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Introduction

Let $a$ denote a positive integer, $\zeta(s)$ the Riemann zeta function and
$B_{k}$ be the k-th Bernoulli number, respectively. Then it is well known
that

(1) $\zeta(2a)=\frac{(-1)^{a-1}B_{2a}(2\pi)^{2a}}{2(2a)!}$ .

But practically nothing is known about the numerical nature of $\zeta(2a+1)$

except for the irrationality of $\zeta(3)$ proved by R. Ap\’ery (see [6]). There
is the Ramanujan’s formula, which shed llght on this problem, proved
by A. P. Guinand [4], E. Grosswald [2], [3], and others. Recently, Y.
Matsuoka [5] formulated and proved the Ramanujan’s formula for the
values of $\zeta(s)$ at half integers. And he got interesting expressions for
$\zeta(1/2)\zeta(2a-1/2)$ and $\zeta(-1/2)\zeta(2a+1/2)$ , where $a$ is greater than 1.

In the present paper, by a similar method used in [5], we shall give
generalizations of Matsuoka’s results.

\S 1. Notations and results.

From now on, we assume that $a$ is an integer greater than 1 and $b$

is a non-negative integer. As usual, $N$ and $Q$ denote the set of natural
numbers and the field of rational numbers, respectively. For any posi-
tive integer $n$ , we put

$g_{a,b}(n)=$
$\sum_{klm|n,\langle k,l,m)eN^{3}}k^{-b-1/2}l^{2a-1}m^{2a-b-3/2}$

Further we put
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$\epsilon(b)=\left\{\begin{array}{ll}1 & if b\equiv 0,3(mod 4),\\-1 & if b\equiv 1,2(mod 4).\end{array}\right.$

Then our formulae are formulated as follows.

THEOREM 1. Assume $2a\geqq b+1$ , and define, for $x>0$ ,

$G_{a,b}(x)$

$=x^{a-b/2-1/4}\{\sum_{\dot{g}=0}^{b}\sum_{=1}^{\infty}\frac{2^{\dot{f}}(2b-j)!g_{a,b}(n)}{2^{b}(b-j)!j!}(4\sqrt{n\pi x})^{\dot{f}}e^{-4\overline{n\pi x}}$

$+_{\ovalbox{\tt\small REJECT}\}}(-1)^{a-1}\epsilon(b)(2b).!(4a-2b-2)!B_{2a}\zeta(b+1/2)\zeta(2a-b-1/2)ab!(2\alpha-b-1)!2^{0a-2b-1}\pi^{2a-b-1}$

$+X^{a+b/2+1/4}\frac{(-1)^{a+b}\epsilon(b)(b+1)!(4a+2b)!B_{2a}\zeta(-b-1/2)\zeta(2a+b+1/2)}{a\cdot(2b+2)!(2a+b)!2^{0a-2b-1}\pi^{2a-1/2}}$ .

Then for arbitrary positive numbers $\alpha,$ $\beta$ with $\alpha\beta=\pi^{2}$ , we have

(2) $G_{a,b}(\alpha)=G_{a,b}(\beta)$ .
THEOREM 2. Assume $2a\leqq b$ , and define, for $x>0$ ,

$G_{a,b}(x)$

$=x^{a-b12-1/4}\{\sum_{j=0}^{b}\sum_{=1}^{\infty}\frac{2^{\dot{f}}(2b-j)!g_{a,b}(n)}{2^{b}(b-j)!j!}(4\sqrt{n\pi x})^{j}e^{-4\overline,\pi ae}$

$+_{\ovalbox{\tt\small REJECT}\}}(-1)^{a+b}\epsilon(b)(2b)!(b-2a+1)!B_{2a}\zeta(b+1/2)\zeta(2a-b-1/2)a\cdot b!(2b-4a+2)!2^{6a-2b-1}\pi^{2a-b-1}$

$+x^{a+b/2+1/4}\frac{(-1)^{a+b}\epsilon(b)(b+1)!(4a+2b)!B_{2a}\zeta(-b-1/2)\zeta(2a+b+1/2)}{a\cdot(2b+2)!(2a+b)!2^{0a-2b-1}\pi^{2a-1/2}}$ .

