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Introduction.

It is well known that there are various definitions of “sufficiency”.
In addition to the usual definition of sufficiency represented by the
existence of a common conditional probability, we have the notions of
pairwise sufficiency, PSS (pairwise sufficiency with supports), test suf-
ficiency and Bayes sufficiency. These notions coincide with one another
in the dominated case. Ramamoorthi ([6]), and Roy and Ramamoorthi
([7]), discussed Bayes sufficiency in undominated cases, but most results
are restricted to the countably generated subfield cases.

In this note we show, by examples, that PSS does not imply Bayes
sufficiency in case of a continuous a priori distribution (ef. [5]), and the
existence of the smallest PSS which is Bayes sufficient. This latter ex-
ample shows the result by Kusama and Fujii ([4]) does not hold if we
replace test sufficiency by Bayes sufficiency.

By a statistical experiment we mean a triplet (25 ., <#), where
F={Py; 0 €@} is a family of probability measures on (& o). 6 is
referred to as the parameter space of the experiment. Let & be a
sigma-field of subsets of & which includes the sigma-field generated by
the family of mappings defined by 06— Py(A), Ae.o. For any a
priori distribution A on (@, &), let Z#*\ be a probability measure on
(£ %0, o« x&) defined by

Fn(AXC)= SCP,,(A)dx,(a) :

Let & be a sub-sigma-field of .o and 4 be a family of a priori distri-
butions on (B, &).

DEFINITION. <Z is called Bayes sufficient w.r.t. 4 if, for any A € 4,
' X0 and £ X% are conditionally independent given <& x6© w.r.t.
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Pxn. If <& is Bayes sufficient w.r.t. the family of all a priori distri-
butions then we simply say that <# is Bayes sufficient. Here & X6
denotes the sigma-field of sets of the form AX®, A€ &, FBXO, ZFX¥F
are defined similarly.

1. Results.

This section is separated into four parts. First let’s consider the
relationship between Bayes sufficiency and pairwise sufficiency. The next
proposition is a slight modification of one part of Proposition 1.7 of [5].
This Proposition 1.7 also shows that Bayes sufficiency implies pairwise
sufficiency.

PROPOSITION 1. A sub-sigma-field <& 1is pairwise sufficient if and
only if <% is Bayes sufficient w.r.t. the totality of discrete a priori
distributions on (0, ¥).

PrOOF. One part of Proposition 1.7 of [5] shows that pairwise suf-
ficiency is equivalent to Bayes sufficiency w.r.t. the totality of convex
combinations of two point distributions. Hence the only if part is to
be proved. Let A be any discrete a priori distribution on {4, 6,,---}
with probabilities {a,, a,, - - -} and let %4 ={P,; i=1}. Then <7 is sufficient
for (% &, &»). Hence < is Bayes sufficient for the parameter space
({0, Oz, ++ +}, 290, Let X be the restriction of A on {6,, 6,,---}. Then
7 X {0, 0, +++} and 27 x2Y:%" are conditionally independent given
B <16, 0, -} w.r. t. #+x. Hence for any bounded .%-measurable
function f there exists a <#-measurable function g such that

S T, o)dga*isz G, 9)d?«x  for all Be <% and CC{b, 0, -},
BxC <C
where f(x, 8)=f(x), g(x, 8)=g(x). The left-hand side is equal to
.| f@iP,di=Sla| f@dP;o.eC} .
CJB B
The right-hand side is equal to
S S g(w)dP,idi=Z{a,S g(x)dPy,; 0teC} .
CJB B
Take any C€ &. Then we have

Smf(m, 0)d.Fown = SCSBf(x)dP,,dx
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:Z{aiSBf(x)dP,,i; 0, € C} :Z{a"sgg(x)dpf’i; 0, ¢ C}
= Scsﬂg(w)dPodx = SBXCg(x, NdFxn .

This shows .o X0 and .27 X & are conditionally independent given <% X6
w.r.t. &#*\. Hence B is Bayes sufficient w. r.t. the totality of discrete
a prioi distributions.

The next example shows that pairwise sufficiency does not imply
Bayes sufficiency w.r.t. a single continuous a priori distribution, and
that PSS does not imply Bayes sufficiency.

ExXAMPLE 1. Let -2Z=R', & =Borel field, ©=R'—{0}, & ={P,; 0 € 6}
and P, be the point probability measure at 4. Let = be the Borel field
of subsets of ©. This & is equal to the sigma-algebra generated by all
mappings defined by 6 — P,(A), Ac. . Let < be the sub-sigma-field of
7 generated by all single points but 0. Then <% is the smallest PSS
([8] Proposition 1). Suppose that <z is Bayes sufficient. Then for any
a priori distribution ) on (0, ) and C e &, there exists a <#-measurable
function g such that

SA (@, 0)d.Fx\=FN(AXO)N(Z X &)) for all Ae o .
€8

Then the left-hand side is equal to

SGS JI@AF @A) = SOS  J@APy@)dNO)

= Ssg(a)IA_m,(a)dx(e) — L OO |

and the right-hand side is equal to
FMAXC) = SCP,,(A)dx(a) - SCPa(A — {0)dn0)

= Loo@d@)=|  LOOGO) .

Hence we have
9(6)=1,(0) a.e. \. (1)
Let’s take as )\ a continuous a priori distribution satisfying

M[=2, —1D>0, (1, 2D>0, MO—-C)>0 for C=[—2, —1JU[Y, 2].




