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§1. Introduction.

Let k/Q, be a finite extension, where Q, denotes the 2-adic rational number field.
In the present paper, we give some explicit formulas for the generalized Hilbert norm
residue symbol on the field generated by prime-power division points of a Lubin-Tate
formal group defined over k.

Our formulas are 2-adic versions of Shiratani’s explicit formulas [ 7] which general-
ize Takagi’s formulas [9] for the prime cyclotomic field. These formulas give explicit
reciprocity laws for certain generators of the multiplicative group and of the formal
module, and consist of complementary laws and general laws.

In §3, we give a complementary law which is slightly different from the odd p case.
In §4, we give a general law which has the same shape as the odd p case. For odd p,
formulas of this type can also be obtained by a different method [8].

§2. Preliminaries.

Let o be the integer ring of k and p the prime ideal of o. For a prime element n
of k, let F(X, Y)eo[[X, Y]] be a Lubin-Tate formal group belonging to n. This implies
that F is a one-dimensional commutative formal o-group law such that the endo-
morphism [7]; associated with = satisfies '

{[n],(X)EX" mod

[fl(X)=nX moddeg?2,

where g=27 is the number of elements in the residue field o/p. Let v, be a primitive
n"-division point of F in the algebraic closure k, of k such that [n]-v,)=v,_, for n>2.

Let k,=k(v,). We denote by p, the prime ideal of k, and by F(p,) the associated formal
module. For a ek, and € F(p,), the generalized Hilbert symbol (a, B)f is defined [10] by

(a’ ﬁ)5=pdafp ’ p eks ’ [nan(p)=B ’
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where o, € Gal(k?®/k,) means the local Artin symbol and k2* means the maximal abelian
extension of k,,.

Let Az : F =5 G, be the logarithm of F satisfying A3(0)=1. We consider two kinds
of power series Er(X) and E(X) [7, §2; 6, §1] defined as follows:

@ q*

EF(X)=A;‘(Z ’ft )eXo[[XJ],

© 2m

E(X) =1+EG,,,(X)=exp( § = )e1+xzzttx:n.

m=0

Using these power series, we can construct generators for the multiplicative group
k> and for the formal module F(p,) [8, §2]. Let F, denote the basic Lubin-Tate
group associated with the polynomial [7]z(X)=X?+nX, then u,=(Ar'Az)(v,) is a
primitive n"-division point of F, satisfying [n]f (v,)=u,_, and k,=k(u,). Let R=
{#eo0™ |09~ =1}. Then, the set {u,} URU{E(0u}) |0 R, j=>1} gives Z,-generators of
the multiplicative group k., and the set {Ej(ul)|1<i<q"} gives o-generators of the
formal module F(p,).

§3. A complementary law.
In this section, we prove the following

THEOREM 1. Under the assumption g>2n and 1 <i<q" we have

0 g=4,1<i<q"),
U, (g=2o0ri=q").
ProOF. We compute (—u,, Ep(u}))f in a similar way as in the proof of [7, Theorem
1]. Since A7 'oAg, : Fo — Fis an o-isomorphism, we have
(—un Ep)n =5 ' o Ap) ((— ttyy Ep(un))s®) -

The sequence { —u,},, is a norm sequence, i.e., Ny . _,(—u,)= —u,_; (1=>2) hold. So,
it follows from the Iwasawa-Wiles formula [4, 5, 10] that

( — Up, EF(“:»:‘ = {

(—t4y, Ep (o= [—7:,— Ton (AFO(EFO(u:» —‘—)] ),
Fo

Fo(un)un

where T, , denotes the trace map from k, to k. Since Er(X)e Xo[[X]], we have

. - T
AFO(EFO u:l)) = (A’Fo ° EFo)(u:l) = IZO 7[1 .

