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Introduction

We consider the asymptotic behaviors of the spectrum of pseudo-
differential operators on $R^{n}$ containing the Schrodinger operator:

(0.1) $P(x, D)=-\Delta+V(x)$ where $\Delta=\sum_{i=1}^{n}\frac{\partial^{2}}{\partial x_{i}^{2}}$ .
If the potential $V(x)$ is a positive $C^{\infty}$-function satisfying $\lim_{|x|\rightarrow\infty}V(x)=\infty$ ,
then $P(x, D)$ is essentially self-adjoint in $L^{2}(R^{n})$ and its unique self-adjoint
extension $P$ is positively definite and has a compact resolvent in $L^{2}(R^{n})$ .
Therefore the spectrum of $P$ consists only of eigenvalues of finite multi-
plicity: $x_{1}\leqq x_{2}\leqq\cdots,$ $\lim_{k\rightarrow\infty}x_{k}=+\infty$ with repetition according to multi-
plicity. Let $N_{P}(\lambda)$ be the counting function of eigenvalues: $N_{P}(\lambda)=$

$card\{j;x_{j}\leqq x\}$ .
In the particular case where $P(x, D)$ is the harmonic oscillator:

$P(x, D)=-\Delta+V(x)$ where $V(x)=|x|^{2}$ ,

the asymptotic behavior of $N_{P}(x)$ is well known (cf. Helffer and Robert
[4]). Moreover Helffer and Robert [6] have obtained the asymptotic
formula of $N_{P}(x)$ for a class of quasi-elliptic pseudodifferential operators
containing the anharmonic oscillator:

$P(x, D)=-\Delta+V(x)$ where $V(x)=a|x|^{2k}$ (a real $>0,$ $k$ integer $\geqq 2$).

They have found not only the first term but also the following several
terms of $N_{P}(x)$ .

In this paper, we shall extend the result of [6] on $N_{P}(x)$ for a class
of quasi-elliptic pseudodifferential operators containing, in particular, the
one on $R^{2}$ :
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(0.2) $P(x, D)=-\Delta+V(x)$ where $V(x)=x_{1}^{2}+x_{2}^{4}+ax_{2}^{s}$ (a real $>0$).

In order to obtain the asymptotic behavior of $N_{P}(\lambda)$ , we may essentially
examine the asymptotic behavior of

(0.3) $I(\mu)=Trace[(2\pi)^{-1}\int e^{-itP}\hat{\rho}(t)e^{it\mu}dt]=\sum_{j=1}^{\infty}\rho(\mu-\lambda_{\dot{f}})$

as $\mu\rightarrow+\infty$ where $\rho$ is a suitable function belonging to the Schwartz
space $\mathscr{L}(R^{n})$ (cf. Duistermaat and Guillemin [2]). In order to do so, $th\epsilon$

authors in [4], [6] and [2] approximate $e^{-P}$ by the Fourier integral
operator for small $t$ . In contrast to this, our method is more $direct^{1}$

First of all, we construct the complex powers $P^{-}(s\in C)$ of $P$. Then it
is well known that if the real part of $s$ is sufficiently large, $P^{-}$ are oi
trace class and the trace has a meromorphic extension $Z_{P}(s)$ in C. $The\iota l$

by using the inverse Mellin transformation we have for ${\rm Re} z>0$ ,

(0.4) $\theta_{P}(z)=Tracee^{-\epsilon P}=\frac{1}{2\pi i}\int_{Re\cdot=\iota}z^{-\iota}Z_{P}(s)\Gamma(s)ds$

where $c>0$ is sufficiently large and $\Gamma(s)$ is the $\Gamma$-function. Shifting
$ c\rightarrow-\infty$ , we have the asymptotic behavior of $\theta_{P}(z)$ as $z\rightarrow 0,$ ${\rm Re} z>0|$

Finally we show that

(0.5) $I(\mu)=\lim_{\epsilon\downarrow 0}(2\pi)^{-1}\int\theta_{P}(\epsilon+it)\hat{\rho}(t)e^{i\mu\iota}dt$ ,

and we can obtain the asymptotic formula of $N_{P}(\lambda)$ using the one of
$\theta_{P}(\epsilon+it)$ . Consequently, for example, for the operator (0.2), we have:

$N_{P}(\lambda)=\frac{2}{21\pi}B(\frac{1}{2},$ $\frac{1}{4})\lambda^{7/4}+\frac{a^{2}}{20\pi}B(\frac{1}{2},$ $\frac{3}{4})\lambda^{\prime 4}+O(\lambda^{\tau/8})$ , $\lambda\rightarrow\infty$ .

Here $B(\cdot, )$ is the Beta function.

\S 1. Main theorems.

In this section we shall state the main theorems. Let $P(x, D)$ be ’

pseudodifferential operator with the symbol $p(x, \xi)$ :

(1.1) $ P(x, D)u(x)=(2\pi)^{-n}\int e^{<g,\xi>}p(x, \xi)\hat{\text{{\it \^{u}}}}(\xi)d\xi$ , $u\in \mathscr{L}(R^{n})$

where $\langle x, \xi\rangle=\sum_{=1}^{n}x\xi_{i}$ and $\hat{u}(\xi)$ is the Fourier transformation of $u$ :

$\hat{u}(\xi)=\int e^{-<r,\xi>}u(x)dx$
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and $\mathscr{L}(R^{n})$ denotes the totality of rapidly decreasing $C^{\infty}$-functions.

DEFINITION 1.1. Let $m$ be a real number and $(h;k)=(h_{1},$ $h_{l},$
$\cdots,$ $h_{n}$ ;

$k_{1},$ $k_{2},$
$\cdots,$

$k_{n}$) a fixed multi-index such that $h_{j},$ $k_{l}\geqq 1$ for every $j=$

$1,2,$ $\cdots,$ $n$ . Then the space $S_{(hjk)}^{*}$ is the set of all symbols $p(x, \xi)e$

$C^{\infty}(R^{n}\times R^{n})$ satisfying the following:

(1.2) There exists a sequence of functions $\{p_{n-j}(x, \xi)\}_{j=0,1},\ldots$ where
$p_{n-j}(x, \xi)$ are $C^{\infty}$-functions in $R^{2n}\backslash 0$ and quasi-homogeneous of
degree $m-j$ of type $(h;k)$ such that

$p(x, \xi)\sim\sum_{j=0}^{\infty}p_{n-j}(x, \xi)$ .
Here the quasi-homogeneity of $p_{n-\dot{g}}(x, \xi)$ of degree $m-j$ of type $(h;k)$

means:
$p_{n-j}(\lambda^{h_{1}}X_{1}, \cdots, \lambda^{h_{n}}X_{n}, \lambda^{k_{1}}\xi_{1}, \cdots, \lambda^{k_{n}}\xi_{n})=\lambda^{\prime\hslash-j}p_{n-\dot{f}}(x, \xi)$

for all $\lambda>0$ and $(x, \xi)eR^{2n}\backslash 0$ .
For brevity of the notations, we put

(1.3) $T=the$ least common multiple of $\{h_{1}, \cdots, h_{n}, k_{1}, \cdots, k_{n}\},$ $p_{\dot{f}}=T/h_{j}$ ,
$q_{\dot{f}}=T/k_{\dot{f}}$ and $\lambda(x, \xi)=[1+\sum_{j=1}^{n}\{|x_{j}|^{2p_{j}}+|\xi_{j}|^{2q_{j}}\}]^{1/(2T)}$ .

Then the meaning of the asymptotic sum of (1.2) is as follows: For
every integer $N\geqq 1$ and any multi-indices $\alpha,$ $\beta$ , there exists a $positive\neg$]
constant $C=C_{N,\alpha,\beta}$ such that

$|D_{x}^{\alpha}D_{\text{\’{e}}}^{\beta}[p(x, \xi)-\sum_{j=0}^{N-1}p_{n-j}(x, \xi)]|\leqq\alpha(x, \xi)^{n-N}$

for all $(x, \xi)eR^{2n}$ such that $\lambda(x, \xi)\geqq 1$ . Finally the class of pseudodifferen- $|$

tial operators of type (1.1) with symbols in $S_{(h:k)}^{n}$ is denoted by OP$S_{(h:k)}^{n}$ . $|$

Throughout this paper we impose the following hypotheses.

(H.1) The order of $P(x, D)$ is positive, i.e., $m>0$ .
(H.2) The symbol $p(x, \xi)$ is real valued and $P(x, D)$ is quasi-elliptic, i.e.,

$p_{n}(x, \xi)>0$ for all $(x, \xi)eR^{2n}\backslash 0$ .
(H.3) $P(x, D)$ is formally self-adjoint, i.e., for any $u,$ $ve\ovalbox{\tt\small REJECT}(R^{n})$ ,

$(P(x, D)u,$ $v$) $=(u, P(x, D)v)$ where $(u, v)=\int u(x)\overline{v(x)}dx$ :
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If we define an operator $P_{0}$ on $L^{2}(R$“$)$ with definition domain $D(P_{0})=$

$\mathscr{L}(R^{n})$ so that $P_{0}u=P(x, D)u,$ $ueD(P_{0})$ , it is well known under $(H.1)\sim(H.3$

that $P_{0}$ is essentially self-adjoint and the closure $P$ of $P_{0}$ has the spectrun
consisting only of eigenvalues of finite multiplicity. Moreover $P$ is semi
bounded from below, i.e., there exists a real number $C$ such that for al
$u\in \mathscr{G}(R^{n}),$ $((P+C)u, u)\geqq 0$ (cf. [3]). Let $\lambda_{1}\leqq\lambda_{2}\leqq\cdots,$ $\lim_{k\rightarrow\infty}\lambda_{k}=\infty$ be $tht$

sequence of eigenvalues with repetition according to multiplicity and lel
$N_{P}(\lambda)$ be the counting functiqn as in introduction. In addition to $(H.1)\sim$

(H.3), if we assume:
(H.4) $P$ is positively definite, I.e., $\lambda_{1}>0$ ,

we can construct complex powers $P^{-}$ by the spectral resolution of $Pan($

it follows from Seeley [9] that $P^{-}$ is pseudodifferential operators of orde]

$-m{\rm Re} s$ .
If we define

(1.4) $Q=P^{2F/}$’ where $M=\frac{|h|+|k|}{2n}$ , $|h|=\sum_{j=1}^{n}h_{j},$ $\{k|=\sum_{j=1}^{n}k_{j},$ .

