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§0. Introduction.

The problem of constructing a holomorphic vector bundle of rank 2
on S having the given Chern classes, where S is a smooth projective
surface over the complex number field C, was first considered by
Schwarzenberger ([17]) and solved by Maruyama ([11]). When S=P?,
the structure of the moduli spaces are known (cf. [2], [7], [10], [18]).
Many other important results are known (cf. [8], [6], [9], [12]). See [14]
for general theory on P”. In the papers [15] and [16], Sasakura gave
a method to construct vector bundles or reflexive sheaves of arbitrary
ranks on complex spaces by giving explicit transition matrices and
mentioned their general properties. They are called of configuration
type or of Grassmann type. In this paper, we construct bundles of the
above types of rank 2 on an algebraic surface and calculate their Chern
classes by investigating the local structures.

The authors wish to thank Professors N. Sasakura and T. Fukui for
many valuable comments and suggestions.

NOTATION AND TERMINOLOGIES. A surface means a complex manifold
of dimension 2 embedded in a projective space. 7 denotes the structure
sheaf of the surface which we concern. A vector bundle, or simply a
bundle, means a holomorphic vector bundle of rank 2. A sheaf is simple
if the endomorphisms of it are the homotheties. For a section s of a line
bundle, (s), denotes its zero divisor. For a meromorphic function ¢, (t).
denotes its pole divisor. Sometimes, we abbreviate the symbol & denoting
the tensor product of sections: for example, 8,--: 3, := 8 -+ XRs,.
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§1. Preliminaries and results.

In this section, we define the vector bundles of configuration type
and Grassmann type and describe some of their properties. We start
with the definition of the vector bundles of Grassmann type.

Let X be a connected complex manifold of dimension » and &
a line bundle on X. We also assume that s, s, ---, 8, are non-zero
global sections of & (not necessarily linearly independent) such that
codim(s,), N (s,)e=2 and that (s,), is both reduced and irreducible. Set

I,

L 0 fr
mXxXm, fi=28,/8.

Let N,:= X—(s,), and N,:= X—(s,),» Then we can define a vector
bundle & on N,U N,=X—Z with the transition matrix H on N,NN,. To
be more precise, let e be a frame on N, (¢=0, 1), and e’=e'H. From
¢, we obtain & := i*(é?), where i: X—Z—X is the inclusion. Since
all components of H are meromorphic functions on X, & is coherent.
Moreover, ¢ is locally free outside Z whose codimension is two. Thus
% is reflexive on X.

1

Z=(8,),N(8,). Put H= , where I, denotes the unit matrix of

DEFINITION. We call the above & a reflexive sheaf of Grassmann
type or a reflexive sheaf of type (G) associated with (& s), where s=
(8, -+, 8,) €EN(X, &)®*, If & is locally free, we replace “reflexive
sheaf” by “vector bundle”.

T. Hosoh told us about another definition of reflexive sheaves of type
(G). Let X, <&, s be as above. But we do not need to assume that (s,), is
reduced and irreducible. Then we obtain the exact sequence of sheaves:

Q) 00— B o g 0 (P = H(F O)) .

Z 7 is a reflexive sheaf of type (G) and all reflexive sheaf of type
(G) is obtained in this way, because ,(&|z_,)=% if & is reflexive and
codim Z=2.

Using the above definition, we obtain some properties of reflexive
sheaves of type (G).

Taking the dual of (A)X.<, define an ideal _% as follows:

B) 00— F QL —— (F7)®r+y > Fy >0,
©) 0— F RLEF — (F B > > Oy >0,

where Y is the subvariety determined by _%. Our assumption on s is
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that codim Y=2.
T. Fukui pointed out the following fact, using ring theory.

PROPOSITION 1.1. The reflexive sheaf &£ (=5 ) 8 locally free if
and only if one of the following holds:
’ (1) Y=0,
(2) codim Y=2 and %, is a Cohen-Macaulay ,-module for any
yevy.

PrOOF. In the case (1), & is locally free. Thus we only prove the
proposition when Y= @. Recall the theorem of Auslander-Buchsbaum
(i.e., p.d, @ =dim X—depth ~%), and the definition of Cohen-Macaulay
module (i.e., depth ~,=dim ). Then by the exact sequence (C) and
our assumption that codim Y=2, we have the conclusion. (q.e.d.)

