all the units of R. Then there exists a homomorphism f: G—
U(R) of groups such that f(g)e R, forallgeG. (In fact,lete,e, ---, e,
be a free basis of the free abelian group G and T, a unit of R contained
in R,,. If we define f(e,)=T, for every 1<i<n, then f has the required
property. See 1.1.2.) By virtue of the universal property of the group
ring k[G], the map f can be extended to a homomorphism f: k[G]—R of
k-algebras. Obviously f is a desired isomorphism, as [R,: k]=1 for all
g€G (cf. 1.1.3).

(2)=(1) This is trivial.

(1)=(3) Let {h,};c; be a system of representatives of H mod G and
M an H-graded R-module. We put M,=@,.q M,,,, and regard it as a
G-graded R-module. (Of course we put [M;],=M,,,, for all geG. Note
that R can be regarded as a G-graded ring, since B,=(0) if h ¢ G.) Then,
since M=@;.; M; as R-modules, in order to show that M has an R-free
basis consisting of homogeneous elements, we may assume H=G without
loss of generality. In this situation it is easy to prove that every
k-basis of M, is an R-free basis of M.

(3)=(1) Let a be an H-graded ideal of R (a#R). Then, as R/a is a
non-zero free R-module, we have (0): R/a=(0). Thus a=(0), and hence
R is a simple H-graded ring. This completes the proof.

We will close this section with some definitions and a certain
remark, which we shall need later. As above, we put k=R, and G=
{h € H/R, contains a unit of R}.

DEFINITION 1.1.5. Let m be an H-graded ideal of R (m#=R). We
say that m is H-maximal if R/m is a simple H-graded ring.

Of course every H-maximal ideal is a prime ideal of R, as every
simple H-graded ring is an integral domain (cf. 1.1.4). Note that
H-maximal ideals are not necessarily maximal ideals of R.

DEFINITION 1.1.6. We say that R is H-local if it has a unique
H-maximal ideal.
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Now let R;=@,.; R, and consider it an H-graded ring whose grad-
ing is given by

Ry(h e @)
0)Yhe@G) .

Note that R, is a simple H-graded ring if & is a field. (In fact, let
g€@G and w a unit of R contained in R,. Then, by 1.1.2, we have
"R,=ku. Hence every non-zero element x of R, has the form cu(0+#ceck)
and so it is a unit of R. Of course x'=c¢c'u '€ R_, and hence x7* is
contained in R,. Thus every non-zero homogeneous element of R, is a
unit of R;.) Moreover we have

[Bal,= {

PROPOSITION 1.1.7. Suppose that k is a field and put m=@,.q R,.
Then (R, m) is an H-local ring and R/m=R; as H-graded k-algebras.

ProOF. First we will prove that m is actually an ideal of E. Let
xcR, and ye R, where h,gec H. If zy¢m, then we have h+geG.
Therefore xy is a unit of R, as is mentioned above. Hence y is a unit
of R and so geG. Thus zyem if g¢ G and we have the assertion. Of
course m is a unique H-maximal ideal of R, because every homogeneous
element of R not contained in m is a unit of R. It is clear that R/m
is isomorphic to R, as H-graded k-algebras.

§2. A relation between p,(p, M) and p,(p*, M).

Let p be a prime ideal of R. We denote by S the set of all the
homogeneous elements of R not contained in p. Then S™'R (resp. S™'M
for an H-graded R-module M) is again an H-graded ring (resp. an
H-graded S—‘R-module) (cf. n°9, Sect. 2, Chap. 2, [2]). SR (resp.
S~'M) is called the homogeneous localization of R (resp. M) at p and
will be denoted by R, (resp. M,). Let p* denote the largest H-graded
ideal of R contained in p. Then (R, p*R,) is an H-local ring and p*
is a prime ideal of R. Notice that M,,*(0) if and only if M,=(0),
where M, denotes the usual localization of M at p.

Let V,(M) be the set of H-graded prime ideals p of R such that
M,,,#(0). Recall that Ass,MC V(M) (cf. n°1, Sect. 1, Chap. 4, [2]).

PROPOSITION 1.2.1. Let M be an H-graded R-module and pe Vy(M).
Let n=dim M,. Then there exists a chain p=p,2p,=2--+ 20, in Vu(M).

This is proved by induction on n.

PROPOSITION 1.2.2. Let M be an H-graded R-module and b a prime
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tdeal of R. If M,+(0), then p* € V4(M) and dim M,=dim M,.+dim R,/p*R,.

PROOF. Since M,=[M]),z,., We have M,.,5(0). Now consider the
second assertion. After homogeneous localization at p we may assume
that (R, p*) is an H-local ring. We put d=dim R,/p*R,, n=dim M, and
n*=dim M,.. Obviously n=n*+d and we will show that n<n*+d by
induction on n*.

Case (1). R is an integral domain and M=R. If n*=0, p*=(0) and
of course n=d. Suppose that n*>0 and assume that the assertion holds
for p with dim R,.<n*. Let a be a non-zero homogeneous element of R
contained in p*. Asdim R,/aR,=n—1, there exists a chain p=p2p2:--2
p._,=q of prime ideals of R with goa. Since q is a minimal prime
divisor of a, q € Ass,R/aR and hence is H-graded. As dim R/qR,=n—1<n
and as dim R,./qR.<n*, we have by the assumption on n* that
dim R,./qR,.=dim R,/qR,—dim R,/p*R,. Thus n*>(n—1)—d. Hence we
have the assertion.

Case (2). General case. If n*=0, every prime ideal q of R with
M,+(0) contains p* since Ass,M={p*}. Suppose that n*>0 and assume
that the assertion holds for p with dim M,.<n*. As n=dim M, there is
a chain p=p,2p,2---=2p, of prime ideals of R such that M, +#(0). If
we put q=p,, dim M,=n—d and dim R,/qR,=d. If qcp* n—d=<n* and
the result follows. Suppose that qZp*. Then q is not graded as (R,
p*) is an H-local ring. Of course q*e V(M) and q*Cp*. We put
e=dim R,/q*R, (Note that e¢>0 since q is not H-graded.) and f=
dim R,./q*R,.. Applying Case (1) to R/q*, we see (*) dim R/q*R,=f+d
and we have f=e¢>0 since dim R,/q*R,=d+e¢. Thus dim M.<n*. For,
if dim M,.=n*, q*=p* and therefore dim R,/q*R,=d. By (*) this implies
that f=0—this is a contradiction. Now we have by the assumption on
n* that n—d=dim M,.+e. As f+dim M.<n* we see that

n—d=(n*—f)+e
=n*+(e—f)
<n*.

