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Introduction

Leta, a,, a;, -+ -; b, b, by, -+ - be all integers and a,=0, a,>0, a;>0,---;
b,=0, b,>0, b,>0, --- all along this note.
In [2], G. Nettler proved the following theorem.

NETTLER’S THEOREM. For

if a,>b,>a3"? for all n sufficiently large, then A, B, A+B, A/B and
AB are all transcendental numbers.

The aim of this note is to prove the following theorem that is an
improvement of Nettler’s Theorem.

THEOREM. For

1 1 1 1
A=aq,+— — d B=b+— — ,
a, an N By + By + - -

a2+ ag b p

if a,>b,>al" ™ for all n sufficiently large, then, A, B, A+B, A/B and
AB are all transcendental numbers, where v 1s any constant such that
v >16.

We give an elementary proof of this theorem using the method of
G. Nettler.
§1. Lemmas.

LEmMMA 1. If
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1 1 1 p
1 Amy=a+- L L _“P,
(1) (n) a+a2+a3+---+a,, 0.
11 1 P
2 B(n)=b,+— L 1 _°P,
(2) O S % 4D, 0,

then, for all n=1, we have

b a,b,F EF
3 An)+Bn)= 1_[.b‘_{_az'l"z 2024 3 sd’y
( ) ( ) (n) ¢ azbz +E3—F3+E4—F‘

ELFIS En—an
+ .E5—'F5+"'+E,,_F,. ’

E,="Q.Q.("Qnr"@n 1 +’Q. Q)
Fn = aQn—Zan-—Z(“Qn—l"Qn + an—Ian) ’

—b a.b,H, G.H,
4 B —A =b1_ L+ a, 2 22413 sfly
(4) )= A =b =t G- H, + G- H,

G4H5 Gn—lHn
+Go—Hy+---+G,—H,’

Gn = aanQn(GQn—zaQn—l - an-—szn—l) ’
Hn = aQn—szn—z(aQn—laQn - an—len) ’

( 5 ) A('n) = + blbz—' aa, a2b1(b1b2 + l)Ja IsJ4
B(n) b,  a.b(bb,+1) + I,—J, + I,—J,
I4J5 In-—lJn
+ L—Jg 4o+ I[,—J,
In = aanPn(aQn—2aPn—1 - an—zb n-—l) ’

Jn': aQn—szn—z(aQn“P‘n—l— anan—l) ’

6 An)B(n)= 1b1_|_ a,a,+b,b,+1 azszs K,L,
(6) (n)B(n)=a a.b, + K,—L,+ K,— L,

+ Ks—Ly+---+ K,—L,’

Kn=aanQn(“Qn—2¢P n—1+an—-le n—z) ’
Ln=aQn—2an—2(aQn‘Pn—1+an—1an) .
PRrROOF. See Theorem 2.1 of [2].
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LEMMA 2. Let

Cmopds b
e, + € + -

be the continued fraction expanmsion, given in Lemma 1, for either A+ B,
A/B or AB. And let

A 4o
e; + e +---+ e,

If a,>b, for sufficiently large m, then °Q,<°Q%*, where a is any con-
stant such that a>8.

Proor. From (3), (4), (5) and (6), we have the following inequalities

Qo= Qi+ d,°Q < Qus(da+e)< -+ <IT (di+e)<II Q<
for all n sufficiently large.

LEMMA 3. For the continued fraction

if a,>af"™ for all n sufficiently large, then °Q,<af, where B is any
constant such that 3>1.

PROOF. There is an integer N such that a,>af™™ for all n=N.
We have the following inequalities

Q<@+ 1)@y <+ - <T@ Qo =*Qus T (1+2-) L a, -

i=N

There is a positive number M such that

n

“Qui 11 (1+-L)<M.

i=N a,

Therefore

n
- 2 (p— — n=N (n— —2)eee
aQn<MIJIva£<Ma:‘+1/(p(n D) +1/(e{n—1) (n—2)) +eee41/(8 (n—1) (n~—2) s+ N')
i=
<Ma:‘+1/(n—1)-ﬁ/(ﬁ—1) <a£

for all »n sufficiently large.
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§2. Proof of the theorem.
From Lemma 3, we have
Qpiy > 05" >Q7
and

°p 1 1 1
A——=2 i< < < ’
l aQn aQnaQn+1 a’n+laQ31 GQ:+2
therefore A is a transcendental number. In a similar fashion it can be
easily proven that B is also a transcendental number.

Now let
A+B=C=e1+—d—2- gy
e + € + -
and
¢P b cP
4 _—n__n for n=1.
‘Q. *Q. Q.
Then, for n sufficiently large, we have
°P, “P, P
c—-b, g‘A———L +lB— n
I ‘Q ‘Q., Q.

1 1 2 1 1
< + < < < .
“QnaQn+1 anan+1 anan+l bn+1 a,T."

Now we choose @ so that

8>1 and %>16.

From Lemma 3, we have
a;n — a,,’;' (r/B)n > aQ;r/ﬁ)n ,
therefore

1

GQ;T/ﬁ)n ¢

o5

<

Now we choose a so that
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8 S
<a<2B

From Lemma 2, we have the following inequalities

1 1
(ann)r/(aﬁ) < cQ:‘/(aﬂ) °
Therefore A+ B is transcendental by Roth’s theorem. Similarly, it can
easily be proven that A—B is also a transcendental number.

To prove that A/B is transcendental, let

<

|-

A _c= el—}—-i— 4y and —Lo Py _ P,

B €, -+ (A + oo aQn an ch

for n=1. As

°p. 1 P,
0. <2a, and —2—b-;-_s_ Q.
for n=8, we obtain
‘P
C— n — n n
| o an/bQ
b
BB 5 ()
B("Pn/”Qn)
“P,
A——=2 2a,
| Q) = Q cdab+l 1 _ 1 _ 1
B B/2b, B Q. Q1 bp QY P

for all n sufficiently large which proves that A/B is a transcendental
number.

Finally, to prove that AB is transcendental, let

A d, d P, P °P
AB C 91+—— —_ d n_. n — n
€ + € + - an ‘Q. Q. ‘Q.,

for n=1. Wae obtain

‘P ep ‘P, P,
——T | — — n,—n B
c ch‘ |42 0. 7Q, s|a-<5 ~|B+ Q Q.
B °pP 1 1
< G <(B+2a <
S g0 "o Tara s =B+ Mg — <3
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for all n sufficiently large. Therefore AB is a transcendental number.

§3. Example.

If

1 1 1

A T e T

and

my 11 !
B=2911+_29T+-W+...+—2m+... ’

then A, B, A+B, A/B and AB are all transcendental numbers.

Proor. Now we put a,=2%"' p,=2°*""1!  First we can see easily
that a,>b, for n=5. And we have

log b, —__9@n—Dllog2 _ 9(2n—1) >18
(n—Dloga,., ®n—1)2Cn—2)!log2 n—1

for n=2. Therefore b,>a®% " for n=2. From the theorem, A4, B,
A+B, A/B and AB are all transcendental numbers.
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