REMARK 1.2. In the same notation as above, let X be a surface and
the rank 7 of &« be two. Assume that & is ample and deg Y < _&#%/2.
Then & ~ is (so & is) & -stable.

We next define the bundles of configuration type. Let X be a com-
plex manifold and take the following data (D1)~(D3):

(D1) A reduced and reducible divisor ¥ on X of the form Y= U,Y,,
m=2, where Y, are the irreducible components of Y and satisfy the

7

following conditions: each Y, is smooth, Y; and Y, intersect transversally
if 1#7, and Y;,NY;NY, is of codimension at least 8 for three different
indices. |

Define the following subvarieties from the above data: Z,;:=Y,N Y},

Zi=Uy; 2 Xi=X\Z, Y,:=Y\Z, Y:=U,Y,=Y\Z and N,:= X\Y.
(D2) An open neighborhood N, of ¥ in X of the form N,= U,Nj,
where N! is an open neighborhood of I;} in X and does not meet the
others.
Ji

(D3) A matrix He M, (I'(N,, ©)) of the form: H= L, } where
0 f.

I, denotes the unit matrix of m xXm and f, are holomorphic functions on
N, satisfying the following: ( f,)o=1°’ and there exists a unique meromor-
phic function f,; on Y, such that f,j I"’i=f,-|1;'i for j=r.

Now we have data to construct a vector bundle & on X and the
reflexive sheaf &« := i*(%), where i: X— X in the same manner as type
(@).

DEFINITION. We call the above & a reflexive sheaf of configuration
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type or a reflexive sheaf of type (C). If & is locally free, we replace
“reflexive sheaf” by “vector bundle”.

REMARK 1.8. Two important bundles are of type (C). One is the
Horrocks-Mumford bundle on P* and the other is the null correlation
bundle on P* (for the definitions see [56] and [1]). We see only the latter
here. Let (2, 2, 2,, 2;) be homogeneous coordinates in P, Y,:= (2,), for
=1 and 8, Y:=Y,UY,. Take N,=N!UN? as in (D2) and a matrix H

as follows: H|Ni:= 2') 2‘7;/ z‘“], 1=1and 8. Then the corresponding sheaf
i/ ~1+2

% is locally free and moreover it is the null correlation bundle twisted
by «7(1). This fact is verified by H. Kaji ([16] Theorem 1.1.1).

From now on, we consider the sheaves of rank 2 of type (G) and
(C) only on a surface S. Since every reflexive sheaf on a surface is locally
free, all the reflexive sheaves of type (G) and (C) are vector bundles.

REMARK 1.4. When ¥ is a vector bundle of rank 2 of type (C) or (&)
on a surface S, we have the following sufficient condition for the simple-
ness of &: ¢, (¥)*—2¢,(¥)<0 ([15], lemma 4.5.1, lemma 4.6.1, lemma 4.6.3).

Our main results are the following:

THEOREM 1.5. Let &~ be a line bundle and d the degree of S (with
respect to the hyperplane bundle ~5(1)). Assume that m>0 and c, 18 an
integer with f(m)<c,<.(m):, where f(m) is a polynomial of V'm of
the form f(m)=1"2dm**+0(m). Then there exists a vector bundle &
of type (G) such that c,(¥)=.(m) and c,(¥)=c,.

This theorem (cf. Theorem 2.11) implies the theorem of Schwar-
zenberger ([15]):

For each line bundle & and c,€ Z, there exists a vector bundle ¥
such that ¢ ()= and c,(&)=c,.

THEOREM 1.6. For each integer m=2 and for each integer c, such
that m(m—1)/2<c,<m(m—1), there exists a vector bundle of type (C) on
P* such that c(Z)=m and c,(¥)=c,.

As a corollary of this theorem, we obtain that each stable 2-bundle on
P? is a deformation of a vector bundle of type (C) twisted by & (n).
§2. Vector bundles of Grassmann type.

Let S be a projective surface, & be a line bundle on S and s, be
a global section of .&¥ (1=0, 1, 2).
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Throughout this section, we fix a very ample line bundle ~5(1) and
denote by d the degree of S (with respect to #7,(1)). We also assume
that s, s, s, are linearly independent over C.

