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Introduction

Let $p$ be a prime number with $p\equiv 1(mod 4)$ , and $h$ the class number
of the real quadratic field $Q(\sqrt{p})$ . Let $\epsilon=(t+u\sqrt{p})/2$ be the fundamental
unit of $Q(\sqrt{p})$ with $\epsilon>1$ . If $p\equiv 5(mod 8)$ , then P. Chowla has proved
(see [1])

$(-1)^{(h-1)/2}\frac{t}{2}\equiv(-1)^{m}2^{(p-1)/4}$ $(mod p)$ ,

and

$\frac{((p-1)/2)!}{2^{(p-1)/4}}\equiv-(-1)^{m}$ $(mod p)$ ,

where

$m=\frac{1}{2}\{\frac{p-1}{4}+\sum_{\epsilon<p/4}(\frac{s}{p})\}$ ,

and $(\frac{s}{p})$ is Legendre’s symbol. We shall prove a generalization of these
results.

\S 1. Notations.

Throughout this paper we shall use the following notations.
$p$ : a prime number with $p\equiv 1(mod 4)$

$Q$ : the rational number field
$h$ : the class number of the real quadratic field $Q(\sqrt{p})$

$\epsilon=(t+u\sqrt{p})/2$ : the fundamental unit of $Q(\sqrt{p})$ with $\epsilon>1$

$\theta=e^{2\pi i/p}$

$\zeta=e^{\pi t/p}$
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$\theta_{x}=\theta^{x},$ $\zeta_{g}=\zeta^{x}$ , where $x$ is a positive integer
$n$ : any quadratic non-residue mod $p$ between $0$ and $p/2$

$r$ : any quadratic residue mod $p$ between $0$ and $p/2$

$g$ : any positive quadratic non-residue of $p$

$\chi(a)=(\frac{a}{p})$ : Legendre’s symbol, where $a$ is an integer

$[w]$ : the greatest integer which does not exceed a real number $w$

\S 2. Theorems.

In this paper we shall prove the following results.

THEOREM 1.

$(-1)^{(h-1)/2}\frac{t}{2}\equiv-(-1)^{(p-1)/4vff}+g^{(p-1)/4}$ $(mod p)$ ,

where

$v_{g}=\frac{1}{2}\{\lambda_{g}+\sum_{k=1}^{[(g+1)/2]}\sum_{eI_{2k-1}}(\frac{s}{p})\}$ ,

$I_{k}$ is an open interval $((k-1)p/2g, kp/2g)$ , and $\lambda_{g}$ denotes the number $oj$

multiples $kg’ s(1\leqq k\leqq(p-1)/2)$ , whose smallest positive residues mod $par$

greater than $p/2$ .
THEOREM 2.

$\frac{((p-1)/2)!}{g^{(p-1)’ 4}}\equiv(-1)^{(p-1)/4+v}\sigma$ $(mod p)$ .

From the Theorems 1 and 2 we have immediately

THEOREM 3. If $p\equiv 1(mod 4)$ , then

$(\frac{p-1}{2})!\equiv(-1)^{(h+1)/2}\frac{t}{2}$ $(mod p)$ .

REMARK. It is stated in [1] that the Theorem 3 will be proved in
“Proceedings of the National Academy of Science (U.S.A.)”. But we
could not find his paper related to this result in it.

REMARK. From our theorems we can easily prove P. Chowla’f
theorem which is stated in the beginning of this paper. If $p\equiv 5(mod 8)$

we can take $g=2$ , and

$x_{g}=\frac{p-1}{4}$ , $\sum_{k=1}^{[t\sigma+\iota)\mathfrak{l}2]}\sum_{eI_{2k-1}}(\frac{s}{p})=\sum_{0<l<p\mathfrak{l}}(\frac{s}{p})$ .
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So

$v_{2}=\frac{1}{2}\{\frac{p-1}{4}+\sum_{0<\ell<p/4}(\frac{s}{p})\}=m$ .

This $v_{2}$ is the $m$ in the paper of P. Chowla.

\S 3. Proof of the Theorem 1.

