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\S 1. Introduction.

Let $k/Q_{2}$ be a finite extension, where $Q_{2}$ denotes the 2-adic rational number field.
In the present paper, we give some explicit formulas for the generalized Hilbert norm
residue symbol on the field generated by prime-power division points of a Lubin-Tate
formal group defined over $k$ .

Our formulas are 2-adic versions of Shiratani’s explicit formulas [7] which general-
ize Takagi’s formulas [9] for the prime cyclotomic field. These formulas give explicit
reciprocity laws for certain generators of the multiplicative group and of the formal
module, and consist of complementary laws and general laws.

In \S 3, we give a complementary law which is slightly different from the odd $p$ case.
In \S 4, we give a general law which has the same shape as the odd $p$ case. For odd $p$ ,
formulas of this type can also be obtained by a different method [8].

\S 2. Prelminaries.

Let $0$ be the integer ring of $k$ and $\mathfrak{p}$ the prime ideal of $0$ . For a prime element $\pi$

of $k$, let $F(X, Y)\in 0[[X, Y]]$ be a Lubin-Tate formal group belonging to $\pi$ . This implies
that $F$ is a one-dimensional commutative formal o-group law such that the endo-
morphism $[\pi]_{F}$ associated with $\pi$ satisfies

$[\pi]_{F}(X)\equiv X^{q}$ mod $\pi$ ,
$[\pi]_{F}(X)\equiv\pi X$ mod deg 2,

where $q=2^{f}$ is the number of elements in the residue field $0/p$ . Let $v_{n}$ be a primitive
$\pi^{n}$-division point of $F$ in the algebraic closure $k_{s}$ of $k$ such that $[\pi]_{F}(v_{n})=v_{n-1}$ for $n\geq 2$ .
Let $k_{n}=k(v_{n})$ . We denote by $\mathfrak{p}_{n}$ the prime ideal of $k_{n}$ and by $F(p_{n})$ the associated formal
module. For $\alpha\in k_{n}^{x}$ and $\beta\in F(\mathfrak{p}_{n})$ , the generalized Hilbert symbol $(\alpha, \beta)_{n}^{F}$ is defined [10] by

$(\alpha, \beta)_{n}^{F}=\rho_{\overline{F}}^{\sigma_{\alpha}}\rho$ , $\rho\in k_{s}$ , $[\pi^{n}]_{F,-}(\rho)=\beta$ ,
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where $\sigma_{\alpha}\in Ga1(k_{n}^{ab}/k_{n})$ means the local Artin symbol and $k_{n}^{ab}$ means the maximal abelia]

extension of $k_{n}$ .
Let $\lambda_{F}$ : $F\rightarrow^{\simeq}G_{a}$ be the logarithm of $F$ satisfying $\lambda_{F}^{\prime}(0)=1$ . We consider two kind

of power series $E_{F}(X)$ and $E(X)[7$ , \S 2; 6, \S 1 $]$ defined as follows:

$E_{p}(X)=\lambda_{F}^{-1}(\sum_{i=0}^{\infty}\frac{X^{q^{l}}}{\pi^{i}})\in Xo[[X]]$ ,

$E(X)=1+E_{G_{m}}(X)=\exp(\sum_{m=0}^{\infty}\frac{X^{2^{m}}}{2^{m}})\in 1+XZ_{2}[[X]]$ .

Using these power series, we can construct generators for the multiplicative grou]

$k_{n}^{x}$ and for the formal module $F(\mathfrak{p}_{n})[8$ , \S 2$]$ . Let $F_{0}$ denote the basic Lubin-Tat
group associated with the polynomial $[\pi]_{F_{0}}(X)=X^{q}+\pi X$ , then $u_{n}=(\lambda_{F_{0}}^{-1}\circ\lambda_{F})(v_{n})$ is
primitive $\pi^{n}$-division point of $F_{0}$ satisfying $[\pi]_{F_{0}}(u_{n})=u_{n-1}$ and $k_{n}=k(u_{n})$. Let $\Re--$

$\{\theta\in 0^{x}|\theta^{q-1}=1\}$ . Then, the set $\{u_{n}\}\cup\Re\cup\{E(\theta u_{n}^{j})|\theta\in\Re,j\geq 1\}$ gives $Z_{2}$-generators $c$

the multiplicative group $k_{n}^{x}$ , and the set $\{E_{F}(u_{n}^{i})|1\leq i\leq q^{n}\}$ gives o-generators of th
formal module $F(\mathfrak{p}_{n})$ .