From now on, we treat the following problem:

Determine Chern classes which vector bundles of type (G) have.

For the problem, we will give a partial but meaningful answer in
(2.9).

For simplicity, we use the following notation:

n,N):i={keZ|nsk=sl), KAL) :=dim (S, &), Y,:= Nis (8o

PROPOSITION 2.1. Let & be a vector bundle of type (G) (of rank 2
on S) associated with (Z, 8). Then ¢(¥)=F and c(¥)=F"—deg?,.

PROOF. cl(g)"—“/z\é/f = ¢,(¥) is the zero of a global section of &,
hence we immediately obtain the result. (q.e.d.)

Thanks to (2.1), the problem is reduced to the problem below:
Determine the two subsets D(<°) and C,(.&°) of Z, where

D(¥):={teZ | degY,=t for some se I'(S, <)% such that
codim (8,), N (8,),=2 and (8,), is reduced and irreducible}

and

C(F):i={c,e€Z | (&)= and c,(¥)=c,
for some vector bundle & of type (G)}.

REMARK 2.2. Both D(%°) and C,(.&°) are included in [0, &#?]. The
set C,(¥) (resp. D(¥)) contains &* (resp. 0) and does not contain 1
(resp. ~¥*—1) when S is a complete intersection in a projective space
and ¥ =7(n) for a large n. The former is obtained by taking general
sel'(S, &¥)®. The latter is followed from the theorem of Cayley-
Bacharach ([4], chap. 5, §2). These facts suggest the difficulty of de-
terminating the sets C,(&®) and D(&°).

The following lemma, which holds also in characteristic >0, is useful
for the problem.

LEMMA 2.3 (General Position Lemma). Let X be a curve in P™ which
18 mot contained im any P"*, and let r be an integer with 2=<r=n—1.
Assume that for almost all choices of r points p, .-+, p, on X, the linear
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space spanned by the p, contains at least one further point of X. Then
X 18 a strange curwve.

For the proof, see Laksov ([8], lemma 4).
Since there are no strange curves but P' in char. ~O we easily ob-
tain the following corollary.

COROLLARY 2.4. Let X be a surface in P" (n=3) which is mot
contained in any P*'. Then for almost all choices of n—2 points
Dy ooy Puy o0 X, the linear space L ° spanned by the p, does not
contain any further point of X.

COROLLARY 2.5. Let S be a non-singular projective surface and ¥
a very ample line bundle on S. Then D(<)D[0, K°(F)—3].

ProorF. Embedding S by the complete linear system || in P* where
N=h(<¥)—1, we apply (2.4). (qa.e.d.)
Thus, we have the following:

COROLLARY 2.6. Under the same assumption as in (2.5),
C(L)D[F—h'(F)+38, &7].

We will sharpen the estimate of C, (<) in (2.6). Let & be a very
ample line bundle on S and » a non-negative integer. We use certain
special reducible elements in I'(S, &(n)) to get information about D(.&(n)).
Set

N(n, l; &) := n(¥ -7,Q))+dl(n+1) for integers n=01=0.
PROPOSITION 2.7. Let m, | be integers with n=1=0. Then
D(F(n))D[N(n, l; &), N(n, l; F)+h(<F)—3].

PrROOF. Let ke[N(n,l; &), Nn, l; £)+h(<¥)—38] and j=k— N(n,
l; ). Thanks to (2.5), we have s’ = (s, 81, 8;) € I'(S, ¥)®® such that
degY, =j. Choose h,eI'(S, os(1)) (¢=1,2, ---,2n) which satisfy the
following conditions:

| D) R NBYN (=D , if p<g<r.
(2 8) ((2) (h’p)on(hq)on(sr)o ’ if p<q.
@) (BN (E)NNEN=2, if g<r.

Set t=(t, t, t,) e I'(S, ~s(n))® as below:
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t, = h1® e ®hn
l, 1= hn+1® e ®h2n
t2 = h’1® b ®hl®hn+l+1® s ®h2n .

We define s, := siQt, (1=0, 1, 2).

By the conditions (2.8),
1
— (hi)o'(hn+j)o .