Therefore, we obtain
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: 1 a1 ot
(1) (_um EF(u;l))f=[ n Z —lTk"/k (_1:4,"____):‘ (Un) .
T 1=0T7 F

Fo (un)

From [7, Lemma 4] and the discussion after that lemma, we have

1 uia' 1
2y —T, n
@ = ’( A'Fo(u,,))

r__ Z (_n)s,+~-+s,._1—(r1+---+r,._1)+r',‘—1/(q-—1)(Sl)_.,(s”“1>nn—1—l

SmZrm=0(l<m<n—1) ry Fn—1
@=Dm+D)+rm=rm-1

(iqd'=q""', i=1mod (g—1)),

L0 (otherwise)
Y (- 1)1'0—(11—1)()'1+"'+jn—1)-'n( 51 > . .(sn—l )njo—(q—1)(J'1+"'+J'n-1)—l
0<jm<Um-1—1 r r,—
shriizain ! n-1

(i¢=q""', i=1mod (g—1)),

LO (otherwise) ,
where ro=ig'—1, j,=r./(q—1)(=0)eZ O<m<n—1) and s,=ju-1—jm—1 (1<m<
n—1). In particular, from (1) and (2) we obtain
(—u, Eg)f=0  if i%1 mod (q—1).
In the sequel, we assume that ig’>¢"" ! and i=1 mod(q— 1). For simplicity, we write

A=A j1sda-)=(— 1)fo-<«—nul+---+jn-,)—‘..<Sl ) . (Sn-l ) ,

ry rp—1

B=B(l;j, " sju-1)=jo—(@—1D({+ - +Jju-1)—1,

in the sum of the right-hand side of (2). We compute An® (mod n2") under the assump-
tion g=>2n. For a fixed i (1<i<q"), let t (0<t<n)eZ be such that I<i<qg*l It
follows from ig'>q""! that ¢'*1*'>¢""1, so that I>n—1—t. Since

. 1 . 11
. ig—1 . 1 . 7 |
Jo= y h<E<—Uo—D)="——, -
q—1 q q—1
) 1 ) iql—n+1___1
Jn—lS_(Jn—Z_l)S'—‘_‘“_‘a
q q—1
we have
-1 il
B> 4 _(q_1)<zq 1 iq >-—l
q— —1 q—1
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iql—n+1 __

iq

=4 T -1l
q—1
qt+l—n+1_
>4 t(—1-)>t>0.
q—1
Here, the equalities hold if and only if t=0, I=n or n—1, and j, =(¢" *—1)/(g—1), - - -,
Ja-1=(g"""*'—1)/(g—1). In these cases, we have s, =r,, -, s,_, =r,_, and therefore
1 I=n),
A=(_1)B+l—n=(_1)l—n={ ( n)
—1  (=n—1).

Hence the corresponding terms cancel out. If t =0, the next minimal value of B is q—1
(=2n—1) and it occurs when *

"—1 21
l=n+19 ]1=q s 10T, jn—1=q
q—1 q—1
(sl=r1"”’sn—1=rn—l)’
or when
n—1 2
. g1 , q°—-1
I=n, jj=——, -, Jn-2= > Jn-1=0
q—1 q—1

(sl=rls T sn—2=rn—2, L =0) (1fn22) .
In these cases, we have

1 (=n+1),
—1  (=n>2).

So, the corresponding terms cancel out if n>2. If =0, there is no other term (mod n?")
in the right-hand side of (2), and this settles the case where t=0. Next, we treat the
case where t> 1. In this case, we only need to consider the terms corresponding to the
minimal value of B where ! and j,, - -,j,_, run over the possible values under the
above conditions, because otherwise, we have

(if at least one of j, - -,j,_, )
does not take the maximal value/’

A=(— 1)B+l—n=(_ 1)(q-—1)+(l—n)={

(@g—1)+t=q>2n

> 1
1 +t—2>q>2n Gfl=n—t+1).
q—
The minimal value of B occurs when
. ign"t 11 . i—1
l=n—t’ ]1=i——*’ s In—= s

q—1 q—1
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, 1/i—1 i—q' t-1_1
.’n—t+l=l:——< _1>]=|: 1 :|+q s Y
qg\q—1 q(q—1) q—1

. i—q q—1
Jn—1=|: - :I+
¢ g1 g-1
(Sl=r1> St =T Sp—tt1=In—t—Jn—1+1— 1’)
rn-—t+1=(q__1)jn—t+1’ e

or when
) in—t—2_1 . i—1
l=n—‘t—1 (20)9 = 1 ’ s -1 =S,
-1 q—1
. i—q t—l__l
hﬂ=[ q ]+q L
q(q—1) q—1

. i—q q—1 .