then $Q$ has also the discrete spectrum consisting only of the eigenvalueg
$\mu_{j}=\lambda_{j}^{2K/\#}$ . By Robert [B] and also Aramaki [1], we have $\mu_{j}\sim j^{1/n}$ (cf
Remark 3.3). Thus we can define

(1.5) $\theta_{Q}(z)=Tracee^{-*Q}=\sum_{j=1}^{\infty}e^{-\cdot\mu_{j}}$ for ${\rm Re} z>0$ .
For the asymptotic behavior of $\theta_{Q}(z)$ as $z\rightarrow 0$ , we have:

THEOREM 1. Assume that $P(x, D)e$ OP $S_{(h:k\rangle}$ satisfies (H.1) $\sim$ (H.4)
Let $Q$ and $\theta_{Q}(z)$ be as in (1.4) and (1.5). Then we have
(i) $\theta_{Q}(z)$ is holomorphic in $z$ for ${\rm Re} z>0$ .
(ii) $\theta_{Q}(z)\sim-\sum_{/t2}\tau(n-\frac{j}{2M})A_{\dot{f}}z^{-n+\dot{s}/(2F)}+\sum_{-n+j/(lK)=lez+}B_{\dot{f}}z^{l}$ log $z+\sum_{l=0}^{\infty}C_{l}z^{l}$

as $z\rightarrow 0,$ ${\rm Re} z>0$ . Here

(1.6) $ A_{0}=\frac{1}{2M}(2\pi)^{-n}\int_{s_{(k:k)}}p.(\sigma)^{-(|h|+|k|)/n}d\sigma$ ,

1 $2\dot{g}$ 1 $l-1$

$A_{j}=\sum_{l=1}\prod_{=0}\overline{2M}\overline{m^{l}l!}(|h|+|k|-j+mi)(2\pi)^{-n}$

$\times\int_{s_{(h:k)}}\check{d}_{l\dot{g}}(\sigma)p_{n}(\sigma)^{(j-|h|-|k|-nl)/n}d\sigma$

for $j=1,2,$ $\cdots,$
$B_{;}^{-}=A_{j}(-1)^{l+1}/l$ ] and $C_{l}$ are soin $e$ constants where
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$S_{(h:k)}=\{(x, \xi)\in R^{2n};\lambda_{0}(x, \xi)=1\}$ , $\lambda_{0}(X, \xi)=\{\sum_{j=1}^{n}(|x_{j}|^{2/h_{\dot{f}}}+|\xi_{j}|^{2/k_{j}})\}^{1/2}$

and $ d\sigma$ is the Riemannian density on $S_{th;k)}$ .
We note that the asymptotic sum in (ii) means: For every integer

$N>0$ , there exist an integer $c$ and a constant $C>0$ such that for all $z$ ,
$|z|<1,$ ${\rm Re} z>0$ ,

(1.7) $|z^{-0}\{\theta_{Q}(z)-[\sum_{0\leq\dot{J}\leq N}\tau(n-\frac{j}{2M})A_{j}z^{-n+j/(2\mu)}$

$+\sum_{-n+i/(2M)=lez_{+}}B_{j}z^{l}$ log $z+\sum_{l=0}^{N}C_{l}z^{l}]\}|\leqq C$ .

Next we choose $\rho\in \mathscr{G}(R)$ satisfying the followings (cf. [3]):

(1.8) supp $\hat{\rho}$ is in a neighborhood of $0$ and $\rho\geqq 0,$ $\rho(0)>0,\hat{\rho}(0)=1$ .
Then we have

THEOREM 2. Assume that $P(x, D)$ satisfies $(H.1)\sim(H.4)$ and let $\rho$ be
a function satisfying (1.8). Then we have

$I(\mu)=\int\rho(\mu-\tau)dN_{Q}(\tau)=\sum_{j=1}^{\infty}\rho(\mu-\mu_{j})=\sum_{\dot{g}=0}^{H_{0}}{\rm Re} A_{j}\mu^{n-1-j/(2H)}+R_{n}(\mu)$

where $M_{0}={\rm Max}\{jeN;j<2M\}$ and

$R_{n}(\mu)=O(\mu^{n-2})$ as $\mu\rightarrow\infty$ if $n\geqq 2$ ,
$R_{1}(\mu)=O(\mu^{-1-\delta})$ for some $\delta>0$ as $\mu\rightarrow\infty$ .

Finally we can state the result on the asymptotic behavior \={o}f $N_{P}(\lambda)$ .
THEOREM 3. Assume that $P(x, D)$ satisfies $(H.1)\sim(H.3)$ . Then we

have

$N_{P}(\lambda)=\sum_{\dot{g}=0}^{M_{0}}D_{\lambda^{(|h|+|k|-i)/n}}\dot{f}+O(\lambda^{(n-1)(|h|+|k|)/(mn})-)$ as $\lambda\rightarrow\infty$ ,

where

$ D_{0}=(2\pi)^{-n}\int_{p_{n}(x,\text{\’{e}})\leqq 1}dxd\xi$ ,

$ D_{j}=\sum_{\iota=1}^{2\prime}\frac{1}{m^{l}l!}\prod_{i=1}^{l}(|h|+|k|-j+mi)(2\pi)^{-n}\int_{p_{\hslash}(r},\epsilon)\leqq 1\tilde{d}_{tj}(x, \xi)dxd\xi$

for $1\leqq j\leqq M_{0}$ .
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$\tilde{d}_{lj}(x, \xi)$ in this theorem are determined later $((2.4))$ and we note thg

they depend only on the symbol of $P(x, D)$ . For example, we have

$d_{11}(x, \xi)=-p.-1(x, \xi)$ , $\tilde{d}_{S1}=0$ ,
$\tilde{d}_{22}(x, \xi)=p.-1(x, \xi)$ , $\tilde{d}_{12}(x, \xi)=-p.-a(x, \xi)$ , $\tilde{d}_{u}=d_{2}=0$ ,
$\delta_{\theta S}(x, \xi)=-p.-1(x, \xi)$ , $\tilde{d}_{2\theta}(x, \xi)=2p.-2(x, \xi)p_{n-1}(x, \xi)$ ,
$\tilde{d}_{1\theta}(x, \xi)=-p.-\$(x, \xi)$ , $\tilde{d}_{4l}=\tilde{d}_{\iota\epsilon}=\tilde{d}_{6\$}=0$ .

REMARK. For the proof of Theorem 3, without loss of $generalit^{\urcorner}$.
we can assume that $P(x, D)$ satisfies (H.4).

\S 2. Preliminaries.

In this section we consider the properties of parametrices $\langle$

$ P(x, D)-\zeta$ for some $\zeta eC$ in order to construct complex powers of $P$.
By (H.2), there exists a positive constant $\gamma_{0}$ such that $p.(x, \xi)\geqq\gamma_{0}$

$\lambda_{0}(x, \xi)\geqq 1/2$ . Choose a function $\chi eC^{\infty}(R^{2n})$ such that

$\chi(x, \xi)=\left\{\begin{array}{ll}1 & if h_{0}(x, \xi)\geqq 1\\0 & if x_{0}(x, \xi)\leqq 1/2.\end{array}\right.$

For $\zeta\not\in[\gamma_{0}, +\infty$ ), we can define:

(2.1) $b,-\cdot(x, \xi)=x(x, \xi)(p_{n}(x, \xi)-\zeta)^{-1}$ ,

and for $j\geqq 1$

(2.2) $b,-,*-j(x, \xi)=-b,-*(x, \xi)\sum_{0\leq<j}\frac{1}{\alpha!}p_{n-l}(x, \xi)^{(\alpha)}D_{x,-r-}^{\alpha}+l+\langle\alpha,h+k\rangle=jb(x, \xi)$ .
Then $b.-\cdot-j(x, \xi)$ is quasi-homogeneous for $\lambda_{0}(x, \xi)\geqq 1$ of degree $-m-$
in the sense: If $\rho\geqq 1$ and $\zeta,$ $\rho\cdot\zeta\not\in[\gamma_{0}, +\infty$ ), $\lambda_{0}(x, \xi)\geqq 1$ ,

$b_{\rho\cdot,-n-\dot{f}}(\rho 1x_{1}, \cdots, \rho^{b_{n}}x, \rho^{k_{1}}\xi_{1}, \cdots, \rho^{k_{n}}\xi_{n})=\rho^{-n-j}b,-*-j(x, \xi)$ .
On the other hand, we can also write

(2.3) $b,-n-j(x, \xi)=\sum_{l=1}^{2\oint}d_{lj}(x, \xi)(p_{*}(x, \xi)-\zeta)^{-l-1}$ for $j\geqq 1$ .
Here $d_{lj}(x, \xi)$ are independent of $\zeta$ and quasi-homogeneous of degree $ml-$

for $\lambda_{0}(x, \xi)\geqq 1$ .
(2.4) We write the quasi-homogeneous extension of $d_{lj}(x, \xi)$ for $(x, \xi)\neq$

by $\check{d}_{l\dot{g}}(x, \xi)$ and ${\rm Re}\check{d}_{lj}(x, \xi)$ by $\tilde{d}_{l\dot{g}}(x, \xi)$ .
For every $b,-n-\dot{g}$ , we have the following estimate.
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LEMMA 2.1 (cf. Helffer and Robert [7] and [8]). For every $j\geqq 0$ and
multi-,indices $\alpha,$ $\beta$ , there exists a constant $C=C_{j,\alpha,\beta}>0$ such that
(2.5) $|D_{x}^{\alpha}D_{\epsilon-n-j}^{\beta}b,(x, \xi)|$

$\leqq C_{\lambda}(x, \xi)^{-j-\langle\alpha,h\rangle-\langle\beta,k\rangle}(p_{m}(x, \xi)+|\zeta|)^{-1}(\frac{|\zeta|}{d(\zeta)})^{2\dot{g}+|\alpha|+|\beta|+1}$

for all $(x, \xi)eR^{2n},$ $\zeta\not\in[\gamma_{0}, +\infty$ ) where $d(\zeta)=dist(\zeta, [\gamma_{0}, +\infty))$ .
PROOF. At first we consider the case $j=0$ . We claim:

(2.6) For any multi-indices $\alpha,$ $\beta$ , we have

$D_{x}^{\alpha}D_{\epsilon,-m}^{\beta}b(x, \xi)=|\alpha\sum_{\iota=0}^{|+|\beta|}C_{l}(x, \xi)(p_{n}(x, \xi)-\zeta)^{-t-1}$

where $C_{l}$ are independent of $\zeta$ and satisfy:

(2.7) Fol every multi-indices $\gamma,$
$\delta$ , there exists a constant $C_{\gamma\delta}$ in-

dependent of $\zeta$ such that
$|D_{x}^{\gamma}D_{\epsilon}^{\delta}C_{\iota}(x, \xi)|\leqq C_{\gamma\delta}\lambda(x, \xi)^{ml-\langle\alpha,h\rangle-\langle\beta,k)-\langle\gamma,h\rangle-\langle\delta,k\rangle}$ .

