Tokyo J. MATH.
VoL. 17, No. 2, 1994
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1. w-elementary functions.

Let K be an ordinary differential field of characteristic 0 with a single differentiation
D. We assume K has the field of constants C which is algebraically closed. We fix a
universal extension U of K.

Let R be a differential field extension of K with finite transcendence degree over
K. By Qg x denote the R-module of all differentials of R over K and by dg x the canonical
derivation of R to Qg. With D there associates an additive endomorphism D' of
Qpg/k, satisfying

Dl(adR/Kb)=D(a)dR/Kb+adR/K(Db), a, bER .

If a and b are algebraically dependent over C then D'(adgxb)=dg;x(aDb) holds (cf.
Rosenlicht [3]).
Consider an elliptic curve E defined over C which is given in the Weierstrass form

Y =4x>—g,x—gs,  92.93€C, ¢3—2793#0.

By E(R) we denote the set of all R-rational points on E and by E(R)* the set E (RN\{O%},
where O denotes the zero element of E. Let P=(1, x, y) be an R-rational point on E.
We consider the following three types of peculiar differentials in Qg/c

d, d
co,(P):—RJ//-Ci and w,,(P)=x—ff)i .

For a point Q=(1, x(Q), y(Q)) € E(C)* by w;;;(P; Q) we denote the differential in Qp/c
_1_ y+y(Q) dgjcx .
2 x—x(Q) ¥

In case Pe E(C) we think that these differentials take the zero differential. In the case
where R=C(x, y) with x¢ C any differential w in Qg has the unique expression
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w=df+aw(P)+poy(P)+ ) Yo (P; Q) ,
QeE(C)*
where f € R, a, B, yo€ C (cf. Robert [2, p. 138]).

By ¢ denote the R-linear mapping of Qg,c to R with the property that @dg,c=D
and by ¢, the R-linear mapping of Qg to Qg with the property that dxdric=dgx-
The existence of these mappings is guaranteed by the universality of the differential
module Qg,. We also note the fact that the equality D*¢,=¢xD* holds on Qg

Let R be a differential field extension of K. We assume the field of constants of R
is the same as C. Let x, y, u be three elements of R and P=(l, x, ¥) be a point on some
elliptic curve E defined over C. We say that x is a w,-element of u if

Dx/y= Du

holds. This means ¢(w,(P)—dg,c#)=0. For simplicity we omit describing y explicitly.
Namely x is regarded as a solution of an algebraic differential equation of the second
order. We say that x is a w;,-element of u if

xDx/y= Du
holds. We say also that x is a wy;-element of u if for a certain point Qe E(C)*

1y+y@ Dx_

2 x—x(Q) y
holds. We conversely say that u is a w;-integral of x if x is a wi-element of u, where
i=1, 11, IIl. We shall furthermore say that x is a w,-element over K if it is a w;-element
of some element of K. For a wy-integral we also adopt like wording.

DEFINITION. A w-elementary extension of X is the terminal differential extension
W, of a finite chain of differential field extensions of K:

K=WocW,cW,c---cW,,
such that the field of constants of W, is the same as C and for each i Wi=W,;_{x,

where x; is over W;_, i) algebraic, or ii) a wy-element for some j, or iii) a w-integral
for some j, or iv) an exponential, or v) a logarithm.

Here recall that x is said to be an exponential over K if there is an element ue K
with Dx/x=Du and x is said to be a logarithm over X if there is a nonzero element
ue K with Dx = Duj/u.

We shall prove the following.

THEOREM. Let a be an element of K and suppose that there exists a w-elementary
extension of K in which an integral of a is contained. Then a can be written in the Sform
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Du, . o |
+Zﬁi7u'+2viuibvu‘+2 T 5,0 ltu@ Du

i i i QeE(C) ui—u,(Q) v;

a=Db+Y o Db,
i b

J

, (D

where the sums denote finite sums, b, b;e K, i runs through an index set of a family of
elliptic curves E; defined over C, (1, u;, v;) € E;(K), and a;, B;, 7:(Q), 6;(Q)eC.

