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Introduction.

For a positive integer $k$, let $S_{k}$ be the space of all Siegel cusp forms of weight $k$

on $Sp(2, Z)$ . Suppose $f\in S_{k}$ is an eigenform, i.e., a non-zero common eigenfunction of
the Hecke algebra. Then we define the spinor L-function attached to $f$ by

(0.1) $L$($s,f$, spin)

$:=\prod_{p}\{(1-\alpha_{0.p}p^{-s})(1-\alpha_{0,p}\alpha_{1,p}p^{-s})(1-\alpha_{0,p}\alpha_{2,p}p^{-s})(1-\alpha_{0,p}\alpha_{1,p}\alpha_{2,p}p^{-s})\}^{-1}$

and the standard L-function attached to $f$ by

(0.2) $L(s,f, \underline{st}):=\prod_{p}\{(1-p^{-s})\prod_{j=1}^{2}(1-\alpha_{j,p}^{-1}p^{-s})(1-\alpha_{j,p}p^{-s})\}^{-1}$ ,

where $p$ runs over all prime numbers and $\alpha_{j,p}(0\leq j\leq 2)$ are the Satake p-parameters of
$f$ The right-hand sides of (0.1) and (0.2) converge absolutely and locally uniformly for
${\rm Re}(s)$ sufficiently large.

For an indeterminate $t$ , we put

$H_{p}(t,f, \underline{spin}):=(1-\alpha_{O,p}t)(1-\alpha_{O,p}\alpha_{1,p}t)(1-\alpha_{O,p}\alpha_{2,p}t)(1-\alpha_{O,p}\alpha_{1,p}\alpha_{2,p}t)$ ,

$H_{p}(t,f, \underline{st}):=(1-t)\prod_{j=1}^{2}(1-\alpha_{j,p}^{-1}t)(1-\alpha_{j,p}t)$ ,

where $H_{p}$($t,f$, spin), $H_{p}(t,f, \underline{st})\in R[t]$ .

DEFINITION. (cf. Kurokawa [9]) We say that $f\in S_{k}$ satisfies the Ramanujan-
Petersson conjecture if the absolute values of the zeros of $H_{p}$ ($t,f$, spin) are all equal
to $p^{-\langle k-3/2)}$ for all $p$ .
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Since the Satake p-parameters satisfy $\alpha_{0,p}^{2}\alpha_{1.p}\alpha_{2,p}=p^{2k-3}$ , this is equivalent to

saying that

$|\alpha_{1,p}|=|\alpha_{2.p}|=1$ for all $p$ ,

that is, the absolute values of the zeros of $H_{p}(t,f, \underline{s}t)$ are all equal to 1 for all $p$ , or to
saying that

$\underline{st}_{p}(f):=\left(\begin{array}{lllll}1 & 0 & 0 & 0 & 0\\0 & a_{p} & b_{p} & 0 & 0\\0 & -b_{p} & a_{p} & 0 & 0\\0 & 0 & 0 & c_{p} & d_{p}\\0 & 0 & 0 & -d_{p} & c_{p}\end{array}\right)\in SO(5, R)$ for all $p$ ,

where $a_{p}=+(\alpha_{1.p}+\alpha_{1,p}^{-1}),$ $b_{p}=\frac{1}{2i}(\alpha_{1,p}-\alpha_{1,p}^{-1}),$ $c_{p}=*(\alpha_{2,p}+\alpha_{2,p}^{-1}),$ $d_{p}=\frac{1}{2i}(\alpha_{2,p}-\alpha_{2,p}^{-1})$ (cf.
Langlands [11]).

For an even integer $k$, let $S_{k}^{*}$ be the MaaB subspaoe of $S_{k}$ (cf. MaaB [13, 14, 15],
Andrianov [3], Zagier [23]). We know that iffbelongs to the MaaB space $S_{k}^{*},f$doesn’t
satisfy the Ramanujan-Petersson conjecture. Now, our conjecture takes the following
form:

CONJECTURE. (cf. Kurokawa [9, Conjecture 3]) If $k$ is an even integer, any cusp
eigenform of weight $k$ in the orthogonal complement of the MaaB space satisfies the
Ramanujan-Petersson conjecture. If $k$ is an odd integer, any cusp eigenform of weight
$k$ satisfies the Ramanujan-Petersson conjecture.

We will analyze this $\infty njecture$ from elementary properties of L-functions. Al-
though several authors make numerical researches on our conjecture, so far we don’t
know even the existence of $f$ which satisfies the Ramanujan-Petersson conjecture
(cf. Kurokawa [9], Skoruppa [21]).

NOTATION. $1^{o}$ . As usual, $Z$ is the ring of rational integers, $Q$ the field of rational
numbers, $R$ the field of real numbers, $C$ the field of complex numbers.

