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Abstract. We consider nonnegative solutions to the exterior Dirichlet problem for quasilinear parabolic
equations u,=Au™+u? with p=m+2/N and m>1. In this paper we show that when N>3 all nontrivial
solutions to above problem blow up in finite time. For this aim, it is important to study the asymptotic
behavior of solutions to the exterior Dirichlet problem for the quasilinear parabolic equations u, = Au™.

1. Introduction.

This paper is continued from the previous our work with K. Mochizuki ““Critical
exponent and critical blow-up for quasilinear parabolic equations” [8].

Let N>2 and let Q be an exterior domain in R¥ with a smooth boundary 6Q. In
the work [8] we considered the initial-boundary value problem

(1.1) ou=Au™+u? in (x,t)eQx(0,7T)
(1.2) u(x, 0)=uy(x) in xeQ
(1.3) u(x,t)=0 on (x,t)ed2x(0,T)

where p>m>1 and uy(x) >0 and showed that
(1.4 Pr=m+2/N

is the critical exponent for the above initial boundary-value problem. Namely, the
following results hold:

(I) If m<p<pk, then all nontrivial nonnegative weak solutions of (1.1)—(1.3)
blow up in finite time. -

(II) If p>p}k, then all global solutions of (1.1)—(1.3) exist when the initial data
are sufficiently small.
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Case (I) is called the blow-up case; (II) is called the global existence case. The
definition of a nonnegative weak solutions of (1.1)<(1.3) is referred to [8].

It is not yet established in [8] whether or not p=p} is in the blow-up case (also
refer to Levine [7] which is a survey of such results and related problems). It is the
purpose of this paper to answer this problem. More precisely, our result is as follows:

THEOREM 1.1. If N>3 and p=p}, then all nonnegative nontrivial solutions of
(1.1)«1.3) blow up in finite time.

In the following, we assume
(1.5 P=DPnm.
Further, without loss of generality, we assume
(1.6) ‘ Q=Eg={x||x|>R} (R>0)
and uy(x) has the compact support in Q:
1.7 ug(x)€ Co(Q2) .

Let u(x, t) be a global weak solution to (1.1)«(1.3) with Q=FE and p=p%. Then
we see that u( <, t)e L(Q) for each te(0, T). In order to show Theorem 1.1 with Q= Ej,
we need the following L!-estimates for the global weak solution u(x,t) when N>3,
which is obtained by [8]:

(1.8) J u(x, t)pr(l x)dx < C(N) for any >0
Egr

where C(N)=n 22N +4)1/?~™ and
(1.9) pr(r)=(r—R)/r.
This inequality and equation (1.1) imply another inequality

(1.10) IJ u(x, t)?pr(l x )dxdt < C(N) for any >0
OJVER

and then u(x, t)=0 is concluded by reduction to absurdity.
In case Q=RY, (1.10) holds with pgx=1 and we directly found a subsolution v<u
of (1.1)«(1.3) (which is a Barenblatt-Pattle solution; see [8]) to satisfy

(1.11) rf o(x, t)Pdxdt= o0 .
o RN

But in case R >0, it is difficult to find such subsolution. We need another consideration.
For a global solution u of (1.1)«(1.3) with Q= Ey, put

(1.12) u(x, t)=kNu(kx, kKN't) where I=(p*—1)"!.
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Then u, becomes also a global solution of the same system with Er and uy(x) replaced
by Eg, and kMug(kx) respectively, and u, satisfies the inequality

(1.13) J 1 f (%, £ pryull x |) dxdr < C(N)
0 JER/K

for any 1>0 and k>1. Assume %, #0. Then we can find a subsolution v, <u, of (1.1)
to satisfy

k— o0 0 JEgrp
and hence we can reduce to the contradiction. More precisely, we choose v,(x, t) as
(1.15) 0,(x, t) = kNo(kx, kN/'t)
where 1(x, t) is a unique weak solution of the initial-boundary value problem
ov=Av"™ (x,t)e2x(0, T)
(1.16) v(x, 0) = uy(x) xe
v(x,t)=0 on xef, >0
With Q = ER'

Therefore, in order to show (1.14) it becomes very important to study the asymptotic
behavior of v,(x, t) as k — oo, and this is the main contents of this paper.
Let V,(x, t; L) be a unique weak solution of

op=Av™ (x,t)eRY x (0, o0)

(1.17) {v(x, 0)=Lé(x) xeR¥

where L>0 and §(x) is Dirac’s §-function. Then we can show that for some L>0

(1.18) , v Valx, t; L) as k— oo,
locally uniformly in {R™\{0}} x (0, o), and hence (1.14) follows from
(1.19) J f VP dxdt= oo .

