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Let K be an abelian number field of degree 6 over the rational
number field P and suppose K contains a primitive 3rd root {, of unity.
Then the ambiguous number of K/P(,) is 3*? when 3 unramifies in
K/P(&,) and it is 8*~' when 8 ramifies in K/P({,) where ¢{+1 is the
number of prime numbers which ramify in K/P.

Let I" be the genus field of K/P, then I'/K is unramified and the
number of these ideal classes of K which are principal in I” is a multiple
of (I': K) and it is larger than (I": K) if t=2.

§1. Preliminaries.

Throughout this paper we shall use the following notations.

P The rational number field.

¢, A primitive n-th root of unity.
In this paper, the conductor of K is the minimal number f such that
KcP(,;) when K is abelian over P.

I, The group of ideals in K.

P, The group of principal ideals in K.

hg=[Ix: Px] The class number of K.

A~1 An ideal % is principal in the field.

A~V Ideals 9 and B are contained in a same ideal class in
the field.

We call A eI, an ambiguous ideal if A=A for all o c Gal (K/k) and we
call A e I, an ambiguous class ideal if A~° € Py for all o€ Gal (K/k).
Ao xn The subgroup of I./P. consisting of classes each of which
' contains an ambiguous ideal for K/k. '
0o, x;x The order of A, /.
Azn The subgroup of I/P, consisting of classes each of which
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contains an ambiguous class ideal for K/k.

Ax/e The order of Ag,..
We call a,x, the ambiguous number and we call as, the ambiguous
class number.

Ey The group of all units in K.
Let K be an abelian number field over k. If a number field I" satisfies
the conditions '

(i) I'Jk is abelian

(ii) no prime divisor in K ramifies in I'/K

(iii) I' is maximal under the conditions (i) and (ii),
then we call I" the genus field of K/k (in the wide sense).

§2. Ambiguous numbers.

THEOREM. Let K be an abelian number field of degree 6 over P and
suppose K contains ;. Then the factorizatom of the conductor f of K
into prime numbers 18 f=3'pp,-- 0, =1 or 2. When t=1, we have
Ni/pglix={x1} and [Ep¢y: Ng/peplx]l=3. When s=1, we have Qo,k/P (L) =
3#-2, When 8=2 and t=1, we have Qo x/py=3"" When 8=2 and t=0,
we have ao,zx/piny=1 and NK/P(ts)-EK={——t1) +G, _-':C§}=Ep(c3)-

PROOF. p,=1 (mod 3) for i=1,2, ---, t.

P(&,)
Py /
P(Cpl.--m)///‘?(Cf) Pl ?/// 9
s=
s=1
ub—"1% — | k
3 3 3

P”/Z/JP(C") P/Z”—IJD(’:s) 3 P(ey)

First we consider the case s=1. We put M=P({,,,...,,,N K. These
factorizations of p, into prime ideals are p,=%! in M, p,=bp, b,, in P,
since p,=1 (mod 38) and P,=P,,B;. in K. And p,,;=Pi; (1=1,2) in K.
Since the class number of P((,) is 1,

(1) PBi~1 in M, P ;,~1 in K (¢2=1,2, ---,¢ 7=1,2).

We put k=P(,,) N M({Z,,...,,) and k'=P(,,.,)NM(E,). Then we have the
following diagrams:
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P(&p,0,) kk'(Es)
P(CV/ 2 k(e k(&)
[ T
2 P<C3> k' (&s) |
P P(&s) 3
k,P/PA(c,,z...pg

We have k({)=P(, Vb) for be P({,) and b=pnpiza® for acl,,,
(a, p)=1, 3ks, 3ts, since k(()/P{;) is a cubic Kummer extension,
P48, P28 and only p,,, b, ramify in &(()/P(&). Since hp,y=1, we
can put b=pip:, s,s8=1 or 2. We can put Gal (k({,)/P())=(o) and
Yo' °={. We put Gal(k(&,)/k)=(z). Then ¥ b “+7u-2={M7 =1, There-
fore ¥b'* e P{l)Nk=P. Since ¥ b =(PiPiz) " =Pi™*2, we have
8|s,+s,. So we can put s;=1 and s,=2. Therefore b=p, 9}, and ¥b =
B P, =PB,,. Hence we have B,,~1 in k() from P,~1 in %k and
BP,.~1 in k(). Therefore PB,,~1 in k(). Accordingly %,,~1 in
kk'(C). Since kk'({,)/K is unramified, kk'({,) is contained in the genus
field I of K/P. Hence

(2) %i,j"‘"l in F .