$2^{o}$ . Let $m,$ $n\in Z,$ $m,$ $n>0$ . If $A$ is an $m\times n$-matrix, then we write it also as $A^{(m.n)}$ ,

and as $A^{\langle m)}$ if $m=n$ . The identity matrix of size $n$ is denoted by $1_{n}$ .
$3^{o}$ . For $n\in Z,$ $n>0,$ let $A^{\langle n)}$ be a diagonal matrix with diagonal entries $a_{1},$ $\cdots,$ $a_{n}$ .

We denote it by $d(a_{1}, \cdots, a_{n})$ .
$4^{o}$ . For $n\in Z,$ $n>0$ , let $\Gamma^{n}$ $:=Sp(n, Z)$ be the Siegel modular group of degree $n$

and let $\mathfrak{H}_{n}$ be the Siegel upper half space of degree $n$, that is,

$\mathfrak{H}_{n}$ $:=\{Z=X+iY\in C^{(n)}|{}^{t}Z=Z, Y>0\}$ .
$5^{o}$ . We put

$\xi(s):=r_{R}(s)\zeta(s)=\xi(1-s)$ ,

$\Gamma_{R}(s):=\pi^{-s/2}\Gamma(s/2)$ , $\Gamma_{C}(s):=2(2\pi)^{-s}\Gamma(s)=\Gamma_{R}(s)\Gamma_{R}(s+1)$ ,
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where $\zeta(s)$ is the Riemann zeta function and $\Gamma(s)$ is the gamma function.

\S 1. Preliminaries.

Let $k$ be a positive integer. A holomorphic function $f$ on $\mathfrak{H}_{n}$ is called a Siegel
modular form of weight $k$ if it satisfies

$(f|M)(Z):=\det(CZ+D)^{-k}f((AZ+B)(CZ+D)^{-1})=f(Z)$

for all $z\in \mathfrak{H}_{n}$ and $M=\left(\begin{array}{ll}A^{\langle n)} & B^{\{n)}\\C^{\langle n)} & D^{(n)}\end{array}\right)\in\Gamma^{n}$ and if it is holomorphic at the cusps when $n=1$ .

The space of Siegel modular forms of weight $k$ is denoted by $M_{k}^{n}$ .
We define the Siegel operator $\Phi$ on $M_{k}^{n}$ by

$(\Phi fXZ):=\lim_{t\rightarrow\infty}f(\left(\begin{array}{ll}Z & 0\\0 & it\end{array}\right))$

for $Z\in \mathfrak{H}_{n-1}$ . Then the operator $\Phi$ defines the map $\Phi:M_{k}^{n}\rightarrow M_{k}^{n-1}$ . Suppose $f\in M_{k}^{n}$ .
Then it is called a cusp form if it satisfies $\Phi f=0$.

In what follows, we restrict ourselves to the case $n=2$ and we omit subscripts
conceming the case $n=2$ when there is no fear of confusion.

We define $G^{+}:$ $=G^{+}Sp(2, Q)$ by

$G^{+}$ $;=\{M\in GL\langle 4,$ $Q$) $|{}^{t}M\left(\begin{array}{ll}0 & 1_{2}\\-1_{2} & 0\end{array}\right)M=\mu(M)\left(\begin{array}{ll}0 & 1_{2}\\-1_{2} & 0\end{array}\right),$ $\mu(M)>0\}$ ,

and for a prime number $p,$ $G_{p}^{+}$ $:=G^{+}\cap GL(4, Z[p^{-1}])$ .
Let $\ovalbox{\tt\small REJECT}$ (resp. $\ovalbox{\tt\small REJECT}_{p}$) be the free C-module generated by the double cosets $\Gamma g\Gamma,$ $g\in G^{+}$

(resp. $G_{p}^{+}$ ). Then $\ovalbox{\tt\small REJECT}$ is a commutative algebra and we call it the Hecke algebra (over
$C)$ . We get $\ovalbox{\tt\small REJECT}=\otimes_{p}\ovalbox{\tt\small REJECT}_{p}$ , where the tensor product is the restricted one. Moreover, the
structure of $\ovalbox{\tt\small REJECT}_{p}$ is known: For $0\leq j\leq 2$ , let $w_{j}$ be an automorphism of $C[X_{O}^{\pm 1}, X_{1}^{\pm 1}, X_{2}^{\pm 1}]$

such that

$w_{0}(X_{0})=X_{0}$ , $w_{0}(X_{1})=X_{2}$ , $w_{0}(X_{2})=X_{1}$ ,

$w_{1}(X_{0})=X_{0}X_{1}$ , $w_{1}(X_{1})=X_{1}^{-1}$ , $w_{1}(X_{2})=X_{2}$ ,

$w_{2}(X_{0})=X_{O}X_{2}$ , $w_{2}(X_{1})=X_{1}$ , $w_{2}(X_{2})=X_{2}^{-1}$

The automorphisms $w_{j}(0\leq j\leq 2)$ generate a finite group $W$. We call it the Weyl group.
We get