0 JRN

In case =RV, (1.18) was shown by Friedman-Kamin [6]. Then the convergence
of v, is locally uniform convergence in R¥ x (0, c0). The methods of the proof of (1.18)
are same as those in [6], namely, are based on the self-similarity of equation (1.16) and
the equicontinuity of the solution to (1.16) (see also Alikakos-Rostamian [1]).

The rest of the paper is organized as follows. In the next Section 2 we define a
weak solution of (1.16) and prepare several preliminary lemmas to show (1.18). In
Section 3, by using these lemmas we show (1.18). Finally, in Section 4 we prove Theorem
1.1. In appendix we mention the asymptotic behavior of a solution to (1.16) as direct
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applications of the results of Section 3.
Finally, we note that when N=2 it is still unsolved whether or not p=p#* is in the
blow-up case.

ACKNOWLEDGEMENT. The author wishes to express his gratitude to Professor K.
Mochizuki for his valuable suggestions and helpful encouragement.

2. Preliminaries.

In this and next section we consider the initial-boundary value problem

2.1 J,v=Av™ in (x,t)e Eg x(0, o)
2.2) v(x, 0)=vy(x) in xekEg
(2.3) (x, t)=0 on xekEp, t>0

where m>1 and vy(x)>0, and prepare several lemmas for the proof of (1.18). The
definition of a nonnegative weak solution v(x, t)e BC (Eg x [0, o)) (bounded continuous
functions) to (2.1)—(2.3) is referred to [8].

For this aim we need a concrete expression of the elementary solution of the initial
value problem (1.17). Let '

(2.4 I=(m—1+2/N)"'=(pt-1)"1,
_ [ @m)rzemss m=1
(2.5 Gnls) = { [A—Bs?}Y~ D m>1

where [a] . =max{a, 0}, B=(m—1)//2mN) and 4 >0 is chosen to satisfy

f G (|xDdx=1.
RN

LEMMA 2.1. The weak solution of (1.17) is given by
(2.6) Volx, t; L= LIL™ 11)~'G, (L™ t)~"N| x|)
and it is self-similar in the following sense: For any k>0
2.7 KNV, (kx, KN't; LYy=V,(x, t; L) .

Furthermore, it satisfies

2.8) f Vadx=L and JJ Vmdxdt < oo
RN 0 JRN

and, if L>0 and p=p},
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(2.9) J[ V? dxdt= o0
0 JRN

for each ©>0.

Proor. If m=1, (2.6) gives the usual heat kernel. (2.6) with m>1 is also well
known as the Barenblatt-Pattle solution to the porous media equation (1.17) (see e.g.
Barenblatt [2], Pattle [10]). (2.7), (2.8) and (2.9) follow from the concrete expression
2.6). O '

This weak solution of (1.17) is unique in the following sense:
LEMMA 2.2. Letv(x,t), v(x, t)"e LY(RN x (0, T)) n L*(R" x (z, T)) for any t€(0, T)
and v(x, t)=0. If v(x, t) satisfies the identity

(2.10) J v{dx
RN

_ J ' f (o0, + ™AL dxdt + LI, 0)
t=1 0 J RN

for any 1€(0, T) and { € CT(RN x [0, T)), then
(2.11) v(x, t)=V,(x, t; L) in R¥x(0, 7).

PROOF. See Pierre [9]. But the assumptions in this lemma are stronger than those

in[9]. O

Let v(x, t) be a weak solution to the initial-boundary value problem (2.1)—(2.3)
with vy(x) e Co(Eg). In the rest of this section we consider the one-parameter family of
functions

(2.12) vdx, £)=kNo(kx, kM) k>1.

Then v,(x, t) is self-similar, namely, v,(x, t) is a weak solution to the initial-boundary
value problem

ov=Av™ (x,t)e Egy x (0, o0)
(2.13) v(x, 0)=kNvy(kx) x€Egp
v(x, t)=0 on |x|=R/k, t>0.

Since vy(x)<V,(x,7; L) in Ex for some t>0 and L>0, the next lemma follows
immediately from (2.7).

LEmMMA 2.3.

T L2UN
(2.19) vlx, )< Vm<x, H_W; L)_<_ i G,.(0)

for | x|=R/k, t=0, and hence for any t, >0
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2l/N

(2.15) n(x, t)< G,.(0)

1y
for | x|=R/k, t>1t,.