\S 3. A complementary law.

In this section, we prove the following

THEOREM 1. Un&r the assumption $q\geq 2n$ and $1\leq i\leq q^{n}$ we have

$(-u_{n}, E_{F}(u_{n}^{i}))_{n}^{F}=\left\{\begin{array}{ll}0 & (q\geq 4,1\leq i<q^{n}),\\v_{n} & (q=2 or i=q^{n}).\end{array}\right.$

$PR\infty F$ . We compute $(-u_{n}, E_{F}(u_{n}^{i}))_{n}^{F}$ in a similar way as in the proof of [7, Theorem
1]. Since $\lambda_{F}^{-1}\circ\lambda_{F_{O}}$ : $F_{O}\rightarrow F$ is an o-isomorphism, we have

$(-u_{n}, E_{F}(u_{n}^{i}))_{n}^{F}=(\lambda_{F}^{-1}\circ\lambda_{F_{O}})((-u_{n}, E_{F_{O}}(u_{n}^{i}))_{n}^{F_{O}})$ .
The sequence $\{-u_{n}\}_{n\geq 1}$ is a norm sequence, i.e., $N_{k\sqrt k_{n-1}}(-u_{n})=-u_{n-1}(n\geq 2)$ hold. $St$

it follows from the Iwasawa-Wiles formula [4, 5, 10] that

$(-u_{n}, E_{F_{O}}(u_{n}^{i}))_{n}^{F_{O}}=[\frac{1}{\pi^{n}}\tau_{k\sqrt k}(\lambda_{F_{O}}(E_{F_{O}}(u_{n}^{i}))\frac{1}{\lambda_{F_{0}}^{\prime}(u_{n})u_{n}})]_{F_{O}}(u_{n})$ ,

where $T_{k_{n}/k}$ denotes the trace map from $k_{n}$ to $k$ . Since $E_{F_{0}}(X)\in Xo[[X]]$ , we have

$\lambda_{F_{O}}(E_{F_{0}}(u_{n}^{i}))=(\lambda_{F_{O}}\circ E_{F_{O}})(u_{n}^{i})=\sum^{\infty}\frac{u_{n}^{iq^{l}}}{i}$

$ i=0\pi$

Therefore, we obtain
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(1) $(-u_{n}, E_{F}(u_{n}^{i}))_{n}^{F}=[\frac{1}{\pi^{n}}\sum_{i=0}^{\infty}\frac{1}{\pi^{l}}T_{k_{n}/k}(\frac{u_{n}^{iq^{l}-1}}{\lambda_{F_{0}}(u_{n})})]_{F}(v_{n})$ .

From [7, Lemma 4] and the discussion after that lemma, we have

(2) $\frac{1}{\pi^{l}}T_{k_{n}/k}(\frac{u_{n}^{iq^{l-}1}}{\lambda_{F_{O}}^{\prime}(u_{n})})$

$=t_{0}^{t^{s_{m}\geq r_{m}\geq 0\langle 1\leq m\leq n-1)}}-\sum_{q-1)\langle s_{m}+1)+r_{m}=r_{m- 1}}$

($iq^{l}\geq q^{n-1}$ , $i\equiv 1$ mod $(q-1)$) ,

$(-\pi)^{s_{1}+\cdots+s_{n-1}-\langle r_{1}+\cdots+r_{n-1})+r_{n}- 1/\langle q-1)\left(\begin{array}{l}s_{1}\\r_{1}\end{array}\right)\ldots\left(\begin{array}{l}s_{n-1}\\r_{n-1}\end{array}\right)\pi^{n-1-l}}$

(otherwise)

$=t_{0}^{\sum_{\langle 1\leq m\leq n-1)}}0\leq j_{m}\leq v_{m-1}-1)/q$

( $iq^{l}\geq q^{n-1}$ , $i\equiv 1$ mod $(q-1)$) ,

$(-1)^{io^{-\langle q-1)(j_{1}+\cdots+j_{n-1})-n\left(\begin{array}{l}s_{1}\\r_{1}\end{array}\right)}}\cdots\left(\begin{array}{l}s_{n-1}\\r_{n-1}\end{array}\right)\pi^{j_{0}-\langle q-1)\langle j_{1}+\cdots+j_{n- 1}})-\iota$

(otherwise) ,

where $r_{0}=iq^{l}-1,$ $j_{m}=r_{m}/(q-1)(\geq 0)\in Z(0\leq m\leq n-1)$ and $ s_{m}=j_{m-1}-j_{m}-1(1\leq m\leq$

$n-1)$ . In particular, from (1) and (2) we obtain

$(-u_{n}, E_{p}(u_{n}^{i}))_{n}^{F}=0$ if $i\not\equiv 1$ mod $(q-1)$ .