For the sake of convenience, we call the right member of the above equality the
w-expression over K.

A particular case of this theorem is seen in Abel [1], where he deals only with
algebraic extensions. His result will be explained in the next section.

2. Abel’s theorem.

Let R be a differential field extension of K. For simplicity we here assume that R
is algebraically closed. Let E be an elliptic curve defined over C and P;=(1, x;, y;) € E(R)
(i=1,2,3) with P,®P,®P;=0g. The additive theorem for differentials of the first
kind says

3

3 @(P)=0, @
for differentials of the second kind
3 1 _-
> o (P)=—dgic Y17 Ya > 3)
i=1 2 1—X2

and for differentials of the third kind

dg,c(s(x(2)) —y(Q))
s(x(Q)—y(Q)
where 0 =(1, x(Q), ¥(Q)) € E(C)*, s(x)=y; +((y1—2)/(x; —X2))x —x1).
These formulas are valid even when some of the P; are equal, though a suitable

limit process must be needed. For instance the quotient (y; —y,)/(x; —x,) is used in
the form

3
‘;1 o (Pi; Q)= > 4

)’%"yg =4(xf+x1x2+x§)—g2
(1 —x2)(y1+¥2) ‘ yi+y2

When P1 =P2.

The proof can be obtained through the theory of elliptic functions, by the use
of Lefschetz’ principle. Let z,, z, be new variables, z,+z,+2z3=0 and x;=p(z),
y;='(z,). Formulas (2), (3) are obtained respectively by taking the differentials of
1 {"(z1)—{"(z2)

=0, )=— .
;Zl ;C(Z) 2 {'(z)—{'(z2)
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Formula (4) is obtained by taking the logarithmic differential of

0(2,—20)0(2, —20)0(23—2o) p ’ ' (z1)—p'(z,)
— =p'(z)— 9’ (o) + (9 (z0)—p(z1))
6(20)°0(2,)0(22) 9 (z5) ' T G —pi) ‘
where Q=(1, p(z,), ©'(2z0)). (cf. Whittaker and Watson [4].) Of course, for verification
straightforward but somewhat tedious calculation will do, or for more details we must

refer to Abel’s original paper.

Abel’s theorem is this: Suppose ac K have a w-expression over a certain algebraic
extension of K. Then a has a w-expression over K.

PROOF. Suppose a has a w-expression over a normal algebraic extension N of K.
Let n denote the differential in Qy ¢

dN/Cb Z B, Ay ct; 45y, SR Ay c; +3 > 5:"(Q) v;+0,(Q) dycu;

b; v; i v; i QeEi«(C) w—u(Q) v

dy;cb+ Z o;

2

whose image ¢n is the w-expression over N. For each automorphism ¢ € Gal(N/K) we
define a K-vector automorphism ¢* of Qy by

o *(udy,cv) =0 (u)dy,co(v) , u,veN .

Then clearly ¢¢ = @o* holds on Qy,c. Since o is a differential one, ooy is a w-expression
of a over N. According to formulas (2), (3), (4), the differential &= ZJGGM(N/K)O' n
consists of differentials in Qg which are of the same types as in 5. The expression ¢¢&
is a w-expression of a| Gal(N/K)| over K. This completes the proof.

3. Two lemmas.
We here assume that K is algebraically closed.

LEMMA 1. Let Pi=(1,x;,y;), i=1,2, be respectively non C-rational points on
elliptic curves E; defined over C. Suppose that R=K(x,, y,) is a differential field extension
of K with the field of constants C, x,, y, € R and x, has a pole at Og,- Then x,, y,€ C(xy, y,)
and dgicx,[y, =cdg;cx[y1, c€C.

