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The purpose of this paper is to give an extension, to a higher
dimensional case, of the result [3] concerning time reversal of random
walks.

Suppose we are given a pseudo-order $\triangleleft$ in $R^{d}$ such that $x\triangleleft y$ implies
$x+z\triangleleft y+z$ for any $z\in R^{d}$ . We write $xry$ if $x\triangleleft y$ and $x\neq y$ , and put
$K=\{x\in R^{d} : O\triangleleft x\}$ . Then $x\triangleleft y$ if and only if $y-x\in K$. The set $K$ contains
$0$ and satisfies

(1) $x+y\in K$ if $x,$ $y\in K$ .
Throughout the paper we assume that the set $K$ is infinite and Borel.
Given a random walk $S_{n}=\sum_{k=1}^{n}X_{k}$ in $R^{d}$ , we define a random time $\tau$

(2) $\tau=\min${$n\geqq 1$ : $S_{n}\tau S_{k}$ for $0\leqq\forall k\leqq n-1$ } ,

and assume that $\tau<\infty$ a.s. One more assumption, which is technical
and might probably be removed, is that the random walk is countably
valued, namely, if $\Gamma$ denotes the (countable) set of $x$ such that
$P\{X_{k}=x\}>0$ then

(3) $P\{X_{k}\in\Gamma\}=1$ .
Next we consider the time reversal

(4) $(0, S_{\tau-1}-S_{r}, S_{r-2}-S_{f}, \cdots, S_{1}-S_{\tau}, -S_{\tau})$

and regard this as a (finite length) path-valued random variable. Taking
independent copies $w_{k},$

$k\geqq 1$ , of (4), we define a process $\{W_{n}, n\geqq 0\}$ by
(1.1). Then our main result is that $\{W_{n}, n\geqq 0\}$ is a Markov chain with
transition function $\hat{p}_{\xi}(x, y)$ given by (1.3). The result of [3] is a special
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case of the present result obtained by taking $ K=[0, \infty$ ) in $R^{1}$ .
In analogy with the ladder variables discus8ed in Chapter XII of [1]

$\tau$ may be called the first descending strict ladder time. We also consider
time reversal defined in terms of the first descending weak ladder time
and, when $S_{n}$ is a simple symmetric random walk on $Z^{2}$ , we clarify its
relation to a theorem of Pitman type.

\S 1. The main results.

Given i.i. $d$ . random variables with values in $R^{d}$ and satisfying (3),
we put

$p(x, y)=P\{x+X_{1}=y\}=p(0, y-x)$ ,
$\hat{p}(x, y)=P\{x-X_{1}=y\}=p(y, x)=p(O, x-y)$ ,
$\hat{\Gamma}_{x}=\{x-z : z\in\Gamma\}=\{y : \hat{p}(x, y)>0\}$ ,

and $con8ider$ the random walk:

$S_{n}=X_{1}+\cdots+X_{n}(n\geqq 1)$ , $S_{0}=0$ .
The first descending strict ladder time $\tau$ defined by (2) i8 assumed to be
finite a.s.

Let $K_{0}=K\backslash \{0\}$ . Let $l\geqq 1$ be an integer and let $x_{k}\in K_{0},1\leqq k\leqq l$ .
When $l\geqq 2$ , a 8equence $(x_{1}, \cdots, x_{l})$ is said to be admissible if, for any
$k=1,2,$ $\cdots,$ $l-1$ , there exists $j$ such that $k<j\leqq l$ and $x_{k}*x_{\dot{f}}^{1)}$ . When
$l=1$ , any 8equence $(x_{1})$ of length 1 is said to be admissible. Note that
the admissibility implies that all the $x_{k}’ s$ are in $K_{0}$ .

We consider the (countable) space

$\ovalbox{\tt\small REJECT}=\left\{\begin{array}{llllll}w=(x_{0} & x_{1} & \cdots & x_{l}) & & \\(i) & l\geqq 1’ & & & & \\(ii) & x_{0}=0 & p(x_{k} & & & x_{k-1})>0(1\leqq\forall k\leqq l)’\\(iii) & the & sequen\bm{c}e(x_{1} & \cdots & x_{l})is & admi_{S8}ible\end{array}\right\}$

.
Note that the condition (iii) implies that $x_{k}\in K_{0}(1\leqq\forall k\leqq l)$ . Let

$(w_{1}, w_{2}, \cdots)e\mathscr{F}^{\infty}=\mathscr{G}^{\prime}\times\ovalbox{\tt\small REJECT}\times\cdots$ ,

and writing $w_{k}=(w_{k}(0), w_{k}(1),$ $\cdots,$ $w_{k}(l_{k})),$ $k\geqq 1$ , let us define $W=\{W., n\geqq 0\}$

by

1) $xdy$ means that $xry$ does not hold.
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(1.1) $W_{n}=\left\{\begin{array}{ll}w_{1}(n) & for 0\leqq n\leqq l_{1} ,\\w_{1}(l_{1})+w_{2}(n-l_{1}):. & for:. l_{1}<n\leqq l_{1}+l_{2},\\\sum_{j=1}^{k-1}w_{\dot{f}}(l_{\dot{f}})+w_{k}(n- \sum_{j=1,:}^{k-1}\iota_{\dot{f}}) & for:. \sum_{j=1}^{k-1}l_{j}<n\leqq\sum_{\dot{g}=1}^{k}l_{j},\end{array}\right.$

We also write $ W=w_{1}w_{2}\cdots$ for simplicity. We thus defined a map

$\varphi$ : $\ovalbox{\tt\small REJECT}^{\infty}\rightarrow W$ $(\varphi(w_{1}, w_{2}, \cdots)=w_{1}w_{2}\cdots)$

where $W=\{W:\{0,1, \cdots\}\rightarrow R^{d}\}$ . Since $\ovalbox{\tt\small REJECT}$ is a Polish space (a countable
space with the di8crete topology), $\mathscr{F}^{\infty}$ is also a Polish space. $W$ is
likewise a Polish space. It will not be hard to prove that $\varphi$ is a Borel
injection and hence the image $W_{0}=\varphi(\mathscr{G}^{\nearrow\infty})$ is a Borel subset of $W$. We
denote by $\mu$ the probability distribution of the random variable (4) which,
as is easily seen, takes values in $\mathscr{F}$ and by $P$ the image measure (on
$W_{0})$ of $\mu^{\infty}=\mu\otimes\mu\otimes\cdots$ under the map $\varphi$ . We thus have a stochastic
proces8 $\{W_{n}, n\geqq 0\}$ defined on the probability space $(W_{0}, P)$ .