In fact, we prove (2.6) by induction on $|\alpha|+|\beta|$ . (2.6) is clear for $|\alpha|+$

$|\beta|=0$ . We assume that (2.6) is true for $|\alpha|+|\beta|=t$ and let $|\alpha|+|\beta|=$

$t+1$ . Without loss of generality, we may assume $\alpha_{1}\neq 0$ and let $\alpha=$

$(1,0, \cdots, 0)+\alpha’$ . Then

$D^{\alpha}D^{\beta}b=\sum_{l=0}^{t}[(D_{x_{1}}C_{\iota})(p_{m}-\zeta)^{-l-1}-(l+1)C_{l}(D_{x_{1}}p_{m})(p_{n}-\zeta)^{-l-2}]$

$=\sum_{l=0}^{t}(D_{x_{1}}C_{l})(p_{m}-\zeta)^{-l-1}-\sum_{\iota=1}^{t+1}lC_{l-1}(D_{x_{1}}p_{m})(p_{n}-\zeta)^{-l-1}$ .
Obviously $D_{x_{1}}C_{l}$ and $C_{l-1}(D_{x_{1}}p_{m})$ satisfy (2.7). Thus (2.6) is proved. Since

$|(p_{m}-\zeta)^{-1}|\leqq\frac{|\zeta|}{d(\zeta)}(p_{m}+|\zeta|)^{-1}$ for $x_{0}(x, \xi)\geqq 1/2$ ,

we have for some constant $C$ independent of $\zeta$ ,

$|D_{x}^{\alpha}D_{\epsilon,-m}^{\beta}b|\leqq c_{-,-}^{1a|+|\beta|}\delta_{0}^{\lambda(x,\xi)^{ml-\langle\alpha,h\rangle-\langle\beta.k\rangle}(p_{m}+}|\zeta|)^{-l-1}(\frac{|\zeta|}{d(\zeta)})^{\iota+1}$

$\leqq C\sum_{l=0}^{|\alpha|+|\beta|}\lambda(x, \xi)^{-\langle\alpha,h\rangle-\langle\beta,k\rangle}(p_{m}+|\zeta|)^{-1}(\frac{|\zeta|}{d(\zeta)})^{l+1}$ .
If we note that there exists a positive constant $C’>0$ such that
$|\zeta|/d(\zeta)\geqq C^{\prime}$ for all $\zeta\not\in[\gamma_{0}, +\infty$ ), we have (2.5) for $j=0$ . For general $j$ ,
we use (2.2) and induction on $j$ . This completes the proof.

Now we define $b^{(N)}(x, \xi)=\sum^{N-1}b,(x, \xi)$ and write
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(2.8) $(p-\zeta)\# b^{(N)}=1+r_{\zeta}^{(N)}$

where $\#$ means: $(p-\zeta)\# b_{\zeta}^{(N)}\sim\sum_{a}(1/\alpha!)(p-\zeta)^{(\alpha)}D_{l}^{a}b^{(N)}$ .
For $r^{(N)}$ , we have the following estimate.

LEMMA 2.2 (cf. [7]). For every $N\geqq 1$ and any $multi-\dot{j}ndices\alpha,$ $1$

there exist an integer $\tilde{N}>0$ and a positive constant $C$ which are $\dot{u}$

dependent of $\zeta$ such that

(2.9) $|D_{x}^{\alpha}D_{\xi}^{\beta}r^{(N)}(x, \xi)|\leqq\alpha(x, \xi)^{n-N-\langle\alpha.h)-\langle\beta,k)}(\frac{|\zeta|}{d(\zeta)})^{\tilde{N}}|\zeta|^{-1}$

for au $(x, \xi)\in R^{2n}$ and $ 0\neq\zeta\not\in[\gamma_{0}, +\infty$ ).

PROOF. Since $p\# b_{\zeta}^{(N)}=1+\zeta b^{(N)}+r_{\zeta}^{(N)}$ and we can write

$p\# b_{\zeta}^{(N)}=\sum_{|a|<N}\frac{1}{\alpha!}p^{(\alpha)}D_{l}^{\alpha}b^{(N)}+r_{N}^{\{N\}}$ ,

we have

(2.10) $r_{t}^{(N)}-r_{\zeta,N}^{(N)}=\sum_{|\alpha|<N}\frac{1}{\alpha!}p^{(a)}D_{x}^{\alpha}b^{(N)}-\zeta b_{\zeta}^{(N\}}-1$ .
By the composition formula of two pseudodifferential operators, for eve]

multi-indices $\alpha,$ $\beta$ , there exist constants $C_{a,\beta}$ and $C_{\alpha,\beta}^{\prime}$ independent of
and positive integers $h_{0},$ $k_{0}$ such that

$|\zeta||\lambda(x, \xi)^{N-n+\langle a,k\rangle+\langle\beta,k\rangle}D_{l}^{\alpha}D_{\epsilon}^{\beta}r_{N}^{(N)}|$

$\leqq C_{\alpha,\beta}\{\sum_{|\alpha|\leq h_{0}.|\beta|\leq k_{0}}\sup_{(}|\lambda(x, \xi)^{-n+\langle\alpha.k\rangle+\langle l^{k)}}’ D_{l}^{a}D_{\xi}^{\prime}p|\}$

$\times\{\sum_{|a|\leq h_{0}.|\beta|\leq k_{0}}|\zeta|\sup_{(r.\xi)}|\lambda(x, \xi)^{n+\langle\alpha,h\rangle+\langle\prime,k\rangle}D_{l}^{a}D_{\epsilon}^{\beta}b^{(N)}|\}$

$\leqq c_{\alpha,\beta}^{\prime}(\frac{|\zeta|}{d(\zeta)})^{h_{0}+k_{0}+N}$ .
Thus $r_{N}^{(N)}$ satisfies (2.9). If we put $E=r^{(N)}-r_{\zeta,N}^{(N)}$ , then by (2.10), (2.1) $al$

(2.2), we have

$E=,$$\sum_{l,|\gamma I\leq N1,i+l+|\gamma|\neq 0}\frac{1}{\gamma!}p^{\{\gamma)}D^{\gamma}b,+,\sum_{|\gamma|\leq N-1}\frac{1}{\gamma!}(p-\sum_{l=0}^{N-1}p.-l)^{(\gamma)}D_{l}^{\gamma}b,-n-$

$=,\sum_{l,|\gamma|\leq N-1}\frac{1}{\gamma!}p_{n-l}^{(\gamma)}D_{l}^{r}b_{C.-,*-i}+,\sum_{1+l+\langle\gamma.h+k\rangle\cong N\gamma|\leq N-1}\frac{1}{\gamma!}(p-\sum_{l=0}^{N-1}p_{n-l})^{(\gamma)}D^{\gamma}b$ .

Therefore by Lemma 2.1, we have for some constants $C_{\beta,\beta}^{a^{\prime},\alpha^{\prime\prime}},,$

$,$

$C$ and $C$

$|D^{\alpha}aeD_{\epsilon}^{l}E|=|_{p^{l}+\beta^{\prime\prime}=l}a^{\prime}+l+i.l1_{\gamma|\leq N-\iota}^{\gamma.h+k\rangle\geq N}\sum p_{n-l(\alpha)}^{(\gamma+l^{\prime})}b_{\epsilon,-n-(\gamma+\alpha^{\prime})}$
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$+\sum_{t,|\gamma|\leqq N-1}(p-\sum_{t=0}^{N-1}p_{m-1})_{\langle\alpha)}^{(\gamma+\beta^{\prime})}b_{C,-m-(\gamma+a^{\prime})]}(\beta^{\prime\prime})|$

$\leqq C\lambda(x, \xi)^{n-N-\langle a,h\rangle-\langle\beta.k\rangle}(\frac{|\zeta|}{d(\zeta)})^{2N-1+|\alpha|+|\beta|}|\zeta|^{-1}$ .
This completes the pro\‘of.

If necessary, we replace $\gamma_{0}$ with smaller one, so we may assume
$\gamma_{0}\leqq\lambda_{1}$ . Therefore for $\zeta\not\in[\gamma_{0}, +\infty$ ), $(P-\zeta)^{-1}$ exists. Since

(2.11) $(P-\zeta)b^{\{N)}(x, D)=I+r_{\zeta}^{(N)}(x, D)$ ,

we have

(2.12) $(P-\zeta)^{-1}=b_{(}^{(N)}(x, D)-D_{\zeta}^{(N)}(x, D)$

where

(2.13) $D_{(}^{(N)}(x, D)=(P-\zeta)^{-1}\gamma_{\zeta}^{\{N)}(x, D)$ , $\zeta\not\in[\gamma_{0}, +\infty$ ).

For the distribution kernels of $r_{\zeta}^{(N)}(x, D)$ and $D_{\zeta}^{(N)}(x, D)$ , we have the
following two lemmas.