In the sequel, we assume that $iq^{l}\geq q^{n-1}$ and $i\equiv 1mod(q-1)$ . For simplicity, we write

$A=A(l;j_{1}, \cdots,j_{n-1})=(-1)^{j_{0}-\langle q-1)\langle j_{1}+\cdots+j_{n- 1}})-n\left(\begin{array}{l}s_{1}\\r_{1}\end{array}\right)\ldots\left(\begin{array}{l}s_{n-1}\\r_{n-1}\end{array}\right)$

$B=B(l;j_{1}, \cdots,j_{n-1})=j_{0}-(q-1)(j_{1}+\cdots+j_{n-1})-l$ ,

in the sum of the right-hand side of (2). We compute $A\pi^{B}(mod \pi^{2n})$ under the assump-
tion $q\geq 2n$ . For a fixed $i(1\leq i\leq q^{n})$ , let $t(0\leq t\leq n)\in Z$ be such that $q^{t}\leq i<q^{t+1}$ . It
follows from $iq^{l}\geq q^{n-1}$ that $q^{t+1+l}>q^{n-1}$ , so that $l\geq n-1-t$ . Since

$j_{0}=\frac{iq^{l}-1}{q-1}$ , $j_{1}\leq\frac{1}{q}(j_{0}-1)=\frac{iq^{l-1}-1}{q-1},$ $\cdots$ ,

$j_{n-1}\leq\frac{1}{q}(j_{n-2}-1)\leq\frac{iq^{l-n+1}-1}{q-1}$ ,

we have

$B\geq\frac{iq^{l}-1}{q-1}(q-1)(\frac{iq^{l-1}-1}{q-1}+\cdots+\frac{iq^{l-n+1}-1}{q-1})-l$
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$=\frac{iq^{l-n+1}-1}{q-1}+(n-1)-l$

$\geq\frac{q^{t+l-n+1}-1}{q-1}+(n-1-l]\geq t\geq 0$ .

Here, the equalities hold if and only ift $=0,$ $l=norn-1,$ $andj_{1}=(q^{l-1}-1)/(q-1),$ $\cdots$ ,
$j_{n-1}=(q^{l-n+1}-1)/(q-1)$ . In these cases, we have $s_{1}=r_{1},$ $\cdots,$ $s_{n-1}=r_{n-1}$ and therefore

$A=(-1)^{B+l-n}=(-1)^{l-n}=\left\{\begin{array}{ll}1 & (l=n),\\-1 & (l=n-1).\end{array}\right.$

Hence the corresponding terms cancel out. If $t=0$ , the next minimal value of $B$ is $q-1$
$(\geq 2n-1)$ and it occurs when

$l=n+1$ , $j_{1}=\frac{q^{n}-1}{q-1},$ $\cdots$ , $j_{n-1}=\frac{q^{2}-1}{q-1}$

$(s_{1}=r_{1}, \cdots, s_{n-1}=r_{n-1})$ ,

or when

$l=n,$ $j_{1}=\frac{q^{n-1}-1}{q-1}$ , $\cdot$ . ., $j_{n-2}=\frac{q^{2}-1}{q-1}$ , $j_{n-1}=0$

$(s_{1}=r_{1}, ’. . s_{n-2}=r_{n-2}, r_{n-1}=0)$ (if $n\geq 2$).

In these cases, we have

$A=(-1)^{B+l-n}=(-1)^{\langle q-1)+(l-n)}=\left\{\begin{array}{ll}1 & (l=n+1),\\-1 & (l=n\geq 2).\end{array}\right.$

So, the corresponding terms cancel out if $n\geq 2$ . If $t=0$, there is no other term $(mod \pi^{2n})$

in the right-hand side of (2), and this settles the case where $t=0$ . Next, we treat the
case where $t\geq 1$ . In this case, we only need to consider the terms corresponding to the
minimal value of $B$ where $l$ and $j_{1},$ $\cdots,j_{n-1}$ run over the possible values under the
above conditions, because otherwise, we have

$B\geq\left\{\begin{array}{l}(q-1)+t\geq q\geq 2n()\\\frac{q^{2}-1}{q-1}+t-2\geq q\geq 2n(ifl\geq n-t+1)\end{array}\right.$