$\Psi:\ovalbox{\tt\small REJECT}_{p}\rightarrow^{\cong}C[X_{0}^{\pm 1}, X_{1}^{\pm 1}, X_{2}^{\pm 1}]^{W}$ ,

where $C[X_{0}^{\pm 1}, X_{1}^{\pm 1}, X_{2}^{\pm 1}]^{W}$ is the W-invariant subalgebra of $C[X_{0}^{\pm 1}, X_{1}^{\pm 1}, X_{2}^{\pm 1}]$ .
For $g\in G^{+}$ , let $\Gamma g\Gamma=\bigcup_{j=1}^{r}\Gamma g_{j}$ be a decomposition of the double coset $\Gamma g\Gamma$ into

left cosets. For $f\in M_{k}$ (resp. $S_{k}$), we define the Hecke operator $(\Gamma g\Gamma)$ by
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$f|(\Gamma g\Gamma):=\mu(g)^{2k-}3$ $\sum_{j=1}^{r}f|g_{j}$ .

Then we get a homomorphism $\ovalbox{\tt\small REJECT}\rightarrow End(M_{k})$ (resp. End$(S_{k})$).
For $\delta\in Z,$ $\delta>0$ and a prime number $p$, we put

$T(p^{\delta}):=\sum_{\mu(g)=p^{\delta}}(\Gamma g\Gamma)$ ,

where $g=d(p^{d}’, p^{d_{2}}, p^{e_{1}}, p^{e_{2}})\in G_{p}^{+},$ $d_{j},$ $e_{j}\in Z(j=1,2)$ and $0\leq d_{1}\leq d_{2}\leq e_{2}\leq e_{1}$ .
Suppose $f\in M_{k}$ is an eigenform. We denote the eigenvalue of $(\Gamma g\Gamma)$ on $f$by $\lambda_{f}(\Gamma g\Gamma)$

and that of $T(p^{\delta})$ on $f$ by $\lambda_{f}(p^{\delta})$ .
If the homomorphism $\lambda_{f}$ : $\ovalbox{\tt\small REJECT}_{p}\rightarrow C$ coincides with the composite map of the

isomorphism $\Psi$ and the evaluation map

$C[X_{0}^{\pm 1}, X_{1}^{\pm 1}, X_{2}^{\pm 1}]^{W}\rightarrow C(X_{0},X_{1},X_{2})\mapsto(\alpha_{O.p},\alpha_{1.p},\alpha_{2_{P}},)$

then the numbers $\alpha_{0,p},$ $\alpha_{1,p},$ $\alpha_{2,p}\in C^{*}$ , the Satake p-parameters of $f$, are uniquely
determined modulo $W$. In this case, they are uniquely determined by

$\lambda_{f}(\Gamma p1_{4}\Gamma)=p^{-3}\alpha_{0,p}^{2}\alpha_{1,p}\alpha_{2,p}$ , $\lambda_{f}(p)=\alpha_{0,p}(1+\alpha_{1,p}X1+\alpha_{2,p})$ ,

$\lambda_{f}(\Gamma d(1, p,p^{2}, p)\Gamma)=p^{-1}\alpha_{0,p}^{2}(\alpha_{1,p}+\alpha_{2.p}X1+\alpha_{1,p}\alpha_{2,p})+(p^{-1}-p^{-3})\alpha_{0,p}^{2}\alpha_{1,p}\alpha_{2,p}$ ,

up to the action of the Weyl group $W$.
We summarize some facts on Siegel modular forms and on L-functions attached

to them. In what follows, we suppose that $f\in S_{k}$ is an eigenform.
(I) It follows from the hermiteness of Hecke operators $(\Gamma g\Gamma),$ $g\in G^{+}$ , that we

have $\lambda_{f}(\Gamma g\Gamma)\in R$ . In fact, by Kurokawa [10], we know that the eigenvalues on $f$ of the
Hecke algebra over $Q$ generate a totally real finite extension of $Q$ .

(II) We put

$\Lambda(s,f_{S}D^{t} : =\Gamma_{R}(s)\prod_{j=1}^{2}\Gamma_{C}(s+k-j)L\langle s,f,$ $\underline{st}$).

Andrianov-Kalinin [4] and B\"ocherer [6] (cf. Piatetski-Shapiro and Rallis [20]) have
discovered that $\Lambda(s,f, \underline{st})$ has a meromorphic continuation to the whole s-plane and
satisfies the functional equation

$\Lambda$($s,f$, st) $=\Lambda$( $1-s,f$, st).

Moreover, Mizumoto [16] has shown that it is entire.
(III) We put

$\Lambda$($s,f$, spin): $=\Gamma_{C}(s)\Gamma_{C}(s-k+2)L\langle s,f$, spin).

Andrianov [1] has shown that $\Lambda$($s,f$, spin) has a meromorphic continuation to the
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whole s-plane and satisfies the functional equation
$\Lambda$($s,f$, spin) $=(-1)^{k}\Lambda$($2k-2-s,f$, spin).