From the classical formula of Dirichlet, we have

(1) $2h$ log $\epsilon=-\frac{\tau_{l}(\chi)}{\sqrt p-}\sum_{\epsilon=1}^{p-1}\chi(s)$ log $(1-\theta^{x\epsilon})$ ,

where $x$ is a positive integer with $x\not\equiv O(mod p)$ and

$\tau_{x}(\chi)=\sum_{\epsilon=1}^{p\leftarrow 1}\chi(s)\theta^{x\epsilon}=x(x)\sum_{s=1}^{p-1}\chi(s)\theta^{s}=\chi(x)\sqrt{p}$

is the Gauss’s sum.
From (1)

$\epsilon^{2h}=\prod_{\epsilon=t}^{p-1}(1-\theta^{xs})^{-\chi(x\epsilon)}$

Since $\sum_{\epsilon=1}^{p-1}s\chi(s)=0$ , we have

$\epsilon^{2h}=\prod_{\epsilon=1}^{p-1}(\zeta_{x}^{l}-\zeta_{x}^{-\epsilon})^{-\chi(x\epsilon)}$

$=\prod_{\epsilon=1}^{(p-1)/2}(\zeta_{t}^{l}-\zeta_{x}^{-*})^{-\chi(x\epsilon)}\prod_{\epsilon=(p+1)12}^{p-1}(\zeta_{x}^{\epsilon}-\zeta_{x}^{-s})^{-\chi(xs)}$

Put $s^{\prime}=p-s$ , then we have as the second factor

$\prod_{\epsilon=(p+1)/2}^{p-1}(\zeta_{x}^{l}-\zeta_{x}^{-\epsilon})^{-)((x\epsilon)}=\prod_{\epsilon=I}^{\{p-1)|S}(\zeta_{x}^{p-\epsilon^{\prime}}-\zeta_{x}^{-p+s^{\prime}})^{-\chi(x\iota^{\prime})}$

Since $\zeta_{x}^{p-\epsilon^{\prime}}-\zeta_{x}^{-p+\epsilon^{\prime}}=\pm(\zeta_{x}^{\epsilon^{\prime}}-\zeta_{x}^{-\epsilon^{\prime}})$ and $(p-1)/2$ is even, it follows

$\prod_{\epsilon=(p+1)/2}^{p-1}(\zeta_{x}^{l}-\zeta_{x}^{-\epsilon})^{-\chi(x\epsilon)}=\prod_{\epsilon^{\prime}=1}^{(p-1)/2}(\zeta_{x}^{\epsilon^{\prime}}-\zeta_{x}^{-\epsilon^{\prime}})^{-\chi(x\epsilon^{\prime})}$

Therefore we get

$\epsilon^{2h}=(\sum_{=\iota}^{(p-1)/}(\zeta_{x}^{\epsilon}-\zeta_{x}^{-\epsilon})^{-\chi(x\epsilon})^{2}$ .

So
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$\epsilon^{h}=\pm\prod_{=1}^{\{p-1)/2}(\zeta i-\zeta_{x}^{-})^{-\chi(x\cdot/}$

$=\pm\prod_{=\iota}^{(p-1)/2}(2i\sin\frac{\pi xs}{p})^{-x(x*)}$

$=\pm\prod_{l=1}^{\{p-1)\prime 2}(\sin\frac{\pi xs}{p})^{-\chi\langle x\cdot)}$ .

We wish to determine the sign here. Since $\epsilon>0$ , the sign is $(-1)^{n_{x_{1}}}$

where $m_{x}$ is the number of times sin $(\pi xs/p)$ is negative, i.e.,

$(2k-1)\pi<\frac{\pi xs}{p}<2k\pi$ $(1\leqq k<\frac{x+2}{4})$ ,

where $s$ ranges from 1 to $(p-1)/2$ . In other words,
(2) $m_{g}$ is the number of integer $s^{\prime}s$ which lie between $(2k-1)p/x$ ano
$2kp/x$ where $k=1,$ $\cdots,$ $[(x+1)/4]$ , and is $<p/2$ .

From now on we assume $x\equiv 0(mod 2)$ . Then $[(x+1)/4]\leqq x/4$ . So in $(2^{\backslash }$,
we can omit the condition $s<p/2$ .