The minimal value of $B$ occurs when

$l=n-t$ , $j_{1}=\frac{iq^{n-t-1}-1}{q-1},$ $\cdots$ , $j_{n-t}=\frac{i-1}{q-1}$ ,
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$j_{n-t+1}=[\frac{1}{q}(\frac{i-1}{q-1}1)]=[\frac{i-q^{t}}{q(q-1)}]+\frac{q^{t-1}-1}{q-1},$ $\cdots$ ,

$j_{n-1}=[\frac{i-q^{t}}{q^{t-1}(q-1)}]+\frac{q-1}{q-1}$

$\left(\begin{array}{llll}s_{1}=r_{1} & \cdots & s_{n-t}=r_{n-t} & s_{n-t+1}=j_{n-t}-j_{n-t+1}-1\\r_{n-t+1}=(q-1)j_{n-t+1} & \cdots & \cdots & \cdots\end{array}\right)$

or when

$l=n-t-1(\geq 0),$ $j_{1}=\frac{iq^{n-t-2}-1}{q-1},$ $\cdots,$ $j_{n-t-1}=\frac{i-1}{q-1}$ ,

$j_{n-t}=[\frac{i-q^{t}}{q(q-1)}]+\frac{q^{t-1}-1}{q-1},$ $\cdots$ ,

$j_{n-2}=[\frac{i-q^{t}}{q^{t-1}(q-1)}]+\frac{q-1}{q-1}$ , $j_{n-1}=0$

$s_{1}=r_{1}$ , $\cdot$ .
$s_{n-t-1}=r_{n-t-1},$ $s_{n-t}=j_{n-t-1}-j_{n-t}-1$ ,

$r_{n-t}=(q-1)j_{n-t}$, $\cdot$ . .

Here, $[x]$ means the integral part of a rational number $x\in Q$ . In the above cases, we
have

$B=t+s_{q}(\frac{i-q^{t}}{q-1})$ ,

$A=\left\{\begin{array}{l}(-1)^{s_{q}(\langle i-q^{t})/\langle q-1))}(_{(q-\frac{1i-q^{t}}{q(q-1)}\frac{q^{t}q^{t-1}-11)]-1}{q-1})}\frac{i-q^{t-1}}{1)([q-}[\frac{i-}{q(q-,]+})\cdots\\(l=n-t)\\(-1)^{s_{q}\langle\langle i-q^{t})/\langle q-1))+1}(_{(q-\frac{q^{t}q^{t-1}-11)]-1}{q-1})}\frac{i-q^{t-\iota}}{1)([\frac{1i-q^{t}}{q(q-1)}q-}[\frac{i-}{q(q-,]+})\cdots\\(l=n-t-1\geq 0)\end{array}\right.$

where $s_{q}(x)=a_{0}+a_{1}+\cdots+a_{m}$ for $x=a_{0}+a_{1}q+\cdots+a_{m}q^{m}\in Nu\{0\},$ $0\leq a_{i}\leq q-1$

$(a_{i}\in Z)$ . Therefore, if $1\leq t\leq n-1$ , the corresponding terms cancel out. If $t=n$ , then
$i=q^{n},$ $B=n$ , and there remains only the term corresponding to $l=0,j_{1}=(q^{n-1}-1)/(q-1)$,



360 YUTAKA SUEYOSHI

$i_{n-1}=(q-1)/(q-1)(s_{1}=r_{1}, \cdots, s_{n-1}=r_{n-1})$ . In this case, we have $A=1$ . Hence.
from (1), (2) and the computation above, we obtain

$(-u_{n}, E_{F}(u_{n}^{i}))_{n}^{F}=\left\{\begin{array}{l}0(q\geq 4,1\leq i<q^{n})\\v_{n}(q=2ori=q^{n})\end{array}\right.$

This concludes the proof of Theorem 1.

\S 4. A general law.