LEMMA 2.3. Let $K(r^{(N)})(x, y)$ be the distribution kernel of $r^{(N)}(x, D)$ .
Then for $N\geqq m+(n+1)T,$ $K(r_{\zeta}^{(N)})(x, y)$ is continuous in $R^{2n}$ and, for some
constant $C$ independent of $\zeta$ and a positive integer $\tilde{N}$,

(2.14) $|K(r_{\zeta}^{(N)})(x, y)|\leqq C(\langle x\rangle\langle y\rangle)^{(\tau(n+2)-(N-m})$ }
$/(2T)(\frac{|\zeta|}{d(\zeta)})^{\tilde{N}}|\zeta|^{-1}$

for any $ 0\neq\zeta\not\in[\gamma_{0}, +\infty$ ) and all $(x, y)eR^{2n}$ . Here $\langle x\rangle=\{1+\sum_{\dot{g}=1}^{n}x_{j}^{2}\}^{1/2}$ .
PROOF. For every $p\in N$, we have

$ K(r^{(N)})(x, y)=\langle x-y\rangle^{-2p}(2\pi)^{-n}\int e^{i\langle x-\nu,\epsilon\rangle}(1-\Delta_{\text{\’{e}}})^{p}r_{\zeta}^{(N)}(x, \xi)d\xi$ .
By Lemma 2.2,

$|(1-\Delta_{\xi})^{p}\gamma^{(N)}(x, \xi)|\leqq C_{\lambda}(x, \xi)^{m-N}(\frac{|\zeta|}{d(\zeta)})^{\tilde{N}}|\zeta|^{-1}$

$\leqq C(\langle x\rangle+\langle\xi\rangle)^{n+1+(m-N)/T}\langle\xi\rangle^{-(n+1)}(\frac{|\zeta|}{d(\zeta)})^{\tilde{N}}|\zeta|^{-1}$

Therefore if $N\geqq m+(n+1)T,$ $K(\gamma_{\zeta}^{(N)})$ is continuous in $R^{2n}$ . By Peetre’s
inequality: $\langle x-y\rangle^{-2p}\leqq C\langle x\rangle^{2p}\langle y\rangle^{-2p}$ , we have
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$|K(r_{\zeta}^{\{N)})(x, y)|$

$\leqq C\langle x\rangle^{2p}\langle y\rangle^{-2p}(\frac{|\zeta|}{d(\zeta)})^{\tilde{N}}|\zeta|^{-1}\langle x\rangle^{n+1+(n-N)/T}\int\langle\xi\rangle^{-(n+1)}d\xi$

$\leqq C\langle x\rangle^{2p+n+1+(n-N)/T}\langle y\rangle^{-2p}(\frac{|\zeta|}{d(\zeta)})^{\tilde{N}}|\zeta|^{-1}$ .
If we put $2p=[(N-m-nT)/(2T)]$ , we get the e8timate (2.14). This com
pletes the proof.

LEMMA 2.4. Let $K(D^{(N)})(x, y)$ be the distribution kernel of $D^{(N)}(x, D)$

Then for $N>(3n+2)T,$ $K(D^{(N)})(x, y)$ is continuous in $R^{2}$“. Moreover $ther|$

exist positive constant $C$ independent of $\zeta$ and a positive integer $\tilde{N}$ such
that

(2.15) $|K(D^{(N)})(x, y)|\leqq C\langle x\rangle^{-n/(2T)}\langle y\rangle^{\{T(n+2)-(N-,*)\}/(2T)}(\frac{|\zeta|}{d(\zeta)})^{\tilde{N}+1}|\zeta|^{-1}$ .
PROOF. Let $K(x, y)$ be the kernel of $(P-\zeta)^{-1}$ . It follows from [8

that for some constant $C>0$ , we have $|K(x, y)|\leqq C(\langle x\rangle\langle y\rangle)^{-,/(2T)}(|\zeta|/d(\zeta))$

Here we note

$K(D^{(N)})(x, y)=\int K(x, z)K(r^{\{N)})(z, y)dz$ .
Thus (2.15) follows immediately from Lemma 2.3.

\S 3. Complex powers of $P$.
Let $P$ be the self-adjoint realization of $P(x, D)eOPS_{(h:k)}^{n}$ satisfying

the hypotheses $(H.1)\sim(H.4)$ in \S 1. It is well known that

$||(P-\zeta)^{-}$ $\Vert_{F(L^{2}(R^{n}))}\leqq\frac{1}{d(\zeta)}$ for all $\zeta\not\in[\gamma_{0}, +\infty$).

Therefore for ${\rm Re} s>0$ , we can write

(3.1) $ P^{-}=\frac{i}{2\pi}\int_{\Gamma}\zeta^{-}(P-\zeta)^{-1}d\zeta$

where $\Gamma$ is a curve beginning at infinity, passing along the negative rea
line to a circle $|\zeta|=\epsilon_{0}(0<\epsilon_{0}<\gamma_{0})$ , then clockwise about the circle, and
back to infinity along the negative real line and $\zeta^{-}$ is defined in $C\backslash R_{-}=$

$C\backslash \{\zeta eC;{\rm Im}\zeta=0, {\rm Re}\zeta\leqq 0\}$ and takes the principal value. For ${\rm Re} s\leqq 0$

choose a positive integer $k$ such that $-k+1\geqq{\rm Re} s>-k$ and define $P^{-}=$

$P^{k}P^{-\cdot-k}$ . Then we have
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PROPOSITION 3.1 (cf. [8], [1]). Assume that $P(x, D)e$ OP$S_{(h:k)}^{n}satisfies$

$(H.1)\sim(H.4)$ and let $P$ be the self-adjoint realization of $P(x, D)$ . Then
we have for every $seC,$ $P^{-}\in OPS_{(h:k)}^{-,1{\rm Re}}$ and the symbol $\sigma(P^{-})$ has the
$follow^{J}\dot{m}g$ asymptotic expansion:

(3.2) $\sigma(P^{-})\sim\sum_{j=0}^{\infty}p_{\epsilon,-m{\rm Re}-j}$

where

$p.,-mRe\cdot(x, \xi)=x(x, \xi)p_{n*}(x, \xi)^{-}$ and

$p_{\iota,-mRe\cdot-j}(x, \xi)=\sum_{l=1}^{2j}\frac{s(s+1)\cdots(s+l-1)}{l!}d_{1j}(x, \xi)p_{m}(x, \xi)^{-\iota-l}$

for every $j\geqq 1$ . Here $d_{lj}(x, \xi)$ are defined by (2.3).

Note that if ${\rm Re} s$ is large enough, $P^{-}$ is of trace class. Moreover
we have

PROPOSITION 3.2 (cf. [8]). Under the same hypotheses as Propositio$n$

3.1, we have:
(i) $Trace(P^{-})$ is holomorphic for ${\rm Re} s>(|h|+|k|)/m$ and extended to a
meromorphic function $Z_{P}(s)$ in $C$.
(ii) The poles of $Z_{P}(s)$ are simple and belong to a sequence $\{s_{\dot{f}}\wedge=(|h|+$

$|k|-j)/m\}_{j=0,1},\cdots$ and the residue at $ s_{j}\wedge$ is as follows:

(3.3) ${\rm Res}_{P}(s_{0}\wedge)=\frac{1}{m}(2\pi)^{-n}\int_{s_{(h:k)}}p_{m}(\sigma)^{-(|h|+|k|)/m}d\sigma$

and for every $j\geqq 1$ ,

${\rm Res}_{P}(s_{j}\wedge)=\sum_{l--1}^{2j}\frac{1}{m^{l+1}l!}\prod_{i=0}^{l-1}(|h|+|k|-j+mi)(2\pi)^{-n}$

$\times\int_{s_{(h;k)}}d_{lj}(\sigma)p_{m}(\sigma)^{(j-|h|-|k|-ml)/m}d\sigma$ .
(iii) $Z_{P}(s)$ is holomorphic at $s=0$ , i.e., ${\rm Res}_{P}(s_{|h|+|k|}\wedge)=0$ .

REMARK 3.3. Since $Z_{P}(s)$ is holomorphic for ${\rm Re} s>s_{0}\wedge$ and $Z_{P}(s)-$

$({\rm Res}_{P}(s_{0}\wedge))/(s-s_{0}\wedge)$ is continuous for ${\rm Re} s\geqq s_{0}\wedge$ , it follows from [1] (cf. [8])
that

$N_{P}(\lambda)=(2\pi)^{-n}\int_{p_{n}(x,\xi)\leq 1}dxd\xi\lambda^{t|h|+|k|)/m}(1+o(1))$ as $\lambda\rightarrow+\infty$ .
Now we estimate $Z_{P}(s)$ .
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PROPOSITION 3.4. For any $d_{1}$ and $d_{2}(d_{1}<d_{2})$ , there exist positive
constants $\tilde{N}$ and $C$ such that

$|Z_{P}(s)|\leqq C(1+|{\rm Im} s|)^{\tilde{N}}$

for any $s\in\{seC;d_{1}\leqq{\rm Re} s\leqq d_{2}\}$ excluding neighborhoods of the poles of
$Z_{P}(s)$ .

PROOF. Since $Z_{P^{k}}(s)=Z_{P}(ks)$ , if necessary, replacing $P$ with $P^{k}$ for
large integer $k$ , we may assume $m>2nT$. At first we consider the case
$d_{1}>0$ . Then by (3.1) and (3.2), we have

$P^{-}=\sum_{J--0}^{N-1}P.,-nRe\cdot-j(x, D)+E_{l}^{(N)}$

where

$ E^{(N)}=\frac{i}{2\pi}\int_{\Gamma}\zeta^{-}D_{\zeta}^{(N)}(x, D)d\zeta$ .

If $N>(3n+2)T$, it follows from Lemma 2.4 that there exist some positive
constants $C$ and $\tilde{N}$ such that

$|\int K(D_{\zeta}^{(N)})(x, x)dx|\leqq c(\frac{|\zeta|}{d(\zeta)})^{\tilde{N}}|\zeta|^{-1}$

for all $ 0\neq\zeta\not\in[\gamma_{0}, +\infty$ ). Therefore

(3.4) $\int K(E^{(N)})(x, x)dx=\frac{i}{2\pi}\int_{\Gamma^{\backslash }}\zeta^{-}\int K(D^{\{N)})(x, x)dxd\zeta$

is holomorphic for ${\rm Re} s>0$ . Let $\Gamma_{\theta}=C_{\theta}^{+}+C_{\theta}^{0}+C_{\theta}^{-}$ where $\theta e(0, \pi/2)$ is
chosen later:

$C_{\theta}^{+}:$ $re^{i\theta}$ $(\epsilon_{0}\leqq r<+\infty)$

$C_{\theta}^{0}$ : $\epsilon_{0}e^{-\prime}$ $(-\theta\leqq\phi\leqq\theta)$

$C_{\theta}^{-}:$ $re^{-i\theta}$ $(\epsilon_{0}\leqq r<+\infty)$ .
Since $K(D^{(N)})(x, x)$ is holomorphic in $ C\backslash [\gamma_{0}, +\infty$ ), we can replace $\Gamma$ in the
integral of (3.4) with $\Gamma_{\theta}$ . Thus we have with constants $C_{1}$ and $C_{a}$ which
are independent of $s$ ,

$|\frac{i}{2\pi}\int_{c_{\theta}^{0}}\zeta^{-}\int K(D_{\zeta}^{(N)})(x, x)dxd\zeta|\leqq C_{1}\int_{-\theta}^{\theta}\epsilon_{0}^{-Re\cdot-1}e^{|Im\cdot||\prime|}d\phi$

$\leqq 2\theta C_{1}\epsilon_{0}^{-Re\cdot-1}e^{\theta|Im\cdot|}$

and
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$|\frac{i}{2\pi}\int_{c_{\theta}^{\pm}}\zeta^{-}\int K(D_{\zeta}^{(N)})(x, x)dxd\zeta|\leqq C_{2}\int_{\epsilon_{0}}^{\infty}r^{-{\rm Re}\iota-1}d\gamma e^{\theta|Im\cdot|}|\sin\theta|^{-\tilde{N}}$