PrROOF. (2.14) and (2.15) are obvious by the comparison theorem (which is referred
to Proposition 2.1 of [8]). O

Therefore, for any 6 >0
(2.16) v(x, 1)< C; for |x|=6, t=6, k=1

where C; is a constant depending on 6. Applying the continuity result of DiBenedetto
[5] and Caffarelli-Friedman [3] [4], we reduce that

2.17) v(x, t) are equicontinuous in |x|>6, t>6 for k>1.
Hence, the next lemma holds.

LEMMA 2.4. For any sequence {k}} 1 oo, there exists subsequence {k;} = {k*} and
w(x, t)e C({R¥\{0}} x (0, 0)) such that

(2.18) vy, (x, t) > w(x, t) as k;— o
uniformly in (x, t) in any compact subset of {RN\{0}} x (0, c0). Further
(2.19) wix, 1)<V, (x,t; L)  for (x,t)e{R¥\{0}}x(0, 0).

PROOF. Let >0 be fixed. Applying Ascoli-Arzela theorem to v,, from any
sequence {k*} 1 co we can extract a subsequence {k;} = {k¥} such that

(2.20) O, (x, t) > W(x, t) as k— o

uniformly in é<|x|<1/3, §<t<1/3. Using the diagonal methods, we can choose a
subsequence {k;} uniformly with respect to 6 >0, and finish the proof of (2.18). (2.19)
follows soon from (2.14). [

The limit function w may a priori depend on the sequence {k}}. If we show that
for some L>0

(2.21) wix, )=V,(x, t; L),

then we can conclude (1.18).

3. Asymptotic behavior of v,(x, t).

Let v, (x, t) and w(x, ¢) be as in Lemma 2.4. In this section we shall show (2.21)
and so (1.18) when N> 3. For this aim we shall use Lemma 2.2. Namely, we shall show
(2.10) with v(x, t) replaced by w(x, t) for some L>0.
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First, since v, is a weak solution to (2.13), it satisfies the integral identity

3.1 J v(x, T)eo(x, T)dx— kNvo(kx)p(x, 0)dx
ER/k

Er/k

T
= J j {v.0,0 + Vi Ag} dxdt
(4] Er/c

for any T>0 and ¢(x, t)€ CF(Eg; x [0, o)) (see (2.3) of [8]).
Let {(x, t) be a C®-function with support in R" x (— o0, c0) and put

N-2_ pN-2

(3.2) K(r; N)= (N>3).

rN—2

If we choose @(x, t)=Kgu(l x|; N){(x, t) in (3.1), then we have

(3.3) J vi(x, T)KR/k(l x)¢(x, T)dx
ERrpe

T R N-2 (T
=J- f 0 Kl dxdt +2(N — 2)(——) J f o' x| Nx - V{dxdt
0 ERr/k k o ERr/x

T
+ J J ol KepAldxdi+ | KVoolx)K el X DICx, 0)dx
0 ERr/x ERr/x

EJ&+&B‘FJ3+J}.
Here we have used
(3.9) AKgu(l x|; N)=0,
R N-2
(3.5 VEKgdl x1; N)=(N—2)<?> | x| Vx.

In the following, we shall estimate the both sides of (3.3).
Lemma 3.1. Ifk=k;— oo, then

(3.6) the left side of (3.3) = J w(x, T){(x, T)dx
RN
and
(3.7 J4a—£(0, 01y,
where
(3.8) 1~=J vo(X)Kr(| x |; N)dx .
ERr
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Proor. If we note (2.14), (2.18) and the inequality
3.9 Kru(lx]; N)<1 for xeEg,,

then (3.6) follows from the Lebesgue dominated convergence theorem. (3.7) similarly
follows, since we have

(3.10) Jo= f vo(X)Kr(l ¥ 1; N) (% 0) dy . O
Egr
LEMMA 3.2.
T
3.11) J3—>f J wAC dxdt as k=k;—> 0.
0 JRY
PROOF. Let § be a positive real number and put
o T
0 JER/k [ Er;x
EJ;-J + J3—,6 .
Set
(3.13) t(t)=t+t/kN",

Then, it follows from (2.14) and (3.9) that

]
3.19) |J351<C f J VX, ty(t); LY"dxdt
o JRV

4
= CL?mim f i j Gpl(L™ 1) "N x ™ dxdt
0 RN

where C is a constant independent of é and k. Here, we have used the equality
(3.15) 2I/[N+Iim—1)=1.