For each $x\in K_{0}$ let $\ovalbox{\tt\small REJECT}_{x,1}=\{(x)\}$ , let for $l\geqq 2$

$\mathscr{C}_{x,l}^{\prime}=\left\{\begin{array}{llllllll}(x_{1} & \cdots & x_{l}) & & & & & \\i) & & x_{1}=x & and & p(x_{k} & & & x_{k-1})>0(2\leqq\forall k\leqq l)’\\ii) & & the & sequence & (x_{1} & \cdots & x_{\iota})is & admissible\end{array}\right\}$

,

and put

$\mathscr{G}_{x}^{\prime}=\bigcup_{l=1}^{\infty}\mathscr{G}_{x,l}^{\prime}$ .

For each $w=(x_{1}, \cdots, x_{\iota})\in eT_{x}$ define $\mu^{\prime}(w)$ by

(1.2) $\mu^{\prime}(w)=\left\{\begin{array}{ll}\prod_{k=1}^{l-1}p(x_{k+1}, x_{k})=\prod_{k=1}^{l-1}\hat{p}(x_{k}, x_{k+1}) & if l\geqq 2,\\1 & if l=1,\end{array}\right.$

and then define $\xi(x),$ $x\in K$, by

$\xi(x)=\left\{\begin{array}{ll}\sum_{we\ovalbox{\tt\small REJECT}_{x}}\mu^{\prime}(w) & for x\in K_{0} ,\\1 & for x=0.\end{array}\right.$

Next put
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$K_{0}=\{0\}$ , $K_{n}=\bigcup_{xe\kappa_{n-1}}(K_{0}\cap\hat{\Gamma}_{x})$
$(n\geqq 1)$ ,

$K=\bigcup_{n=0}^{\infty}K_{n}$ ,

and finally define $\hat{p}_{\epsilon}(x, y),$ $x,$ $y\in K$ , by

(1.3) $\hat{p}_{\epsilon}(x, y)=\frac{1}{\xi(x)}\hat{p}(x, y)\xi(y)1_{K_{0}}(y)$ ,

where $1_{K_{0}}$ is the indicator function of $K_{0}$ . Then $K$ i8 a countable subset
of $K$ and it will be proved that $\xi(x)$ is finite for any xeK and that
$\hat{p}_{\text{\’{e}}}(x, y)$ is a Markov transition function on $K$ (Lemma 3). Now our first
main result is as follow8:

THEOREM 1. $\{W_{n}, n\geqq 0, P\}$ is a Markov chain on $K$ with (one-step)
transition function $\hat{p}_{\epsilon}(x, y)$ .

We next give another expression of $\xi(x)$ in the special case where
$K$ is given by (1.4) below. Let $a_{1},$ $\cdots,$

$a_{n}\in R^{d}$ be given and a8sume that
they are linearly independent, so $1\leqq m\leqq d$ . Let

(1.4) $K=\{x\in R^{d} : \langle x, a_{j}\rangle\geqq 0,1\leqq\forall j\leqq m\}$ ,

where $\langle\cdot, \rangle$ denotes the usual inner product in $R^{d}$ . For each $be\partial K$

(the boundary of $K$) put

$J(b)=\{j : \langle b, a_{\dot{f}}\rangle=0\}$ ,
$V=the$ vector space $(\subset R^{d})$ spanned by $\{a_{j}, 1\leqq j\leqq m\}$ ,
$V_{b}=$ {$xeV:\langle x,$ $a_{j}\rangle\leqq 0$ for $\forall j\in J(b)$ and $\langle x,$ $a_{k}\rangle=0$ for $\forall k\not\in J(b)$ },
$H[b]=\{b+x : xeV_{b}\}$ .

Take a copy $K^{*}$ of $K$, let $\theta$ : $K^{*}\rightarrow K$ be the natural identiflcation map
and put $K_{0}^{*}=K^{*}\backslash \{0^{*}\}$ where $0^{*}=\theta^{-1}(0)$ . We denote by $\tilde{K}$ the disjoint
sum $K\cup K^{*}$ and then introduce a transition function on $\tilde{K}$ a8 follows:

(1.5) $\tilde{p}(x\sim,\tilde{y})=|^{p(\tilde{x}}\sum_{1}^{leH\mathfrak{c}\tilde{y}}\theta()\rfloor\backslash \{\theta()|\sum_{\dot{\nu}}^{\tilde{y})}p(x_{Z)}z)p(\theta(\tilde{x}),\sim$

if $\tilde{x}eK,\tilde{y}eK$ ,

if $x\sim eK,\tilde{y}e\partial K^{*}$ ,

if $x\sim eK_{0}^{*},\tilde{y}\in K^{*}\backslash \partial K^{*}$ ,

if $\tilde{x}eK_{0}^{*},\tilde{y}e\partial K^{*}$ ,

if $\tilde{x}=\tilde{y}=0^{*}$ ,

otherwise.
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Let $\{Y_{n}, n\geqq 0\}$ be a Markov chain on $\tilde{K}$ starting at $0$ and with (one-step)
transition function $\tilde{p}(x\sim,\tilde{y})$ . Then $\tilde{Y}_{n}\in K$ for $0\leqq n<T,\tilde{Y}_{n}\in K^{*}$ for $n\geqq T$

where

$T=\min\{n\geqq 1 : Y_{n}\in K^{*}\}$ $(\min\emptyset=\infty)$ ,

and 0*is a trap. We put

$Y_{n}=\{\sim$

$Y_{n}$ if $0\leqq n<T$ ,
$\theta(\tilde{Y}_{n})$ if $n\geqq T$ .