For an odd integer $k$, it is entire. For an even integer $k$ , Evdokimov [8] and Oda [19]

have shown that $\Lambda$ ($s,f$, spin) has a simple pole at $s=k$ (or equivalently, at $s=k-2$) if
and only if $f\in S_{k}^{*}$ . Especially, if $f\in S_{k}^{*},$ $L\langle s,f$, spin) is the following form:

(1.1) $L(s,f, \underline{spin})=\prod_{p}\{(1-p^{k-1}p^{-s})(1-p^{k-2}p^{-s})(1-\omega p^{-s})(1-\overline{\omega}p^{-s})\}^{-1}$
,

where $|\omega|=p^{k-3/2}$ .

\S 2. Results.

First we note that the set $\{\alpha_{1,p}, \alpha_{1,p}^{-1}, \alpha_{2,p}, \alpha_{2,p}^{-1}\}$ is invariant under the action of the
Weyl group $W$.

LEMMA 1. For an eigenform $f\in S_{k}$ , the set { $\alpha_{1,p},$
$\alpha_{1,p}^{-1},$

$\alpha_{2,p},$
$\alpha_{2,p}^{-1}$) is one of the

following types:
Type I. $\{p^{a_{1}}, p^{-a_{1}}, p^{a_{2}}, p^{-a_{2}}\}$ or $\{-p^{a}, -p^{-a_{1}}, -p^{a_{2}}, -p^{-a_{2}}\}$ , where $a_{1},$ $a_{2}\in R$ and

$0<a_{2}<a_{1}$ .
Type II. $\{e^{i\theta}, e^{-i\theta}, p^{a}, p^{-a}\}$ or $\{-1, -1, -p^{a}, -p^{-a}\}$ , where $a\in R,$ $0<a$ and

$ 0\leq\theta<2\pi$ .
Type III. $\{p^{a}e^{i\theta}, p^{-a}e^{-i\theta}, p^{a}e^{-i\theta}, p^{-a}e^{i\theta}\}$ , where $a\in R,$ $0<a$ and $ 0\leq\theta<2\pi$ .
Type RP. $\{e^{i\theta_{1}}, e^{-i\theta_{1}}, e^{i\theta_{2}}, e^{-i\theta_{2}}\}$ , where $0\leq\theta_{1},$ $\theta_{2}<2\pi$ .
PROOF. By $H_{p}(t,f, \underline{st})\in R[t]$ , we have

$\{\alpha_{1,p}, \alpha_{1,p}^{-1}, \alpha_{2,p}, \alpha_{2,p}^{-1}\}=\{\overline{\alpha_{1,p}}, \overline{\alpha_{1,p}^{-1}}, \overline{\alpha_{2,p}}, \overline{\alpha_{2,p}^{-1}}\}$ .
From this fact, Lemma 1 is proved except for signatures in type I and in type $\Pi$ .

In type I, it follows from $\lambda_{f}(p)\in R$ that we have $\alpha_{0,p}\in R$ . Combining this with
$\alpha_{0.p}^{2}\alpha_{1,p}\alpha_{2,p}=p^{2k-3}$ , we obtain $\alpha_{1,p}\alpha_{2,p}>0$ . In the same way, we can determine signatures
in type II. $\square $

THEOREM 1. Conjecture holds if any eigenform $f\in S_{k}$ satisfies the following
conditions:

(A) For anyprime $p$ , the logarithms ofthe absolute values ofthe zeros of$H_{p}$($t,f$, spin)
(or equivalently, of $H_{p}(t,f,$ $\underline{st})$) to the base $p$ are independent of $p$ .

(B) For all but a finite number of primes $p,$ $H_{p}$($t,f$, spin) and $H_{p}(t,f, \underline{st})$ have no
negative real zeros.

With the use of the Satake parameters, we can replace the condition (A) by the
following form:
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(A) For any primes $p$ and $q$ , by the suitable action of the Weyl group,

$\log_{p}|\alpha_{1,p}|=\log_{q}|\alpha_{1.q}|$ and $\log_{p}|\alpha_{2,p}|=\log_{q}|\alpha_{2,q}|$

hold.

If we note that our L-functions $L\langle s,f$, spin) and $I4s,f,$ $\underline{st}$) are unramified at all $p$ in
the sense of Langlands [11], we can understand that “any prime” in (A) is “any
unramified prime”. If so, (A) is true for many L-functions which have the Euler product
expansions, e.g., the Riemann zeta-function, the Dirichlet L-functions, the Hasse-Weil
L-functions and so on.

$PR\infty F$ . For a positive integer $k$, let $f\in S_{k}$ be an eigenform. We note that, under
the condition (A), the types of $\{\alpha_{1,p}, \alpha_{1,p}^{-1}, \alpha_{2,p}, \alpha_{2.p}^{-1}\}$ are the same for all $p$ . If
$\{\alpha_{1,p}, \alpha_{1,p}^{-1}, \alpha_{2,p}, \alpha_{2,p}^{-1}\}$ is of type I (resp. type II, type III or type RP) for any prime $p$ ,
we say that $f$ is of type I (resp. type II, type III or type RP).