In this section, we prove the following

THEOREM 2. For $\theta\in\Re$ and $i,j\geq 1$ we have

$(E(\theta u_{1}^{j}), E_{F}(u_{1}^{i}))_{1}^{F}=\left\{\begin{array}{l}[j\theta^{2^{m}}]_{F}(v_{1})(i+2^{m}j=q,m\geq 0)\\0(otherwise)\end{array}\right.$

$PR\infty F$ . Since the proof is almost the same as the proof of [7, Theorem 2], we
omit the details. First, we compute $(1-\theta u_{1}^{j}, E_{F}(u_{1}^{i}))_{1}^{F}$ . Let $h(X)=E_{F_{0}}(X^{i})$ , then by the
Coleman-de Shalit formula [1, 2, 3] we have

$(1-\theta u_{1}^{j}, E_{F}(u_{1}^{i}))_{1}^{F}=(\lambda_{F}^{-1}\circ\lambda_{F_{O}})((1-\theta u_{1}^{j}, E_{F_{O}}(u_{1}^{i}))_{1}^{F_{O}})$

$=[\frac{1}{\pi}\{T_{k_{1}/k}(\sum_{l=0}^{\infty}\frac{u_{1}^{q^{l}i}}{\pi^{l}}\cdot\frac{1}{\lambda_{F_{O}}^{\prime}(u_{1})}\cdot\frac{-j\theta u_{1}^{j-1}}{1-\theta u_{1}^{j}})+h^{\prime}(0)(1-N_{k_{1}/k}(1-\theta u_{1}^{j}))\}]_{F}(v_{1})$ ,

where $N_{k_{1}/k}$ means the norm map from $k_{1}$ to $k$ . We have

$\frac{1}{\pi}h^{\prime}(0)(1-N_{k_{1}/k}(1-\theta u_{1}^{j}))\equiv\left\{\begin{array}{ll}-j\theta^{\langle q-1)/j} mod \pi & (i=1,j|(q-1)) ,\\0 mod \pi & (otherwise) ,\end{array}\right.$

$\frac{1}{\pi}T_{k_{1}/k}(\sum_{l=0}^{\infty}\frac{u_{1}^{q^{l_{i}}}}{\pi^{l}}\cdot\frac{1}{\lambda_{F_{O}}^{\prime}(u_{1})}\cdot\frac{-j\theta u_{1}^{j-1}}{1-\theta u_{1}^{j}})=\frac{j\theta}{\pi(q-1)}T_{k_{1}/k}(\sum_{l=0}^{\infty}\sum_{a=0}^{\infty}\frac{\theta^{a}}{\pi^{l}}u_{1}^{q^{l}i+\langle a+1)j-1})$ ,

where

$\frac{j\theta}{\pi(q-1)}T_{k_{1}/k}(\frac{\theta^{a}}{\pi^{l}}u_{1}^{q^{l}i+\langle a+1)j-1})=\left\{\begin{array}{l}j\theta^{\langle q-1)/j}(l=1,i=1,(a+1)j=q-1)\\-j\theta^{\langle q-i)/j}(l=0,i+(a+1)j=q)\\c\pi forsomec\in o(otherwise)\end{array}\right.$

Hence, we obtain

$(1-\theta u_{1}^{j}, E_{F}(u_{1}^{i}))_{1}^{F}=\left\{\begin{array}{l}[-j\theta^{(q-t)/j}]_{F}(v_{1})\\0\end{array}\right.$

Using

($i+(a+1)j=q$ for some $a\geq 0$) ,
(otherwise).

$E(\theta u_{1}^{j})=\prod_{(b,2)=1}(1-\theta^{b}u_{1}^{bj})^{-\mu\langle b)/b}$ ,
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we see that

$(E(\theta u_{1}^{j}), E_{F}(u_{1}^{i}))_{1}^{F}=\sum_{=\langle b,2)^{\langle F)}1}[-\frac{\mu(b)}{b}]_{F}((1-\theta^{b}u_{1}^{bj}, E_{F}(u_{1}^{i}))_{1}^{F})$

$=\left\{\begin{array}{ll}bj|\langle q-i) \langle b,2)^{\langle F)}1\sum_{=}[-\frac{\mu(b)}{b}(-bj)\theta^{b\cdot\langle q-i)/bj}]_{F}(v_{1}) & ( i+(a+1)j=q for some a\geq 0) ,\\0 & (otherwise)\end{array}\right.$

$=\left\{\begin{array}{ll}[j\theta^{\langle q-i)/j} & \sum_{(b,2)=1,bj|\langle q-i)}\mu(b)]_{F}(v_{1}) ( i+(a+1)j=q for some a\geq 0) ,\\0 & (otherwise)\end{array}\right.$

$=\left\{\begin{array}{ll}[j\theta^{2^{m}}]_{F}(v_{1}) & ( i+2^{m}j=q for some m\geq 0) ,\\0 & (otherwise) ,\end{array}\right.$

where $\sum_{\langle F)}$ means the sum in the formal module $F(\mathfrak{p}_{1})$ . This concludes the proof of
Theorem 2.
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