From the above we have

$\epsilon^{h}=(-1)^{n_{x}}\prod_{=1}^{(p-1)/2}(\zeta_{x}^{*}-\zeta_{x}^{-*})^{-\chi(x\cdot)}$

$=(-1)^{n_{x}}(\prod_{k=1}^{g}\prod_{\in I_{k}}(\zeta_{x}^{*}-\zeta_{x}^{-})^{-\chi(*)})^{\chi(x)}$

$=(-1)^{n_{x}}(\frac{\prod_{k=1}^{\sigma}\prod_{\sim eI_{k}}(\zeta_{x}^{n}-\zeta_{x}^{-n})}{\prod_{k=1}^{g}\prod_{reI_{k}}(\zeta_{x}^{r}-\zeta_{x}^{-r})})^{\chi(ae)}$ .

Since no pairs $of\pm gr(0<r<p/2)$ are congruent mod $p,$ $n$ is congruent
with some $\pm gr(0<r<p/2)$ . In fact, if $reI_{2a}(0<a\leqq[g/2])$ , ther
$(2a-1)p/2g<r<2ap/2g$ ; so $0<ap-gr<p/2$ and $n=ap-gr\equiv-gr(mod p)$
Then

$\zeta_{x}^{n}-\zeta_{x}^{-n}=-(\zeta_{x}^{gr}-\zeta_{x}^{-gr})$ for $x\equiv 0$ $(mod 2)$ .
If $r\in I,.+1(0\leqq a\leqq[(g-1)/2])$ , then $2ap/2g<r\cdot<(2a+1)p/2g$ , so $0<gr-ap<p/z$’
and $n=gr-ap\equiv gr(mod p)$ . Then

$\zeta_{x}^{\hslash}-\zeta_{x}^{-}’=\zeta_{x}^{gr}-\zeta_{x}^{-gr}$ for $x\equiv 0$ $(mod 2)$ .
Consequently we get



REAL QUADRATIC FIELDS 391

$\epsilon^{h}=(-1)^{n_{x}}(\prod_{a=1}^{[g(2]}\frac{\prod_{\cong-gr,reI_{2a}}(\zeta_{x}^{n}-\zeta_{x}^{-}’)}{\prod_{r\in I_{2a}}(\zeta_{x}^{r}-\zeta_{x}^{-r})}\prod_{a=0}^{[(g-1)/\epsilon]}\frac{\prod_{n\equiv\sigma r.reI_{2a+1}}(\zeta_{x}^{n}-\zeta_{x}^{-\#})}{\prod_{reI_{2a+1}}(\zeta_{x}^{r}-\zeta_{x}^{-r})})^{\chi(x)}$

$=(-1)^{m_{x}}(\prod_{a=1}^{[g/2]}\prod_{r\in I_{2a}}\frac{-(\zeta_{x}^{gr}-\zeta_{x}^{-gr})}{(\zeta_{x}^{r}-\zeta_{x}^{-r})}\prod_{a=0}^{[(l-1)/2]}\prod_{reI_{2a+1}}\frac{(\zeta_{x}^{gr}-\zeta_{l}^{-gr})}{(\zeta_{x}^{r}-\zeta_{x}^{-}’)})^{\chi(x)}$

So we obtain the

PROPOSITION.

$\epsilon^{h}=(-1)^{m_{x}+uff}\prod_{0<r<p/2}(\zeta_{x}^{(g-1)r}+\cdots+\zeta_{x}^{-(g-1)r})^{\chi(x)}$ ,

where $u_{g}$ is the number of $r^{\prime}s$ contained in $I_{2k}(k=1, \cdots, [g/2])$ .
Next we shall prove the following

LEMMA 1.

$u_{g}+v_{g}=x_{g}$ ,

$whe\gamma eu_{g}$ or $v_{g}$ is the number of $r’ s$ or $n’ s$ contained in $I_{2k}’ s$ respectively
when $k=1,$ $\cdots,$

$[g/2]$ .

PBOOF. $u_{g}+v_{g}$ is the number of integers contained in $I_{2k}’ s$ . And if
$seI_{2k}$ , then $(2k-1)p/2g<s<2kp/2g$ . So $0<kp-sg<p/2$ . Hence $u_{g}+v_{g}$ is
the number of multiples $sg’ s$ whose smallest positive residues mod $p$ are
greater than $p/2$ , when $s$ ranges from 1 to $(p-1)/2$ . Therefore $u_{\sigma}+v_{\sigma}=\lambda_{\sigma}$ .

COROLLARY 1.