PROOF. Since dgkx,/y, is a differential of the first kind, there is a ce K with
dR/sz/y2=cdR/le/y1. Applying Dl, w¢E haVC

Dx dpxX Dx
dR/K ( 2 > =D(c) L + CdR/K ( ! ) s
Ya Y1 Y1

and hence Dc=0, namely ce C. Let ¢ denote a uniformizing parameter at Og, and
i€ K((2)) denote the solution of the equation with a pole at =0
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dy
=4y>— i i3
(dt) Y- — (g2 —9Yi3

where g;,, g;3 are the constants appearing in the defining equation for E;. As a matter
of fact g,e C((¢)). Then we have a representation x; = ,(?), y; = 1(?) and x,, y, as
elements of K((f)) satisfy the equation dx,/dt=cy,. Hence x, = f,(ct), y, = p’(ct) are
contained in C((?)).

Recall the following well-known fact: Let R be a rational function field over XK.
Suppose a differential

e
&= dR/Ce+ZK p —=2€Qpc»
j
the k; being linearly independent over the rational number field, satisfies ¢&=0. Then
e,e;ekK.
This turns out to be a special case of the following, by thinking of rational function
fields as subfields of certain elliptic function fields.

LEMMA 2. Let E be an elliptic curve defined over C and P=(1, x,y) a non K-
rational point on E and R= K(x,y). Given a differential in Qg,c

¢= dR/c‘f"‘FZ’c Réc J +}~w1(P)+#wn(P)+Q %;.C)* v(Q)w (P Q) ,
j €

with x;, A, p, v(Q) € C, k; being linearly independent over the field of rational numbers.
Suppose that ¢xE=0. Then ee K, u=0 and there exist the f;€ K with

S i, 2mieli 5 e Lo Py+ Y v@am(P, Q).

i S f e; QeE(C)*

Proor. Usual argument on poles readily draws the first assertion. Hence

dgr/x€;
Y4 o (P)+ Y v(Qbxom(P; Q)=0.
F] €; QeE(C)*
Let Qe E(K) and m;(Q) denote the residue of dgie;/e; at Q. If O neither effectively
appears in the above sum nor equals Og, then ijmj(Q)=0, which implies m;(Q)=0.
For Q with v(Q)#0, ) ;im;(Q)+v(Q)=0. Hence there exists a A;€ K such that

__dR/Kej = j¢KwI(P)+%mj(Q)¢KCOnI(P; 9,

€j
with A+ ic;4;=0. Applying D' to this,

dR,K(De"—A,-Bf—Z m(@ 2 Q) Dx) D(i)bxwor(P),
e; y —-x(Q) ¥
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and hence 4;€C. Let P=(1, p(f), ’'(¢)), with ¢ a uniformizing parameter at Og. Then
Y =e; satisfies

1 dY y+y(Q)

Y a O oy

If we denote by f; the coefficient of the first term in e;e K((?)), z;=¢;/f;€ C(()) " R=
C(x, y) also satisfies the above. The element z;€ R satisfies

nc?i g ox(P)+ Qe (P 0).

Zj

Consequently

3 K dricf; — Z drc(e)) _Z K dgicz;

i i J €j i Zj
dx/c(e j)
Z . + Aw((P) +2 v( Q) (P, Q) .
j j

4. Proof of Theorem.

By induction on the length of chain we prove the theorem. As easily seen in the
induction argument, thanks for the theorem of Abel, it is sufficient to show that a
has a w-expression over K provided KX is algebraically closed and a has a w-expression
over a certain w-elementary extension of K generated by a single element x which
satisfies one of the conditions (ii)~(v) over K. Let R denote the differential field
extension K{x) of K. Assume a€ K has the w-expression over R:

Du,
a=Db+ 20, 4 Tp 4 Ty Y s uteld) Du
, U; i i QeE{(C) u—u;(Q) v,
Let n be the differential in Qg defined by
dy,ch; dr/c; dricY;
n= dR/cb"'Z“ RIC Zﬁ. e Z}’iui R:)C
b, Y; i i
v+ dpicl;
+X Y 8(Q ©) dcus (5)
i QeEy(C)* u—ui(Q) v

We then have a=¢n and D'¢xn=0 because the left member is ¢ Dln= dxdg,ca=
dgixa=0.