$\leqq C_{2}({\rm Re} s)^{-1}\epsilon_{0}^{-{\rm Re}}e^{\theta|Im\cdot|}|\sin\theta|^{-\tilde{N}}$ .
Choose $L>0$ sufficiently large such that $|$ sin $\theta|>|\theta|/2$ for $|\theta|\leqq\pi/L$ and
put $\theta=\pi/2$ when $|{\rm Im} s|\leqq L/\pi,$ $\theta=|{\rm Im} s|^{-1}$ when $|{\rm Im} s|\geqq L/\pi$ . Then there
exists a positive constant $C$ such that

$|\int K(E_{l}^{(N)})(x, x)dx|\leqq C(1+|{\rm Im} s|)^{\tilde{N}}$ .
Next we consider the integral:

$ J_{j}(s)=(2\pi)^{-n}\int p.,-mRe\cdot-j(x, \xi)dxd\xi$

$=\sum_{l=1}^{2\dot{f}}\frac{s(s+1)\cdots(s+l-1)}{l!}(2\pi)^{-n}\int d_{lj}(x, \xi)p_{n}(x, \xi)^{-\cdot-l}dxd\xi$ .
Since

$\int_{\lambda_{0}(x,6)\leq 1}d_{l\dot{g}}(x, \xi)p_{n}(x, \xi)^{-\cdot-l}dxd\xi$

is an entire function and $|p_{m}(x, \xi)^{-\cdot-l}|\leqq p_{m}(x, \xi)^{-Re\cdot-l}$ , we have with a
positive constant $C$ ,

$|\frac{s(s+1)\cdots(s+l-1)}{l!}(2\pi)^{-n}\int_{\lambda_{0}(x,\text{\’{e}})\leqq 1}d_{lj}(x, \xi)p_{n}(x, \xi)^{-\cdot-l}dxd\xi|$

$\leqq C(1+|{\rm Im} s|)^{l}$ for $d_{1}\leqq{\rm Re} s\leqq d_{2}$ .
On the other hand, by the quasi-homogeneity of $d_{tj}(x, \xi)p_{n*}(x, \xi)^{-\cdot-l}$ for
$\lambda_{0}(x, \xi)\geqq 1$ and the way of meromorphic extension of $Trace(P^{-})$ , we have

(3.5) $\frac{s(s+1)\cdots(s+l-1)}{l!}(2\pi)^{-n}\int_{\lambda_{0}(\alpha,\xi)\geq 1}d_{lj}(x, \xi)p_{m}(x, \xi)^{-\iota-l}dxd\xi$

$=(2\pi)^{-n}\frac{s(s+1)\cdots(s+l-1)}{l!}\frac{1}{ms+j-|h|-|k|}\int_{s_{(h:k)}}d_{lj}(\sigma)p_{m}(\sigma)^{-\cdot-l}d\sigma$ .
Thus there exists a positive constant $C$ such that (3.5) is estimated by
$C(1+|{\rm Im} s|)^{l}$ for $d_{1}\leqq{\rm Re} s\leqq d_{2}$ excluding neighborhoods of the poles $s=$

$(|h|+|k|-j)/m$ .
Now we consider the case $d_{2}>0$ . Then there exists a positive integer

$l$ such that ${\rm Re} s+l\geqq 1$ for $se\{seC;d_{1}\leqq{\rm Re} s\leqq d_{2}\}$ . In this situation, we
have

$P^{-\iota}=P^{l}P^{-\iota-\}}=P^{l}\{\sum_{j=0}^{N-1}P_{+l.-m(Be+l)-j}(x, D)+E_{l+l}^{(N)\}}$ ,
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where

$ P^{l}E_{+l}^{(N)}=\frac{i}{2\pi}\int_{P}\zeta^{-\cdot-l}P^{l}D^{(N)}d\zeta$ .
Here we note: $P^{l}D^{(N)}=P^{l}(P-\zeta)^{-1}r^{(N)}(x, D)=(P-\zeta)^{-1}P^{l}r_{\zeta}^{(N)}(x, D)$ . By the
composition formula of pseudodifferential operators, for every multi-
indices $\alpha,$ $\beta$ , there exists a positive constant $C$ such that

$|D_{x}^{\alpha}D_{\xi}^{\beta}\sigma(P^{\iota}r^{(N)}(x, D))|\leqq C(\frac{|\zeta|}{d(\zeta)})^{\tilde{N}}|\zeta|^{-1}\lambda(x, \xi)^{ntl+1)-N-\langle\alpha,h\rangle-\langle\beta,k\rangle}$ .
By the proof of Lemma 2.3, if $N>m(l+1)+(n+1)T$, we have with a
constant $C$,

$|K(P^{l}r^{(N)})(x, y)|\leqq C(\frac{|\zeta|}{d(\zeta)})^{\tilde{N}}|\zeta|^{-1}(\langle x\rangle\langle y\rangle)^{-\{N-n(l+1)-T(n+2))/(2T)}$

for all $0\neq\zeta\not\in[\gamma_{0},$ $+\infty\rangle$. Thus by the same arguments as the case $d_{1}>0$ ,
we have with a constant $C$ and $\tilde{N}$,

$|\int K(P^{\iota}E_{+l}^{(N)})(x, x)dx|\leqq C(1+|{\rm Im} s|)^{\tilde{N}}$

for $d_{1}\leqq{\rm Re} s\leqq d_{2}$ . On the other hand, we have

$P^{l}(\sum_{\dot{g}=0}^{N-1}p_{+l.-n(Re\cdot+l)-j}(x, D))$

$=\sum_{i+j+\langle\alpha,h+k\rangle\leq N-1}\frac{1}{\alpha!}p_{l,*\iota_{-i}^{ta)}}D_{l}^{\alpha}p_{*+l,-n(Re\cdot+l)-j}+\tilde{r}^{(N)}$ .
For the first sum, we can use the same arguments as the case $d_{1}>0$ and
for the remainder term $ r^{(N)}\sim$. we use the composition formula. This com-
pletes the proof.

\S 4. Proof of Theorem 1.

Since $Q=P^{2r/n}$ , it follows from Proposition 3.2 that the poles of
$Z_{Q}(s)$ are simple and belong to a sequence $\{s_{j}=n-j/(2M)\}_{j=0,1},\cdots$ and

${\rm Res}_{Q}(s_{0})=A_{0}=\frac{1}{2M}(2\pi)^{-n}\int_{s_{(h:k)}}p_{n}.(\sigma)^{-(|h|+|k|)/m}d\sigma$ ,

${\rm Res}_{Q}(s_{j})=A_{\dot{f}}=\frac{1}{2M}\sum_{l=1}^{2j}\frac{1}{m^{l}l!}\prod_{-1}^{l-1}(|h|+|k|-j+mi)(2\pi)^{-n}$

$\times\int_{s_{(h:k)}}d_{lj}(\sigma)p_{*}(\sigma)^{tj-|k|-|k|-nl)/n}d\sigma$
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for $j\geqq 1$ . Moreover $\mu_{j}=\lambda_{\dot{f}}^{2H/m}$ are eigenvalues of $Q$ . Since $\mu_{j}\sim j^{1/n}$ by
Remark 3.3, we can define a holomorphic function for ${\rm Re} z>0$ :

(4.1) $\theta_{Q}(z)=Tracee^{-*Q}=\sum_{\dot{g}=1}^{\infty}e^{-*\mu_{j}}$ .
At first we must study a property of $\Gamma$-function. For ${\rm Re} s>0$ , let

$\Gamma(s)$ be the function

$\Gamma(s)=\int_{0}^{\infty}t^{l-1}e^{-t}dt$

and, for ${\rm Re} s\leqq 0$ , we choose a positive integer $k$ such that ${\rm Re} s+k>0$

and define as usual

$\Gamma(s)=\frac{1}{s(s+1)\cdots(s+k-1)}\Gamma(s+k)$ .
Then we have:

LEMMA 4.1. For any $c\in(-k, -k+1)$ ($k\geqq 0$ integer), there exists a
positive constant $L=L(c)$ such that for all $\epsilon,$ $0<|\epsilon|<\pi/2$ and $\sigma\in R$ ,

$|\Gamma(c+i\sigma)|\leqq\frac{L}{(1+|\sigma|)^{k-1}}e^{-\cdot\sigma}$ .
PROOF. At first we prove the case $k=0$ , i.e., $ce(0,1)$ . Making the

change of the variable $t\rightarrow te^{ie}$ , we can write

$\Gamma(c+i\sigma)=e^{-\iota(\sigma-io)}\int_{0}^{\infty}t^{\iota+\sigma-1}e^{-(}$ sln $\epsilon+oo**$ )
$tdt$ .

Here we estimate the integral. Since $ce(0,1)$ and cos $\epsilon>0$ , we have

$\int_{0}^{1}|t^{e-1+\sigma}e^{-(i\epsilon\ln\epsilon+OO8\cdot)t}|dt\leqq\int_{0}^{1}t^{0-1}dt=\frac{1}{c}$ .
Choose $\epsilon_{0}$ so that $0<\epsilon_{0}<\pi/2$ . If $0<|\epsilon|\leqq\epsilon_{0}$ ,

$I_{1}=|\int_{1}^{\infty}t^{e+i\sigma-1}e^{-(i}$
sln $\epsilon+OO8e$ )

$tdt|\leqq\int_{1}^{\infty}t^{\iota-1}e^{-t\cos\epsilon}dt$ .
Since

$\int_{1}^{\infty}t^{e-1}e^{-tc\circ 8*}dt\leqq(\cos\epsilon)^{-\iota}\Gamma(c)$ ,

we have $I_{1}\leqq(\cos\epsilon_{0})^{-0}\Gamma(c)$ .
Next if $\epsilon_{0}<|\epsilon|<\pi/2$ , we have, by the integration by parts,
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$I_{2}=|\int_{1}^{\infty}t^{o-1+i\sigma}e^{-t\infty}e^{-t}$
sln $dt|$

$=|\frac{1}{-i\sin\epsilon}[t^{0-1+i\sigma}e^{-c\circ 8\epsilon}e^{-t\epsilon\ln}]_{1}^{\infty}$

$+\frac{1}{i\sin\epsilon}\int_{1}^{\infty}\{(c-1+i\sigma)t^{\iota-2+i\sigma}-(\cos\epsilon)t^{e-1+i\sigma}\}e^{-to\iota}O8e^{-t\cdot\ln}dt|$

$\leqq\frac{1}{|\sin\epsilon|}+\frac{1+|\sigma|}{|\sin\epsilon|}|_{1}^{\infty}t^{0-2}dt+\frac{\cos\epsilon}{|8in\epsilon|}\int_{1}^{\infty}t^{0-1}e^{-t\cos}dt$

$\leqq\frac{1}{\sin\epsilon_{0}}+\frac{1+|\sigma|}{(\sin\epsilon_{0})(1-c)}+\frac{\Gamma(c)}{\sin\epsilon_{0}}(\cos\epsilon_{0})^{1-0}$ .