1

l n n n
Y,=Y, +3 (Do (Bt 3 (80 (hasidot 2 (hoos (Bngido— 25 2
i=1 i=l+1 4,§=0 : t=l+1 g

Since deg(h,),-(h;),=d and deg(si),: (h;),=-F"7s(1), we obtain degY,=Fk.
It is easy to see that s, s, s, are linearly independent. A general
linear combination of s, s, s, is both reduced and irreducible by the
theorem of Bertini, thus we obtain the result. (q.e.d.)

Rewriting (2.7), we obtain the following theorem for existence of
vector bundles of type (G).

THEOREM 2.9. Let < be a very ample line bundle. Then
C()c U U [~ Nin, I; &)~ (L(—m)+3, =N, ; )],

where A:={neZ | n=0 and £ (—n) is very ample}.

The set of the right side in (2.9) is rather complicated and in general
it is not equal to [a, &*] for any integer a. We estimate

() =max{MeZ | [0, M]cD(<(m))} and
b () :=min{M e Z | [M, £ (m)]CC(Z(m))}

as applications of the previous theorem.

PROPOSITION 2.10. Let <2 be a very ample line bundle on S and
m>0. Then a,(<2)>dm*—2dm**+ g0V m), where g(x) 18 a polynomial
with degree at most 2. In fact, a,()>dm?*—1" 2 dm**+O0(m).

PrROOF. Let m, be a positive integer such that for each integer
p=m, F(p) is very ample and HS, <£(p))=0 (:>0). We take an in-
teger m which satisfies 21" m=m,. ‘

Let n be an integer such that 0<n<m—21"m. We simply denote
N(n, 0; &£(m)) and a,(<°) by N, and a, respectively. Then for each
integer ke[N,, N, + h((m — n)) — 8] there exists se (S, &L (m —n))®
such that degY,=Fk, because of (2.7). Since N, is monotonically increas-
ing, we get the following:
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If N,+hr(F(m—1)—8=N,,, for 0<i=<n,
then a,.=N,,,+h(F(m—n—1))—8.

By the choice of m,
W) = XL )= —m+L fm)

where X(°(m)) is the Hilbert polynomial of < and f(m) is a polynomial
of m with degree at most one. Hence,

h°(.?(m—n))——3>—g-(m—n)2 for m>0.
Since
N,,+1——N,,=d(m—2n——1)+_€”-ﬁs(1)<-§dm for m>0
and m_—ng21/ﬁ,
h°($(m—n))——3+N,,—N,,+1>%(m—n)z—%dmgo for m>0.

Hence,

a,>N,
> dm(m—2V"m)+(m—2V m) 7 - 75(1)
=dm*—2dm*”*+g(V'm) .

For the second part, we have
h°($(m—n))—3+N,.—N,,_1=-%d(m——n)2-—dm+o(m) :

Thus, if m—n>1"2m then a,=dm*—1"2 dm**+O(m). (qg.e.d.)

By the definition of b,(%¥) (= (m)*—a,.(<%)), we thus have the
following theorem:

THEOREM 2.11. For m>0, b,(2)=1"2dm**+0(m). What is almost
the same thing, for any c, such that £(m)*=c,>2dm**+ f('m), where
S(x) 28 a polynomial of degree at most 2, there exists a wvector bundle
& of type (G) such that c¢,(&)=_(m) and c,(&)=c..
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COROLLARY 2.12.

lim 2262 _ ¢
maoe G2(m)?

REMARK 2.13. If l:= &= - ~7(1)>0 and HS, &)=0 for 1>0,
then A(F(m))>dm?/2 and N,.,—N,<dm, hence we can explicitly esti-
mate b,(&°). For example if m>1l/d+1 then b,.(¥) < F(m)/2. If
m>3l/(2d)+1, then b,(F)<F(m)/4. For a general &, we can obtain
explicit but very complicated estimate of b,(.&).

We derive the theorem of Schwarzenberger from the previous prop-
osition.

THEOREM 2.14 (Schwarzenberger ([17])). Let S be a mnon-singular
projective surface. For each line bundle & on S and each integer c,,
there exists am integer | and a wvector bundle &£ of type (G) such that
(D)=, c (&) =c,.

Proor. At first we think about ¢, Let m be an even integer such
that <“(m) is very ample. If & is a vector bundle of type (G) as-
sociated with (&(m), s) for general s e I'(S, &£ (m))®, then ¢,(&)=.(m)
because of (2.1). Hence ¢, (&(—m/2))=_&.