150 SAKUTARO YAMADA AND TAKERU SUZUKI
Then by (1),
ONnlg=I;]={lg#1]NC}U{[g=0]N(©6—C)} a.e. \.

Case 1. g(0)=0. As Ocfg+#1] and g is B-measurable, [g=1] is
countable. So M[g#1]1NC)=n(C)>0. This implies A N[g=I,])>0 and
contradicts (1).

Case 2. g(0)=1. As 0€[g+#0] and g is <Z-measurable, [g=0] is
countable. So \([g#£0]N(O—C))=n(O—C)>0. This implies MO N[g+ I;])>
0 and contradicts (1).

Case 3. g(0)+0,1. As 0Oe[g+#1]Nn[g#0] and g is <#-measurable,
[9=1]U[g=0] is countable. So A([g#1]N[g=0]NC)=1(C)>0. This im-
plies N(6N[g+#1;])>0 and contradicts (1).

Hence <# is not Bayes sufficient. It is easily proved that <Z is
not test sufficient.

REMARK 1. If we take, in Example 1, .o~ =2#%, then ¢ must be equal
to 2°. Hence, under the continuum hypothesis, any a priori distribution
on (0, ) is discrete, and hence <# is Bayes sufficient because it is
pairwise sufficient for (27 2%, <#).

The second part of this section is related to the result of Kusama
and Fujii ([4]). It shows that the smallest PSS is not test sufficient
when the underlying experiment is weakly dominated and not dominated.
The next example shows that in the above result we can’t replace test
sufficiency with Bayes sufficiency.

EXAMPLE 2. Let 27 be any set with non-measurable cardinal and
¥ =2%. For any §€ =2, P, denotes the point probability measure
at 9. Let =#={P,; 9 € 6} and <# be the sub-sigma-field of .o~ generated
by all single points of 27 To discuss Bayes sufficiency it is noted that
&z =2° In this case, because .2 is non-measurable, any probability
measure on (0, ) is discrete. Hence <% is Bayes sufficient by Propo-
sition 1 and because it is pairwise sufficient. To put it more precisely,
< is the smallest PSS ([3], Example 4.1). <& is not test sufficient

(14D

REMARK 2. Brown ([2]) showed, in the discrete case, any test suf-
ficient sub-sigma-field includes a sufficient sub-sigma-field. Hence in this
case test sufficiency implies Bayes sufficiency. Our Example 2 shows the
converse does not hold. In general does test sufficiency imply Bayes
sufficiency? This is a weaker version of the general Brown’s problem
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and is still an open problem. Ramamoorthi ([6], Theorem 2.2.1) showed
that, if all the sigma-fields concerned are countably generated, test suf-
ficiency implies Bayes sufficiency.

The third part of this section is related to Bayes sufficiency for
completed sigma-fields. This gives an analogue to Proposition 1. For
any sub-sigma-field <% of & we define its pairwise completion by

B()={Aec 7; For any P, Qe & there exists B,,€ < satisfying
P(AABP,Q) = Q(AABP,Q) = 0}'

PROPOSITION 2. Let (2 .57, &) be weakly dominated. Then <% 18
paitrwise sufficient if and only if () is Bayes sufficient.

This follows easily from Corollary 2 of [9] and we omit the proof.
The next example shows in Proposition 2 we can’t replace the pairwise
completion with the weak completion of <% which is defined by 92’(% )=
{Ae.o; For any P€ &” there exists a B,€ <% such that P(AAB,)=0}.

EXAMPLE 3. Let -2Z7=R!, & =2%, < be the totality of point prob-
ability measures. Let <# be the sub-sigma-field of &~ generated by all
single points but 0 and 1. Then it is easy to prove that <& is not
pairwise sufficient and ﬁ?(% Y=, which implies ?2’(&/ ) is Bayes suf-
ficient. This example is the same to the one in Remark 2 of [9].

Finally we remark that there exist some connections between Bayes
sufficiency and the existence of consistent estimates. Let (2] ¥ &2,
F={Py; 0 €6}, be a given statistical experiment, <& be a sub-sigma-field
of 7, and let 4 be a family of a priori distributions on (0, ¥). It
is easily seen from the equivalent formulation of Bayes sufficiency
(Ramamoorthi [6], Proposition 2.1.1, or Roy and Ramamoorthi [7], Propo-
sition 2.1) that <# is Bayes sufficient w.r.t. 4 if for every n€4 and
every real valued #-measurable function A(f) on 6 there exists Z-
measurable function f(x) on &2~ such that

Pyx; f(x)=h(@)}=1, A-a.€.

In other words, the existence of <#-measurable (\-)consistent estimates
for every ne€ 4 and every % -measurable function k(§) implies Bayes
sufficiency of <# w.r.t. 4. Hence, in particular, if there exist <#-
measurable consistent estimates in a usual sense for every h(f) then
<% is Bayes sufficient. It is not known whether the converse of this
statement holds or not. When 4={¢} is one point set, some interesting




152 SAKUTARO YAMADA AND TAKERU SUZUKI

relations between the existence of .9-measurable (\-)consistent estimates
and weak zero-one sets are discussed in Breiman et al. ([1]). In Roy and
Ramamoorthi ([7]) they discuss some relationship between existence of a
‘nearly’ consistent estimator, which is called a measurable estimator in
their paper, and measurable coherency.
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