Thus we get the conclusion of this lemma for the case $k=0$ .
For general case $ce(-k, -k+1)$ , we have evidently, with a con-

stant $L$ ,

$|\Gamma(c+i\sigma)|\leqq\frac{|\Gamma(c+k+.i\sigma)|}{(c+i\sigma)(c+1+i\sigma)\cdot\cdot(c+k-1+i\sigma)}\leqq\frac{Le^{-ll}}{(1+|\sigma|)^{l-1}}$ .
This completes the proof.

Now by the inverse Mellin transformation, if $c>0$ is large enough,
we have

(4.2) $\theta_{Q}(z)=\frac{1}{2\pi i}\int_{Re\cdot=0}z^{-}Z_{Q}(s)\Gamma(s)ds$ .
On the other hand if $c<0$ and $|c|$ is large enough, we have:

LEMMA 4.2. Let $\tilde{N}$ be as in Prop\‘osition 3.4. For any $c<-N-2-k$
$(k=0,1, \cdots),$ $c\not\in-N$, there exists a positive constant $C$ such that for
any $z,$ $0<|\arg z|<\pi/2$ ,

$|z^{\iota+k}(\frac{d}{dz})^{k}\frac{1}{2\pi^{l}i}\int_{Re\cdot=e}z^{-}Z_{Q}(s)\Gamma(s)ds|\leqq C$ .

PROOF. Since $Z_{Q}(s)=Z_{P}(2Ms/m)$ , it follows from Proposition 3.4 that
there exists a positive constant $C_{1}$ such that $|Z_{Q}(c+i\sigma)|\leqq C_{1}(1+|\sigma|)^{\tilde{N}}$.
From Lemma 4.1, it follows that if $c<-\tilde{N}-2-k$ and $c\not\in-N$, we have
with another positive constant $C$ ,

$|Z_{Q}(c+i\sigma)\Gamma(c+i\sigma)|\leqq C(1+|\sigma|)^{-k-2}e^{-\cdot\sigma}$ for any $\epsilon(0<\epsilon<\pi/2)$ .
Therefore we have

$|z^{0+k}(\frac{d}{dz})^{k}\frac{1}{2\pi i}\int_{Re\cdot=\iota}z^{-}Z_{Q}(s)\Gamma(s)ds|\leqq\frac{C}{2\pi}\int_{-\infty}^{\infty}e^{\sigma\arg*-\cdot I\sigma|}(1+|\sigma|)^{-2}d\sigma$ .
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Noting that we can put $\epsilon=|\arg z|$ , the proof is complete.

PROOF OF THEOREM 1. $Z_{Q}(s)\Gamma(s)$ is a meromorphic function in $C$.
Moreover if $s_{j}=n-j/(2M)\not\in-Z_{+}=\{0, -1, -2, \cdots\},$ $Z_{Q}(s)\Gamma(s)$ has a simple
pole at $s=s_{\dot{f}}$ and the residue is $A_{\dot{f}}\Gamma(n-j/(2M))$ and if $s_{j}=n-j/(2M)=-l$
for some $l\in Z_{+},$ $Z_{Q}(s)\Gamma(s)$ has a double pole at $s=s_{j}$ and the coefficient
of $(z+l)^{-2}$ is equal to $-B_{j}$ . Thus taking the residue theorem into
consideration, we can shift the path of the integration in (4.2) by
letting $ c\rightarrow-\infty$ . Here we note that by Lemma 3.4 and Lemma 4.1,
$Z_{Q}(s)\Gamma(s)$ is rapidly decreasing in all vertical strips, excluding neighbor-
hoods of poles. By the Cauchy theorem, we have for a small $\delta>0$ ,

$\frac{1}{2\pi i}\int_{I*-*j^{|=\delta}s-s_{j}}^{z^{-}}\dot{\ovalbox{\tt\small REJECT}}sA_{j}\Gamma(n-\frac{j}{2M})=z^{-*}jA_{j}\Gamma(n-\frac{j}{2M})$

and

$\frac{1}{2\pi\dot{j}}\int_{1_{\beta}-i^{1=\delta}}\frac{z^{-}}{(s-s_{\dot{f}})^{2}}ds(-B_{j})=z^{l}B_{j}$ log $z$ .
Finally if we apply Lemma 4.2, this completes the proof of Theorem 1.

\S 5. Proof of Theorem 2.

Let $\rho$ be a function as in (1.8). By the Lebesgue theorem,

$I(\mu)=\int\rho(\mu-\tau)dN_{Q}(\tau)$

$=\lim_{\epsilon\downarrow 0}\int e^{-*f}\rho(\mu-\tau)dN_{Q}(\tau)$

$=\lim_{e\downarrow 0}\sum_{j=1}^{\infty}e^{-\iota\mu_{j}}\rho(\mu-\mu_{j})$

$=\lim_{e\downarrow 0j}\sum_{=1}^{\infty}(2\pi)^{-1}\int e^{-(\epsilon+it)\mu_{\dot{f}}}\hat{\rho}(t)e^{i\mu t}dt$

$=\lim_{e\downarrow 0}(2\pi)^{-1}\int\theta_{Q}(\epsilon+it)\hat{\rho}(t)e^{i\mu t}dt$ .
We want to obtain the asymptotic behavior of $I(\mu)$ as $\mu\rightarrow+\infty$ modulo
$O(\mu^{n-2})$ if $n\geqq 2$ and $O(\mu^{-1-\delta})$ for some $\delta>0$ if $n=1$ . By virtue of Theorem
1 it suffices to study the asymptotic behavior as $\mu\rightarrow+\infty$ of the follow-
ing functions:

(5.1) $I_{1j}(\mu)=\lim_{\epsilon\downarrow 0}(2\pi)^{-1}\int(\epsilon+it)^{-n+j/(2H)}\hat{\rho}(t)e^{i\mu t}dt$ $(-n+\frac{j}{2M}\not\in z_{+})$
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(5.2) $I_{gl}(\mu)=\lim_{\downarrow 0}(2\pi)^{-1}\int(\epsilon+it)^{l}\log(\epsilon+it)\hat{\rho}(t)e^{i}\#^{t}dt$ $(leZ_{+})$

(5.3) $I_{0l}(\mu)=\lim_{l\downarrow 0}(2\pi)^{-1}\int(\epsilon+it)^{l}\hat{\rho}(t)e^{i\mu t}dt$ $(leZ_{+})$

(5.4) $R_{0}(\mu)=\lim_{l\iota 0}(2\pi)^{-1}\int F_{0}(\epsilon+it)\hat{\rho}(t)e^{\mu t}dt$

where

$F(\epsilon+it)=\frac{1}{2\pi i}\int_{Re\cdot=\iota}(\epsilon+it)^{-}Z_{Q}(s)\Gamma(s)ds$ .
At first we consider $I_{2l}(\mu)$ and $I_{8l}(\mu)$ .
LEMMA 5.1. For every integer $l\geqq 0$ , we have:

(i) $I_{2l}(\mu)=O(\mu^{-\iota-1})$ as $\mu\rightarrow+\infty$ ,
(ii) For any integer $N\geqq 0,$ $I_{8l}(\mu)=O(\mu^{-N})$ as $\mu\rightarrow+\infty$ .

PROOF. (i) At first we consider the case $l=0$ . In this case we $hav($

$I_{20}(\mu)=\frac{-1}{i\mu}\int\{\frac{\hat{\rho}(t)}{\epsilon+it}+\log(\epsilon+it)\hat{\rho}^{\prime}(t)\}e^{\mu t}dt$ .
If we define a function $a.(\tau)$ such that $a.(\tau)=e^{-\iota}$‘ if $\tau>0$ and $=0$ if $\tau\leqq 0$

we have

$(2\pi)^{-1}\int_{\epsilon it}^{\hat{\rho}(t)}\mp i\prime tdt=a.*\rho(\mu)$

$=\int_{-\infty}^{\mu}e^{-\cdot(\mu-p)}\rho(\tau)d\tau\leqq\int_{-\infty}^{\infty}\rho(\tau)d\tau=1$ .
On the other hand, since supp $\hat{\rho}$ is compact and for any $\alpha e(0,1)$

$|\log(\epsilon+it)|\leqq|\epsilon+it|^{-a}+\frac{\pi}{2}$

we have

for all $|\epsilon|<1,$ $te$ supp $\hat{\rho}$ ,

$|\lim_{\downarrow 0}\int\log(\epsilon+it)\hat{\rho}’(t)e^{\mu\iota}dt|\leqq\int(|t|^{-\alpha}+\frac{\pi}{2})|\hat{\rho}^{\prime}(t)|dt$ .

Thus we have $I_{20}(\mu)=O(\mu^{-1})$ as $\mu\rightarrow+\infty$ . Next we consider the case $l>0$

Since we have

$\int(\epsilon+it)^{l}\log(\epsilon+it)\hat{\rho}(t)e^{i\mu t}dt$
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$=\frac{-1}{i\mu}\int[li(\epsilon+it)^{l-1}\log(\epsilon+it)\hat{\rho}(t)+i(\epsilon+it)^{l-1}\hat{\rho}(t)$

$+(\epsilon+it)^{l}\log(\epsilon+it)\hat{\rho}’(t)]e^{i\mu t}dt$ ,

by induction on $l$ and the fact:

$\lim_{\epsilon\downarrow 0}\int(\epsilon+it)^{l}\log(\epsilon+it)\hat{\rho}^{tN)}(t)e^{i\mu t}dt$ is bounded as $\mu\rightarrow+\infty$ ,

we can obtain $I_{2l}(\mu)=O(\mu^{-l-1})$ as $\mu\rightarrow+\infty$ . (ii) is clear. This completes
the proof.

Secondly, in order to study $I_{1j}(\mu)$ , we need the following three lemmas.