Next we consider about ¢, As in the proof of (2.10), a, denotes
a.(#). Let ke€l0, a,] and & be a vector bundle of type (G) associated
with (&2(m), s8), where degY,=k. Then ¢,(&)—4c,(¥)=_FL(m)}—
4(L(m)*—k) from (2.1). On the other hand, —8.F(m)*—>—c as m—co
and F(m)}*—4(F(m)—a,) —> as m—o by (2.10). Since c¢*—4c, is
invariant under twisting and ¢,(&)*=c¢,(£())* modulo 4, there exist an even
integer m and a vector bundle & of type (G) associated with (.&(m), 8)
such that c¢,(&)*—4c,(¥)="*—4c,. Setting | :=—m/2, ¢,(&())= and
c(Z())=c,. Thus & and | are required. (q.e.d.)

§3. Vector bundles of configuration type.

A. General arguments. Let C be a reduced and reducible curve
on S satisfying the properties of Y in the definition of type (C) in
§1. The symbols C,, C°'i, -+« denote Y,, 17’“ .-+ in the definition of type
(C) and take data (D1)~(D3) to define a vector bundle & of type (C)
of rank 2 on S. Note that ¥ has frames e° e' on N, N, respectively,
with e°=e'H on N,NN,. The following properties are clear from the
construction.
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ProrosITION 3.1.
e’'=(e, ¢, € 1"(S°, Z)® and det(£y) :=A? g§=ﬁ§((§) .

We here discuss the structure of bundles of type (C). Set & :=
©’(C) and take a global section s of & such that (s),=C. The following
lemma is fundamental for our argument.

LEMMA 3.2. There exists an embedding of & into F**.

ProoF. Define an ~;-morphism §: g;—»_gﬂ@ﬂlé using the frames e’ e'

as follows:
. . sl[0
in N,, 6:e"=(e, 62)'——>([ M D )
0| s

. 18]]9:]
in N,, §:e'=(c, e;)n——»_([o] B J) :

where g, : = —sf./f, and g, := 8/f,. In fact, this is a well-defined embedding,

for 4(e)=6(e)H in N,NN,. So 4(&;) is a submodule of &#®°|S isomorphic

to &:. Taking the direct image sheaf, we obtain &~1,6(¥:)c 2.
(q.e.d.)

Let &’ be the submodule 7,6(¢;) of <~%:. We study local structure
of & by studying that of &£’ as a submodule of %2, Concerning a local
frame for ¥’ we have the following fact.

LEMMA 8.3. Let p=(p, @))€ &7" (p€S). Then 6(p)=(6(py), 0(9,)) is
an & ,-free basis for &, if and only if (6(p)N\6(P,))=C,

PROOF. ¢ is an #7,-free basis for &, if and only if} (<p1/\<P2[S°,,)0=®
On the other hand, for any p=(p, P,) € &, we know easily (6(@,|S,) A
0(@ulS))o=C,+ (@IS, A@|S, )o. (g.e.d.)

For each 7=1, ---, m, let D, be the divisor (f,). on C, (cf. (D3)).
Take h,,€I'(Z,(D,) whose zero divisor is D, and put A, := ( fulCi)h,z.
Then bh,;eI'(7:(D,)). Set & ,:=*—hy, hy) el (Z:(D)® and _# :=
o (D) Q®F|s, an invertible sheaf on C,. Define an 7, t-homomorphlsm
Q.. A, — Lle;® by 7,~0(7)=7.9,.

The followmg proposition characterizes &”’.

PROPOSITION 3.4. Let pe 5% (peS). Then pe &, if and only if
¢IC{=@¢(T¢) fO’I‘ some Ti € ‘%,p’ ’i:l’ e, m. .

ProOOF. Take an open neighborhood U of p. Then one easily sees
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that p=*%p,, @,) € '(U, &%) is in I'(U, &’) if and only if the condition

(a) PICi=v(g,, g)IC;  for some 4, e I'(UNC, &%)

holds for all =1, .-+, m. Since (gl/gz)l(:'iz — fll(f',; has a unique meromor-
phic extension f, on C,, one can write (a) as the condition

(b) P|C;=(Ps|C) (—hy/hy, 1) «

This implies ¢,|/C,=0 (mod(h;),) and one sees
() @|Ci=7(—hy, h;) with some element 7, e I'(UNC,, _#;) . (q.e.d.)