(3) $(\frac{t+u\sqrt{p}}{2})^{h}=(-1)^{vff}\prod_{0<r<p/2}(\theta^{(g-I)r}ff+\cdots+\theta_{g}^{-(g-1)r})^{-\chi(2)}$

(4) $(\frac{t-u\sqrt{p}}{2})^{h}=(-1)^{v_{g}+1}\prod_{0<r<p/2}(\theta_{g}^{(g-1)r}+\cdots+\theta_{g}^{-(g-1)r})^{\chi\{2)}$

PBOOF. Setting $x=2g$ in our proposition, then from (2)

$m_{x}=m_{2ff}$

$=(the$ number of $s’ s$ , where $\frac{(2k-1)p}{2g}<s<\frac{2kp}{2g}$ ,

when $k=1,$ $\cdots,$
$[\frac{2g+1}{4}])$



392 NORIAKI KIMURA

$=(the$ number of $s’ s$ , where $seI_{2k}$ , when $k=1,$ $\cdots,$
$[\frac{g}{2}])$

$=u_{g}+v_{g}$ .
So

$m_{x}+u_{g}=v_{\sigma}+2u_{\sigma}\equiv v_{g}$ $(mod 2)$ .
Since $N\epsilon=-1$ and $h$ is odd, (3) implies (4).

COROLLARY 2.

\langle 5) $(\frac{t+u\sqrt{p}}{2})^{h}=(-1)^{vff+1}\prod_{0<r<p/2}(\theta^{(g-1)r}+\cdots+\theta^{-(\sigma-1)r})^{x(2)}$

(6) $(\frac{t-u\sqrt{p}}{2})^{h}=(-1)^{vff}\prod_{0<r<p/2}(\theta^{(g-1)r}+\cdots+\theta^{-(g-1)r})^{-\chi(2)}$ .

PBOOF. If we set $x=2$ in the proposition, then $m.=m_{2}=0$ . Since $g$

is a quadratic non-residue mod $p,$ $\lambda_{\sigma}$ is odd by Gauss’s lemma (cf. [3] S.
95). So $m_{x}+u_{g}=u_{\sigma}\equiv v_{g}+1(mod 2)$ by Lemma 1.

If $p\equiv 5(mod 8)$ , i.e., $\chi(2)=-1$ (note $(p-1)/4\equiv 1(mod 2)$), then from ( $3\rangle$

(7) $(\frac{t+u\sqrt{p}}{2})^{h}=-(-1)^{v_{\sigma}+(p-1)/}\prod_{0<r<p/a}(\theta_{\sigma}^{(g-1)r}+\cdots+\theta_{g}^{-(g-1)r})$

and from (6)

(8) $(\frac{t-u\sqrt{p}}{2})^{h}-$

If $p\equiv 1(md8)$ , i.e., $\chi(2)=1$ (note $(p-1)/4\equiv 0(mod 2)$), then from (4)

(9) $(\frac{t-u\sqrt{p}}{2})^{h}=-(-1)^{vff+(p-1)/4}\sum_{0<r<p/2}(\theta_{g}^{(g-1)r}+\cdots+\theta_{g}^{-(g-1)r})$

and from (5)

\langle 10) $(\frac{t+u\sqrt{p}}{p})^{h}=-(-1)^{vff+(p-1)/4}\prod_{0<r<p/2}(\theta^{(g-1)r}+\cdots+\theta^{-(g-1)r})$ .
In each case, from (7) and (8), or (9) and (10)

(11) $(\frac{t+u\sqrt{p}}{2})^{h}+(\frac{t-u\sqrt{p}}{2})^{h}$
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$=-(-1)^{vff+(p-1)/4}\{\prod_{0<r<p/2}(\theta^{(g-1)\prime}+\cdots+\theta^{-(g-1)r})$

$+\prod_{0<r<p/2}(\theta_{g}^{(g-1)r}+\cdots+\theta_{g}^{-(g-1)r})\}$

On the left side of (11), the part of $\sqrt{}\overline{p}$ vanishes, therefore the left
side is

2 $\{(\frac{t}{2})^{h}+\frac{(amultip1eofp)}{2^{h}}\}$

If we denote by $P(X)$ the polynomial

$X^{p^{2}g^{2}}[2\{(\frac{t}{2})^{h}+\frac{(amultip1eofp)}{2^{h}}\}$

$+(-1)^{v_{g}+(p-1)/4}\{\prod_{0<r<p/2}(X^{(g-1)r}+\cdots+X^{-(g-1)r})$

$+\prod_{0<r<p\prime 2}(X^{g(g-1)r}+\cdots+X^{-g(g-1)r})\}]$ ,

then $P(\theta)=0$ , so $P(X)$ is divisible by

$\frac{X^{p}-1}{X-1}=X^{p-1}+\cdots+X+1$ .