In what follows, we assume that $f$ satisfies the condition (B).
If $f$ is of type I, then for almost all $p,$ $H_{p}(t,f,$ $sDt$ is the following form:

$H_{p}(t,f, \underline{st})=(1-tX1-p^{a_{1}}tX1-p^{-a_{1}}tX1-p^{a_{2}}tX1-p^{-a_{2}}t)$ ,

where $a_{1}$ and $a_{2}$ are independent of $p$ . Then $I4s,f,$ $\underline{st}$) has a pole at $s=1+a_{1}$ . This
contradicts the fact (II).

If $f$ is of type II, then for almost all $p,$ $H_{p}(t,f, \underline{st})$ is the following form:

$H_{p}(t,f, \underline{st})=(1-rX1-e^{i\theta_{p}}tX1-e^{-i\theta_{p}}tX1-p^{a}tX1-p^{-a}t)$ ,

where0 $\leq\theta_{p}<2\pi$ anda is independent ofp. $ThenL\langle s,f,$ $\underline{st}$) hasa pole at s $=1+a$ . This
contradicts the fact (II).

If $f$ is of type III, then for almost all $p,$ $H_{p}$($t,f$, spin) is the following form:

$H_{p}$($t,f$, spin) $=(1-p^{k-3/2+a}tX1-p^{k-3/2-a}tX1-p^{k-3/2}e^{i\theta_{p}}tX1-p^{k-3/2}e^{-i\theta_{p}}t)$ ,

where $ 0\leq\theta_{p}<2\pi$ and $a$ is independent ofp. Then $L\langle s,f$, spin) has a pole at $s=k-1/2+a$ .
If $k$ is an odd integer, this contradicts the fact (III). If $k$ is an even integer, we have

$f\in S_{k}^{*}$ and $a=1/2$ . $\square $

For an even integer $k$, let $S_{k}^{*\perp}$ be the orthogonal complement of the MaaB space
$S_{k}^{*}$ , that is, $S_{k}=S_{k}^{*\perp}\oplus S_{k}^{*}$ . For an odd integer $k$ , we put $S_{k}^{*}=\{0\}$ when there is no fear
of confusion.

Suppose that any eigenform $f\in S_{k}$ satisfies the condition (A). If $f$ of type I
occurs, then there exist infinitely many prime numbers such that $\lambda_{f}(p)<0$ and
$\lambda_{f}(\Gamma d(1, p, p^{2}, p)\Gamma)<0$ . If $f$ of type II occurs, then there exist infinitely many
prime numbers such that $\lambda_{f}(p)=0$ . If $f$ of type III occurs, then $f\in S_{k}^{*}$ or there exist
infinitely many prime numbers such that $\lambda_{f}(p)<0$ .

So we have:
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COROLLARY 1. Let $f\in S_{k}$ be an eigenform. If $f$ satisfies the condition (A) and $\iota f$

$\lambda_{f}(p)>0$ for almost all $p$ , then $f$satisfies the Ramanujan-Petersson conjecture or $f$belongs
to the $MaaP$ space $S_{k}^{*}$ .

We consider the spaces $S_{20}^{*\perp}=CY20,$ $S_{22}^{*\perp}=CY22,$ $S_{24}^{*\perp}=CY24a\oplus CY24b$ and
$S_{26}^{*\perp}=CY26a\oplus CY26b$ , where $r*is$ the same eigenform as that in Skoruppa [21]. Note
that $S_{k}^{*1}=\{0\}$ for $k<20$ .

In [21], the first few Euler factors

$H_{p}$($t,f$, spin) $=$

$(1-(\frac{\lambda_{Y*}(p)}{2}+\sqrt{d_{Y*}(p)})t+p^{2k-3}t^{2})(1-(\frac{\lambda_{Y*}(p)}{2}\sqrt{d_{Y*}(p)})t+p^{2k-3}t^{2})$ ,

where $d_{Y*}(p)=-\frac{3}{4}\lambda_{Y*}(p)^{2}+\lambda_{Y*}(p^{2})+p^{2k-4}+2p^{2k-3}$ , have been computed. Using
Skoruppa’s Table 4 in [21], we compute the first few Euler factors

$ H_{p}(t, Y*, \underline{st})=(1-t)\times$

$(1-(\frac{C_{Y*}(p)}{2}+\sqrt{D_{Y*}(p)})\frac{1}{p^{2k-3}}t+t^{2})(1-(\frac{C_{Y*}(p)}{2}\sqrt{D_{Y}.(p)})\frac{1}{p^{2k-3}}t+t^{2})$ .