Thus we have verified the assertion.
Let A be an arbitrary Noetherian ring and M an A-module. For
every prime ideal p of A and for every integer i=0, we put

#p, M)=dim,, Ext} (k(p), M,)

(Here k(p) denotes the field A,/pA,.) and call it the i-th Bass number of
M at p. Bass [1] showed that,if0 - M —>E°—>... > E*— ... is a minimal
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injective resolution of M, ¢,(p, M) is equal to the number of the injec-
tive envelopes E,(A/p) of A/p which appear in E‘ as direct summands.

Let M, N be H-graded R-modules and heH. We denote by
Hom,(M, N), the abelian group of all the homomorphisms from M into
N(r). We put Homyz(M, N)=@,.» Hom,(M, N), and consider it as an
H-graded R-module with {Homg(M, N),},.» as its grading. The derived
functor of Homg(-,-) will be denoted by Ext%(-,-). Since R is Noeth-
erian, Exti(M, N)=Exti(M, N) as the underlying R-module if M is
finitely generated as an R-module.

THEOREM 1.2.3. Let M be an H-graded R-module and p a prime
ideal of R. Let d=dim R,/p*R,. Then 0=d<rank H. Moreover tt(p,M)=0
for 0=i<d, and p(p, M)=p,_,(p*, M) for d=1.

ProoF. After homogeneous localization at b wé may assume that
(R, p*) is an H-local ring. Since R/p* is a simple H-graded ring, we
have by 1.1.4 that d<rank G (Here G=G(R/p*).). Thus we have the
first assertion. For the second, let {f,, fi ---, fs} be an R,/p*R,-regular
sequence such that pR,=p*R,+(f, fo *++» fo)- (Recall that R/p* is a
regular ring. See 1.1.4.) We put q,=p*R,+(f, fo <+, f,) for 0=s=d.
Then we have an exact sequence

(B) 0— Ryja, 25 R,/q, — Ry, — 0
of R,-modules for 0<s<d. Applying Ext} (-, M,) to (¥,) we have a long
exact sequence
0 ——'—’ Home(R,/qsﬂ, Mp) — Home(Rp/qu Mp)—{.:}') Homnp(Rp/qu Mv) —>cc
— BExt:,(B,/q10 M) — <+ -

of R,modules. Since Exti(R/p*, M) is the underlying module of
Exti(R/p*, M) and since R/p* is a simple H-graded ring, we have by
1.1.4 that Ext4(R/p*, M) is a free R/p*-module. As q,=p*R, we have an
exact sequence

0 —> Extl, (R,/q0 M) —LoExth (R,/ay M,) — Ext§}(R,/a, M) — 0

fore very integer =0 and Hom,(R,/a,, M,)=(0). (Recall that f, is R,/q,
regular.) Of course Ext4(R,/q, M,)=Ext: (R,/q, M,)/fi Bxte(R,/q, M,) is
again a free R,/q,-module as q,=q,+ fiR,.

Now it follows by induction on s that ExtZ(R,/pR,, M,)=
EXt’I:?n(Rv/p*Rw Mp)/(fn fzy ct %y fd)EXti‘Bv(Rv/p*Rw Mo) for every 1=0 and
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Ext: (R,/pR,, M,)=(0) for 0<i<d. Thus we have

Hiva(Py M)=dim, ., Extd(k(p), M,)
=ranky .z, Ext% (R,/p*R,, M,)
=rankg,,. ExtL(R/p*, M)
=dim, ., Ext,(k(b*), M,.)
= (b*, M)

for every ¢=0 and g,(p, M)=0 for 0<i<d.

Let (A, m, k) be a Noetherian local ring and M a Macaulay A-module
of dim,M=n. We put r,(M)=dim,Ext:(k, M) (=p,.(m, M)), and call it
the type of M. Various properties of the invariant r (M) are discussed
by [9]. M is called a Gorenstein A-module if dim A—n and M has in-
Jective dimension equal to ». The concept of Gorenstein modules was
given by Sharp [16] in which we will find useful characterizations of
Gorenstein modules. If A is not necessarily a local ring, Gorenstein
modules are defined by their local data.

COROLLARY 1.2.4. Let M be a finitely generated H-graded R-module
and p a prime ideal of R such that M,+#(0). Let d=dim R,/p*R,. Then
depth M,=depth M,.+d. Moreover M, is a Macaulay (resp. Gorenstein)
R,-module if and only if M,. is a Macaulay (resp. Gorenstein) R,-module.
In this case T r(M,)=7p,(M,.).

This follows immediately from 1.2.3 (cf. [1] and (3.11), [16]).

PROPOSITION 1.2.5. Let p be a prime ideal of R. Then the Sfollow-
ing conditions are equivalent.

(1) R, is a regular local ring.

(2) R, is a regular local ring.

PROOF. We have only to show (2)=(1). After homogeneous local-
ization at p we may assume that (R, p*) is an H-local ring. Note that
R is an integral domain, since R,. is an integral domain and since the
functor R,.@; - is faithfully flat on the category M,(R). We put
d=dim R,. and prove by induction on d. If d=0, R is a simple H-graded
ring and is certainly a regular ring (ef. 1.1.4). Now suppose that d>0
and assume that the assertion holds for d—1. Let a be a homogeneous
element of p* not contained in p**. Then dim R,/aR,=d—1 and R,./aR,.
is a regular local ring. As (p/aR)*=p*/aR in R/aR, we have by the
assumption on d that R,/aR, is a regular local ring. This shows that
R, is a regular local ring, since a is R,-regular.
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§3. Minimal injective resolutions.