Then our second main result is the following:

THEOREM 2. If $K$ is given by (1.4), then for each $xeK_{0}$ ,

(1.6) $\xi(x)=E\{\sum_{0\leq n<T}1_{A}(Y_{n})\}+E\{\sum_{n\geqq T}1_{B}(Y_{n})\}$ ,

where

$A=\{y : O\triangleleft yrx\}$ , $B=\{y : O\tau y\triangleleft x\}$ .
\S 2. Proof of Theorem 1.

Before proving Theorem 1 we prepare three lemmas.

LEMMA 1. (i) For any $w=(x_{0}, x_{1}, \cdots, x_{\iota})e\mathscr{F}$ we have

(2.1) $\mu(w)=\hat{p}(O, x_{1})\hat{p}(x_{1}, x_{2})\cdots\hat{p}(x_{l-1}, x_{\iota})$ .
(ii) If $w\in\ovalbox{\tt\small REJECT}$ is expressed as $w=(O, w’)$ with $w’\in \mathscr{F}_{*}$ , then

(2.2) $\mu(w)=\hat{p}(0, x)\mu^{\prime}(w’)$ .
PROOF. Recalling the meaning of the phrase $w=(x_{0}, x_{1}, \cdots, x_{l})\in \mathscr{F}$ ,

we see that the event $\{\tau=l, S_{l-k}-S_{l}=x_{k}(1\leqq\forall k\leqq l)\}$ is the same as the
event $\{S_{k}=x_{l-k}-x_{\iota}(1\leqq\forall k\leqq l)\}$ . Therefore

$\mu(w)=P\{\tau=l, S_{l-k}-S_{l}=x_{k}(1\leqq\forall k\leqq l)\}$

$=P\{S_{k}=x_{l-k}-x_{l}(1\leqq\forall k\leqq l)\}$

$=p(O, x_{l-1}-x_{l})p(x_{l-1}-x_{l}, x_{l-2}-x_{\iota})\cdots p(x_{1}-x_{l}, -x_{\iota})$

$=p(x_{l}, x_{l-1})p(x_{l-1}, x_{l-2})\cdots p(x_{1},0)$

$=the$ right hand side of (2.1).

The identity (2.2) immediately follows from (2.1) and the definition of $\mu’$ .
LEMMA 2. For any $xeK$
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(2.3) $\sum_{yeK_{0}}\hat{p}(x, y)\xi(y)=\sum_{yeK_{0}\cap\hat{\Gamma}_{g}}\hat{p}(x, y)\xi(y)=\xi(x)$
.

PROOF. Let $x=0$ . Then the left hand side of (2.3) equals

$\sum_{yeK_{0}\cap\hat{\Gamma}_{0}}\hat{p}(0, y)\xi(y)=\sum_{yeK_{0}\cap\hat{\Gamma}_{0}}\sum_{we\ovalbox{\tt\small REJECT}_{y}}\hat{p}(0, y)\mu^{\prime}(w)=\mu(\mathscr{F})=1$
.

Next, let $x\in K_{0}$ . Then the left hand side of (2.3) equals

$\sum_{yeK_{0}\cap\hat{r}_{x}}\hat{p}(x, y)\xi(y)=\sum_{y\in K_{0}\cap\hat{r}_{x}}\sum_{we\Psi_{y}}\hat{p}(x, y)\mu’(w)$

$=\sum_{yeK_{x}\cap}.\sum_{x^{we\ovalbox{\tt\small REJECT}^{\prime}}y}\hat{p}(x, y)\mu^{\prime}(w)$

$+\sum_{ye(K_{0}\backslash K_{x})\cap x}.\sum_{wex_{y}^{\prime}}\hat{p}(x, y)\mu’(w)$
,

where $K_{x}=\{yeR^{d} : y-xeK_{0}\}$ . Note that $xeK_{0}$ implies $K_{x}\subset K_{0}$ , or more
generally, $xeK$, implies $K_{x}\subset K_{y}$ . Let $y\in K_{g}(x\in K_{0})$ and put

$\mathscr{F}_{y}’=$ {$w=(y_{1},$ $\cdots,$
$y_{l})\in \mathscr{F}_{y}$ : $y_{k}\in K_{x}$ for $1\leqq\forall k\leqq l$}.

Then

$\sum_{wer_{y}}\hat{p}(x, y)\mu’(w)=\sum_{bwe\nu}\hat{p}(x, y)\mu^{\prime}(w)+\sum_{yy}\hat{p}(x, y)\mu’(w)we\ovalbox{\tt\small REJECT}\backslash \ovalbox{\tt\small REJECT}^{\prime}$ ’

and consequently

$\sum_{yeK_{0}\cap\hat{r}_{x}}\hat{p}(x, y)\xi(y)=\sum_{y\in K_{l}\cap\hat{r}_{x}}\sum_{we\ovalbox{\tt\small REJECT}_{y}^{\prime}}\hat{p}(x, y)\mu’(w)$

$+\sum_{yeK_{g}\cap\hat{\Gamma}_{x}we\prime}\sum_{\nu\backslash \ovalbox{\tt\small REJECT}_{y}^{\prime}}\hat{p}(x, y)\mu^{\prime}(w)$

$+\sum_{ye(K_{0}\backslash K_{x})\cap\hat{r}_{x}}\sum_{we\nu_{y}}\hat{p}(x, y)\mu’(w)$ .

The first term of the right hand side of the above equals 1 while the
second term plus the third term yields

$\sum_{l=z}^{\infty}\sum_{wem_{x,l}}\mu’(w)=\xi(x)-1$ .

This completes the proof of Lemma 2.

LEMMA 3. $\xi(x)$ is finite for any $x\in K$ and $\hat{p}_{\xi}(x, y)$ is a Markov
transition function on $K$, i.e.,

(2.4) $\sum_{yeK}\hat{p}_{\xi}(x, y)=\sum_{yeK_{0}\cap\hat{\Gamma}_{x}}\hat{p}_{\xi}(x, y)=1$
, $xeK$ .