B. Vector bundles of null-correlation type and their Chern classes.
In this paragraph, we apply the results of the former paragraph to some
special bundle of type (C), which we will call “of type (NC).” We first
define it.

Let S be a surface and fix a line bundle & on S. Assume that &
has sections s,, -, 8, (m=2) which satisfy the following condition:

Setting C,:= (s,), and C:=U,C,, C satisfies the condition of (D1).
Set g, =8, +++ 8, 1831+ 8y (4=1,--+, m). Take N, N,=U,Ni S,---, ete.
as in (D2). Take t,eI'(S, &#®"*) for 7=1,:-+-, m and set

1 t¢/o/Ni

H|Ni:= [ )
0 s,/8,.|Nt

J , with s,.,:= s, .

Theri H is a matrix of type (C). Consequently, we obtain the vector
bundle & of type (C) determined by H on S with the frames €’ and e
on N, and N, satisfying e°=e'H.

DEFINITION. A vector bundle of null correlation type, or briefly of
type (NC), is a vector bundle of type (C) defined by data as above. We
use the term “matrix of type (NC)” also.

REMARK 3.5. We saw before that the null correlation bundle twisted
by #*(1) is of type (C) (cf. §1). A matrix of type (NC) is a generalization
of the one to construct that bundle (cf. (1.3)).

REMARK 3.6. We also have another definition of type (NC) which is
similar to the definition of type (G) by Hosoh. As the same notation as
above, we define a reflexive sheaf & of type (NC) to be the double dual
of . # which is defined from the following exact sequence:

0 (g@-—(m—l))@m H > (g@-—(m——m)@m@ﬂ@2 > F >0 ,

where
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0'2.. 0
. o
H=| 0 ol
O1°°° Oy Oy
-—fl"' fm—-l fm—

and (@ »—2)®m ig regarded as a subsheaf of ~”®™ through the injection
Ji (FBm)em ., 7™ by tensoring (0., Gu, ¢ * ¢, Omi) (Uu 1= o0y/8;=(11%-. 8/
(8:85))-

In this definition, we do not need to assume the conditions in (D1).
But if we do not assume them, the calculation of the second Chern
class of the associated bundle is very complex and delicate.

This definition is easily generalized when X is higher dimensional and
¥ has a higher rank.

Concerning existence of bundles of type (NC), we obtain the following
results on S=P2. '

THEOREM 3.7. For each integer m=2 and for each integer c, such
that m(m—1)/2=c,<m(m—1), there exists a vector bundle & of type (NC)
on P? such that c,(£)=m and c,(&)=c,.

In the rest of this paper, we prove Theorem 38.7. For this we first
calculate the Chern classes of a bundle of type (NC) by using the method
of (3.2) and (8.3). Let &, s,,---, 8, be as above. Remark that <%=
and 8, -+ s, play the roles of & and s in (38.2) respectively.
0: % lg'c(g%)@‘«’ is the “multiplication by s” and D,=(t¢,/s,C,). for
1=1,-+-, m (cf. (3.3)). As to the first Chern class, c¢,(&)=det(¥)=_c"%".
The second Chern class ¢, is the zero locus of its global section. Thus
it suffices to investigate the zero locus of e, which vanishes only on
Z'= Ui Zi;= Uiz ((80 N (87)0)-

LEMMA 3.8. Under the situation in the definition of type (NC), let
D € Zy;. ,

(1) If neither t, nor t; vanishes at p, then the section e, has zero
at p of order 2, and

(II) af both t, and t; have zero of order 1 at p, then the section e,
has zero at p of order 1 for gemeral t, and t;.

PROOF. For our discussion is local, we may assume that Z,;={p}
and C, is defined by the equation #,=0, a, 8=1, j, a#B, where (z,, x,)
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is a local coordinate at p. Let o€ &,. Then (3.5) implies that there
exist 7, € _#, and r;€_#;, such that ¢|C,=7,0, for a=1, 5. Clearly,

(E) P (z)lp=04z)lp  in (LIP*.