Let M be an H-graded R-module. We donote by E (M) the injective
envelope of M in M4(R). First we note

LEMMA 1.8.1. Let E be an H-graded R-module. Then the following
conditions are equivalent.

(1) E s an injective object of My(R).

(2) Exth(R/a, E)=(0) for every H-graded ideal a of R.

(3) Exti(-, E)=(0) for every integer 1>0.

The proof is similar to that of non-graded case and so we omit it
(cf. Theorem 3.2, [3]). Of course (2) is equivalent to the following
condition: Let a be an H-graded ideal of R and he H. Then every
homomorphism from a(k) into E can be extended over R(h).

COROLLARY 1.3.2. Suppose that R is a simple H-graded ring. Then
every H-graded R-module is an imjective object of My(R).

THEOREM 1.8.8. (1) AsspE.(M)=Ass;M for every H-graded R-module
M. ’

(2) Let E be an H-graded R-module. Then E is an indecomposable
injective object of My(R) if and only if E=[E.(R/p)](h) for some
H-graded prime ideal p of R and for some h € H. In this case Asspl=
{p} and p is uniquely determined for E.

(8) Ewery injective object E of My(R) can be decomposed into a
direct sum of indecomposable imjective objects of My(R). This decom-
position is uniquely determined by E up to isomorphisms.

The proof is similar to that of non-graded case (cf. [14]).

THEOREM 1.3.4. Let M be an H-graded R-module and let

d,; .

0— M—— BYM)— - — BHM) — B (M) — -+
denote a minimal injective resolution of M in Myzy(R). Then, for every
H-graded prime ideal p of R and for every inmteger i=0, (b, M) 1is
equal to the number of the H-graded R-modules of the form [E (R/P)](h)
(h € H) which appear in E4%(M) as direct summands.

PrOOF. Since E%(M)=E.(B*) where Bi=Ker d‘, it suffices to prove
in case i=0. Moreover, after homogeneous localization at p, we may
assume that (R, p) is an H-local ring. Now let us express E,(M)=
D.cv,m.nem m(a, W)[E(R/q)](h) where m(q, h) denotes the multiplicity of
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[E(R/0)I(h). Then, recalling that Homg(R/a, En(N))=E/.(Homg(R/a, N))
for every H-graded ideal a of R and for every H-graded R-module N
(cf. [1]), we have by 1.3.2

Homg(R/p, M)=Hom.(R/p, E(M))
= @ m(q, h)Hom,(R/p, [E(R/9)](h))

0V (R ,he H

= @ m(q, h)Hom(R/p, [R/q](h))

aeV g(R),he H

= @ m(p, WIR/PIR) .
Thus we have verified the assertion that p(p, M)=3., m(p, h).

COROLLARY 1.3.5. Let m be a maximal ideal of R and assume that
m 18 an H-graded ideal. Then E (R/m) is the injective envelope of R/m
as the underlying R-module.

For an H-graded R-module M, let id .M (resp. id,M) denote the in-
jective dimension of M in My(R) (resp. as the underlying R-module).

THEOREM 1.3.6. Let m=rank H. Then idM=id,M+n for every
H-graded R-module M.

ProoF. It suffices to prove in case M is an injective object of
My(R). Let p be a prime ideal of R such that M,=(0). We put
d=dim M,—dim M,.. If p is H-graded, then pg(b, M)=0 for every i>0
since Exti(R/p, M)=(0). Now suppose that p is not H-graded. Then,
since 2.,q(p, M)=p,(p*, M) by 1.2.3, we have g, . (p, M)=0 for every
1>0 by virtue of the result in case p is an H-graded ideal. Thus
L(p, M)=0 for every i>mn and for every prime ideal p of R, since
d=d(p)<n for every p (cf. 1.2.3).

§ 4. Cousin complexes and local cohomology modules.

The Cousin complexes were given by Hartshorne [7] in terms of
algebraic geometry, and in this section we will reconstruct them in
terms of algebra—namely of H-graded R-modules. The method is due
to Sharp [15] and so, though he considered no sort of grading, we may
refer the detail to [15].

We put Ug(M)={pe V,(M)/dim M,=1} for every H-graded R-module
M and for every integer ¢=0.

LeMMA 1.4.1. Let U and U’ be subsets of V4(R) such that U'cU
and suppose that every element of U/U’ 18 minimal inm U. Let M be
an H-graded R-module and assume that V,(M)cU. Then
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p: M — @D M,

pelU|U’
x —— {x/1}

18 a well-defined homomorphism of H-graded R-modules and Vz(Coker ¢)
cU'.

Construction of Cx(M). Let M be an H-graded R-module. We put
M2=(0), M =M, and d2=0. Let =0 be an integer and assume that
there is a complex

M—z:d__i, M dd} M > eee > Mi—2 ﬁ Mi—t
of H-graded R-modules such that V (Coker d*)cUj(M). Of course
this assumption is satisfied for i=0. We put M‘*=@,.s% un /v un[Coker
d*-?],, and we define d°'=goc where ¢: M '—Coker d** is the canonical
epimorphism and @: Coker d**—M* denotes the homomorphism induced
by 1.4.1. Then di*d'=0, and Vx(Coker d*")C U¥' (M) by 1.4.1. Thus
inductively we obtain a complex Cr(M)

-1 %
0————>M;:M'—1-i-—)M°———>-.. A,M": d;MH'I__—)'..

of H-graded R-modules which we call the Cousin complex of M.
By virtue of 1.2.4 the proof of the following theorem is the same
as that of non-graded case (ef. [16]).

THEOREM 1.4.2. Let M be a mon-zero finitely generated H-graded

R-module. Then M is a Macaulay (resp. Gorenstein) R-module if and

Ronly if Cx(M) is exact (resp. Cx(M) provides a minimal injective reso-
lution of M in Mgy(R)).

Suppose that (R, nt) is an H-local ring. For every integer +=0 and
for every H-graded R-module M we put

H(M)=lim Extz(R/m’, M)
—;—-)

and call it the i-th local cohomology module of M (cf. [6]). HJ(:) is a
left exact functor and {H:(-)}:z, are its derived functors.

