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Let X be a compact metric space with metric d, and f be a homeo-
morphism from X onto itself. A sequence {x,};>_. is said to be a d-pseudo-
orbit of f if d(fx,, %,,,)<d holds for all ie Z. (X, f) is said to have the
pseudo orbit tracing property (abbrev. P.O.T.P.) if for every >0 there
is >0 such that, for every d-pseudo-orbit {z;}2_.cX, there exists an
2 e X such that d(fix, x;)<e for all ieZ. Let Cc[0,1] be the Cantor
set: i.e. C is the set of the numbers x€[0, 1] with #=3"a,+37"a,+---
(a;=0or 2 for 1=1). We denote by 5#°(C) the set of all homeomorphisms
on C, and by Z2(C) the set of all homeomorphisms with the P.O.T.P..
Define the metric d on S#(C) by d(f, g)=max,.;d(fx, gx), f, g€ S7Z(C).
Then 5#(C) is a Banach space.

In this paper we prove:

THEOREM. .Z#(C) is dense in 57 (C).

For r=1, we call the set CN[3 "4, 37 "(t1+1)] (0=5i<3"—1) a Cantor
subinterval with rank » if CN (B2, 3 "(1+1))= . We denote by I(3, ),
the i-th Cantor subinterval with the rank + from the left. Clearly
C=Ux, I(4, ) and I(z, r)=I2i—1, r+1)U I(2i, r+1). We call ge 5~ (C)
a generalized permutation if there exists »=1 such that the following
i) and ii) hold:

i) For every 1<1<27, there exist s=s(1)=1 and 1=5=3(¢)<2* such
that g(I(s, ))=1I(J, 8), and

ii) For every 1<:<2", there exists k=Fk(i) e R such that g(x)=
Sr—egp+k, xecl(z, r).

Denote by & the set of all generalized permutations. Then ¥ is
dense in 5#(C). In fact, take fe 5#(C) and r=1. Choose s=1 such that
d(x, y)<3~* implies d(fx, fy)<3". Then for every 1<1<2' there exists
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1=<+%;<2" such that f(I(J, 8))C I(¢;, r). Since f is onto, for every 1<:<2"
there exist »=1 and j,, ---, 5,>0 such that AU};-, I(4, 8))=I(, r). Since
I(¢, r) is a disjoint union of n Cantor subintervals (say I(3, )= Uz=, I(3:, 71)),
we can construct ge & with g(I(j,, 8))=1I(%,, 7v), 1Sk<n. It is easy to
check that d(f, g)<8~". Since r is arbitrary, our requirement is obtained.

Let S be the finite set with the discrete topology, and 3 =S% be the
bilateral infinite product space with metric d’ defined by

d'(s, t)=nilazx 0(8,, t,)/2M (8=(8,), t=(t,) e %)

where d(s,, t)=1 if s,+#t,, and =0 if 8,=¢,. Define the shift homeomor-
phism ¢ of ¥ by (0(8));=8,41,, 1€Z. If X is a closed subset of 3 with
cX=2X, then (X, o) is called a subshift. A subshift (X, o) is said to be
of finite type if there exist L>0 and BcCS* such that X={s=(s,)e3:
(84 +++,8,42-0)€B for all 1€Z}). L is called the order of (X, o). It is
proved in P. Walters [5] that a subshift (X, o) has the P.O.T.P. iff (X, o)
is of finite type.

Proor OF THEOREM. Since ¥ is dense in 5#(C), it is enough to
prove that every g€ & has the P.O.T.P.. Take g€ %, then there exists
r,=1 such that for every r=7, g satisfies i) and ii) in the definition of
generalized permutation. Let €>0, choose =7, such that 3"<e. For
every x€C and every i€ Z, define z,€{1, ---, 2"} by g(x)e I(x, r). By
the definition of generalized permutation, it follows that N}, g?(I(x_;, 7))
(n=1) are Cantor subintervals for all xe€C. Put Y=F% where F=
{1, ---,27} and let o be the shift homeomorphism of X. For zeX,
define h(x)=(x,). Then h: C— X is a continuous map and heg=0co-h holds.
Let us put