PROOF. Recall that the identity (2.3) was proved without using the
finiteness of $\xi(x)$ . Putting $x=0$ in (2.3), we see that $\xi(x)<\infty$ for any



RANDOM WALKS 381

$x\in K_{1}$ and so inductively $\xi(x)<\infty$ for any $x\in K_{n},$ $n\geqq 1$ . Therefore $\xi(x)<\infty$

for any $x\in K$. The identity (2.4) follows immediately from (2.3) and the
fact that $x\in K$ implies $K_{0}\cap\hat{\Gamma}_{x}\subset K$.

PROOF OF THEOREM 1. Given $a_{n},$ $0\leqq n\leqq m(m\geqq 1)$ , satisfying

(2.5) $\left\{\begin{array}{ll}a_{0}=0, & a_{n}\in K_{0}(1\leqq\forall n\leqq m)\\\hat{p}(a_{n-1}, a_{n}) & 0 for 1\leqq\forall n\leqq m,\end{array}\right.$

we are going to compute $P\{\Lambda\}$ where

$\Lambda=\{W\in W_{0} : W_{n}=a_{n}(0\leqq\forall n\leqq m)\}$ .
We note that any element $W$ of $W_{0}$ admits a unique repre8entation

(2.6) $ W=w_{1}w_{2}\cdots$

where $w_{k}=(w_{k}(0), w_{k}(1),$ $\cdots,$
$w_{k}(l_{k}))\in\ovalbox{\tt\small REJECT} k\geqq 1$ . For $W$ of the form (2.6)

we call $n(\in N)$ a ladder time of $W$ if $n=l_{1}+\cdots+l_{n}$ for some $k\geqq 1$ .
Then $n(\in N)$ is a ladder time of $W$ if and only if

(2.7) $W_{n}\tau W_{n^{\prime}}$ for all $n>n$ .
For each $w\in W_{0}$ we put

$ L=L(W)=\min${$n\geqq m$ : $n$ is a ladder time of $W$},

and consider the event

$\Lambda_{l}=\Lambda\cap\{L=m+l-1\}$ , $l\geqq 1$ .
For typographical convenience we write $a$ instead of $a_{m}$ and put

$\Lambda^{w}=\left\{\begin{array}{lll} & & W_{n}=a_{n}(0\leqq\forall n\leqq m)’\\W\in W_{0} & & W_{n}=x_{n-m+1}(m\leqq\forall n\leqq m+l-1)\\ & & L(W)=m+l-1\end{array}\right\}$

for each $w=(x_{1}, \cdots, x_{l})\in \mathscr{F}_{a,l},$ $l\geqq 1$ . Then

$\Lambda=\bigcup_{l=1}^{\infty}\Lambda_{l}=\bigcup_{l=1}^{\infty}\bigcup_{we\ovalbox{\tt\small REJECT}_{a.l}}\Lambda^{w}=\bigcup_{wex_{a}}\Lambda^{w}$

Making use of Lemma 1 we can compute $P\{\Lambda^{w}\}$ for each $w=(x_{1}, \cdots, x_{l})e\mathscr{F}_{a}$ .
The result is

$P\{\Lambda^{w}\}=\{\prod_{n=1}^{m}\hat{p}(a_{n-1}, a_{n})\}\mu^{\prime}(w)$ .
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Therefore we have

$P\{\Lambda\}=\sum_{wer_{\iota}}\{\prod_{n=1}^{n}\hat{p}(a_{n-1}, a_{n})\}\mu’(w)$

$=\{\prod_{n=1}^{n}\hat{p}(a_{n-1}, a_{n})\}\xi(a.)$

$=\prod_{=1}^{n}\hat{p}_{\epsilon}(a_{n-1}, a_{n})$ .
This mean8 that $\{W_{n}, n\geqq 0, P\}$ is a Markov chain with tran8ition function
$\hat{p}_{\epsilon}(x, y)$ .

\S 3. Proof of Theorem 2.

We need some preliminaries. Let $V$ denote the vector space $(\subset R^{d})$

spanned by $a_{1},$ $\cdots,$ $a.$ . Put $K(x)=K_{l}\cup\{x\}=\{yeR^{d} : x\triangleleft y\},$ $xeR^{d}$ . For
a finite set $F$ in $R^{d}$ we define vertex $F$ as the unique maximum element
(with respect to $\triangleleft$ ) of the set $\{xeV : K(x)\supset F\}$ . It is easy to see that
vertex $F$ can be given by

(3.1a) vertex $F=\sum_{\dot{s}=1}^{n}c_{\dot{f}}a_{\dot{f}}$ ,

where $c_{1},$ $\cdot\cdot ec$. are determined uniquely by

(3.1b) $\sum_{\dot{g}=1}^{\cdot}\langle a_{\dot{f}}, a_{k}\rangle c_{j}=\min_{aeP}\langle a, a_{k}\rangle$ , $1\leqq k\leqq m$ .

Making use of the representation (3.1), one can easily verify the following
assertions.
1. For any $b\in R^{d}$

(3.2) $vertex[F\cup\{b\}]=vertexF+vertex${$0,$ $b$ -vertex $F$}.

$2^{o}$ . (i) For each $beK\backslash \partial K$

(3.3) $x-vertex\{0, x\}=b-x=b$ .
(ii) For each $b\in\partial K$

(3.4) $x-vertex\{0, x\}=b-xeH[b]$ .
$3^{o}$ . (i) If $b_{1},$ $b_{2}e\partial K$ and $b_{\iota}\neq b_{2}$ , then $ H[b_{1}]\cap H[b_{2}]=\emptyset$ .

(ii) $\bigcup_{be\partial K}H[b]=(K\backslash \partial K)^{\epsilon}$ .
To proceed, suppo8e we are given $w=(x_{1}, \cdots, x_{l})e\ovalbox{\tt\small REJECT}_{x,l},$ $xeK_{0},$ $l\geqq 2$ .