THEOREM 1.4.3. Suppose that (R, m) is an H-local ring. Let M be
a Macaulay H-graded R-module with dim M,=mn. Then

(1) Exti(N, M)=Hom(N, H*(M)) for every finitely generated
H-graded R-module N such that Vgz(N)c{mj}.

(2) M =HyM).
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(3) M' 18 a Gorenstein R-module if and only if HY M) is an in-
jective object of M,(R).

The proof of 1.4.3 is similar to that of Z-graded case and we omit
it (cf. Theorem 1.3.4, [4]).

CHAPTER II. THE CANONICAL MODULES OF H-GRADED RINGS
DEFINED OVER A FIELD.

Let k& be a field.

DEFINITION. A Noetherian H-graded ring R is said to be defined
over k if R,=k and if k=R/m, where m denotes the unique H-maximal
ideal of R (cf. 1.1.7). R is a finitely generated k-algebra in this
case. In fact, if we express m=(x, ,, ---, x,) with x, homogeneous,
then we have that R =Fk[x, 2, ---,x,]. Suppose that H=Z" and
assume that R,=(0) for all h€ Z*/N™. Then a Noetherian H-graded
ring R is defined over k if R,=k. A homomorphism of H-graded
ringsdefined over k is, by definition, a k-algebra map which preserves
degrees.

In this chapter we assume that KB is a Noetherian H-graded ring
defined over k.

§1. A duality of Noetherian H-graded R-modules and Artinian
H-graded R-modules.

We denote k=R/m by k if we regard it as an H-graded R-module.
Note that k=R, is an H-graded subring of B. Let M be an H-graded
R-module. We define M*=Hom,(M, k) and call it the graded %-dual of
M. M* is actually an H-graded R-module with {Hom,(M_,, k)},.» as its
grading. M=M** if and only if [M,:k] is finite for all he H.
[-1*: My(R)— M4(R) is a contravariant exact functor.

THEOREM 2.1.1. R*=F (k).

PrROOF. R* is an indecomposable object of M,(R), since R=R**.
Moreover R* contains k=Fk* as an H-graded R-submodule. Thus it suf-
fies to show that R* is an injective object of M ,(R). Let a be an
H-graded ideal of R and he H. For every homomorphism f:a(h)—R*,
we can find g: R=R**—>[R(h)]* so that i*og=f* where i:a(h)— R(h)
denotes the inclusion map. Therefore g*oi=jf and hence, by 1.3.1, we
have the assertion.

COROLLARY 2.1.2. R* 48 the injective envelope of k as the under-
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lying R-module.
Proor. See 1.3.5.

COROLLARY 2.1.8. Let M be an H-graded R-module. Then the fol-
lowing conditions are equivalent.

(1) M is an Artinian R-module.

(2) There is an exact sequence 0— M— @i, R*(h,) of H-graded
R-modules.

The proof is similar to that of non-graded case (cf. [14] and 2.1.2).

Let Nuz(R) (resp. Ax(R)) denote the full subcategory of My(R) con-
sisting of all the Noetherian (resp. Artinian) H-graded R-modules. By
virtue of 2.1.3 we have

THEOREM 2.1.4. [-]*: Ny(R)—A,(R) establishes an equivalence of
categories.

§2. The canonical modules.
Let n=dim R,.

DEFINITION. Kp=(HL(R))*.
We call K, the canonical module of R. As HZ2(R) is an Artinian
R-module, K is a finitely generated H-graded R-module (cf. 2.1.4).

THEOREM 2.2.2. The following conditions are equivalent.

(1) R is a Macaulay ring.

(2) Exti(M, Kp)=(H"(M))* for every finitely generated H-graded
R-module M and for every integer 1.

The proof is similar to the Z-graded case (cf. 2.1.6, [4]).

COROLLARY 2.2.8. Suppose that R is a Macaulay ring. Then K,
is a Gorenstein R-module with r; (Kg).=1. In particular R is a
Gorenstein ring if and only if Kr=R(h) for some he H.

Proor. Exti(R/m, Kp)=(H% *(R/m))* for all <. Hence g, (m, K;)=d,,
for every 4=0. This proves the first assertion (cf. (3.11) Theorem, [16]
and 1.2.4). Suppose that R is a Gorenstein ring. Then Hi(R)=R*(—h)
for some he H by 1.4.3, since R*=E k) by 2.1.1. Therefore K,=
(B*(—h)*=R(h).

PROPOSITION 2.2.4. Let P be a Macaulay H-graded 7ring defined
over k and let f: P—>R denote a finite homomorphism of H-graded rings
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defined over k. Let d=dim P,—dim R,, where n denotes the H-maximal
ideal of P. Then Kp,=Exti(R, K,).

PrOOF. Since f is finite, Hi{(R)=Hi(R) for all 5. Thus by 2.2.2 we
have K.=(Hu(R)*=(HR))*=Ext:(R, K,).

COROLLARY 2.2.5. Suppose that R is a Macaulay ring and let a

be a homogeneous mon-zero divisor of R. Then a is regular on K, and
K,/ r=[Kr/aKz)(deg a).

The proof is the same as that of Z-graded case (cf. 2.2.10, [4]).

COROLLARY 2.2.6. Suppose that R=k[X,, X,, ---, X,] i3 a polynomial
ring and assume that each X, is a homogeneous element of R. Then
K,=R(—e) where e=3,',deg X,.

PROOF. Let Kp=R(h) (he H) (cf. 2.2.3). Then, as Kp/x,x,...x,=
[Ke/( X, X,y -+, X,)KJ(e) by 2.2.5, we have k=k(e+h). (Note that
k=R/X,, X;, -+, X,).) Thus h=—e.

REMARK 2.2.7. Suppose that H=Z". For every h=(h,, hy, ++-, h,) e H
we put |h|=>7,h,. Let M be an H-graded R-module. We define
R;=@®\n-s B, (resp. My;=@x-s M,) for every integer d. Then clearly
{Ri}scz (resp. {M;}scz) is a Z-grading of R (resp. M) and we denote this
Z-graded ring R (resp. this Z-graded R-module M) by R* (resp. M?).
Notice that, in case R* is defined over k, [K;]* coincides with K, (cf.
Chap. 2, [4)).