The resulting values of $C_{Y*}(p)$ and $D_{Y*}(p)$ are given in Table below. Within the range
ofour computations, the Euler factors $H_{p}$( $t,$ $Y*$ , spin) and $H_{p}(t,$ $r*,$ $D$ of Y22 up to Y26b

TABLE

r The number 2167243962867300928540511 is not a prime number.
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have no negative real zeros.
Now we define some L-functions attached to Siegel modular forms. Let sym2 be

the symmetric square representation of $GI4n,$ $C$), i.e.,

$sym^{2}$ : $GI4n,$ $C$) $\rightarrow GL(\frac{n(n+1)}{2}$, $c)$ .

For an eigenform $f\in S_{k}$ , we put

(2.1)
$L(s,f, sym^{2}s\cup t):=\prod_{p}\det(1_{15}-sym^{2}(\underline{st}_{p}(f))p^{-s})^{-1}$ ,

(2.2) $L\langle s,f,$
$sym^{2}(\underline{spin})):=\prod_{p}\det(1_{10}-sym^{2}(\underline{spin}_{p}(f))p^{-\langle s+2k-3)})^{-1}$ ,

where $\underline{spin}_{p}(f):=d(\alpha_{0,p}, \alpha_{0,p}\alpha_{1,p}, \alpha_{O,p}\alpha_{1,p}\alpha_{2,p}, \alpha_{O.p}\alpha_{2,p})$ . The right-hand sides of (2.1) and
(2.2) converge absolutely and locally uniformly for ${\rm Re}(s)$ sufficiently large.

For $r=sym^{2}s\cup t$ or $r=sym^{2}(\underline{spin})$ , we put

$\Lambda(s,f, r):=\Gamma(s,f, r)L\langle s,f,$ $r$),

where $\Gamma(s,f, r)$ is the suitable $\Gamma$-factor of $L\langle s,f,$ $r$).
Then we expect the following:

(C) Let $r=sym^{2}s\cup t$ or $r=sym^{2}(\underline{spin})$ . For any eigenform $f\in S_{k},$ $\Lambda(s,f, r)$ has a
meromorphic continuation to the whole s-plane and satisfies the functional equation

(2.3) $\Lambda(s,f, r)=\epsilon(f, r)\Lambda(1-s,f, r)$ ,

where $\epsilon(f, r)$ is a constant. Moreover, $\Gamma(s,f, r)$ has neither poles nor zeros at $s=\sigma\in R$,
$\sigma>1$ and if $\Lambda(s,f, r)$ has a pole at $s=\sigma\in R,$ $\sigma>1$ , then $f\in S_{k}^{*}$ .

The following is proved in the same way as Theorem 1.

THEOREM 2. If the condition (C) holds, Conjecture is equivalent to saying that any
eigenform $f\in S_{k}$ satisfies the condition (A).

$PR\infty F$ . It is clear that any eigenform $f\in S_{k}$ satisfies the condition (A) if Conjecture
holds. So we suppose that any eigenform $f\in S_{k}$ satisfies the condition (A).

The set of eigenvalues of $sym^{2}(\underline{spin}_{p}(f))p^{-\langle 2k-3)}$ is

(2.4) $\{1, \alpha_{1,p}, \alpha_{1,p}^{-1}, \alpha_{2,p}, \alpha_{2,p}^{-1},1, \alpha_{1,p}\alpha_{2.p}, \alpha_{1,p}\alpha_{2.p}^{-1}, \alpha_{1,p}^{-1}\alpha_{2,p}, \alpha_{1,p}^{-1}\alpha_{2,p}^{-1}\}$

and that of $sym^{2}(\underline{st}_{p}(f))$ is

(2.5) {1, $\alpha_{1,p},$
$\alpha_{1,p}^{-1},$

$\alpha_{2,p},$
$\alpha_{2,p}^{-1},1,$ $\alpha_{1.p}^{2},$ $\alpha_{1,p}^{-2},$ $\alpha_{2,p}^{2},$ $\alpha_{2,p}^{-2}$ ,

1, $\alpha_{1,p}\alpha_{2,p},$
$\alpha_{1,p}\alpha_{2,p}^{-1},$ $\alpha_{1.p}^{-1}\alpha_{2.p},$ $\alpha_{1,p}^{-1}\alpha_{2,p}^{-1}$ }.

If $f$ is of type I, then the set (2.4) is
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$\{1, \pm p^{a_{1}}, \pm p^{-a_{1}}, \pm p^{a_{2}}, \pm p^{-a_{2}},1, p^{a_{1}+a_{2}}, p^{a_{1}-a_{2}}, p^{-a_{1}+a_{2}}, p^{-a_{1}-a_{2}}\}$ ,

where $a_{1}$ and $a_{2}$ are independent of $p$ . So $L(s,f, sym^{2}(\underline{spin}))$ has a pole at $1+a_{1}+a_{2}$

and $f\in S_{k}^{*}$ by the condition (C). But this is impossible because of the form of (1.1).
If $f$ is of type II, then the set (2.5) is

{1, $e^{i\theta},$ $e^{-i\theta},$ $\pm p^{a},$ $\pm p^{-a},$ $1,$ $e^{2i\theta},$ $e^{-2i\theta},$ $p^{2a},$ $p^{-2a}$ ,

1, $\pm p^{a}e^{i\theta},$ $\pm p^{-a}e^{i\theta},$ $\pm p^{a}e^{-i\theta},$ $\pm p^{-a}e^{-i\theta}$},

where $a$ is independent of $p$ . So $L(s,f, sym^{2}(\underline{st}))$ has a pole at $1+2a$ and $f\in S_{k}^{*}$ by the
condition (C). But this is impossible because of the form of (1.1).