LEMMA 5.2. Let $0<\alpha<1$ and $\rho$ be as in (1.8). Then we have

$\int(\epsilon+it)^{\alpha-2}\hat{\rho}(t)e^{i\mu t}dt=\frac{-\mu}{\alpha-1}\int(\epsilon+it)^{\alpha-1}e^{i\mu t}dt+R(\mu, \epsilon)$

where $\lim_{\epsilon\downarrow 0}R(\mu, \epsilon)$ exists and is of 0(1) as $\mu\rightarrow+\infty$ .
PROOF. Let supp $\hat{\rho}\subset(-a, a)$ . Then we have the following decom-

position:

$\int(\epsilon+it)^{\alpha-2}\hat{\rho}(t)e^{l\mu t}dt=\int(\epsilon+it)^{\alpha-2}e^{i\mu t}dt$

$+\int_{|t|\leqq a}(\epsilon+it)^{\alpha-2}(\hat{\rho}(t)-1)e^{i\mu t}dt-\int_{|t|\geq a}(\epsilon+it)^{\alpha-2}e^{t\mu t}dt$ .
The first integral is equal to

$\frac{-\mu}{\alpha-1}\int(\epsilon+it)^{a-1}e^{i\mu t}dt$ .
Since $\hat{\rho}(t)-1=\hat{\rho}(t)-\hat{\rho}(O)=t\hat{\rho}^{\prime}(\theta t)$ for some $\theta e(0,1)$ , it follows that
$|(\epsilon+it)^{\alpha-2}(\hat{\rho}(t)-1)|\leqq C|t|^{\alpha-1}$ where $C$ is independent of $\mu$ and $\epsilon$ . So the
second integral is of 0(1) as $\mu\rightarrow+\infty$ uniformly in $\epsilon$ . As to the third
integral, since we have $|(\epsilon+it)^{\alpha-2}e^{i\mu t}|\leqq|t|^{\alpha-2}$ , it is also of 0(1) as $\mu\rightarrow+\infty$

uniformly in $\epsilon$ . This completes the proof.

LEMMA 5.3. Let $0<\alpha<1$ . Then we have

$\lim_{e\downarrow 0}\int(\epsilon+it)^{\alpha-1}e^{i\mu t}dt=2\sin(\pi\alpha)\Gamma(\alpha)\mu^{-\alpha}$

PROOF. First of all we claim that

(5.5) $\lim_{e\downarrow 0}\int(\epsilon+it)^{\alpha-1}e^{l\mu t}dt$
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exists and i8 equal to

$\int(it)^{\alpha-1}e^{i\mu t}dt$ .
In fact, by the mean value theorem, we have

$(\epsilon+it)^{\alpha-1}=(it)^{a-1}+\epsilon(\alpha-1)\int_{0}^{1}(\epsilon\theta+it)^{\alpha-2}d\theta$ .
Here we note

$\epsilon\int_{|t|\geq 1}|\int_{0}^{1}(\epsilon\theta+it)^{a-2}d\theta|dt\leqq\epsilon\int_{|t|\geq 1}t^{\alpha-2}dt\rightarrow 0$ as $\epsilon\downarrow 0$

and for any $\delta e(0,1)$ ,

$\epsilon\int_{|t|\leq 1}|\int_{0}^{1}(\epsilon\theta+it)^{\alpha-2}d\theta|dt\leqq\epsilon\int_{|t|\leq 1}\int_{0}^{1}(\epsilon\theta)^{\delta-1}d\theta|t|^{\alpha-1-\delta}dt$ .
If we choose $\delta$ so that $0<\alpha-\delta<1$ , the last integral converges to $0$ af
$\epsilon\downarrow 0$ . Thus we obtain (5.5).

Next it is well known that for $\alpha e(0,1)$ ,

$\int_{0}^{\infty}t^{\alpha-1}\cos(\mu t)dt=\Gamma(\alpha)\cos\frac{\pi\alpha}{2}\mu^{-a}$ ,

$\int_{0}^{\infty}t^{\alpha-1}\sin(\mu t)dt=\Gamma(\alpha)sIn\frac{\pi\alpha}{2}\mu^{-\alpha}$ .
Moreover we note

$(it)^{\alpha-1}=\left\{\begin{array}{ll}t^{a-1}e^{(a-1)r/2} & if t>0,\\|t|^{\alpha-1}e^{-(a-1)_{i}i/l} & if t<0.\end{array}\right.$

This completes the proof.

LEMMA 5.4. Let $\alpha e[0,1$) and $j\geqq 0$ integer and $\rho$ be a function as
in (1.8). Then we have

$\lim_{*\iota 0}\int(\epsilon+it)^{\alpha\pm j}\hat{\rho}(t)e^{\mu}dt=O(\mu^{\mp j-1-a})$ as $\mu\rightarrow+\infty$ .
PROOF. By the integration by parts, we have for $j\geqq 2$ ,

$\int(\epsilon+it)^{\alpha-\dot{g}}\hat{\rho}(t)e^{\mu t}dt=\int\frac{-1}{(\alpha-j+1)i}(\epsilon+it)^{a-(j-1)}\{\hat{\rho}’(t)+i\mu\hat{\rho}(t)\}e^{\mu t}dt$ .
Therefore repeating this procedure, we are reduced to the following
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equality:

(5.6) $\lim_{\downarrow 0}\int(\epsilon+it)^{\alpha-2}\hat{\rho}(t)e^{i\mu t}dt=O(\mu^{1-\alpha})$ as $\mu\rightarrow+\infty$ .
For $\alpha e(0,1)$ , this equality follows from Lemmas 5.2 and 5.3 and for $\alpha=0$ ,
(5.6) follows from the integration by parts and the arguments in the
beginning of the proof of Lemma 5.1.

Next we have for $j\geqq-1$ ,

$\int(\epsilon+it)^{\alpha+j}\hat{\rho}(t)e^{i\mu t}dt$

$=\int\frac{-1}{i\mu}\{(\alpha+j)(\epsilon+it)^{\alpha+j-1}i\hat{\rho}(t)+(\epsilon+it)^{\alpha+j}\hat{\rho}^{\prime}(t)\}e^{\mu t}dt$ .
Thus we are also reduced to (5.6). This completes the proof.

Finally we study $R_{\iota}(\mu)$ .
LEMMA 5.5. Let $\tilde{N}$ be the number as in Proposition 3.4. If $c<-\tilde{N}-4$ ,

$c\not\in-Z_{+}$ , then $R_{o}(\mu)=O(\mu^{-2})$ as $\mu\rightarrow+\infty$ .
PROOF. By the integration by parts, we have

$\int F(\epsilon+it)\hat{\rho}(t)e^{i\mu t}dt$

$=\frac{-1}{\mu^{2}}\int\{-F’(\epsilon+it)\hat{\rho}(t)+2iF’(\epsilon+it)\hat{\rho}’(t)+F(\epsilon+it)\hat{\rho}^{\prime\prime}(t)\}e^{ipt}dt$ .

Since we can apply Lemma 4.2 and $-c-2>0$ , we have

$|\lim_{\epsilon\downarrow 0}\int F^{\prime\prime}(\epsilon+it)\hat{\rho}(t)e^{i\mu t}dt|\leqq C\lim_{e\downarrow 0}\int|\epsilon+it|^{-0-2}\hat{\rho}(t)dt$

$=C\int|t|^{-0-2}\hat{\rho}(t)dt<\infty$ .
The other terms are similarly estimated and this completes the proof.

PROOF OF THEOREM 2. By the arguments in the beginning of this
section, it follows that for any $c<-\tilde{N}-4,$ $c\not\in-Z_{+}$ , there exists a
positive integer $N$ such that

$I(\mu)=-\sum_{\dot{g}\leq N}\Gamma(n-\frac{j}{2M})I_{1j}(\mu)$

$+\sum_{j\leq N}B_{j}I_{al}(\mu)+\sum_{\iota/(r)=leZ+-0}^{N}C_{l}I_{8l}(\mu)+R_{\iota}(\mu)-n+;2$
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But by Lemma 5.1 (ii) and Lemma 5.5, $I_{\theta l}(\mu)=O(\mu^{-2})$ and $R_{\iota}(\mu)=O(\mu^{-2})$

as $\mu\rightarrow+\infty$ . Put $\delta={\rm Min}\{(j-2kM)/(2M);j>2kM,$ $j=1,2,$ $\cdots,$ $N,$ $k=$

$1,2,$ $\cdots$ }. Then it follows from Lemma 5.1 (i) that when $n\geqq 2,$ $I_{2l}(\mu)=$

$O(\mu^{n-2})$ as $\mu\rightarrow+\infty$ . By Proposition 3.2, $B_{2K}=0$ for $n=1$ . Therefore when
$n=1,$ $I_{2l}(\mu)=O(\mu^{-2})$ as $\mu\rightarrow+\infty$ . If $j\geqq 2M$ and $-n+j/(2M)\not\in Z_{+}$ , we
can choose an integer $k\geqq 1$ such that 2$kM<j<2(k+1)M$. Therefore by
Lemma 5.4,

$I_{1j}(\mu)=\lim_{e\downarrow 0}(2\pi)^{-n}\int(\epsilon+it)^{-n+k+tj-2k*)/(2X)}\hat{\rho}(t)e^{i\mu t}dt$

$=O(\mu^{n-k-1-(j-2kr)/(2X)})=O(\mu^{n-2-(j-2kK)/(2r)})$ as $\mu\rightarrow\infty$ .
Thus if we write

$I(\mu)=K\sum_{j=0}^{0}\tau(n-\frac{j}{2M})A_{j}I_{1j}(\mu)+r_{n}^{(1)}(\mu)$ ,

we have

(5.7) $r_{n}^{(1)}(\mu)=O(\mu^{n-2})$ if $n\geqq 2$ and $r_{1}^{(1)}(\mu)=O(\mu^{-1-\delta})$ as $\mu\rightarrow+\infty$ .
Finally we compute $I_{1\dot{f}}(\mu)$ for $j=0,1,$ $\cdots,$ $M_{0}$ . By Lemma 5.4 and

by induction on $j$ , we have

$\int(\epsilon+it)^{-+\dot{J}/(2r)}\hat{\rho}(t)e^{i\mu t}dt$

$=\frac{\mu^{n-1}}{(n-1-j/(2M))\cdots(1-j/(2M))}\int(\epsilon+it)^{-1+\dot{s}/(2r)}\hat{\rho}(t)e^{i\mu t}dt+r^{(1)}(\mu, \epsilon)$ ,

where $r_{n}^{(1)}(\mu, \epsilon)=O(\mu^{n-2})$ uniformly in $\epsilon$ as $\mu\rightarrow+\infty$ if $n\geqq 2$ and $r_{1}^{(1)}(\mu, \epsilon)=0$ .
Here we have

