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Introduction

Let (M, g) be a compact connected Riemannian manifold with metric
tensor g and A be the Laplacian acting on differentiable functions on M,
that is,

A<P= —'Z g"iV,-V¢¢ .

Let Spec (M, g)={0=7\<A=<N,=---} be the set of eigenvalues of A,
where each eigenvalue is repeated as many times as its multiplicity.
Let (B, 9) and (F, h) be Riemannian manifolds and f>0 a differenti-
able function on B. Consider the product manifold B X F' with its projec-
tions 7: BXF— B and 7: BXxF—F. The warped product M=BX;, F is
the manifold Bx F' furnished with the Riemannian structure g such that

(X, Y)=9g(m, X, 7, Y)+ fArm)h(n.X, 7y Y)

for tangent vectors X, Ye T,.M. If f=1, then B X, F is nothing but
the ordinary Riemannian product.

Making use of the warped product, N. Ejiri [8] constructed examples
of compact, connected, non-flat and irreducible Riemannian manifolds
which are isospectral but non-isometric. He proves that if Spec (M, h)=
“Spec (M’, b') then Spec (B X;M)=Spec (B X;M’), where f is a positive
differentiable function on B.

In this paper we show the converse.

THEOREM 1. Let (B, g), (M, h), and (M', h’) be compact conmected
Riemannian manifolds and f>0 a differentiable function on B. If
Spec (B X ;s M)=Spec (B X; M') then Spec (M, h)=Spec (M, b).

Let (B, g) and (F, h) be compact connected Riemannian manifolds and
f>0 a differentiable function on B. When we study the spectrum of
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the warped product B X, F, we introduce a differential operator L.,
acting on differentiable functions on B, which is defined by L.,,=A%—
(n/f) grad f+\,/f?, where n=dim F' and , is the i-th eigenvalue of the
Laplacian of (F, h) (cf. Ejiri [38] or section 1). We denote the least
eigenvalue of the operator L .;, by #4(f;»;). About the relation between
pa(fsn) and ge,(1; \,), we have the following result.

THEOREM 2.

th(F5 M| F IR MO TR =N (1[5
and the equality holds if and only if f 18 constant, where

£ l=A{{, rrav}” .

It is interesting to compare the least positive eigenvalue of the
warped product B X, F with that of the ordinary Riemannian product
Bx F. Using Theorem 2, we obtain the following result.

THEOREM 3. Assume that the least positive eigenvalue of B is mot
less than that of F. Then,

M(f) Vol () <n(1) Vol (1)7*

and the equality holds only if f is constant, where n=dim F and \(f)

and Vol (f) denote the least positive eigenvalue and the volume of B X, F,
respectively.

REMARK. Theorem 3 implies that the ordinary Riemannian product
is distinguished by its least positive eigenvalue in the class of warped
products. In fact, if the assumption in Theorem 3 is satisfied and
Vol (f)=Vol (1), then A (f)<N\(1) and the equality holds if and only if
f=1

The author wishes to thank Professor K. Ogiue for his many valu-
able comments. He also thanks Mr. N. Ejiri for his helpful suggestions.

§1. Spectrum of a warped product —Review of the Ejiri’s Theorem.

We review some results about the spectrum of a warped product
which N. Ejiri showed in [3].

Let (B, g) (resp. (F, h)) be an m(resp. n)-dimensional compact con-
nected Riemannian manifold and f be a positive differentiable function
on B. By C*(B) we denote the space of differentiable functions on
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B with the scalar product (o, ¢>=§ Sf*pydV,. For a non-negative

parameter A\, we define a differential oi‘)erator Ls., acting on C*(B) by
Lisn=NA"—(n/f) grad f+1/f?, where A® is the Laplacian of (B, g) and
grad f is the gradient of f introduced by the metric tensor g. Then
L s becomes a self-adjoint differential operator of L¥B) (DC=(B)). So
L., has a discrete spectrum with finite multiplicities, which we denote
by Spec (Ly,s).

About the spectrum of the warped product, N. Ejiri showed that
Spec (B X, F)=37,Spec (Li;,,), where \, € Spec (F, h).

§2. Proof of Theorem 1.

We use the same notations as in section 1. We denote the least

eigenvalue of the operator L;.; introduced by the warped product B X, F'
by .(f; ).