Then for arbitrary positive numbers $\alpha,$ $\beta$ with $\alpha\beta=\pi^{2}$ , we have

(3) $G_{a,b}(\alpha)=G_{a.b}(\beta)$ .
Putting $b=0$ in Theorem 1, we deduce the main result of Matsuok;

[5].
For brevity, we put, for $x>0$ ,

$E_{a,b}(x)=\sum_{J=0}^{b}\sum_{*=1}^{\infty}\frac{2^{\dot{f}}(2b-j)!g_{a,b}(n)}{2^{b}(b-j)!j!}(\pi\sqrt{nx})^{\dot{J}}e^{-\pi^{\sqrt{}}\overline,*x}$

Then, by setting $(\alpha, \beta)=(2\pi, \pi/2),$ $(4\pi, \pi/4)$ in (2), (3), we obtain the fol
lowing corollaries.

COROLLARY 1.
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$\zeta(-b-\frac{1}{2})\zeta(2a+b+\frac{1}{2})$

$=_{\frac{(-1)^{a+b}\epsilon(b)\alpha\cdot(2b+2)!(2a+b)!\pi^{2a-b-1}}{(b+1)|(4\alpha+2b)!B_{2t}C}\{c_{1}E_{a,b}(4)}$

$+c_{2}E_{a.b}(8)+c_{\$}E_{a.b}(32)+c_{4}E_{a,b}(64)\}$ ,

where $C,$ $c_{1},$ $\cdots,$ $c_{4}$ are numbers in $Q(\sqrt{2})$ defined by

$C=(2^{2a+b+1/2}-1)(2a+b+1/2-2^{2a}-2^{b+1/2}+1)$ ,

$c_{1}=2^{6a}$ ,

$c_{2}=-2^{6a}(2^{2a-b-1/2}+1)$ ,

$c_{3}=2^{8a-b-1/2}(2^{2a-b-1/2}+1)$ ,

$c_{4}=-2^{10a-2b-1}$

COROLLARY 2. Assume $2a\geqq b+1$ . Then we have

$\zeta(b+\frac{1}{2})\zeta(2a-b-\frac{1}{2})$

$=\frac{(-1)^{a-1}\epsilon(b)a\cdot b!(2a-b-1)l\pi^{2a-b-1}}{(2b)!(4\alpha-2b-2)!B_{2a}C^{\prime}}\{c_{1}^{\prime}E_{a,b}(4)$

$+c_{2}^{\prime}E_{a,b}(8)+c_{\epsilon}^{\prime}E_{a,b}(32)+c^{\prime}E_{\iota.b}(64)\}$ ,

where $C’,$ $c_{1},$ $\cdots,$
$c_{4}^{\prime}$ are numbers in $Q(\sqrt{2})$ defined by

$C’=(2^{2a}-2^{b+1/2})(2^{2a+b+1/2}-2^{2a}-2^{b+1/2}+1)$ ,

$c_{1}^{\prime}=-2^{6a}$ ,

$c_{2}^{\prime}=2^{6a-b-1/2}(2^{2a+b+1/2}+1)$ ,

$c_{3}^{\prime}=-2^{8a-2b-1}(2^{2a+b+1/2}+1)$ ,

$c_{4}^{\prime}=2^{10a-2b-1}$

COROLLARY 3. Assume $2a\leqq b$ . Then we have

$\zeta(b+\frac{1}{2})\zeta(2a-b-\frac{1}{2})$

$=\frac{(-1)^{a+b}\epsilon(b)a\cdot b!(2b-4a+2)!\pi^{2a-b-1}}{(2b)!(b-2a+1)!\backslash B_{2a}C^{\prime}}\{c_{1}^{\prime}E_{a,b}(4)$

$+c_{2}^{\prime}E_{a.b}(8)+c_{3}E_{a,b}(32)+c_{4}^{\prime}E_{a.t}(64)\}$ ,
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where $C^{\prime},$ $c_{1}^{\prime},$

$\cdots,$
$c_{4}^{\prime}$ are numbers in $Q(\sqrt{2})$ defined in Corollary 2.

\S 2. Legendre’s duplication formula.

The aim of this section is to prove the following proposition, whicl
is a generalization of Legendre’s duplication formula for the gamm;
function.

PROPOSITION. For any non-negative integer $m$ , we have

(4) $\Gamma(s)\tau(s+m+\frac{1}{2})=2^{1-2n-2}\pi^{1/2}\sum_{k=0}^{n}\frac{2^{k}(2m-k)}{(m-k)!k}!^{\Gamma(2s+k)}$ .
To prove this, we need the following lemma which is due to Profes

sor M. Endo.