A={xeC: N, g (x_;, r)E I(x,, 1)} .
For x ¢ A, denote by n(x) the minimum number such that
N:2 g’ I(x_;, 1)< I, 7) ,
and for z € C\A, denote by n(x) the minimum number such that
192 ¢ I(m_j, 7)) =N5= g° L5, 1)) D L(2,, 7) .
Then we have

max rank M} g?(I(x_;, r))=rr:ag; rank g(I(z, r))<eo ,
zeC €

so that {7 g?(I(x_;, )): ® € C} is finite. If M} g/(I(x_;, 'r))=n.;-"=’1" 9’ (I(x”;,
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7)) (z, ' €C), then we get z_,=z’; (1=j<min(n(x), n(x'))). Since n(x)
and n(x’) are minimal, n(z)=mn(x") holds. This implies that {n(x): x e C}
is finite. Put N=max,.,n(x) and

B={(14, 1y, -+, 1_x) € F+ n.lq'\,:o 9 (I(v_, r))#E=Q}.

Then (h(C), o) is a subshift of finite type of order N+1. To see this,
set

Xs={(1;,)€ X: (4, tj_y, *+**, t;_y)€B for all jeZ}.

Clearly 03;=23;, (X3 o) is of finite type, and A(C)cX¥;. To prove that
h(C)D Xy, it is enough to show that

(*) NkegTG_;, )#2@ (m=N) if
(Tjy Tiiny ** %y t—g+m) € B for all 0=jsm—N.

We use induction with respect to m. When m =N, (*) is true. Assume
that (*) holds for m. Take (i_;)7'e F™* with (i_;, t_gsn, ***, t—+m) €B
for all 0=<j<(m-+1)—N. By assumption we have N7} ¢g’(I(i_;, ")*# D,
and so N, 9'I(i_,;, »)*@. Take xze i, 9°(I(i_;, 7). If xeA, then
N g?(I(i_;, ))& I(igy 7). Therefore M7 g?(1(i_;, 7))=N7% g (I35, 7)) #* D.
When « ¢ A, N7 g/(I(i_;, 7)) =N ¢° TG, 7)) D I(3y, 7), and so N7 g9(L(3_y,
)DI(i,, r)#=@. Thus (k(C), o) is of finite type of order N+1. As before
let d’ be the metric of ¥ and ¢’ be a number such that d'(s, t)<¢&’ (s=(s,),
t=(t,) e ) implies s,=t,. Since (h(C), o) is of finite type, there exists
6>0 such that for every d-pseudo-orbit {s"}ch(C), there is s € r(C) such
that d’(o"s, s")<e&’. Choose 7>0 such that d(z, ¥)<7% (x, y € C) implies
d'(h(x), h(y))<6 and take an 7-pseudo-orbit {«"}cC of g. Then {h(x")} is
a O0-pseudo-orbit of o. Hence there exists xe€C such that d'(o"h(x),
mx™)<e&'. This shows that h(g x),=h(x"), (n € Z), and so d(g"x, ") <3 "<e
(ne Z). The proof of the theorem is completed.

References

[1] . Aok1, The splitting of zero-dimensional automorphisms and its application, to appear
in Collog. Math..

. BOWEN, o-limit set for Axiom A diffeomorphisms, J. Differential Equations, 18 (1975),
333-339.

. DENKER, C. GRILLENBERGER and K. SieMunD, Ergodic Theory on Compact Spaces,
Lecture Notes in Math., 527, Springer-Verlag, Berlin-Heidelberg-New York, 1976.

. SEARS, Expansive self-homeomorphisms of the Cantor set, Math. Systems Theory, 6
(1972), 129-132.

WALTERS, On the pseudo orbit tracing property and its relationship to stability, The

(2]
(3]

2 B 8 Z

[4]

©

(5]



290 MASAHITO DATEYAMA

Structure of Attractor in Dynamical Systems, Lecture Notes in Math., 668, Springer-

Velag, Berlin-Heidelberg-New York, (1978), 231-244.

Present Address:
DEPARTMENT OF MATHEMATICS
OsAkA Crry UNIVERSITY
SuGIMQOTO, SUMIYOSHI-KU
Osaka, 558