Conversely, let z,e_# , (a=1, j) satisfy this equation, then @.(z,)€
(Z|CE, so there exists ¢ € &, with ¢|C,=.(7,) € (&|C,)§*. Define an
O m»-homomorphism (60),; from (_ZPD_;)p to &£|p** by (60).(z, )lp:=
—@(7i|p)+P,(z;/p). Put the matrix A4,;:=[—-9, @;,] and the #,-module
A5;:= ker(6®@),;, Then (E) is equivalent to that

(E") (zsy THIDE A7 -

Let p, be a local frame of _~#, at p (a=¢%, j). If rank A4,;,=2, then
A%;=0. Hence 7, can be written as r,=x,7.tt. With . € , for z, is
a local coordinate of C, at »p. Thus e &£®* is in &, if and only if
PlC, =2, Talle®,. If rank A,;,=1, then _4#7;=C.

If 1€C corresponds to (a.t|p, a;¢;|p), a,€C*, then 7, can be written
as 7,=(7,Q,+2. ), with z,;€C, 7, €, ,. Thus pe F* is in &, if
and only if @|C,=(7,;0,+ X, Tty =1, J.

(I). In this case, D,=(0.Cos Po="(—t. 0.)|Ca€ (0, ((0./Ca)e))**
and _#,= (—D)RZ|C¢"=<|C, (=1, j) (around p). Furthermore,
D |p="—1, 0)lp (=1, j), hence (§0),;: (£ |CDZ|Cylp— (£®")¥|p brings
Nz, T)lp to Y(—t,z,+t,z;, 0)lp. Then, the rank of the map is 1 and
A;=C. Let A be a local frame of & at p such that g,=\|C,. Then
ta=1t %", s5,=3\ and 7,=%,(\C.)%®" (a=1, j) for f,e~, ¥.,€, and
Fr€Cpp TiRPIp=7,80,|p if and only if {,QF(p)=7,Q%,(p). For
(T, — T)(0)#(0, 0), we can put %,;:= %,/T,(p)=7,/T.(p) €C. Let a be the one
of 7 and j and g the other. Now %,(p)=7Ts(P)%;;. So T.(p) can be written
as 7,=1,(D)¥,;+2.£, with some ¢, €7, ,. We write Z,=7%,(p)+x.t, with
some t,€7;,. Write g,=6 %", s=8\%*" and 7.=«,0., where e,
0.€ 7, Using these elements, p € &, C 5% is written as

_ l%"' <(t¢(p)t,-(p)) . (t;(ta(p)j wue) + t,s(p)ep> . x,.(*)}x@* ,
0 b7 — O3t (P)T 5+ Tals

where (*) is not important for our arguments, so we neglect it.
Setting 7,;=1 and ¢,=¢,;=0,

Y

e ([E@T®Y < ([ B Maom
”“(v)’“@ “{( 0 )+§z”“(—ﬁm<m)+”‘“’< >}’”®'

Recall that the morphism 6: ¥ — (&®™)® brings e'=(e, ¢,) to




14 YOSUKE HINO AND MASATAKA KAGESAWA

([3][2]) Now, (7, 6(e;)) forms a local frame at p. Indeed, since

NA6(e,)==zx,;xunit, the condition of (3.3) is satisfied. Represent 6(e,)
by the local frame:
- 7]—'&'0(32) ’

1

0(31) =

where

~

8

7 =constant.x,x;+ (higher order terms)
1

and

22 —constant- (x;+x;)+ (higher order terms) .

1

The multiplicities of §/7, and 7,/n, are 2 and 1 respectively. Therefore
e, has zero at p of order 2.
(II). In this case, D,=@ and @,=*—t,/0. 1)|C, around p, a=1, j.
Then
. 2 L
(09);; : (74 r,-)Ip*—*(-‘-’—-rr-—’—r,-, —r,-+r,-)

i 0;

p

and no coefficients of z; and z; vanish at p. Then the rank of the

homomorphism is 2 for general {,. In this case _#7;~0 and (x,9,, x.9,)

forms a local frame of &’. Indeed z,0,A20;,=zx,0,\P; satisfies the

condition of (3.3). Represent d(e,) by the local frame:

where 4 is the determinant of the matrix [®,, @,]. Both multiplicities

of s/(z;4) and s/(x,4) are 1. Therefore the order of zero of e, at p is 1.
(q.e.d.)