J —2=|: - ]"‘ ) Ja-1=0

" ¢ Yq—-1)] g-1

<s1=r1, s Sy —1=T 1> Sn—t=jn—t—1—"jn——t—1a>
Fnee=(@— 1) jp_p """

Here, [x] means the integral part of a rational number x € Q. In the above cases, we

have
-
B=t+Sq<l 1 ),
qg—1

( i_qt—l —I: l__qt ]—1
(— 1)faG=a¥@a=1) q—1 a(g—1)
i—g' g -1
@=L |+ )
q(q—1) q—1
A= (I=n—1),
i_qt—l _l: i——q' :I_l
(— 1)atG=ava=1)+1 q—1 qq—1)
@~n([i_¢ J+qh1—1)
aq—1) q—1

(I=n—t—1>0),

where s (x)=ao+ay+---+a, for x=as+a,q+-:-+a,q"e NU{0}, 0<a;<q-—1
(a;€ Z). Therefore, if 1<t<n—1, the corresponding terms cancel out. If t=n, then
i=q", B=n, and there remains only the term corresponding to [=0,j, =(¢"" 1 —1)/(g—1),
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o Je-1=(@—-1)/(gq—-1) (s,=ry, ", 8,1 =r,—1)- In this case, we have 4=1. Hence,
from (1), (2) and the computation above, we obtain
. 0 g=4,1<i<q"),
iWF —
(_um EF(un))n {U,, (q=2 or l__:qn) .

This concludes the proof of Theorem 1.

§4. A general law.
In this section, we prove the following
THEOREM 2. For 0eR and i, j>1 we have

[j0*"1e(v))  (+27=q, m=0),
0 (otherwise) .

(E(6u)), Ep(u)))] —{

PROOF. Since the proof is almost the same as the proof of [7, Theorem 2], we
omit the details. First, we compute (1 —60u}, Eg(u}))]. Let i(X)=Eg(X"), then by the
Coleman-de Shalit formula [1, 2, 3] we have

(1—0ul, Erui))i=(Ar ' o Ary) (1 — 61, Epu1))]°)

o 4,9' 1 — i {_1
=[%{Tk1/k( z ul’ ) ) jeu / )+hl(0)(1 Nkl/k(l eu ))}] (vl) ’
F

iI=o W Ag(u;) 1—060u

where N, , means the norm map from k; to k. We have

—jo9~ Vi modr  (i=1,j|(q—1),
0 mod n (otherwise) ,

1 oyl 1 —jOui~! jo & 6
Tkx/k<lz i, . 1.) Toon | y _1 ufit@+ni-1)

1 .
;h'(O)(l — N1 —0u1)) E{

20e

Son' Apu) 1-6u ) mlg—1) a=0
where
jo(q—l)/j (I=1,i=1,(a+1)j=q—-1),
j0 o li+(a+1)j—1 ig@— /i i ]
—————— T | —uf’ e ={—joa-dli (=0,i+(a+1)j=9q),
(g —1) m'

cnt for some ceo (otherwise) .
Hence, we obtain

[—j69 "] v,) (i+(@+1)j=q for some a=0),
0 (otherwise) .

(1—0ui, Ep(u}))i= {
Using

EOw)= [1 (1—6bubi)y-sow
(b,2)=1
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we see that

(EOW), Er)= T [—i‘@] (L= 0, Ex(ui)®)
F

®,2)=1 b
' pu(b) A 0b - (g i)/bj ; P =
PN __I.)__(_bj)e (vy) (+(@+1)j=q forsome a=>0),
{ 8 F
0 (otherwise)

'[j()(q""” > y(b)] (vy) (i+(a+1)j=gq for some a>0),
F

(b,2)=1

bjl (@b
0 (otherwise)
{ [j6*™1r(v;)  (i+2"j=q for some m>0),
0 (otherwise) ,

where Z(F) means the sum in the formal module F(p,). This concludes the proof of
Theorem 2.
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