Setting $X=1$ , since $p$ is odd,

$(\frac{t}{2})^{h}\equiv-(-1)^{vff+(p-1)/4}g^{(p-1)/4}$ $(mod p)$ .

Since $h$ is odd and $(t/2)^{2}\equiv-1(mod p)$ , we get

(12) $(-1)^{(h-1)/2}\frac{t}{2}\equiv-(-1)^{vff+(p-1)/4}g^{(p-1’/}$ $(mod p)$ .

On the number $v_{g}$ we now prove the following

LEMMA 2.

$v_{g}=\frac{1}{2}\{\lambda_{g}+\sum_{k=1}^{[(g+1)\prime 2]}\sum_{\epsilon eI_{2k-1}}(\frac{s}{p})\}$

PBOOF. Let $\lambda_{g}^{\prime}$ be the number of multiples $sg’ s$ whose smalIest posi-
tive residues mod $p$ are smaller than $p/2$ , when $\epsilon$ ranges from 1 to $(p-1)/2$ .
And let $u_{g}^{\prime}$ or $v_{g}^{\prime}$ be the number of $r’ s$ or $n’ s$ contained in $I_{2k-1}’ s$ respec-
tively. Then $u_{g}^{\prime}+v_{g}^{\prime}=\lambda_{g}^{\prime}$ by a similar method of Lemma 1. Since
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$u_{g}^{\prime}-v_{g}=\sum_{k=1}^{[(\sigma+1)\prime 2]}\sum_{\iota eI_{2k-1}}(\frac{s}{p})$ , $v_{\sigma}^{\prime}=\frac{1}{2}\{\lambda_{g}^{\prime}-\sum_{k=1}^{[(g+1)l2]}\sum_{eI_{2k-1}}(\frac{s}{p})\}$

So

$v_{g}=\frac{p-1}{4}-v_{g}^{\prime}=\frac{p-1}{4}-\frac{1}{2}\{\lambda_{\sigma}^{\prime}-\sum_{k=\iota}^{[(g+1)f2]}\sum_{eI_{2k-1}}(\frac{s}{p})\}$

$=\frac{1}{2}\{(\frac{p-1}{2}-x_{\sigma}^{r})+\sum_{k=1}^{\mathfrak{c}(\sigma+1)}/\epsilon J\sum_{eI_{2k-1}}(\frac{s}{p})\}$ .

Since $\lambda_{\sigma}+\lambda_{g}=(p-1)/2$ ,

$v_{g}=\frac{1}{2}\{\lambda_{g}+\sum_{=k1}^{[(g+1)^{t},2]}\sum_{\in I_{2k-1}}(\frac{s}{p})\}$

From (12) and Lemma 2, we have Theorem 1.

\S 4. Proof of the Theorem 2.

$P=(\frac{p-1}{2})!=\prod_{0<r<p/2}r\prod_{0<\cdot<pf2}n$

$=\prod_{0<r<p/2}r\prod_{1\leq k\leq g*}\prod_{\in I_{k}}n$

$=\prod_{0<r<p\prime 2}r(\prod_{k=1}^{[(l+1)/2]}\prod_{eI_{2k-1}}n)([l\prod_{k=1}^{\prime}2]\prod_{eI_{2k}}n)$ .
The method of the proof in the proposition in \S 3 follows

$P\equiv\prod_{0<’\cdot<p/\epsilon}r(\prod_{k=1}^{[(\sigma+1)l2]}\prod_{r\overline{=}\cdot l,\sim eI_{lk}}\frac{r}{g})(\prod_{=}^{[g12]}-$

$\prod_{eI_{1k},0<r<p\overline{/2}^{1}0<r<p/2}\frac{-r}{g})$

$\equiv\frac{(-1)^{vff}}{g^{(p-1)/}}(\prod_{0<r<p\prime 2}\gamma)^{2}$ $(mod p)$ ,

where $v_{g}$ is the number of $n’ s$ contained in $I_{2k}’ s$ . Since $(\prod_{0<r<p/2}r)^{2}\equiv$

$-(-1)^{(p-1)/}(mod p)$ (cf. [1]) and $g^{(p-1)/2}\equiv-1(mod p)$ , we get

$P\equiv\frac{-(-1)^{(p-1)/l+vff}}{g^{(p-1)\prime}}\equiv(-1)^{(p-1)/4+v}\sigma g^{(p-1)/4}$ $(mod p)$ .