LEMMA. For any positive integer $n$ , we hare

(5) $\prod_{k=1}^{\cdot}(x+2k-1)=C_{n,0}+\sum_{k=1}^{l}C,$ $,kx(x+1)\cdots(x+k-1)$ ,

where

$C_{k}’=\frac{2^{k}(2n-k)!}{2(n-k)!k!}$ $(k=0, \cdots, n)$ .

PROOF. From (5), we easily deduce that

$C_{n,0}=\frac{(2n)!}{2n!}$ ,

$C.,,$ $=1$

and

$C_{n,k}=C_{-1,k-1}+(2n-k-1)C_{-1,k}$ $(k\leqq n-1)$ .
Hence, by induction, we can easily obtain our assertion.

PROOF OF PROPOSITION. In the case of $m=0$ , this is Legendre’
duplication formula. So we may assume that $m\geqq 1$ . Since
(6) $\Gamma(s+1)=s\Gamma(s)$ ,

we know that

$\tau(s+m+\frac{1}{2})=\prod_{k=1}^{n}(s+k-\frac{1}{2})\cdot\tau(s+\frac{1}{2})$ .
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From the above lemma, we have

$\prod_{k=1}^{n}(2s+2k-1)=C_{m,0}+\sum_{k=1}^{m}C_{m,k}(2s)(2s+1)\cdots(2s+k-1)$ ,

where

$C_{n,k}=\frac{2^{k}(2m-k)!}{2^{n}(m-k)!k!}$ $(k=0, \cdots, m)$ .

Therefore, from (6) and Legendre’s duplication formula, we conclude that

$\Gamma(s)\tau(s+m+\frac{1}{2})=2^{1-m-2\iota}\pi^{1/2}\sum_{k=0}^{i*}C_{m.k}\Gamma(2s+k)$ ,

which gives our assertion.

\S 3. Proofs of Theorem 1 and Theorem 2.

We put

$\varphi_{a,b}(s)=^{2^{b}\Gamma(s)\Gamma(s+b+1/2)\zeta(s)\zeta(\epsilon+b+1/2)\zeta(-2a+1)\zeta(s-2a+b+3/2)}\ovalbox{\tt\small REJECT}\pi^{1/2}(2\pi)^{2\epsilon}8$

Then, by noticing that

(7) $2\Gamma(s)\zeta(s)\cos\frac{\pi s}{2}=(2\pi)\zeta(1-s)$

and

(8) $\Gamma(s)\Gamma(1-s)=\frac{\pi}{\sin\pi s}$ ,

we obtain the functional equation

(9) $\varphi_{a,b}(s)=\varphi_{a.b}(2a-b-\frac{1}{2}-s)$ .

Now, we define the function

$F_{a,b}(t)=\sum_{\dot{s}=0}^{b}C_{b,j}\dagger_{n=1}\sum^{\infty}g_{a,b}(n)(4\pi\sqrt{nt})^{\dot{J}}e^{-4\pi^{\sqrt{}}\overline{nt}}\}$ $(t>0)$ ,

where

$C_{b,j}=\frac{2^{\dot{f}}(2b-j)!}{2^{b}(b-j)!j!}$ .
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Hereafter, we usually write $ s=\sigma+i\tau$ , where $\sigma$ and $\tau$ are real, and $i^{2}=-$ ]

The series

$t^{-1}\sum_{\Rightarrow 1}^{\infty}g_{a,b}(n)(4\pi\sqrt{nt})^{\dot{J}}e^{-4\pi^{\sqrt{}}\overline{\alpha t}}$ $(0\leqq j\leqq b)$

converges absolutely in $t>0$ and uniformly in any interval $\delta\leqq t<\infty$ wit.
$\delta>0$ , since

(10) $|g_{b}’(n)|\leqq n^{4a+1}$ ,

$|(4\pi V\overline{nt})^{j}e^{-2\pi^{\prime_{l}}}|\leqq(2j)]$

and

$|t^{-1}e^{-\pi^{\overline{\sqrt{}}}}|\leqq C^{*}$ ,

so that

$|\cdot)^{j}e^{-4\pi^{\prime}}$

$<\infty$ $(0\leqq j\leqq b)$ ,

where $C^{*}$ denotes a positive number depending only on $\sigma$ and $\delta$ . Thu
we get

$\int_{0}^{\infty}F_{a.b}(t)t^{-1}dt$

$=\sum_{j=0}^{b}C_{b,j}\{\sum_{\sim=1}^{\infty}g_{a.b}(n)(4\pi\sqrt{n})^{j}\int_{0}^{\infty}t^{+\dot{g}/2-1}e^{-4\pi^{\sqrt{t}}}dt\}$ .
Substituting $u=4\sqrt{nt}$ in the above integral, we find that