Since $w$ is admissible, we have
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(3.5) for any $k(1\leqq k<l)$ there exists $j$

such that $k<j\leqq l$ and $x_{k}*x_{j}$ .
We next define $(\hat{x}_{0},\hat{x}_{1}, \cdots,\hat{x}_{l-1})$ by

(3.6) $\hat{x}_{k}=x_{l-k}$ , $0\leqq k\leqq l-1$ .
Then (3.5) is equivalent to

(3.7) for any $k(1\leqq k<l)$ there exists $j$

such that $0\leqq j<k$ and $\hat{x}_{k}*\hat{x}_{j}$ .
We now define $\hat{T}=\hat{T}(\hat{x}_{0},\hat{x}_{1}, \cdots,\hat{x}_{l-1})$ by

(3.8) $\hat{T}=\max\{k : \hat{x}_{0},\hat{x}_{1}, \cdots,\hat{x}_{k}\in K(\hat{x}_{0})\}+1$ .
LEMMA 4. The condition (3.7) (and so (3.5)) is equivalent to the

following (3.9):

(3.9) $vertex\{\hat{x}_{0},\hat{x}_{1}, \cdots,\hat{x}_{k}\}\neq\hat{x}_{k}$ if $T\leqq k<l$ .
PROOF. Suppose (3.7) holds. To prove that (3.9) holds it is enough

to show that

(3.10) $vertex\{\hat{x}_{0},\hat{x}_{1}, \cdots,\hat{x}_{k}\}=\hat{x}_{k}$

implie8 $\hat{x}_{0},\hat{x}_{1},$ $\cdots,\hat{x}_{k}\in K(\hat{x}_{0})$ . So suppose (3.10) holds. Then

(3.11) $\hat{x}_{0},\hat{x}_{1},$ $\cdots,\hat{x}_{k-1}\in K(\hat{x}_{k})$ ,

or equivalently

(3.12) $\hat{x}_{k}\triangleleft\hat{x}_{0},\hat{x}_{1},$ $\cdots,\hat{x}_{k-1}$ .
On the other hand, it follows from (3.7) that there exi8ts $j$ such that
$0\leqq j<k$ and $\hat{x}_{k}*\hat{x}_{\dot{f}}$ . (3.12) then implies $\hat{x}_{k}=\hat{x}_{j}$ . If $j>0$ , then by (3.12)
$\hat{x}_{j}\triangleleft\hat{x}_{0},\hat{x}_{1},$ $\cdots,\hat{x}_{j-1}$ , so by a similar argument we see that there exists
$j^{\prime}(0\leqq j^{\prime}<j)$ such that $\hat{x}_{k}=\hat{x}_{\dot{f}}=\hat{x}_{j^{\prime}}$ . Repeating this argument we 8ee that
$\hat{x}_{k}=\hat{x}_{0}$ and this combined with (3.11) implies $\hat{x}_{0},\hat{x}_{1},$ $\cdots,\hat{x}_{k}eK(\hat{x}_{0})$ . The
converse implication $(3.9)\Rightarrow(3.7)$ is easily verified.

If we define $(x_{0}, x_{1}’, \cdots, x_{\iota^{\prime}-1})$ by

(3.13) $x_{k}^{\prime}=\hat{x}_{k}-vertex\{\hat{x}_{0},\hat{x}_{1}, \cdots,\hat{x}_{k}\}$ , $0\leqq j<l$ ,

then $x_{k}^{\prime}\in K$, and using (3.2) we see that
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(3.14) $x_{k}^{\prime}=x_{k-1}^{\prime}+\hat{x}_{k}-\hat{x}_{k-1}-vertex\{0, x_{k-1}^{\prime}+\hat{x}_{k}-\hat{x}_{k-1}\}$ , $1\leqq k<l$ .
We finally define $(x_{0}\sim, x_{1}\sim, \cdots,\tilde{x}_{l-1})$ by

(3.15) $x_{k}=\sim\left\{\begin{array}{ll}x_{k}^{\prime} & if 0\leqq k<\hat{T},\\\theta^{-1}(x_{k}) & if \hat{T}\leqq k<l.\end{array}\right.$

Then $(x_{0}\sim, x_{1}\sim, \cdots,\tilde{x}_{l-1})$ is a sequence in $\tilde{K}$ with the following property:

(a) $x_{0}\sim=0$ ,
(b) $0\triangleleft^{\sim}x_{\iota-1}\tau x$ if $\tilde{T}=\infty$ ,

(3.16)
(c) $x_{k}\sim\in K_{0}^{*}$ for any $k$ such that $\tilde{T}\leqq k<l$ ,
(d) if $\tilde{T}<l$ , then $\tilde{x}_{\tilde{T}}e\partial K^{*}$ and Or $\theta(x_{l-1}\sim)\triangleleft x$ .

Here $\tilde{T}=\tilde{T}(\tilde{x}_{0}, x_{1}\sim, \cdots, x_{l-1}\sim)$ is defined by

(3.17) $\tilde{T}=\min\{k : x_{k}\sim\in K^{*}\}$ $(\min\emptyset=\infty)$ .
Let $\tilde{p}(x\sim,\tilde{y})$ be defined by (1.5). Then the equality $\sum_{\tilde{y}e\tilde{K}}\tilde{p}(\tilde{x},\tilde{y})=1$

is a consequence of $3^{o}$ . For each $xeK_{0}$ and $l\geqq 2$ we denote by $\tilde{\mathscr{G}}^{\prime},_{x}.t$

the space of all sequences $(\tilde{x}_{0}, x_{1}\sim, \cdots, x_{1-1}\sim)$ in $\tilde{K}$ with the property (3.16)

and $\tilde{p}(x_{k-1}\sim, x_{k}\sim)>0,1\leqq k<l$ . We then define a map $\varphi_{x,l}$ : $\mathscr{G}_{x,l}^{\prime}\rightarrow\tilde{\ovalbox{\tt\small REJECT}_{x,l}}$ by
$\varphi_{x,l}(w)=\tilde{w}$ where $\tilde{w}=(x_{0}\sim, x_{1}\sim, \cdots, x_{l-1}\sim)$ is determined by $w=(x_{1}, \cdots, x_{\iota})e\mathscr{F}_{x,l}$

via (3.6), (3.13) and (3.15).