Ambiguous ideal group A, ,,» is generated P, and A, x/»«, is generated
by $B.;. Since Pi~1 in M, A, is an abelian group of the type
3,8, :-+,3). Since a,y,=3"", there exists

(8) (ry, 7y +++,7r)#(0,0, ---,0) such that »,=0or 1 or 2,
’i:19 2; tt Ty t EBII ;2"'$:t~1 in M.

Also we have:

K=P(,, W)’ =Py, 0% 2P0 0520+ Dbty €€ P(E,) since K/P((,) is a cubic
Kummei extension, p,;}3, only p,; ramify in K/P((), hpey=1 and
Ny ¥ ¢ € P. Therefore we have:

(4) ’?/—c—=%1,1$§,2$2.1$§.2' : ’SBt,SB%,z

From (1), (3), (4) and By,=2,,,B:,2» Go,x/rcy13* % Therefore, by the formula
of the ambiguous number
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— 3 2t—2
BRI = R P By NemaaBal
Consequently 8<[E;,: Nk/rcyFxl=a power of 8. As Ep¢,={=x1, &, (3},
[Eecy: Ne/pepEx]l6. Therefore [Ep«,: NgpeyBEx]=3. Hence we have
Ao, x/pcp =8" " and Ng/pcyEx={%1}.
Secondly we consider the case of s=2 and t=1. Let M be the
maximal real subfield of K. The factorization of 3 is:

3=P° in K, 3=p*in P), P=>1A-C) in PE), p=(1-E) in P{),
p=Pin K, 3=Q in M, Q=P in K.

These factorizations of p, are p,=p. .. in P{E), =P in M and
p.;=%P:; in K. Hence P,=%,,B:,in K. We have K=P(, ¥¢), ce P&y,
c=p'Pp. i, +Pibi, in the same way as (4). Since Ng,¥c eP, ¥Ve =
PP, B - - Bi, P, and Nyw Ve =Q'p.p,- - -, We have 3|s. Hence we
can put 8=0 by hp(,=1. Hence ,

(5) Ve =BuPha - - BraPlo
Evidently

(6) ®~1 in K.
Also, in the same way as in (1),

(7) Bii~1 in K.
Moreover,

(8) P~1and P, ;~1 in the genus field I of K/P in the same way as (2).

As O*~1, Pi~1in M, A, is an abelian group of the type (3,3, ---, 3)
and is generated by Q, P.. Since a, =3, we have:
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QePesPe2. - - Pit~1 in M
(8, 8, 8 * -, 8,)%(0,0,0, ---,0), s,8,=0 or 1or 2.

Ay xpep 18 generated by B, P, From (5), (6), (), (9), =% and
B=P, B;,, We have a,x/rcyl3”™". Hence we have

(9)

32t+1 £32t-—1 .

Ay, 9 B
K/P({3g) (K: P(Cs))[EP(c3): NK/P(Ca)EK]

Consequently we have ay x/pcp=3"" NxrepBr={£1}. When t=0, it is
easy to show agz/py=1, NK/P<c3)EK=EP(c3)={—"-"-1, +&, =3

In relation to principal ideal problem in unramified abelian extensions,
we have the following Corollary by (2) and (8).

COROLLARY. Let I' be the genus field of K/P in Theorem. I'[/K 4is
unramified and the number of these ideal classes of K which are principal
wn I' 18:

a multiple of 3% 2=(I": K)* when s=1

a multiple of 8% '=8"'(I": K)* when s=2 and t=1.

(I': K)=1 when s=2 and t=0.

REMARK. In Theorem, we have

3r
a ==
HP T K PC) Bry: Brao N Nurep K]

where
2t Gf s=1)
r=
2t+1 (if s=2).

Therefore, we have

32"”"":0'0,1{/13(:3) if s=1 and Ca%NK/P(ca)K

3* ' =3ao,x/p if s=1 and (€ NeregK
Cx/py =13 " =0o,x/py if s=2, t=1 and &€& NgrepK
3% =38ay,x/ruy if s=2, t=1 and &€ NgpepK
1=aox/rcy if s=2 and ¢=0.
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