(11) $\int_{0}^{\infty}F_{a.b}(t)t^{-1}dt$

$=2(4\pi)^{-u}\sum_{j=0}^{b}C_{b.\dot{g}}\Gamma(2s+j)\sum_{=1}^{\infty}n^{-}g_{a.b}(n)$ .
Since, by (10), the last series is absolutely convergent in the half-plan $($

${\rm Re}(s)>4a+2$ , it follows that

(12) $\sum_{=\iota}^{\infty}n^{-}g_{a.b}(n)=\zeta(s)C(s+b+\frac{1}{2})\zeta(s-2\alpha+1)\zeta(s-2\alpha+b+\frac{3}{2})$

for ${\rm Re}(s)>4a+2$, and so for all $\epsilon$ (by the theorem of identity). Thuf
we get from (4), (11) and (12),
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$\varphi_{a.b}(s)=\int_{0}^{\infty}F_{a,b}(t)t^{\iota-1}dt$ .

Since $\varphi_{a,b}(s)$ is regular in ${\rm Re}(s)>2a$ , Mellin’s inversion formula permits
us to write

(13) $F_{a,b}(t)=\frac{1}{2\pi i}\int_{2a+1/2-i\infty}^{2a+1/2+l\infty}\varphi_{a,b}(s)t^{-\epsilon}ds$ .

We note here that

(14) $\varphi_{a,b}(\sigma+i\tau)=0(e^{-\pi|\tau|}|\tau|^{\Delta})(c\leqq\sigma\leqq d, |\tau|\geqq 1)$ ,

where $c$ and $d$ are arbitrary fixed real numbers, and $\Delta$ is a positive con-
stant independent of $\tau$ . To show this, we have only to recall the fol-
lowing estimates;

$\Gamma(\sigma+i\tau)=0(e^{-\pi|\tau|/2}|\tau|^{\sigma-1/2})(c\leqq\sigma\leqq d, |\tau|\geqq 1)$ ,

$\zeta(\sigma+i\tau)=0$( $|\tau|^{\iota(\sigma)}$ log $|\tau|$),

where

$\epsilon(\sigma)=\{$

$’\frac{1}{2}-\sigma$ $(\sigma\leqq 0)$ ,

$\frac{1}{2}$ $(0\leqq\sigma\leqq\frac{1}{2})$ ,

$ 1-\sigma$ $(\frac{1}{2}\leqq\sigma\leqq 1)$ ,

$0$ $(\sigma\geqq 1)$ .
(These estimates can be found in [7].) By (14), we can shift the line of
integration in (13) to any position $(\sigma^{\prime}-i\infty, \sigma^{\prime}+i\infty)$ . Taking $\sigma^{\prime}=-(b+1)$ ,
we get

(15) $ F_{a,b}(t)=\frac{1}{2\pi i}1_{-\{b+1)-l\infty}^{\varphi_{a,b}(s)t^{-}d_{S}}-(b+1)+l\infty$

$+\{sum$ of residues of integramd at poles $s=-b-\frac{1}{2}$ ,

$0,2a-b-\frac{1}{2},2a$

Substituting $s=2a-b-1/2-S$ , it follows from (9) that
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(16) $\frac{1}{2\pi i}\int_{-(b+1)-t\infty}^{-(b+1)+i\infty}\varphi_{a,b}(s)t^{-}ds=t^{-2a+b+1/2}\frac{1}{2\pi i}\int_{2a+1/2-i\infty}^{2a+1/2+i\infty}\varphi_{a,b}(S)(\frac{1}{t})^{-S}dS$

$=t^{-2a+b+1/2}F_{a,b}(\frac{1}{t})$ .

Now we calculate the residues in the sum by using (1), (7), (8) anc
the following facts

$\zeta(0)=-\frac{1}{2}$ ,

$\zeta(1-2n)=-\frac{B_{g}}{2n}\cdot$ ,

$\Gamma(m+\frac{1}{2})=\frac{(2m)!\pi^{1/2}}{m!2^{2n}}$ ,

where $n$ is any positive integer and $m$ is any non-negative integer.