LEMMA 5. Let $xeK_{0}$ and $l\geqq 2$ . Then for each $\tilde{w}=(\tilde{x}_{0},\tilde{x}_{1},$ $\cdots$ ,
$\tilde{x}_{\iota-1})e\tilde{\mathscr{F}}_{*,l}$ we have

$\sum_{we\varphi_{x,l(\tilde{w})}^{-1}}\mu^{\prime}(w)=\prod_{k=1}^{l-1}\tilde{p}(x_{k-1}\sim,\tilde{x}_{k})$ .

PROOF. We denote by $\hat{\ovalbox{\tt\small REJECT}}_{*.l}$ the space of all sequences $\hat{w}=(\hat{x}_{0},\hat{x}_{1}$ ,. .., $\hat{x}_{l-1}$) in $K_{0}$ satisfying (i) $\hat{x}_{l-1}=x$ , (ii) $p(\hat{x}_{k-1},\hat{x}_{k})>0$ for $1\leqq\forall k<l$ and
(iii) (3.9) holds. Define a map $\hat{\varphi}_{x,l}$ : $\hat{\ovalbox{\tt\small REJECT}}_{x,l}\rightarrow \mathscr{G}_{x,l}^{\tilde{\prime}}$ by $\hat{\varphi}_{x,l}(\hat{w})=\tilde{w}$ where
$\hat{w}=(\hat{x}_{0},\hat{x}_{1}\cdots,\hat{x}_{l-1})$ and $\tilde{w}=(\tilde{x}_{0},\tilde{x}_{1}, \cdots, x_{l-1}\sim)$ is determined by (3.13) and
(3.15). Since the map:

$(x_{1}, \cdots, x_{l})\in \mathscr{G}_{x,l}^{\nearrow}\rightarrow\hat{w}=(x_{l}, x_{\iota_{-1}}, \cdots, x_{1})e\hat{\mathscr{G}}^{a}$
$,_{e},l$

is a bijection, we have

(3.18) $\sum_{we\varphi_{x,l}^{-1}(\tilde{w})}\mu’(w)=\sum_{\hat{u},e\hat{\varphi}_{x,l}^{-1}(\overline{w})}\prod_{k=1}^{l-1}p(\hat{x}_{k-1},\hat{x}_{k})$ .
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We next denote by $\mathscr{G}^{\hat{\nearrow}}(\tilde{w})$ the space of all sequences $(\hat{x}_{0},\hat{x}_{1}, \cdots,\hat{x}_{l-1})$ with
the following properties (3.19) and (3.20).

(3.19) $\hat{x}_{l-1}=x$ .
(3.20a) If $1\leqq k<T$, then $\hat{x}_{k}-\hat{x}_{k-1}=\tilde{x}_{k}-\tilde{x}_{k-1}$ .

(3.20b) If $1\leqq k=T<l$ , then $\hat{x}_{k}-\hat{x}_{k-1}=y-x_{k-1}\sim$ for some $y\in H[\theta(\tilde{x}_{k})]\backslash \{\theta(\tilde{x}_{k})\}$

with $p(\tilde{x}_{k-1}, y)>0$ .

(3.20c) If $T<k<l$ , then
(i) $\hat{x}_{k}-\hat{x}_{k-1}=\theta(\tilde{x}_{k})-\theta(\tilde{x}_{k-1})$ provided $\tilde{x}_{k}\not\in\partial K^{*}$ ,
(ii) $\hat{x}_{k}-\hat{x}_{k-1}=y-\theta(x_{k-1}\sim)$ for some $y\in H[\theta(x_{k}\sim)]$ with $p(\theta(\tilde{x}_{k-1}), y)>0$

provided $x_{k}\sim\in\partial K^{*}$ .
We are going to prove that $\hat{\varphi}_{x,l}^{-1}(\tilde{w})=\mathscr{G}^{\hat{\prime}}(\tilde{w})$ . Notice first that $\hat{\varphi}_{x,l}^{-1}(\tilde{w})$

consists of all sequences $(\hat{x}_{0},\hat{x}_{1}, \cdots,\hat{x}_{l-1})\in\hat{\mathscr{F}}_{a,l}$ satisfying (3.14) where
$(x_{0}’, x_{1}’, \cdots x_{\iota^{\prime}-1})$ is determined by (3.15) with $\hat{T}$ replaced by $\tilde{T}$. Then,
regarding (3.14) as an equation with unknown $x_{k}^{\prime}+\hat{x}_{k}-\hat{x}_{k-1}$ and making
use of $2^{o}$ , we can see that any $(\hat{x}_{0},\hat{x}_{1}, \cdots,\hat{x}_{l-1})$ in $\hat{\varphi}_{x,l}^{-1}(\tilde{w})$ satisfies (3.20).
Clearly it also satisfies (3.19). Conversely, we assume $\hat{w}=(\hat{x}_{0},\hat{x}_{1},$ $\cdots$ ,
$\hat{x}_{l-1})\in\hat{\mathscr{F}}_{x,l}(\tilde{w})$ and prove $\hat{w}\in\hat{\varphi}_{x,l}^{-1}(\tilde{w})$ . The nontrivial part of this proof
is to show

(i) $\hat{x}_{k}\in K_{0},0\leqq k<l$ ,
(ii) (3.14) holds where $x_{k}$

‘ is determined by (3.15) with $\hat{T}$ replaced
by $\tilde{T}$.