Hence

$\frac{((p-1)/2)!}{g^{(p-1)/}}\equiv(-1)^{()/+}p-14vff$ $(mod p)$ ,

which is Theorem 2.
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\S 5. The number $\lambda_{g}$ and $v_{\sigma}$ .
In connection with two different quadratic non-residues modulo $p$ ,

we get the following supplemental result which will be used for calcula-
tion. Let $g_{1},$ $g_{2}$ be two positive quadratic non-residues modulo $p$ such
that $g_{1}+g_{I}=p$ (therefore $g_{1}$ and $g_{2}$ are different and $0<g_{1},$ $g_{2}<p$). From
Theorem 1, we can easily get

$v_{g_{1}}+v_{g_{2}}\equiv\frac{p-1}{4}$ $(mod 2)$ .

But we can prove directly (without using Theorem 1) the following more
precise

LEMMA 3. Let $g_{1},$ $g_{2}$ be two positive quadratic non-residues modulo
$p$ such that $g_{1}+g_{2}=p$ . Then

1) $\lambda_{g_{1}}+\lambda_{g_{2}}=\frac{p-1}{2}$

2) $v_{g_{1}}+v_{\sigma_{2}}=\frac{p-1}{4}$ .

PBOOF. 1) Write $I_{2k}^{(1)}=((2k-1)p/2g_{1},2kp/2g_{1})$ , then

$seI_{2k}^{(1)}\Leftrightarrow\frac{(2k-1)p}{2g_{1}}<s<\frac{2kp}{2g_{1}}$

$\Leftrightarrow 0<kp-sg_{1}<\frac{p}{2}$

$\Leftrightarrow 0<kp-s(p-g_{2})<\frac{p}{2}$

$\Leftrightarrow(s-k)p<sg_{2}<(s-k)p+\frac{p}{2}$

$\Leftrightarrow\frac{(2k^{\prime}-2)p}{2g_{2}}<s<\frac{(2k^{\prime}-1)p}{2g_{2}}$ $(k^{\prime}+k=s+1)$

$\Leftrightarrow seI_{8k-1}^{(2)}=(\frac{(2k^{\prime}-2)p}{2g_{2}},$ $\frac{(2k^{\prime}-1)p}{2g_{2}})$ .

Hence $\lambda_{g_{1}}=\lambda_{l\mathfrak{g}}^{\prime}$ . Similarly $\lambda_{\sigma_{2}}=\lambda_{g_{1}}^{\prime}$ . Since $\lambda_{\sigma_{1}}+\lambda_{\sigma_{1}}^{\prime}=(p-1)/2$ , so we get
$\lambda_{\sigma_{1}}+\lambda_{g_{2}}=(p-1)/2$ .

2) From what has been proved above,

$\sum_{k=1}^{[(\sigma_{1}+1)/2]}\sum_{*eI_{2k-1}^{(1)}}(\frac{s}{p})+\mathfrak{c}(\sum_{k=1\epsilon eI^{(2)}}^{\sigma_{2}+1)/2l}\sum_{2k-1}(\frac{s}{p})$
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$=\sum_{k=1}^{[(g_{1}+1)/2]}\sum_{*e\iota_{2}^{(1}i_{-1}}(\frac{s}{p})+\sum_{k=1}^{[l1/2]}\sum_{\iota eI_{2h}^{(1)}}(\frac{s}{p})=\sum_{0<\cdot<p/2}(\frac{s}{p})=0$ .

So we get

$v_{g_{1}}+v_{g_{2}}$

$=\frac{1}{2}\{$ $\lambda_{\sigma_{1}}+\iota\sum_{k=1}^{g_{1}/}\sum_{eI_{2k-1}}(\frac{s}{p})\}+\frac{1}{2}\{$ $\lambda_{g_{2}}+\sum_{k=\iota}^{[t\iota s+1)/a]}\sum_{eI_{2k-1}}(\frac{s}{p})\}$

$=\frac{1}{2}(\lambda_{g_{1}}+\lambda_{g_{2}})=\frac{p-1}{4}$ .
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