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On Certain Affect-Free Equations
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Keio University

§1. Affect-free equations.

What is the simplest affect-free equation (§5) of given degree n? Although many
affect-free equations are known, simple examples are rare (cf. [5], [6]). Perhaps one of
the simplest examples is the equation

(1.1 x"—x—1=0,
which is affect-free for every n>1 ([4], Theorem 4). Another possible answer to our
question is the equation

(1.2) X"+2x+2=0,

which is also affect-free for every n>1 (§4).

The equation (1.2) is much different from (1.1). For example, it is obvious that
the left-hand side of (1.2) is irreducible; it is not at all obvious that the left-hand side
of (1.1) is irreducible (Selmer [7]). Let a denote a root of (1.2), and let § denote a root
of (1.1). Then the prime number 2 is completely ramified (§5) in @(«x), whereas no prime
numbers are completely ramified in Q(p) if n> 2. The discriminant of Q(f) is square-free
([4], Theorem 3), whereas the discriminant of Q(«) is not square-free. Therefore,
Theorem 1 of our previous paper [4] is not applicable to the equation (1.2).

The main purpose of the present paper is to prove the following theorem.

THEOREM 1. Let ay, ay, - -, a,_, (n>1) be integers such that
fx)=x"+a,_ x"" 1+ - +a;x+a,

is irreducible over Q. Let a be a root of f (X)=0, and let K=Q (), d=f"(¢), D=normé
(in K). Let x4, x4, * * *, X, be integers such that

D[d=xq+x0+ - +x,_,0"" 1.

Suppose that the following three conditions are satisfied.
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1. (D, xy, x4, ***, X,—1) is a power of 2.
2. The prime number 2 is completely ramified in K.
3. D is not divisible by 2"*1.

Then the equation f(x)=0 is affect-free.

§2. Lemmas.

To prove our theorem, we require the following lemma.

LEMMA 1. Let d denote the discriminant of an algebraic number field of degree n.
1. If n>3, then |d|>2".
2. Ifn>2, then|d|>2""1.

PROOF. It is well-known ([1], §18) that

(3 ()

By Stirling’s formula, we see that

”"> e’ e~ 1/12n
n! 2nn
Hence we obtain
T neZn—I/Gn
2.1 d|> — .
21 4| (4) 2nn
Now let (x>0)
.2) g(x)=x log £+<2 ——L>—log(27tx)—xlog 2.
4 6x
Then
‘(x)=log ~+2+ L o log2=(log n—log 8+2)— L 4+ _!
gix)=log 4 6x2 x & & & x  6x%
Since

logn—log8+2>1,

we see that g'(x)>0 for every x>1.
On the other hand,

g(3)>0.1>0.
Hence g(n)>0 for every n>3. From (2.1) and (2.2) we obtain |d|>2" for every n>3.
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The second assertion is now obvious, since |d|>3 for n=2.
We also require the following result (van der Waerden [8]).

LEMMA 2. Letf(x) be anirreducible polynomial of degree n with rational coefficients,
and let o be a root of f(x)=0. Let G denote the Galois group of f(x)=0 over Q. G is
a transitive permutation group on {1, 2, - - -, n}. If there exists a prime number p such
that the discriminant d of Q(a) is exactly divisible by p (i.e. pld, pz*d), then G contains
a transposition.

§3. Proof of Theorem 1.

Now we prove Theorem 1. We may suppose that n> 3. Let d denote the discriminant
of K. Then by the conditions 2 and 3, we see that d is exactly divisible by 2"~ ! or 2",
since D is divisible by d. If p is an odd prime factor of d, then D is divisible by p, and
SO p*x,- for some i; this implies that d is exactly divisible by p ([2], Theorem 1). Hence
|d| is of the form

(3.1) |d|=2""1b or 2,

where b is a square-free odd integer. Clearly 5#1 (Lemma 1). Hence there exists an
odd prime p such that d is exactly divisible by p. The Galois group G of f(x)=0 over
Q is a transitive permutation group on {1, 2, - - -, n}. It follows from Lemma 2 that G
contains a transposition.

Now we show that G is primitive. Suppose that K has a subfield F such that
QcFcK, F#Q, F#K.
Let [F: Ql=k,[K: F]=m. Then
(3.2) k=2, m=2, n=km.

Let dr denote the discriminant of F. Then d is divisible by d¥ ([1], Satz 39).

Hence, by (3.1) and (3.2), we see that | dy| ia a power of 2. Since the prime number
2 is completely ramified in K, it is also completely ramified in F. If k is odd, then
|dp|=2"""1. This is impossible (Lemma 1), since k >2. Hence k is even. Let Dy, Dy, Dg/r
denote the differents of F, K, K/F, respectively. Let p (resp. P) denote the prime ideal
in F (resp. K) such that

2=p*, p=P".
Then Dy is divisible by p*, since k is even; Dy is divisible by PB™~*. Since
D= DFDK/F s
Dy is divisible by

pkgBm—l ___§Bmk+m—1 =q3n+m—1 .
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Hence d is divisible by 2"*™~ !, This is a contradiction, since
n+m—1=2n+2—-1=n+1.

Hence G is primitive ([9], Theorem 7.4).
We have already proved that G contains a transposition. Hence G = S, ([9], Theorem
13.3).

§4. Examples.

THEOREM 2. Let n, a, b be integers which satisfy the following conditions:
(i) n>1; '

(i) (an)=1;

(iii)) b is odd, (b,n—1)=1, (a, b)=1.

Then the equation

x"+2ax+2b=0
is affect-free.
PrROOF. Let a be a root of
f(xX)=x"+2ax+2b=0,

and let K= Q(a). Since b is odd, f(x) is irreducible. It is easily seen that 2 is completely
ramified in X ([3], Lemma 4). Now let

0=f"(@), D=normd, D/d=xo+x;0+ " +x,_0" 1.
Then ([2], Theorem 2)
(4.1) D=(—1y""Yn—1)""'Qa)"+n"(2b)""*=2"""D,,
where
Do=(—1)"""2(n—1)""'a"+n"p""* .

If nis odd, D, is odd; if n is even, D,/2 is odd. Hence D is not divisible by 2"*1. Now
let p be a prime factor of (D, xo, * - *, X,-1). Then p|x,, and so p|2(n— 1)a ([2], Theorem
2). Since p|D, by (4.1) we see that p|2nb. Hence p=2. Therefore (D, Xq, * * *, X,_1) is
a power of 2. Hence the result follows from Theorem 1.

THEOREM 3. The following equations are all affect-free for every n>1:
x"+2x+2=0, x"+2x—2=0,
x"—2x+2=0, x"—2x—2=0.

PrOOF. The result follows immediately from Theorem 2.
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§5. Notation and terminology.

As usual, Q denotes the field of rational numbers. An affect-free equation means
an equation f(x)=0 with the following properties: (i) f(x) is an irreducible polynomial
of degree n with rational coefficients; (ii) the Galois group of f(x) =0 over Qis isomorphic
to the symmetric group S,. An integer always means a rational integer. A prime number
p is said to be completely ramified in an algebraic number field K of degree n, if p=p”
with a prime ideal p in K.
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