CHAPTER 1II. AFFINE SEMIGROUP RINGS.
§1. Some general properties of semigroup rings.

In this chapter, we put H=Z" and we use H and Z* interchange-
ably. Let R be a Noetherian H-graded ring. We call R a semigroup
ring over a field k if R,=k, R is an integral domain and if [R;: k=1
for every he H. In this case, if we put S={hc H; R,+0}, S is closed
under addition. That is, S is an additive subsemigroup of H.

PropPoOSITION 3.1.1. If R s a semigroup ring over k, R is iso-
morphic to an H-graded subring of k[H]=k[X, X7, ---, X,, X;7'] as
H-graded rings.

PrOOF. Let @ be the localization of R by all non-zero homogeneous
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elements of R. Then Q is an H-simple ring and by 1.1.1, Q=k[L] where
L is the additive subgroup of H generated by S. So, @ is isomorphic
to a H-graded subalgebra of k[H] as H-graded algebras and so is R.

NOTATION. In this situation, we write R=k[S]. By 3.1.1, we can
consider R as the subring of k[H] generated by {X*; s€S}. (As usual,
we write X°'=X...X:» for s=(s, +-+,8,).) We always write L the
additive subgroup of H generated by S.

DeFINITION 3.1.2. (1) Let A be a subset of L. A is an S-ideal
if A+S={a+s;a€cA,se€S}CA. A is a prime S-ideal if AZS, A is an
S-ideal and if S/A is closed under addition. (By S/A we mean the set
of elements of S which are not in A. We define S—A={s—a;s¢eS,
ac A}.) A is an inverse S-ideal if A—Sc A. It is clear that 4 is an
inverse S-ideal if and only if —A={—a; ac A} is an S-ideal.

(2) Let A be an S-ideal or an inverse S-ideal. We write k[A] the
k-vector space spanned by the set {X°*; ac A}. If A is an S-ideal, k[A]
is naturally an R-submodule of @=Fk[L]. If A is an inverse S-ideal,
we define the R-module structure of k[A] by

Xt (s+acA)
0 (s+agd)

for s S and ac€ A. Then it is easy to see that (kK[A])*=k[—A] if A is
an S-ideal or an inverse S-ideal (cf. Chap. 2,§1 for the definition of
( ). Note that if A, B are S-ideals (resp. inverse S-ideals) with AcC B,
then k[A] is a submodule (resp. quotient module) of k¥[B] and k[B/A] is
a quotient module (resp. a submodule) of k[B].

X X°=

ProPOSITION 3.1.3. (1) If P is a prime S-ideal, p=k[P] s an
H-graded prime ideal of R. (We consider the empty set as a prime
S-ideal and we put k[D]=(0).) Conwversely, every H-graded prime ideal
of R i8 of the form k[P] for some prime S-ideal P.

(2) If p=Ek[P], R, =k[Us] and Ex(R/p)=k[—Us], where Uy is an
S-ideal defined by Up=S—(S/P)={s—s8'; se S, s’ € S/P}.

ProoF. (1) If P is a prime S-ideal, R/k[P]=k[S/P] is an integral
domain. Conversely, if p is an H-graded prime ideal of R, R/p=FK[S’]
for some additive subsemigroup S’ of S. If we put P=S/S, Pis a
prime S-ideal and p=FKk[P].

(2) By the definition of R,,,, R,,=k[U;] is easy to see. As k[—U,]=
(R,)*, k[— U] is an H-injective R, -module (see the proof of 2.1.1) and
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hence an H-injective R-module. Furthermore, we have —U,N S=S/P
by the lemma below. So R/p is an H-graded submodule of ¥[— U,]. As
k[— U,] is clearly indecomposable since k[U,] is a fractional ideal of R,

we have E (R/p)=k[—Us:).
LEmMMmA 3.1.4. —U,N S=S/P.

ProoF. If ac —U,NS and if ac€ P, a+beS/P for some beS. Since
P is an S-ideal, a+be P. Contradiction! This shows —U,NScS/P and
the converse implication is clear.

The following example plays an es sential role in next section.

ExaMPLE 3.1.5. Let L be a subgroup of H=Z" and S=LNN". For
a subset I of {1,2, ---, n}, we put

ZO={(x, ++-,x,) € H;, ;=0 for je¢l}
and
P ={(x, ---,x,)€S|x,>0 for some iel}.

Then {P,|Ic{1, ---, n}} is the set of all prime S-ideals (if I=¢, we put
P,=(0)). Hence, there are at most 2" prime S-ideals. (It may happen
that P,=P, for some I++.J.) In particular, if L=H and R=k[X,, ---, X,],
there are exactly 2" H-graded prime ideals of K. If p=Fk[P,]=(X));cs,
we sometimes write k[X !, X;, X;'iel, j¢ 1] for EL(R/D).

ProoF. If R=k[X, ---, X,], an H-graded prime of R is obviously
of the form p, for some Ic{l, ---, n}, since H-homogeneous elements of
R are monomials. As R is direct summand of B as an R-module, we
have a-RB N R=a for every ideal a of R. Let p be an H-graded prime
ideal of R. Then p-R,, is an H-graded prime ideal of R, and not equal
to R, itself. If p is a H-graded prime ideal of E,, which contains
p-R,, p::'f)'n R. So every H-graded prime ideal of R is the contraction
of some H-graded prime ideal of B, which concludes the proof.

NoTATION 3.1.6. If R, and R, are H-graded rings and if M, (resp.
M,) is an H-graded R,- (resp. R,-) module, we define

Rl#RZ:;.@; [(Rl)h ? (Rz)h] and Ml#Mz:h@I [(Mx)h @ (Mr)h] .

M4$M, is an H-graded R, #R,-module by putting (M $M,),=M,), @, (M)),.
The functors M,#. and .#M, are clearly exact functors from the category
of H-graded R,- (resp. R,-) modules to the category of H-graded R.}R.-
modules.
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If R,=F[S,] for some semigroup S,Cc H (i=1, 2), then R#R,=k[S,N S,].
If R=FK[S] and if A,(i=1,2) is an S-ideal (resp. an inverse S-ideal),
then Kk[A]#k[A;]=k[A, NA,] is an H-graded R-module and A, N A4, is an
S-ideal (resp. an inverse S-ideal).