If $f$ is of type III, then the set (2.4) is
$\{1, p^{a}e^{i\theta}, p^{-a}e^{-i\theta}, p^{a}e^{-i\theta}, p^{-a}e^{i\theta}, 1, p^{2a}, e^{2i\theta}, e^{-2i\theta}, p^{-2a}\}$ ,

where $a$ is independent of $p$ . So $L(s,f, sym^{2}(\underline{spin}))$ has a pole at $1+2a$ and $f\in S_{k}^{*}$ by
the condition (C). Thus Theorem 2 is proved. $\square $

REMARKS. (i) If $f\in S_{k}^{*}$ , then $L(s,f, sym^{2}(\underline{spin}))$ diverges at $s=2$ .
(ii) In (C), we don’t assert absolute convergence of $L(s,f, r)$ for ${\rm Re}(s)>1$ .
At the referee’s suggestion we study the sign of $\lambda_{f}(p)$ . For this, we need the following

condition (cf. \S 1 (III)).
(D) Let $f\in S_{k}$ be an eigenform. Then the $\Gamma$-factor of $L\langle s,f,$ $sym^{2}(\underline{spin}))$ is

$\Gamma(s,f, sym^{2}(\underline{spin}))=\prod_{j=1}^{10}\Gamma_{R}(s+\gamma_{j})$ $(\gamma_{j}\in\frac{1}{2}Z)$ .

The function $\Lambda(s,f, sym^{2}(\underline{spin}))$ has a meromorphic continuation to the whole s-plane and
satisfies the functional equation (2.3). In any vertical strip, there exists a constant $K>0$

such that

$L(s,f, sym^{2}(\underline{spin}))=O(e^{t^{K}})$ $(s=\sigma+it)$

as $ t\rightarrow\infty$ . The function $\Lambda(s,f, sym^{2}(\underline{spin}))$ has a pole if and only if $f\in S_{k}^{*}$ . Moreover, $\iota f$

$f\not\in S_{k}^{*},$ $L(1, f, \underline{st})\neq 0$ and $L(1, f_{J}sym^{2}(\underline{spin}))\neq 0$ .
Then we have:

THEOREM 3. Let $f\in S_{k}$ be an eigenform. Suppose that the condition (D) holds. Iff
satisfies the Ramanujan-Petersson conjecture, then $\lambda_{f}(p)$ changes sign infinitely often.

Then Corollary 1 takes the following form.

COROLLARY 2. Let $f\in S_{k}$ be an eigenform. Under the conditions (A) and (D), $f$

belongs to the $ Maa\beta$ space $S_{k}^{*}$ if and only if $\lambda_{f}(p)>0$ for almost all $p$ .

For our purposes we consider the Dirichlet series
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$\varphi_{1}(s)=\sum_{n=1}^{\infty}\frac{a_{n}}{n^{s}}:=I4s+k-3/2,f,$ $\underline{spin}$) ,

$\varphi_{2}(s)=\sum_{n=1}^{\infty}\frac{b_{n}}{n^{s}}=L\langle s,f,$ $\underline{spin}^{\Phi 2}$) $:=\zeta(s)L(s,f, \underline{st})L\langle s,f,$ $sym^{2}(\underline{spin}))$ ,

where $s=\sigma+it$ . Note that $b_{p}=a_{p}^{2}=\lambda_{j}\langle p)^{2}p^{-\langle 2k-3)}$ for all $p$ .
For $r=1,2$, define the function

$ N_{\varphi_{r}}(\sigma, T):=\#$ { $\rho=\beta+i\gamma|\varphi_{r}(\rho)=0$ with $\beta\geq\sigma$ and $|\gamma|\leq T$ }.
LEMMA 2. Let $f\in S_{k}$ be an eigenform. Suppose that the condition (D) holds. If $f$

satisfies the Ramanujan–Petersson conjecture, then $\varphi_{r}(s)(r=1,2)$ has the following
four properties:

(1) $\sum_{p\leq x}a_{p}\log p=-\sum_{|\gamma|\leq T}\frac{x^{\rho}}{\rho}+o(\frac{x(\log x)^{2}}{T})$ ,

$\sum_{p\leq x}b_{p}$ log $p=x-\sum_{|\gamma|\leq T}\frac{x^{\rho}}{\rho}+o(\frac{x(\log x)^{2}}{T})$ ,

where the sum on the left-hand side is over primes and that on the right-hand side is over
the zeros $\rho=\beta+i\gamma$ of $\varphi_{r}(s)$ with $|\gamma|\leq T\leq x^{1/2}$ and $\beta\geq 0$ .

