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Introduction

Let p be a prime number with p=1(mod 4), and % the class number
of the real quadratic field QV"'p). Let e=(t+u1 p)/2 be the fundamental
‘unit of Qv p) with e>1. If p=>5(mod8), then P. Chowla has proved
(see [1])

(-1)”‘"“/2—;-E(—l)’"z“"”“ (mod p) ,

and
((p—'l)/z)! = (__l)m

2(p—1)/4

m=2{220+ 5 (2))

and (-§> is Legendre’s symbol. We shall prove a generalization of these
D

(mod p) ,

where

results.

‘§1. Notations.

Throughout this paper we shall use the following notations.

p: a prime number with p=1 (mod 4)

Q: the rational number field ‘

h: the class number of the real quadratic field Qv p)

e=(t+uV p)/2: the fundamental unit of Q') with e>1
— p27ni/D
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0,=0°, £,=C(*, where x is a positive integer

n: any quadratic non-residue mod p between 0 and p/2
r: any quadratic residue mod p between 0 and p/2

g: any positive quadratic non-residue of p

X(a)=<‘—l-): Legendre’s symbol, where a is an integer

VY

[w]: the greatest integer which does not exceed a real number w
§2. Theorems.

In this paper we shall prove the following results.

THEOREM 1.

(—1)%- 1)/22 —(=1)- 1)/4+o,g(p 4 (mod p) ,

1 [(g+1) /2] 8
s=t{n+ a3 (L),
2 k=1 sely_ \p

I, i8 an open interval (k—1)p/2¢g, kp/2g9), and A, denotes the number of
multiples kg’s 1<k=<(p—1)/2), whose smallest positive residues mod p are
greater than p/2.

where

THEOREM 2.

_((p_——_}_)_/g_)_!. = (__ 1)(P—1)/4+vg

(p—1)/4
g

(mod p) .

From the Theorems 1 and 2 we have immediately

THEOREM 3. If p=1(mod4), then
(25) =(=n*nl mod ).

REMARK. It is stated in [1] that the Theorem 3 will be proved in
“Proceedings of the National Academy of Science (U.S.A.)”. But we
could not find his paper related to this result in it.

REMARK. From our theorems we can easily prove P. Chowla’s
theorem which is stated in the beginning of this paper. If p=5(mod 8),
we can take g=2, and

—1 [(g+1) /2]
n=2—1 5T s (2= (2)-
.4 =1 sl \ P 0<s<p/4 \ D
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So

w2 2.5

This v, is the m in the paper of P. Chowla.

§3. Proof of the Theorem 1.

From the classical formula of Dirichlet, we have

(1) 2h log e=— L5K 5 x(8) log (1 —67)
Vo'

where x is a positive integer with x#0(mod p) and
2.0 =3 U0 =A(2) 3, 1@ =LV P

is the Gauss’s sum.
From (1)

82h J— pﬁ (1 . 04:3)—';((33) .

8=1

Since >.7-! sX(s)=0, we have

p—1

=T (@2 —Lyeen
8=
(p—1}/2

=" @y T @G

s=(p+1)/2

Put s’=p—s, then we have as the second factor
—1

(p=1)/2 ,
(=g =TI @ =)™
8'=

s=(p+1)/2

Since {27 —{;?+' =4+(L¥ —¢;*) and (p—1)/2 is even, it follows
= (p—1)/2 , "~ ,
(C—Cr)™ = = El (SOl I

8= (p+1)/2

Therefore we get

(p—-1)/2

e =("% @ty

So
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(p=1)/2

I (@t

I
M

eh

(p=1)]/2 —%x(x8)
==+ II (2'1, sin %8 )
=1 p
(p=1)/2 —%(x8)
==+ JI (sm m:s) .
3=1 p

We wish to determine the sign here. Since €>0, the sign is (—1)",
where m, is the number of times sin (rxs/p) is negative, i.e.,

@k— 1) <8 ~okn (1§k< ”’+2) ,
) ‘ 4

where s ranges from 1 to (p—1)/2. In other words,
(2) m, is the number of integer s's which lie between 2k—1)p/x and
2kp/x where k=1, -- -, [(x+1)/4], and is <p/2.

From now on we assume x=0(mod2). Then [(x+1)/4]<x/4. So in (2)
we can omit the condition s<p/2.

From the above we have

—1)

S=(—1y T (@ gerymen

£
Il

=(=1=(JT I1 @—gzyn )™

m G-\
=(_1)mz k=1neclg .