REMARK 3.1.7. In the same situation as in 8.1.6, we shall always
consider R, @, R, (resp. M, ®, M, as an H-graded ring (resp. H-graded
R, @: R,-module) by the grading (R, @, R,)s =B, +n,=s [(B)s, @i (Ro)s,] (resp.
(M, @: M2)h:$h1+h2=h [(M), @ (Mo, For example, k[X, .-, X,]=
B[ X,]@®:- - - @ k[ X,] as H-graded rings, if we put deg X,=(1, 0, -+, 0),- -,
deg X,=(, ---, 0, 1).

§2. Local cohomology groups of normal affine semigroup rings.

In this section, let S be a subsemigroup of N such that R=Fk[S]
is normal. (In such a case, we say that S is a normal affine semigroup.)
Note that R is an H-graded ring defined over %k in the sense of Chapter
2. Then we know that S is isomorphic to a semigroup of the form
L N N" where L is a subgroup of Z" (cf. [10], §2). So we may work
in the situation of 8.1.5. But let us repeat the definitions.

NOTATION 3.2.1. Let L be a subgroup of H=2Z" and let S=L N N*.
We assume that S generates the group L. We put R=Fk[S] and B=
k[N*|=k[X,, ---, X,]. Then R is a normal ring and dim R=rank L. As
usual, we put m=R N (X, ---, X,)B. m is the unique H-maximal ideal
of R and R/m=k.

- DEFINITION 3.2.2. We define the complex C;(i=1, 2, -+, m) by Co=
k[ X, X7, Ci=k[X,, X;')/k[X,], C?=0 for p+0,1 and d:C!—C} being
the canonical surjection (the H-graded module structure of %[X,] or
k[X,, X;'] is the same as in 8.1.7). We sometimes write X, -k[X/ ]
for k[X,, X '/k[X,]. We define

C=Ci®.C:®,--- ®. C,, the tensor product of complexes of H-graded
modules. Thus the p-th component of C- is given by 6’”=$,(,)=p C,,
where I is a subset of (1,2, ---,n} and C,={®;.;k[X;, X;'}®.
{®:c; X 'k[ X1}, In particular, C'=k[H]and C*=X;" -+ X' k[ X", ---,
X .

PROPOSITION 3.2.3. (1) The complex C* is a resolution of R by
H-graded R-modules. ~

(2) The complex C* is the Cousin complex of R as an H-graded
R-module.

(8) The complex C- is the minimal injective resolution of R in
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the category of H-graded R-modules.

PrOOF. (1) As H'C)=k[X] and HYC;)=0 for g¢=0, H(C")=
*, k[X,]=R and HYC;)=0 for ¢#0 by Kiinneth formula ([13], Chap.
V, (10.1)).

(2) To prove this, we compare degree ¢ parts of C° and Cr(R).
For ¢=0, both sides are ¥[H]. So we may proceed by induction on q.
If p is a H-graded prime ideal of height ¢ in R, (5’{’,,) is the cokernel of
the map (C%),,—(C*™Y),,, since (C7), =0 for »>¢. As Cousin complex is
compatible with localization, we have the desired result by induction
hypothesis.

(3) This is a direct consequence of (2) and 1.4.2.

DEFINITION 3.2.4. If M is a H-graded R-module, we put M, =@, ., M,.
It is clear that (R),=R, M, is an R-module and that the functor (.), is
an exact functor from the category of H-graded R-modules to the
category of H-graded R-modules.

DEFINITION 3.2.5. We put C'=(C"),. By 38.2.3 and the exactness
of ()., C" is a resolution of R by H-graded R-modules. We write
C,=(C)), (cf. 3.2.2). We have C*=@,-,C;. We want to compute the
local cohomology groups of R using the resolution C° of R. For this
purpose, we recall some facts concerning local cohomology groups.

PROPOSITION 3.2.6. (1) For every q, Hi(R) is an A'rtilzian R-module.
(2) If R=R/a for some Gorenstein H-graded ring R and H-graded
ideal a of R, then there is an isomorphism of H-graded R-modules

(Hi(R))*=Exty (R, R)(R)

for some he H (d=dim R).
(8) If p is an H-graded prime ideal of R and if R, is a
Macaulay ring, [(HIR))*),=0 for ¢<dim R.

ProoF. (1) is well known. (2) follows from 2.2.2 and 2.2.3. (3) is
an easy consequence of (2).

LEMMA 3.2.7. Let M be an H-graded R-module.
(1) If M satisfies the condition;
(*) For every element xec M, x+0, Anny(x) is an m-primary
ideal, then Hy(M)=M and HI(M)=0 for q+0.
(2) If M is a direct sum of modules which satisfy the condition;
(**) There exists a homogeneous element fem such that the
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multiplication map fy of f on M is bijective,
then HI(M)=0 for every integer q.

PROOF. See [4], 2.2.1 and 2.2.2.
Now, let us compute the local cohomology groups of E.

LEMMA 3.2.8. Forasubset Iof{l,2, ---, n}, weput I'={1, 2, ---, n}/L.
(1) If Z"NLNN*={0}, then C, satisfies the condition (*) of
3.2.7.
(We have defined Z© im 3.1.5.)
(2) If Z¥""NLN N*2{0}, then C, satisfies the condition (**) of
3.2.7.

Proor. (1) Let us take X°eC,c¢=(, -++,¢,) and X°em,
a=(a, -+, a,). Then by the assumption of (1), a,>0 for some 7€ 1. So
there is an integer m such that ma;+c¢,>0. By the definition of C,,
(X*)™.X°=0. This shows that C, satisfies the condition (*).

(2) Let us take a=(a,, -+, a,)eZ""NLNN",a#0. Then X*em
and a,=0 for every i€ I. This shows that the multiplication map of X*
on C,; is bijection.

COROLLARY 3.2.9. HYR)=H'H.C))=H*(C"), where 'C" i8 the sub-
complex of C° which is the direct sum of all C,’s that satisfy the con-
dition ZY' N L N N*={0}.