${\rm Res}_{\epsilon=-b- 1(2}(\varphi_{a,b}(s)t^{-})$

$=\frac{2^{b}\Gamma(-b-1/2)\zeta(-b-1/2)\zeta(0)\zeta(-2a-b+1/2)\zeta(1-2a)t^{b+1/2}}{\pi^{1/2}(2\pi)^{-2b-1}}$

$=_{\ovalbox{\tt\small REJECT}}(-1)^{a+b+1}\epsilon(b)(b+.1)!(4a+2b)!B_{2a}\zeta(-b-1/2)\zeta(2a+b+1/2)t^{b+1/2}a(2b+2)!(2a+b)!2^{6a-2b-1}\pi^{2a-b-1}$

${\rm Res}_{*=w}(\varphi_{a,b}(s)t^{-})$

$=\ovalbox{\tt\small REJECT}(-1)^{a+b}\epsilon(b)(b+1)!(4a+2b)!B_{2a}\zeta(-b-1/2)\zeta(2a+b+1/2)t^{-u}a\cdot(2b+2)!(2\alpha+b)!2^{0a-2b-1}\pi^{2a-b-1}$

In the case of $2a\geqq b+1$ , we have

${\rm Res}_{=0}(\varphi_{a,b}(s)t^{-})$

$=\frac{(-1)^{a}\epsilon(b)(2b)!.(4a-2b-2)!B_{2a}\zeta(b+1/2)\zeta(2a-b-1/2)}{ab!(2\alpha-b-1)!2^{0a-2b-1}\pi^{2a-b-1}}$ ,

${\rm Res}_{\iota=za-b-1l2}(\varphi_{a,b}(s)t^{-})$

$=_{\ovalbox{\tt\small REJECT}}(-1)^{a-1}\epsilon(b)(2b)!(4a-2b-2)!B_{2a}\zeta(b+1/2)\zeta(2a-b-1/2)t^{-2a+b+1/2}a\cdot b!(2a-b-1)!2^{0a-2b-1}\pi^{2a-b-1}$

In the case of $2a\leqq b$ , we have

${\rm Res}_{=0}(\varphi_{a,b}(s)t^{-})$

$=\ovalbox{\tt\small REJECT}(-1)^{a+b+1}\epsilon(b)(2b)!(b-2a+1)!B_{2a}\zeta(b+1/2)\zeta(2a-b-1/2)a\cdot b!(2b-4a+2)!2^{6a-2b-1}\pi^{2a-b-1}$
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$\underline{{\rm Res}_{\epsilon=2ab-1/2}}(\varphi_{a,b}(s)t^{-*})$

$=\ovalbox{\tt\small REJECT}(-1)^{a+b}\epsilon(b)(2b)!(b-2a+1)!B_{2a}\zeta(b+1/2)\zeta(2\alpha-b-1/2)t^{-2a+b+1/2}a\cdot b!(2\dot{b}-4a+2)!2^{6a-2b-1}\pi^{2a-b-1}$

In the case of $2a\geqq b+1$ , using (15) and (16), these calculations give
the equality

$(F_{a,b}(t)+(-1)^{a-1}A)+(-1)^{a+b}Bt^{b+1/2}$

$=t^{-2a+b+1/2}(F_{a,b}(\frac{1}{t})+(-1)^{a-1}A)+(-1)^{a+b}Bt^{-2a}$ ,

where

$A=_{ab!(2a-b-1)!2^{6a-2b-1}\pi^{2a-b-1}}^{\epsilon(b)(2b)!(4.\alpha-2b-2)!B_{2a}\zeta(b+1/2)\zeta(2\alpha-b-1/2)}\ovalbox{\tt\small REJECT}$

and

$B=\ovalbox{\tt\small REJECT}\epsilon(b)(b+1)!(4a+2b)!B_{2a}\zeta(-b-1/2)\zeta(2a+b+1/2)a\cdot(2b+2)!(2\alpha+b)!2^{6a-2b-1}\pi^{2a-b-1}$

Setting $\pi t=\alpha$ and $\pi/t=\beta$ , we obtain

$\alpha^{a-b/2-1/4}(F_{a,b}(\frac{\alpha}{\pi})+(-1)^{a-1}A)+\alpha^{a+b/2+1/4}\frac{(-1)^{a+b}B}{\pi^{b+1/2}}$

$=\beta^{a-b/2-1/4(F_{a,b}(\frac{\beta}{\pi})+(-1)^{a^{S}1}A)+\beta^{a+b/2+1/4}\frac{(-1)^{a+b}B}{\pi^{b+1/2}}}$ ,

which yields Theorem 1.
If $2a\leqq b$ , then we can easily obtain Theorem 2 by using the same

way as above. So we omit the proof of it.
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