To prove (i), rewrite (3.20) in the form

(3.21) $\hat{x}_{k-1}-\theta(x_{k-1}\sim)$

$=\left\{\begin{array}{l}\hat{x}_{k}-\hat{x}_{k}\\\{\hat{x}_{k}-\theta(x_{k}\sim)\}+\{\theta(x_{k}\sim)-y\}\\\hat{x}_{k}-\theta(x_{k}\sim)\\\{\hat{x}_{k}-\theta(x_{k}\sim)\}+\{\theta(x_{k}\sim)-y\}\end{array}\right.$

if $1\leqq k<\tilde{T}$ ,

if $1\leqq k=\tilde{T}<l$ ,

if $\tilde{T}<k<l$ and $x_{k}\sim e\partial K^{*}$ ,

if $T<k<l$ and $x_{k}\sim e\partial K^{*}$ ,

where $\theta(x\sim)=x\sim$ or $\theta(\tilde{x})$ according as $\tilde{x}\in K$ or $x\sim\in K^{*}$ . Then, making use
of (3.21) and also the fact that $\hat{x}_{l-1}-\theta(x_{l-1}\sim)=x-\theta(x_{l-1}\sim)\in K$ if $T<l$ and
$\hat{x}_{l-1^{-X_{i-1}}}^{\sim}\in K_{0}$ if $ T=\infty$ , one can prove that $\hat{x}_{k}-\theta(\tilde{x}_{k})\in K$ for $T\leqq k<l$ and
$\hat{x}_{k^{-X_{k}}}^{\sim}\in K_{0}$ for $1\leqq k<T$ (induction), from which (i) follows. (ii) can also
be proved by using (3.20).

Once $\hat{\varphi}_{x.l}^{-1}(\tilde{w})=\hat{\mathscr{G}}^{\prime}(\tilde{w})$ is proved, (3.18) yields
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$\sum_{we\varphi_{x,l}^{-1}t\tilde{w})}\mu^{\prime}(w)=\sum_{e\hat{w}\hat{Y}(\tilde{w})}\prod_{k=1}^{l-1}p(\hat{x}_{k-1},\hat{x}_{k})$

$=\prod_{k=1}^{l-1}\tilde{p}(X_{k-1},\tilde{x}_{k})$ (use (1.5)),

so the lemma wa8 proved.

We can now complete the proof of Theorem 2. By Lemma 5 we
have

(3.22) $\xi(x)=1+\sum_{l=2}^{\infty}\sum_{\tilde{w}}\prod_{k=1}^{l-1}\tilde{p}(\tilde{x}_{k-1},\tilde{x}_{k})$ , $xeK_{0}$ ,

where the second 8ummation is taken over all $\tilde{w}$ in $\tilde{\ovalbox{\tt\small REJECT}_{*.l}}$ . But thi8 is
another expression of (1.6) as can be seen as follows. The right hand
side of (1.6) equals

$\sum_{n=0}^{\infty}E\{1_{(n,\infty J}(T)1_{4}(Y_{n})\}+\sum_{n=1}^{\infty}E\{1_{(0,nl}(T)1_{B}(Y_{n})\}$

$=1+\sum_{n=1}^{\infty}[P\{0\triangleleft Y_{n}\tau x, T>n\}+P\{0\tau Y_{n}\triangleleft x, T\leqq n\}]$

$=the$ right hand side of (3.22).

\S 4. Time reversal defined in terms of descending weak ladder
times.

We define the first descending weak ladder time $\sigma$ by

(4.1) $\sigma=\min${$n\geqq 1$ : $S_{n}\triangleleft S_{k}$ for $0\leqq\forall k\leqq n-1$},

and a8sume $\sigma<\infty a.s$ . throughout this section. Then we can define a
process $\{V_{n}, n\geqq 0\}$ exactly in the 8ame way as we defined $\{W_{n}, n\geqq 0\}$ but
with the replacement of $\tau$ by $\sigma$ . This section is concerned with the
Markovian property of $\{V_{n}, n\geqq 0\}$ . The result will be stated without
proof, since the proof is similar to that for $\{W_{n}, n\geqq 0\}$ .

As in \S 1 we introduce the weak $admi8sibility$ . Given $x_{k}\in K,$ $1\leqq k\leqq l$

$(l\geqq 2)$ , a sequence $(x_{1}, \cdots, x_{l})$ is said to be weakly admissible if, for any
$k=1,2,$ $\cdots,$ $l-1$ , there exi8ts $j$ such that $k<j\leqq l$ and $x_{k}\psi x_{\dot{f}}$ . When
$l=1$ , any sequence $(x_{1})$ in $K$ (of length 1) is said to be weakly admissible.
Note that if $x_{1}=0$ and if $(x_{1}, \cdots, x_{l})$ is weakly $admi8sible$ , then $l=1$ .
Put
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$r=\{$
(i) $l\geqq 1$ ,

$v=(x_{0}, x_{1}, \cdots, x_{l})$ :

. . ., $x_{l}$) is weakly

$admissible\}$

.
(ii) $x_{0}=0,$ $p(x_{k}, x_{k-1})>0$ for $1\leqq\forall k\leqq l$ ,
(iii) the sequence $(x_{1}$ ,

For $(v_{1}, v_{2}, \cdots)\in r^{\infty}=r\times\Psi\times\cdots$ we consider

$ V=v_{1}v_{2}\cdots$ ,

which is short for $V=\{V_{n}, n\geqq 0\}$ with $V_{n}$ defined in a way similar to
(1.1). Let $\psi:r^{\infty}\rightarrow W$ be defined by $\psi(v_{1}, v_{2}, \cdots)=v_{1}v_{2}\cdots$ where $W=$

$\{W : \{0,1, \cdots\}\rightarrow R^{d}\}$ as before, and put $V=\psi(\Psi^{\infty})$ . We denote by $\nu$ the
probability distribution of

$\{0,$ $S_{\sigma-1}-S_{\sigma},$ $S_{\sigma-2}-S_{\sigma},$
$\cdots,$

$S_{1}-S_{\sigma},$ $-S_{\sigma}$)

which, as is easily seen, is a random variable taking values in er and
by $Q$ the image measure (on $V$) of $\nu^{\infty}=\nu\otimes\nu\otimes\cdots$ under the map $\psi$ . We
thus have a stochastic process $\{V_{n}, n\geqq 0\}$ defined on the probability space
(V, $Q$).