LEMMA 1. If 0SNSN, then i(f;M)=p(f;N). The equality holds
tf and only if =\

PROOF. We apply the minimum principle to the self-adjoint dif-
ferential operator Ly.;.
For any non-zero differentiable function @€ C~(B),

. Liyan®, P
. (f; N)é—————w o

and the equality holds if and only if L .,@=t,(f;\)®. Using the formula
SB AP “”dVFL [dpldy)dV,

’

we have
|, Frove-pav,= @elareniv,
|, raplap)av,+| ar—oariapav,

|, rapiapav,+ |, nro@rad Hpav, ,

where (d®|dy) =g P .
Therefore

Lisa®, 9= F1(Ap—(n/)erad f)o+0I )PV,

= L [ A*p - pdV,— L nf " 'p(grad fledV,
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| ey,
B
=\, rraslapav,\| rogav, .

Let € C*(B) be an eigenfunction of the operator L., with the least
eigenvalue, that is, L., ¢=¢(f;\)®. Then

L N = LyanP, PP, P
={|, rrdplapav,+r| reavy} /e,

<{|, rrapiapav,+n | reav}iie, »

= <L(f:2')¢r ¢>/<¢y ¢>
=m(f;N) .

The equality implies that A=)\'.

REMARK. Let A, be the i-th eigenvalue of the Laplacian of (F', h).
The least eigenvalue of L., is 0 and its eigenfunction is constant. The
least eigenvalue of L, is strictly positive by Lemma 1. So the least
positive eigenvalue of the warped product B X, F is the minimum of the
least positive eigenvalue of L, and the least eigenvalue of L, Fiap-

PrROOF OF THEOREM 1. We denote the i-th eigenvalue of (M, h)
(resp. (M', h')) by N\; (resp. \{). Since Spec (B X, M)=Spec (B X, M’),
dim (BX M)=dim (Bx M') and hence dim M=dim M’. We apply mathemati-
cal induction: First of all, A,=Aj=0. We assume next that, for any
non-negative integer k, \,=2{ for ¢=0,1, ---, k. Since dim M=dim M’,
L sy= L., and hence Spec (Ls.;,)=Spec (Ls,:,) for i=0, 1, ---, k. Thus
Spec (B X s M)— 3¢, Spec (L)) =Spec (B X s M")— 3%, Spec (L(s,1y). By
Lemma 1, the minimum of Spec (B X,M)— 3%, Spec (L, £i2p) is the least
eigenvalue of Ly,;,,. By the same reason, the minimum of
Spec (B Xy M')—3't_, Spec (L.x,) is the least eigenvalue of Ly, So
ta(fs M) =(f; Me+,) and Lemma 1 implies that Ae,=M\.i,. Therefore,
for arbitrary non-negative integer 7, we have \,=\..

§3. Proof of Theorem 2.

We use the same notations as in section 1. We . denote the i-th
eigenvalue of F' by )\,. Applying the minimum principle to the operator
L.,,, we obtain B
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ﬂl(f; >“i)§<L(f‘.Z¢)1: 1>/<1’ 1>
= v pav, .
B B
By Holder’s inequality, we have

SB SV, {L (from o V,} (”—-2)/%“3 J Vy} v

e ey

and hence

R A e L2 R 2
SB fﬁd Vg {SB f”d Vg} -

2/n

Since £,(1; M,)=X\,, we have
(M FIRENA L =@ M) T2

If the equality holds, f is constant as the equality holds in Holder’s
inequality. Conversely, if f is constant, then g,(f;\)=x,/f?and =
Sf1l1]l.. Therefore the equality holds.

§4. Proof of Theorem 3.

The assumption of Theorem 3 implies that the least positive eigenvalue
of F' is the least positive eigenvalue of Riemannian product BX F. Thus
we have )\ (1)=X,. On the other hand, by the remark in section 2, we
obtain M(f)=p(f; N;). The proof of Theorem 2 implies that

R LS K2 0 AT N

e e e
=N, Yol (1)**/Vol ()",

that is, £4(f; M) Vol (f)¥* <\, Vol (1)¥*. Therefore, we have \,(f) Vol (f)**<
(1) Vol (1)¥*.  If the equality holds, Theorem 2 implies f is constant.

REMARK. Even if f is constant, the equality does not necessarily
hold. In fact, consider the case where the least positive eigenvalue of
L.y is less than g,(f; \).
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