The argument is divided into several cases, according as (ii) ~ (V).

1) DxeK. Since the field R=K(x) has genus 0, differentials of types W, ap-
pearing in (5) are all elements of Q,c. Hence ¢xn contains only exact and logarithmic
differentials. Since D'dy xx=dgxDx=0, if we let ¢xn=cdgxx, ceR, we see ceC.
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Therefore

dR/K(b—cx)+ZajMi=O :
j b j

By Lemma 2, e=b—cxe K and part of logarithmic differentials in (5) is represented by
a C-linear combination of those in Qg say &. Replacing dg,ch by dg,ce+ cdg,cx and
using &, we rewrite 7. Since Dx has a w-expression over K, so has a=on.

2) Dx/xeK. As in the preceding it is seen that differentials of types w, in (5)
are those in Qy,c. Since dgxx/x vanishes when applying D* there is a constant ¢ with
¢xn=cdg;xx/x. Hence

dR/ij —c dR/Kx

db+Y a; =0.
7

i x

By Lemma 2, b € K and part of logarithmic differentials in 5 are represented by a C-linear
combination of those in Qg and dg,cx/x. Using these and the fact that Dx/x has a
w-expression over K, making a suitable modification in the expression of n, we see a
has a w-expression over K.

From now on we treat the case where x is a w,-element over K for some k in
relation to an elliptic curve E defined over C. Before going ahead, we modify expression
(5) of 1 in a more convenient form. According to formulas (2), (3), (4), we may assume
that either the elements u; has a pole at the zero element Oy of E or u;€ K. Using Lemma
1, this time, C(u;, v;) = C(x, ). In the first case differentials of types w, in (5) are thus
described as a C-linear combination of w;(P), w;(P), w;;(P; Q) and exact differentials
in Qc,,,c- Here we set P=(1, x, y). Consequently n has the expression

’7=dR/Cb+Z dR/Cb Zﬂl R/Cu +Z Vil R/C l
J _) l Ui
1Y Y 5@t D drcti | (P4 pon(P)
T QeE(C) wu—u;(Q) v
+ Y vQwm(P;0), (6)
QeE(C)*

where b, b;e R, u;, v;e K, a;, B;, vi, 6:(Q), 4, u, v(Q) € C. We may assume that the a; are
linearly 1ndependent over rational number field. Applying ¢ to this,

b;
dxn= dR/Kb+Z“ RII)K ! + A (P) + pudpxw;(P)+ Z v(Q)Pxw(P; Q).

J QeE(C)*

3) ¢@w;(P)eK. Then we first find ¢xn=copgw;(P), ceC, since D*pxw,(P)=0.
By Lemma 2, b, b;e K, p=0, and there exist the f; with
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Z%M=Z%M+(l—6)w;(1’)+ Y Qo (P; Q).
F Ji F b; Q< E(C)
Since Dx/y has a w-expression over K by assumption, this together with (6) shows a
has a w-expression over K.
4) ow,;(P)eK. By the same argument as above, ¢yxn= cqwa,,(P) ceC. By
Lemma 2, b, b;e K, p=c and there exist the f; with

Yo, L =50, L Lo+ T v @ (P; ).

7 fi 7 ; QeE(C)"

Using the assumption ¢w,,(P) has a w-expression over K, we see a has a w-expression
over K.

5) ow;(P; Qo)eK. Readily ¢xn=codgw(P; Qo), ceC. Owing to this,
b, b;e K, u=0 and there exist the f; with

dricfi dricbh;
Z“j—mi=2“j R4 doo(P) + Y. Qo (P; Q) —cwpp (P, Qo) .
7 fi j b; QeE(C)*
Therefore a has a w-expression over K.
We thus complete the proof.
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