Proor. This is an immediate consequence of 3.2.5, 3.2.8, and 3.2.7.

LemMA 3.2.10. If h=(hy, +--, h,) € L and if h,=0 for some i, L=1=n,
then (HY(R)),=0 for every ¢=0.

ProOF. Assume that (HY(R)),#0 for some ¢q. For simplicity, let
us assume h,, ---, h, are non-negative and h,,, ---, h, are negative.
Then by the definition of the complex C°, (Hi(R)), #0 for every
h'=(hi, +-+, h,), such that hj, ---, h; are non-negative and h;,,, ---, h,
are negative. This contradicts the fact that H(R) is an Artinian
R-module. '

The following theorem was proved by M. Hochster and R. Stanley.
But we need to put a proof for this theorem to prove Theorem 3.3.3.

THEOREM 3.2.11. WeputS,.={(s,, ---, 8,) € S|8;>0 for every i, L<i=n}
and we assume that S,#¢. Also, we put L_=—8S, ={—alae€S,}. Then
k|L_] (¢g=dim R)

Hi(R)=
HiR) 0 (otherwise) .
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COROLLARY 3.2.12. (1) (M. Hochster, [10]) R=Fk[S] is a Macaulay
ring.
(2) (R. Stanley, [18]) K,=K[S,].

Proor. 3.2.12 is a direct consequence of 3.2.11 (cf. Chapter 2, §2
for the definition of K;). We shall prove 8.2.11. Let h,h'c€L_. Then
by 3.2.9 and the definition of C', [(HY(R)),: k]=[(H(R)).: k] for every q
and the multiplication of X*(s€ S) induces a bijection from (HI(R)), to
(Hi(R)nso if h4+secL_. So H!(R) must be a direct sum of some copies
of k[L_]. But as (EK[L_])*=Ek[S,] is a torsion-free R-module and as R,
is a Macaulay ring at least for p=(0), Hi(R)=0 for ¢<dim R by 3.2.6,
3). As for ¢g=d=dim R, we know that (H:(R))*=K, is an R-module
of rank 1. So HI(R)=K[L_].

ExampLE 3.2.13. We put R,=k[T,, ---, T,,] and a=(T,, +--, T,.)°. We
want to determine the cases when the Rees algebra @..,a’ is a Goren-
stein ring. It is easy to see that this Rees algebra is isomorphic to
the semigroup ring R=Fk[S], where S=L N N™* and

L:{(al, s, Aoy b, c) eZm+2lc=ii a,_db} .

Then the generators of the S-ideal S, are
{(17 M) 17 dp, m_dp) l p%l, m—lgdp}
and

(@ =+ 1 Gy b, 1) | 3 a,=bd +1}

where b, is the smallest integer satisfying b,=1 and bd+1=m. So, S,
requires (?;&d_l)+[(m——1)/d]’ generators (where [(m—1)/d]’ is the largest

integer which is smaller than (m—1)/d). In particular, R=FkK[S] is a
Gorenstein ring if and only if m=1 or d=m—1.

DEFINITION 3.2.14. Let L be a subgroup of Z*. We put
d={Icw|LNZPNN"={0}} (we put #={1,2, ---,n}).

It is clear by definition that if Ie€ 4, and if JcI, then Je4,. Thus 4,
is a simplicial complex and we have

dim [4,|+rank L+1=n . (See [17], Chapter 8, §1.)

ExampLE 3.2.15. (i) If rank L=n, then 4,={4).
(ii) If L={(a, +++,a)|a€ Z}, 4,=2"/{n}. Thus |4,| is homotopic to
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the (n—2)-dimensional sphere.
(iii) If L is as in 3.2.13, then I€ 4, is either a subset of {1, ---, m}
or a subset of {m+1, m+2}). Thus |4;] is homotopic to two points.

PROPOSITION 3.2.16. If heL_, (HYR))w=H, . .4 k). If d4,={s},
H($; k)=0 for q=0 and H_(g; k)=k.)

Proor. Recall that Hi(R)=H*('C’) where 'C'=H’(C"). In 3.2.9, we
have seen that ('C"), hasthe basis {Ic#z | Z""NLNN"={0}}={Ic#®|I' € 4,}.
It is easy to verify that the complex ('C’), is isomorphic to the chain
complex associated to the simplicial complex 4.

- COROLLARY 3.2.17.

B4, b= k (g=n—1—rank L)
a7 =0 (otherwise) .

Proor. This is clear from 3.2.16 and 3.2.11, since dim R=rank L.
§3. General affine semigroup rings.

In this section let S be a finitely generated subsemigroup gf N*»
and let L be the subgroup of Z" generated by S. We define S the
“normalization” of S. That is,

S={xeL|nxecS for some positive integer n} .

Then it is known that S is a normal semigroup and that Ig[§] is the
normalization of k[S] (ef. [10], §1). As in §2, we assume that S=LNN".
We need further notations.

NoTATION 3.3.1. R=FK[S] and m=k[S/{0}] (in the notation of 3.1.2.
Fi:{(su ""sn)eslsizo} ’ Fi:{(sly "'rsn)eglsi:O} (1=i=n).

L, (resp. L, is the group generated by F, (resp. F,). Note that
L, is a subgroup of finite index of L,. We assume that L;#L; for i+=jJ
(cf. 3.3.2).
S,=S+L,=S—-F,, C=L/S, 1=i=n)

=S, C=NC..

LEmmMmA 3.3.2. (1) For every i,_lgign, rank L,=rank L—1.
(2) We may assume that L,=L; if 1#7].

Proor. (1) If we put P,=S/F, P, is a prime §-ideall and, by
3.1.5, there is no prime S-ideal between P, and ¢. So ht(k¥[P;])=1 and
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rank L,=rank L,=dim(R/k[P,])=dim R—1=rank L—1.

(2) If L,=L; for some i+#j, we may construct a semigroup iso-
morphic te S in Z"* by deleting bases ¢, ¢; and adding a new base
which is a linear combination of ¢; and e;.

The main theorem of this chapter is the following

THEOREM 3.3.3. (1) R=Fk[S] is a Macaulay ring if and only if
S=5".