=a I ==

IT (-8

1 'reIk

Since no pairs of +gr(0<r<p/2) are congruent mod », % is congruent
with some Hgr(0<r<p/2). In fact, if rel,(0<a=[g/2]), then

(2a—1)p/2g <r<2ap/2g; so 0<ap—gr<p/2 and nm=ap—gr=—gr(mod p).
Then

G—Gr=— (-4 for =0 (mod?2).

If relL..,(0<ax<[(g—1)/2]), then 2ap/2g <7< (2a+1)p/2g, s0 0< gr—ap<p/2
and n=gr—ap=gr(mod p). Then

C;‘—-C;"=‘C£'—C;”' for x=0 (mod?2).

Consequently we get
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—(—1) ([ﬁ] I @) uaﬁ)m asrit -V
et =(—1)"4 n=—gr,rely, n=gryrelp, 1
o=t II (G—C7) =0 I @€-&n

relgy relogtg

x(x)
=<—1>%(“’1’i] o SEr=Gm e g__—_c_g) |

a=1rely, (C;— 7N a=0 relggiy (C:_C;f)
So we obtain the

PROPOSITION.

T | S (Ca R il

o<r<p/2

where w, i8 the number of r's contained in Iy(k=1, ---, [9/2)).

Next we shall prove the following

LEMMA 1.
Uy + Vg =Ny

where u, or v, 18 the number of r’s or n’s contained in L,’s respectively
when k=1, ---, [g/2]).

PROOF. u,+v, is the number of integers contained in I’s. And if
sel,, then (2k—1)p/29<8<2kp/2g. So 0<kp—sg<p/2. Hence u,+v, is
the number of multiples sg’s whose smallest positive residues mod p are
greater than p/2, when s ranges from 1 to (p—1)/2. Therefore u,+v,=2x,.

COROLLARY 1.

v h
(3) (B2 =y JL @077
o<r<pl/2
(4) <t_tu_2—_ “p)h =(""1)”9+1 <]:<[ I (0’(111-1)1-_1_ . +0;(a—1)r)x(2) i
o<r<p/2

" PROOF. Setting x=2¢g in our proposition, then from (2)
mz:ng

———(the number of s’s, where

1 ... 2g+1i|
when k=1, ,[ i )

2k—1)p 2kp
- <s <—2g )
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=(the number of 8’s, where sel,, when k=1, ..., [g-])
=U,+, .
So
M, +U,=V,+2u,=v, (mod2).
Since Ne=—1 and & is odd, (3) implies (4).

COROLLARY 2.

(5) (t_'*%?_)hz(_l)vgﬂ II / (09074 o gmaDXD
0<r<pi2

( 6 ) (t—uz'l/ P )hz(-—l)”" 0<I£ i (0(ﬂ—l)r+ Ve +0—(g-—1)r)—x(2) .
r<p

PrROOF. If we set =2 in the proposition, then m,=m,=0. Since g
is a quadratic non-residue mod p, A, is odd by Gauss’s lemma (cf. [3] S.
95). So m,+u,=u,=v,+1(mod 2) by Lemma 1.

If p=>5(mod 8), i.e., X(2)=—1 (note (p—1)/4=1(mod 2)), then from 3)

(7) (t+u1/ p)hz —(—=1)ete0A T (BU VT4 ... +G;9~Dr)

2 0<r<p/2

and from (6)

o<r<pi2

If p=1(mod 8), i.e., X(2)=1 (note (p—1)/4=0(mod 2)), then from (4)

( 9 ) (t—uzl/p)": —(—l)vg+(p—1)/4 Z (059—1),-_}_ o +0;-(g—1),-)

0<r<ple

and from (5)

o) (LR (ppsenn ] (et ey

o<r<p/2
In each case, from (7) and (8), or (9) and (10)
' t+uV p\*, [t—uV p\*
a1 ( 2 ) +( 3 )
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= — ('-—1)"0“?”1)/4{ I @9 4... 49w dr)

0<r<pl2

+ H (059—1)1'_‘_ .o _*_0;(0—1)1')} .

0<r<p/2

On the left side of (11), the part of 1/ p vanishes, therefore the left
side is

2{(_;_)1; +(a multizlzle of p)} .