$\lim_{\downarrow 0}(2\pi)^{-1}\int(\epsilon+it)^{-1}\hat{\rho}(t)e^{i\mu t}dt=\lim_{\downarrow 0}a*\rho(\mu)$

$=\int_{-\infty}^{\mu}\rho(\tau)d\tau=\hat{\rho}(0)+\int_{\mu}^{+\infty}\rho(\tau)d\tau=1+O(\mu^{-N})$

for any $N>0$ as $\mu\rightarrow+\infty$ . By Lemmas 5.2 and 5.3, we have for $1\leqq j<M_{0}$ ,

$\lim_{\epsilon\downarrow 0}(2\pi)^{-1}\int(\epsilon+it)^{-1+j/(2K)}\hat{\rho}(t)e^{i\mu t}dt=\frac{1}{\pi}\sin\frac{j\pi}{2M}\Gamma(\frac{j}{2M})\mu^{-j/(2r)}$ .
Thus it follows that

$I(\mu)=\Gamma(n)A_{0}\frac{\mu^{n-1}}{(n-1)!}+r\sum_{j=\iota}^{0}\tau(n-\frac{j}{2M})_{\dot{f}}A\frac{1}{\pi}\sin\frac{j\pi}{2M}$
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$\times\tau(\frac{j}{2M})\frac{(-1)^{n-1}}{(1-n+j/(2M))\cdots(-1+j/(2M))}\mu^{n-1-J/(2H)}+r_{n}(\mu)$

where $r_{n}(\mu)$ has the same property as (5.7). We note

$\Gamma(n-\frac{j}{2M})=(n-1-\frac{j}{2M})\cdots(1-\frac{j}{2M})\tau(1-\frac{j}{2M})$

and for $1\leqq j<2M,$ $\Gamma(1-j/(2M))\Gamma(j/(2M))=\pi/\sin(j\pi/(2M))$ . This completes
the proof of Theorem 2.

\S 6. Proof of Theorem 3.

Since the proof of Theorem 3 is essentially due to [3], we shall give
only an outline of the proof. First of all, we quote the following two
lemmas.

LEMMA 6.1 (cf. [3; Lemma 4.2.8]). Under the hypotheses of Theorem 2,
there exists a constant $\gamma>0$ such that for all $K>0$ and $\mu$ ,

(6.1) $\int_{|\mu-r|\leqq K}dN_{Q}(\tau)\leqq\gamma(1+K)^{n}(1+|\mu|)^{n-1}$

LEMMA 6.2 (cf. [3; Lemma 4.2.9]). Under the hypotheses of the above
lemma, for all $\epsilon>0$ there exists a constant $K>0$ such that

(6.2) $\int\rho(\mu-\tau)dN_{Q}(\tau)\leqq\epsilon\mu^{n-1}$ for all $\mu\geqq 1$ ,

(6.3) $\int_{\tau>\lambda+K}(\int_{-\infty}^{\lambda}\rho(\mu-\tau)d\mu)dN_{Q}(\tau)\leqq\epsilon\lambda^{n-1}$ for all $\lambda\geqq 1$ ,

(6.4) $\int_{\tau<\lambda-K}(\int_{\lambda}^{\infty}\rho(\mu-\tau)d\mu)dN_{Q}(\tau)\leqq\epsilon\lambda^{n-1}$ for all $\lambda\geqq 1$ .
Now we give the proof of Theorem 3. Since the support of the

measure $dN_{Q}$ is contained in $[0, +\infty$ ) and $\rho$ is rapidly decreasing, there
exists a constant $C>0$ such that

(6.5) $\int_{-\infty}^{-1}I(\mu)d\mu\leqq C$ .
By integrating the asymptotic formula of Theorem 2 from $-1$ to $\lambda$ and
taking (6.5) into consideration, we have

(6.6) $\int_{-\infty}^{\lambda}I(\mu)d\mu=\sum_{j=0}^{H_{0}}\frac{A_{\dot{f}}}{n-j/(2M)}\lambda^{n-\dot{g}/(2H)}+O(\lambda^{n-1})$ as $\lambda\rightarrow+\infty$

On the other hand we rewrite the left hand side of (6.6) in the
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form $A+B+C$ where

$A=\int_{r>\lambda+K}(\int_{-\infty}^{\lambda}\rho(\mu-\tau)d\mu)dN_{Q}(\tau)$ ,

$B=\int_{r<\lambda-K}(\int_{-\infty}^{\lambda}\rho(\mu-\tau)d\mu)dN_{Q}(\tau)$ ,

$C=\int_{|\tau-\lambda|\leq K}(\int_{-\infty}^{\lambda}\rho(\mu-\tau)d\mu)dN_{Q}(\tau)$ .
It is clear from (6.3) that $A$ is of $O(\lambda^{n-1})$ as $\lambda\rightarrow+\infty$ . Next, since $\hat{\rho}(0)=1$ ,
we have

$B=\int_{P<\lambda-K}dN_{Q}(\tau)-\int_{t<\lambda-K}(\int_{\lambda}^{\infty}\rho(\mu-\tau)d\mu)dN_{q}(\tau)$

$=N_{Q}(\lambda)-\int_{\lambda-K\leq r\leq\lambda}dN_{Q}(\tau)-\int_{\epsilon<\lambda-K}(\int_{\lambda}^{\infty}\rho(\mu-\tau)d\mu)dN_{Q}(\tau)$ .
It follows from (6.1) and (6.4) that the second term and third term in the
last integral are of $O(\lambda^{n-1})$ as $\lambda\rightarrow+\infty$ Since the term $C$ is estimated by

const. $\int_{I\tau-\lambda|\leq K}dN_{Q}(\tau)$ ,

it follows from (6.1) that $C$ is also of $O(x^{n-1})$ a8 $\lambda\rightarrow\infty$ .
Therefore we have

$N_{Q}(\lambda)=\sum_{j=0}^{0}\frac{A_{j}}{n-j/(2M)}\lambda^{-\prime/(2r)}+O(\lambda^{n-1})r$

. as $\lambda\rightarrow+\infty$ .
Since $N_{P}(\lambda)=N_{Q}(\lambda^{2r/n})$ , we have

$N_{P}(x)=\sum_{j\Rightarrow 0}^{r_{0}}\frac{A,}{n-j/(2M)}\lambda^{(2rn-;)/}+O(\lambda^{2-(n-1)/})$ as $\lambda\rightarrow+\infty$ .
This completes the proof of Theorem 3.

REMARK 6.3. When $h_{j}=k_{j}=1$ for $j=1,2,$ $\cdots,$ $n$ , the same result is
in [4; Theorem 3]. When $h_{1}=h_{2}=\cdots=h=h,$ $k_{1}=k_{2}=\cdots=k_{n}=k$ , see [6;
Theorem 3] and also [5].

\S 7. Examples.

(1) Let $P(x, D)=D_{l}^{2}+x^{4}+ax^{\epsilon}$ on $R$ (a $eR$). Then if we put $p_{4}(x, \xi)=$

$\xi^{2}+x,$ $p_{8}(x, \xi)=ax^{\epsilon},$ $P(x, D)eOPS_{(1:1)}^{4}$ . We note $M=3/2$ , hence $M_{0}=2$ . By
Theorem 3, we see

$N_{P}(x)=\frac{1}{3\pi}B(\frac{1}{4},$ $\frac{1}{2})\lambda^{\epsilon/4}+\frac{3a^{2}}{32\pi}B(\frac{3}{4},$ $\frac{1}{2})h^{1/4}+O(1)$ as $\lambda\rightarrow\infty$
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where $B(\cdot, )$ denotes the Beta function. This operator is treated in [5].
(2) Let $P(x, D)=D_{x_{1}}^{2}+D_{x_{2}}^{2}+x_{1}^{2}+x_{2}^{4}+ax_{2}^{3}+bx_{1}+cx_{2}^{2}+dx_{2}+e$ on $R^{2}(a,$ $b$ ,

$c,$ $d,$ $e\in R$). Then if we put $p_{4}(x, \xi)=\xi_{1}^{2}+\xi_{2}^{2}+x_{1}^{2}+x_{2}^{4},$ $p_{6}(x, \xi)=ax_{2}^{3},$ $p_{2}(x, \xi)=$

$bx_{1}+cx_{2}^{2},$ $p_{1}(x, \xi)=dx_{2},$ $p_{0}(x, \xi)=e$ , we see $ P(x, D)\in$ OP$S_{(2,1:2,2)}^{4}$ . We note
$M=7/4$ and hence $M_{0}=3$ . By Theorem 3, we see

$N_{P}(\lambda)=\frac{2}{21\pi}B(\frac{1}{2},$ $\frac{1}{4})\lambda^{7/4}+\frac{2c+a^{2}}{20\pi}B(\frac{1}{2},$ $\frac{3}{4})\lambda^{f/4}+O(\lambda^{7/8})$ as $\lambda\rightarrow\infty$ .
(3) Let $P(x, D)=D_{x_{1}}^{2}+D_{x_{2}}^{4}+x_{1}^{2}+x_{2}^{4}+ax_{2}^{3}+bD_{x_{2}}^{3}+cx_{1}+dD_{l_{I}}+ex_{2}^{2}+fD_{x_{2}}^{2}+$

$R_{0}(x, D)$ on $R^{2}$ where $a,$ $b,$ $c,$ $d,$ $e,$ fare real numbers and $R_{0}(x, D)$ is a
polynomial in $x_{2}$ and $D_{\approx 2}$ of order 1 with real constant coefficients. Then
if we put $p_{4}(x, \xi)=\xi_{1}^{2}+\xi_{2}^{4}+x_{1}^{2}+x_{2}^{4},$ $p_{s}(x, \xi)=ax_{2}^{a}+b\xi_{2}^{a},$ $p_{2}(x, \xi)=cx_{1}+d\xi_{1}+ex_{2}^{2}+$

$f\xi_{2}^{2}$ , we can regard $P(x, D)eOPS_{(2,1:2,1)}^{4}$ . In this case we see $M=3/2$ , hence
$M_{0}=2$ . By Theorem 3, we see

$N_{P}(\lambda)=\frac{1}{12\pi}B(\frac{1}{4},$ $\frac{1}{4})\lambda^{8/2}+[(a^{2}+b^{2})\frac{3\times 7^{2}}{2^{10}\sqrt{2}}-(e+f)\frac{1}{8\sqrt 2}]\lambda+O(\lambda^{8/4})$

as $\lambda\rightarrow\infty$ .
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