For each $x\in K$ let $\Psi_{x,1}=\{(x)\}$ , let for $l\geqq 2$

$r_{x,l}=|$

$((x_{1}, \cdots x_{l})$ :
i) $x_{1}=x$ and $p(x_{k}, x_{k-1})>0$ for $2\leqq\forall k\leqq l$ ,
ii) the sequence $(x_{1}, \cdots, x_{l})$ is weakly admissible ,

and put

$\Psi_{x}^{\wedge}=\bigcup_{l=1}^{\circ 6}\Psi_{x,l}^{\backslash }$ .
Note that $\%_{l}=\emptyset$ for $l\geqq 2$ . For each $v=(x_{1}, \cdots, x_{\iota})\in\pi_{x}$ define $\nu(v)$ by

$\nu’(v)=\left\{\begin{array}{ll}\prod_{k=1}^{l-1}p(x_{k+1}, x_{k})=\prod_{k=1}^{l-1}\hat{p}(x_{k}, x_{k+1}) & if l\geqq 2,\\1 & if l=1,\end{array}\right.$

and then define $\eta(x),$ $x\in K$, by

$\eta(x)=\left\{\begin{array}{ll}\sum_{ve\ovalbox{\tt\small REJECT}_{x}^{-}}\nu(v) & for x\in K_{0},\\1 & for x=0.\end{array}\right.$

Next define $\hat{p}_{\eta}(x, y),$ $x,$ $yeK$, by
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$\hat{p}_{\eta}(x, y)=\frac{1}{\eta(x)}\hat{p}(x, y)\eta(y)1_{K}(y)$ .

Then it can be proved that $\eta(x)<\infty$ for any $x\in K$ and that $\hat{p}_{\eta}(x, y)$ is
a Markov transition function on $K$ (remember that $K$ was defined in
\S 1).

THEOREM 3. $\{V_{n}n\geqq 0, Q\}$ is a Markov chain on $K$ with (one-step)

transition function $\hat{p}_{\eta}(x, y)$ .
Next we give another expression of $\eta(x)$ in the special case where

$K$ is given by (1.4) with linearly independent $a_{1},$ $\cdots,$ $a_{n}$ . If we define
$p^{\prime}(x, y),$ $x,$ $yeK$, by

$p’(x, y)=\left\{\begin{array}{ll}p(x, y) & if xeK, yeK\backslash \partial K,\\\sum_{xeH[y]}p(x, z) & if xeK, y\in\partial K,\end{array}\right.$

then $p’(x, y)$ is a Markov transition function on $K$. Let $\{Y_{n}^{\prime}, n\geqq 0\}$ be a
Markov chain on $K$ starting at $0$ and with (one-step) transition function
$p^{\prime}(x, y)$ . Also let $T^{\prime}=\min\{n\geqq 1 : Y_{n}‘=0\}$ . Then the following theorem
can be proved.

THEOREM 4. If $K$ is given by (1.4), then for any $x\in K_{0}$

$\eta(x)=1+\sum_{n=1}^{\infty}P\{0<Y_{n}’\triangleleft x, T>n\}$ .
Finally we specialize the situation as follows: $K$ is the 2-dimensional

quadrant consisting of the points of $Z^{2}$ with nonnegative coordinates
and $\{S_{n}, n\geqq 0\}$ is a simple symmetric random walk on $Z^{2}$ (namely, the
i.i. $d$ . random variables defining $S_{n}$ are assumed to satisfy $P\{X_{k}=e_{i}\}=$

$P\{X_{k}=-e_{i}\}=1/4,$ $i=1,2$ , where $e_{i}$ denotes the unit vector in $R^{2}$ whose
i-th coordinate is 1).

In this case $p’(x, y),$ $x,$ $y\in K$, is given by

$p’(x, y)=\left\{\begin{array}{ll}1/4 & if x\in K, y=x\pm e_{i} ,\\1/4 & if 0\neq x=ye\partial K,\\1/2 & if x=y=0,\\0 & otherwise,\end{array}\right.$

and $\eta(x)=(x^{\prime}+1)(x^{\prime}+1)$ where $x$
’ and $x^{\prime\prime}$ are the $fir8t$ and the second

coordinates of $x$ , respectively, because
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$\eta(x)-1=\sum_{n=1}^{\infty}\sum_{y}P\{Y_{n}’=y, T^{\prime}>n\}$

$=\sum_{y}\pi(y)=(x^{\prime}+1)(x^{\prime}+1)-1$ ;

in the above $\sum_{\nu}$ is taken over all $yeZ^{2}$ such that 0 $\tau y\triangleleft x$ and $\pi(y)$

denotes the probability that the p’-chain starting at $y$ hits $0$ , which is
equal to 1.

On the other hand, let $S_{n}^{l}=S_{n}-2\min\{S_{k} : 0\leqq k\leqq n\}$ where the mini-
mum is taken coordinatewise. Then it is known that $\{S_{n}^{1}, n\geqq 0\}$ is a
Markov chain with transition function $\hat{p}_{\eta}(x, y)$ (see [2]). Thus {V, $n\geqq 0,$ $Q$}
and $\{S_{n}^{\#}, n\geqq 0\}$ are equivalent.

References

[1] W. FELLER, An Introduction to Probability Theory and Its Applications, Vol. II, 2nd
ed., John Wiley &Sons, 1971.

[2] H. MIYAZAKI and H. TANAKA, A theorem of Pitman type for simple random walks on
$Z^{d}$ , Tokyo J. Math., 12 (1989), 235-240.

[3] H. TANAKA, Time reversal of random walks in one-dimension, Tokyo J. Math., 12 (1989),
159-174.

Present Address:
DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE AND TECHNOLOGY, KEIO UNIVERSITY
HIYOSHI, KOHOKU-KU, YOKOHAMA 223, JAPAN