Note that the number of points of Z is (m(m—1)/2)* =:1. Then
Lemma 8.8 directly implies the following.

PROPOSITION 8.9. If the case (I) occurs at d points of Z and the
case (II) occurs at the other l—d points, the then second Chern class
(&) of & 18 c,(&£)=d+1 (as an integer).

ProoF OF THEOREM 3.7. When S=P* and &¥=¢(1), for each m=2
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there are sections s,-:--,s, of & such that C,=(s,),=P"' satisfy the
condition in the definition of type (NC). In this case, each C; meets
the other C; (j#%) at m—1 points and Z consists of M:= m(m—1)/2
points. For any choice of d (0=<d<=M) points of them, we can find
homogeneous polynomials ¢, of degree m—1 so that they make the sit-
uation as follows: the case (I) takes place at that d points and the case
(II) takes place at the other M—d points. Therefore, we obtain the
theorem. (g.e.d.)

Note finally that for such m and ¢, as above, c,—4m’ takes any
negative integers and recall that bundles are simple provided c¢:—2¢,<0
(cf. (1.4)) and that simpleness and stability are equivalent in the case
of rank 2 on P~. So the irreducibility of the moduli of stable vector
bundles ([2], [7], [18]) implies

COROLLARY 8.10. Fach stable 2-bundle on P? is a deformation of a
vector bundle of type (NC) twisted by & (n).

References

{1] W. BarTH, Some properties of stable vector bundles on P,, Math. Ann., 226 (1977),
125-150.
[2] W. BarTH, Moduli of vector bundles on the projective plane, Invent. Math., 42 (1977),
63-91.
[3] D. GiesekeRr, On the moduli of vector bundles on an algebraic surface, Ann. of Math.,
106 (1977), 45-60.
[4] P. GrirrFiTHS and J. HARRIS, Principles of Algebraic Geometry, Wiley (1978).
[6] G. Horrocks and D. MUMFORD, A rank 2 vector bundle on P* with 15,000 symmetries,
Topology, 12 (1973), 63-81.
HosoH, Ample vector bundles on a rational surface, Nagoya Math. J., 59 (1975),
135-148.
. HuLEK, Stable rank-2 vector bundles on P, with ¢, odd, Math. Ann., 242 (1979),
241-266.
LAksov, Indecomposability of restricted tangent bundles, Astérisque, 87-88 (1981),
207-219.
. MARUYAMA, Stable vector bundles on an algebraic surface, Nagoya Math. J., 58
(1975), 25-68.
. MARUYAMA, Moduli of stable sheaves, II, J. Math. Kyoto Univ., 18 (1978), 557-614.
. MARUYAMA, On a family of algebraic vector bundles, Number Theory, Albebraic
Geometry and Commutative Algebra, in honor of Y. Akizuki, Kinokuniya (1973),
95-146.
[12] S. MukAI, Symplectic structure of the moduli space of sheaves on an abelian or K3
surface, Invent. Math., 77 (1984), 101-116.
LE PoITIER, Fibrés stables de rang 2 sur Px(C), Math. Ann., 241 (1979), 217-256.
. OKONEK, M. ScHNEIDER and H. SPINDLER, Vector Bundles on Complex Projective
Spaces, Birkhiuser (1980).

[6]

-

[7]
[8]
(9]

(10]
(11]

2R B U R

(13]
[14]

Q-




16 YOSUKE HINO AND MASATAKA KAGESAWA

[15] N. SASARURA, A stratification theoretical method of construction of holomorphic vector
bundles, Advanced Studies in Pure Math., 8 (1986), 527-581.

[16] N. SAsSAKURA, Configuration of divisors and reflexive sheaves, Report Note from R.I. M. S.
Kyoto Univ., 634 (1987), 407-513.

{171 R.L.E. SCHWARZENBERGER, Vector bundles on algebraic surfaces, Proc. London Math.
Soc., 11 (1961), 601-622.

Present Address:
DEPARTMENT OF MATHEMATICS, ToRYO METROPOLITAN UNIVERSITY
FUKASAWA, SETAGAYA-KU, TokYOo 158, JAPAN