(2) HIR)=FK[C] as H-graded R-modules (d=dim R=rank L).

(3) R is a Gorenstein ring if and only if there exists an element
ce L such that ¢c+S=—C.

We prove this theorem in several steps. First, we construect a
complex.

DEFINITION 3.3.4. For every 4, 1<1<m, we define the complex D;
as follows.

D?=kKk[L], D;=K[L]/k[S,]=k[C.] and d: D{—D} is the canonical surjec-
tion map. We define the complex D by

D =D; D} --- %D,

the Segre product of the complexes of H-graded R-modules (cf. 3.1.6).
Thus
D*= @ {#F[C.}= @ D,, where D,=k[NC,].
#I)=p eI $I)=p tel
The complex D" is a resolution of k[S’] in the category of H-graded

R-modules (cf. the proof of 3.2.3). If S=S, the complex D’ coincides
with the complex C° of 3.2.5.

LEMMA 3.3.5. For every i, 1<i<m, there is an integer N, such that
the 1i-th coefficient of any element in C, is smaller than N,. (If
(%1 +++y X4y ==+, @,) €C,, them x,<N,.)

Proor. Take an element s=(s,, +--,8,)€S,s8¢ L,. Then the group
L’ generated by s and L, has the same rank as L by 3.3.2. If we take
the elements a,=0, a,, -+, a, from S (¢=[L: L']) such that L=U:_, (a;+ L")
and if we write a;=(a;, ---, a;,), it is clear that we can take N,=max
(aliy Yy a’t()'

LEMMA 3.3.6. Let us take ICn and put I'=7/I as usual. Then
(1) If I'ed, (cf. 3.2.14 for the definition of 4.), D, satisfies the
condition (*) of 3.2.7.
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(2) If I'¢d,, D, satisfies the condition (**) of 3.2.7.
ProoF. The proof is similar to that of 3.2.8 if we use 3.3.5.

COROLLARY 38.3.7. HYE[S')=H*('D") where 'D" i3 the subcomplex of
D' which is the direct sum of all D,’s such that I'€ 4,.

LEMMA 3.8.8. (HYE[S'D)»=0 for every q=0 if heC.

ProOF. As S'cS, k[S'] is a finitely generated R-module. So,
Hi(k[S']) is an Artinian R-module. Then the proof is similar to that
of 3.2.10.

(Conclusion of the proof of 3.3.3.) We have seen that (HLE[S'D)),=0
unless heC. If heC, it is easy to see that (H('D)),=H,_,_,(4.; k) (cf.
3.2.16). Then, by 3.2.17, we have

[C] (g=dim )
(otherwise).

This proves that %[S’] is a Macaulay ring and that Hi(k[S'D=EK[C]
(d=dim R). Next, we put M=Fk]S']/k[S]. Then we know that Assz(M)
consists of H-graded prime ideals of R. ([2], Chap. 4, § 3, Proposition 1.)
But by 3.3.2, H-graded prime ideal of height 1 of R is of the form

=k[S/F',] for some ¢, 1<i<n. But it is clear that R(,i)z(k[S'])(‘,,)=k[S,].
So M,,,=0 for every i. Thus dim M<d—2. If we write the long exact
sequence of local cohomolgy groups associated to the short exact
sequence

H(k[S')) =

00— R—K[S']— M—0

noting that HY(M)=0 for gq=d—1, we can see that R is a Macaulay
ring if and only if M=0 and that H(R)=Fk[C]. Thus we have proved
(1) and (2). As for (3), we can prove that k[—C] is a Macaulay
R-module by the same process as the proof of 3.8.3. So (3) results
from 2.2.3.

Before closing this paper, let us calculate some examples. It will
be of some interest to compare the proof of 3.3.9 with that in [11].

ExAMPLE 3.3.9. ([11], Example 2.2.) Let a, b, t be indeterminates
and let R=Fk[a? o b, ab, a't, a’bt, b*t]Ck[a, b, t]. If we consider the sub-
semigroup S of N* generated by (2, 0, 0, 2), (3, 0, 0, 3), (0, 1,0, 2), (1, 1, 0, 3),
4,0,1,0), (21,1, 0), and (0, 2, 1, 0), k[S] is isomorphic toRand S=L N N,
where

L={(a, b, t,w)ecZ* | a+2b=4t+u} .
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Note that S is generated by (1,0, 0, 1), (0,1,0,2),(4,0,1,0), (2,1,1, 0),
and (0, 2,1,0) and that S={(a, b, t, u) eS| u+#1}. Let us determine L,
S;, and C,(i=1, ---, 4) for this S. We can see easily,

L, is generated by (0, 1, 0, 2) and (0, 2, 1, 0)
L, is generated by (1,0, 0,1) and (0, 0, 1, —4)
L, is generated by (1,0, 0,1) and (0, 1, 0, 2)
L, is generated by (2,1, 1, 0) and (0, 2, 1, 0)
S,={(a, b, t, u) e L |a=0} C,={(a, b, t, u) e L|a<0}
S,={(a, b, t, u) € L | =0} C,={(a, b, t, u) e L | b<0} .
S;={(a, b, t, u) e L | t=0} Ci={(a, b, t, u)e L |t<0}
S,={a, b, t,u)e L|u=0, u=1)} C.i={(a, b, t,u)e L|u<0 or u=1}.
As S={(a, b, t, u) € S| u1}, we have S=)i_, S;and C=(—1, —1, —1, 1)—S.

Thus, by 3.8.3, R=kK[S] is a Gorenstein ring.

ExAMPLE 3.3.10. Let R=Fk[a', a’, ab?®, b*]CFk[a, b] and R=R,[a‘t, b't]C
Ri[t]. Then we can prove that R is a Macaulay ring by the same
process as in 3.3.9. In this case, the generators of K, are a’bt, a’b*t and
ab’t. (In this case, R, is not a Macaulay ring. But R, is a Buchsbaum
ring and (a*, b*) is a parameter system for R, In general, if R, is a
2-dimensional local Buchsbaum domain and if (z, y) is a parameter system
for R, it is proved in [19] that R,[xt, yt] is a Macaulay ring.
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