If we denote by P(X) the polynomial

Xﬂﬂ[z {( _;_ )" +(a multizlzle of p)}

+ (__1)1)04-(?—1)/4{ II (X(g—l)r+ . e n _+_X"‘(9—l)r)

0<r<p/2

+ H (Xa(o—l)r+ .. +X—ﬂ(y—1)r)}jl ,

o<r<pl2
then P(6)=0, so P(X) is divisible by

X?—1

=X 4 X+1.
X—1

Setting X=1, since p is odd,

Since & is odd and (¢/2)*= —1(mod p), we get

(12) (__ 1)(h—1)/2__t2__E — ( — 1)v9+(p-1)/4g(p—1)/4 (mod p) .

On the number v, we now prove the following

LEMMA 2.

_ 1 { [(g+1)/2] (i>}
'va—? 7\‘0+ IZ{ aelzz‘;:_x P ‘.
PROOF. Let )\, be the number of multiples sg’s whose smallest posi-
tive residues mod p are smaller than p/2, when 8 ranges from 1 to (p—1)/2.
And let ), or v, be the number of 7’s or n’s contained in I_,’s respec-
tively. Then u)+v,=\, by a similar method of Lemma 1. Since
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, , [(g+1) /2] 8 , 1 , [(a+1)/2]
Ug— V= Z Z <—' ’ Vo= '—{7\'0 <—)}
k=1 el \ P 2 =1 seTyy_,y

So

’ [(g+1) /2] 8
ey
k=1 selr\ P

Il
Do |1
A,
/'\
m

'—l

Since N, +N,=(p—1)/2,

1 [(a+1) 2]
vt 2 L2 ()
2 —1 selop_y

From (12) and Lemma 2, we have Theorem 1.
§4. Proof of the Theorem 2.

( r n
o<r<plz 0<n<p/2

r II II »

0<r<plz 1Sksgnely

[+D)/2] Lo/e]
=IIr(H I »)(I 11 »).
o<r<pl/2 k=1 melgp_ k=1 nely;
The method of the proof in the proposition in §8 follows

PE H r([(ﬂi—_fﬂ] H 1)([1-_)[2] H ___)

0<r<p/2 k=1 r=ag g k=1 —r=ng g
ne — nelgg
0<r<pl2 0<r<pl2

(=1 :
g“’_”/‘ o<1]-;Ip/z 'I’) (mOd p) ’

where v, is the number of »’s contained in I,’s. Since (ITocrcpr?)’=

—(—1)*"*(mod p) (cf. [1]) and g» V2= —1(mod p), we get

—_ (_ 1)(p—1)/4+o,

(r—1)/4
g

PE = (__. 1)(P—I)I4+",g(9—1)/4 (mOd p) .

Hence

((p— 1)/2)'_( 1)@=nra+v,

(p—1)/4
g ?

(mod p) ,

which is Theorem 2.
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§5. The number \, and Vge

In connection with two different quadratic non-residues modulo p,
we get the following supplemental result which will be used for calcula-
tion. Let g,, g, be two positive quadratic non-residues modulo p such

that g,+9g,=p (therefore g, and g, are different and 0<g,, 9.<p). From
Theorem 1, we can easily get

'v,]—l—v,z—zﬂz—l (mod 2) .

But we can prove directly (without using Theorem 1) the following more
precise

LEMMA 3. Let g,, g, be two positive quadratic non-residues modulo
p such that g,+9g,=p. Then

1) 7"91+7"az=£——'—

—1
2) v,l—i-v,z:%—— .

Proor. 1) Write I =(2k—1)p/2¢,, 2kp/2¢g,), then

2¢, 2g9,

=0<k'p—syl<—g—

=~0<kp—-s(p—gz)<%

=-(s——k)p<sgz<(s—k)p+%

_(2K'—2)p <s< 2k'—L)p

K +k=s+1)
2g, 29,
—se 1;2,_1=(<2’°2';2>p , (2"’2; Lp) .
2 2

Hence N, =X\;,. Similarly \,,=X);. Since ), +x;=(p—1)/2, so we get
NayF gy = (D—1)/2.
2) From what has been proved above,
[{g1+1)/2] s [(gg+1) /2] 3
S s (B s s (3
k=1 p k=1 'elézl,c)—-—l p

(1)
’elzk—l
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[(g1+1) /2] Lo1/2] *
" 5 (@ E B0 B0
k=1 1) p k= p 0<s<pl2 p

se Iék-—l =1 aelé}‘)
So we get

vﬂx + ’vﬂg
[(g1+1)/2]

b g LB Gl e B )

2 k=1 k=1 sely )\ P

1 p—1
=—(Ng, N, ) =7
2( g1 2) 4
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