(2) $\varphi_{r}(s)\neq 0$ in the region $\sigma\geq 1-\frac{A}{\log(2+|t|)}$ , $A>0$ .

(3) $N_{\varphi_{r}}(\sigma, T)\ll T^{c(1-\sigma)}$ , $c>0$ ,

uniformly for $1/2\leq\sigma\leq 1,$ $ T\rightarrow\infty$ .
(4) $N_{\varphi_{r}}(0, T)<<T$ log $T$ .

We say that $\varphi_{r}(s)$ has the Hoheisel property if the four properties above hold.
$PR\infty F$ . By an application of Perron’s formula to the function $-\varphi^{\prime},(s)/\varphi_{r}(s)$, we

have

(2.6) $\frac{1}{2\pi i}\int^{1+\delta};^{tT}-\frac{\varphi_{r}^{\prime}(s)}{\varphi_{r}(s)}\frac{x^{s}}{s}ds+o(\frac{x(\log x)^{2}}{T})=\left\{\sum_{\sum_{p\leq x}}p\leq x_{b_{p}1ogp}a_{p}logp\right.$ $ififr=2r=1$
,

where $\delta>0$ . The integral on the left-hand side of (2.6) is

$\frac{1}{2\pi i}\int_{1}^{1+\delta};^{iT}-\frac{\varphi_{r}^{\prime}(s)}{\varphi_{r}(s)}\frac{x^{s}}{s}ds=\frac{1}{2\pi i}\int_{C}+\frac{1}{2\pi i}(\int_{-u+tT}^{1+\delta+\iota r}+\int_{-u}^{-u};_{iT}^{tT}+\int_{1+\delta-tT}^{-u-iT})$

where the contour $C$ consists of four lines joining the points $1+\delta-iT,$ $1+\delta+iT$,
$-u+iT,$ $-u-iT$ and $1+\delta-iT$. Then we have
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$\frac{1}{2\pi i}\int_{C}=\left\{\begin{array}{ll}-\sum_{|\gamma|\leq T}\frac{x^{\rho}}{p}+O(1), & if r=1,\\x-\sum_{|\gamma|\leq T}\frac{x^{\rho}}{p}+O(1), & if r=2 ,\end{array}\right.$

$\frac{1}{2\pi i}(\int_{-u+tT}^{1+\delta+tT}+\int_{-u-iT}^{-u+tT}+\int_{1+\delta-tT}^{-u-tT})=o(\frac{x(\log x)^{2}}{T})$

as $ u\rightarrow\infty$ (cf. Chandrasekharan [7, Chapter V Theorem 1]). Thus $\varphi_{r}(s)$ has the prop-
erty (1).

If we apply the same method as in the proof of Murty’s Theorem 3 in [18] to
$f(s)=\varphi_{2}(s)$ and $g(s)=\zeta(s)\varphi_{1}(s)^{2}\varphi_{2}(s)$ , we have $\varphi_{1}(1+it)\neq 0$ and $\varphi_{2}(1+it)\neq 0$ . Then the
same method as in the proof of Titchmarsh’s Theorem 3.5 in [22, Chapter III] gives
azero-free region of the type (2) for f$(s)andg(s)$ . Thus $\varphi_{r}(s)$ has the property (2).

The property (3) is proved in the same way as that in Chandrasekharan [7, Chapter
V Theorem 3]. The property (4) has been shown by Bemdt [5, Theorem 10]. $\square $

$PR\infty F$ OF THEOREM 3. By Lemma 2, we know that $\varphi_{r}(s)$ has the Hoheisel property.
Then, by Moreno [17] (cf. Murty [18, Lemma4]), there isav $>0$ , such that ifh $=x^{\theta}$ ,
$v<\theta<1$ , we have

(i) $\sum_{x\leq p\leq x+h}a_{p}=o(h)$ ,

$\sum_{x\leq p\leq x+h}b_{p}\gg h$ .

Suppose that $\lambda_{f}(p)=a_{p}p^{k-3/2}$ doesn’t change sign in $x\leq p\leq x+h$ , for $h=x^{\theta}$ , where
$\theta$ satisfies the condition above. Then we have

$|\sum_{x\leq p\leq x+h}a_{p}|=\sum_{x\leq p\leq x+h}|a_{p}|>>\sum_{x\leq p\leq x+h}a_{p}^{2}=\sum_{x\leq p\leq x+h}b_{p}$ ,

since $f$ satisfies the Ramanujan-Petersson conjecture. But this is a contradiction to (i)
and (ii). Therefore, $\lambda_{f}(p)$ changes sign in the interval $x\leq p\leq x+h$ . This completes the
proof of Theorem 3. $\square $
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