Put y=(L™",)"YNx. Then, noting #,>1¢ and (3.15), we have

o
(316) IJ;6|SCLl(m—1+2m/N)J

0

1 "= Vdy '[ G (lyly"dy
RN

é
sclj t"""’"”dt=% C, 83

0

where C, =CL'"~1*2mN{_ G,( ¥ )"dy. Hence, we obtain
(3.17) J35—0 as 4]0

uniformly with respect to k.
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On the other hand, in view of Lebesgue dominated convergence theorem, we have
T
(3.18) J;"’_}J j wAl dxdt as k=k;—> 0.
J RN

Therefore, combining this and (3.17) we obtain (3.11). The proof is complete. []

Similarly, since
s
0 E R/k

(see (2.8)) uniformly with respect to k, we obtain

(3.19)

o
<C J J V(x, t(7); L)dxdt
0 JRN

=CoL—-0 as 010

LEMMA 3.3.
T
(3.20) J1—+J‘ J wl, dxdt as k=k;—> 0.
0 JR¥

ProOOF. The proof is similar to that of Lemma 3.2. We omit it. []
Finally we consider J,.
LemMmA 3.4,

(3.21) J,—0 as k- oo.

Proor. Similarly as above proofs, we have

(3.22) |Jz|g2C(N—2)(~f§>W2 f : J V(% tc); L)"| x|~V dxdt
0 RN

T
=clk-‘"'2>f {t0)} ~Hm= 1M 4y
0
where C is a positive constant independent of é and k, and
G =2C(N—2)L"3""”’”RN’ZJ YTV Gy )" dy .

RN

We note 1 —/(m—1/N)= —I(N—3)/N. Hence, when N>3 we get

(3.23) lles l(]C\,1N3) k—(N—Z)[T—l(N—3)/NkN"‘3__(T+Tk—'N/l)—l(N‘3)/N]
S—ml(]C\';N?’) T WTINE"1 0  as k—> .

Similarly, when N=3, noting (m—1/N)=1 we get
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(3.24) | J2| < Cik ™ (log(T+th~ M) —log(tk M)

+7

N T
sClk"’(—l—logk+ +log )—»0 as k-—oo.

T
The proof is complete. []

Combining these four lemmas, if k=k; > oo in (3.3), then we get the following
integral identity for the limit function w(x, t):

T
=f (Wl +w™Al)dxdt + I,,{(0, 0)

0 JRN

(3.25) J wldx
RN

t=T

for any T>0 and {e CZ(R" x [0, c0)), where Iy is defined by (3.8). Hence, since w(x, t),
w(x, t)"e L'(R" x (0, T) n L*(R" x (z, T)) for any T>0 and 7€(0, T) by (2.8) and (2.19),
it follows from Lemma 2.2 that

(3.26) w=V, (x, t; Iy) in R¥x[0, 00).
Thus, we obtain the following result.

PROPOSITION 3.5. Assume N>3. Let v(x,t) be a nonnegative weak solution to
(2.1)2.3) with vo(x)€ Co(Eg), and put vi(x, t)=kv(kx, k"'t). Then

(3.27) U(x, t) = Vox, t; Iy) as k— o
locally uniformly in {R™\{0}} x (0, o0) where I is defined by (3.8).
PrOOF. This proposition follows from Lemma 2.4 and (3.26). [

4. Proof of Theorem 1.1.

In this section we prove Theorem 1.1. The next result due to K. Mochizuki-R.
Suzuki [8] plays an important role in the proof of it.

LEMMA 4.1. Assume N=3. Let u(x, t) be a global weak solution of (1.1)—(1.3) with
Q=Eg and uy(x)e Co(Eg). Then

4.1) u(-,t)eLYER)  for t=>0
and if p=p¥, then

4.2) f u(x, t)pg(l x)dx < C(N) for any t>0
ER

where C(N)=n 22N +4)V/®~™ gnd
4.3) pr(r)=(r—R)/r .
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PROOF. (4.1) is in Proposition 2.2 of [8]. (4.2) follows from Lemma 4.3 of [8] if
e—0. O

This inequality and equation (1.1) imply the following lemma.

LEMMA 4.2. Let u(x, t) be as in Lemma 4.1. Then, if p=p},

4.4 frj u(x, t)?pr(l x)dxdt < C(N) forany 1>0.
0 JEg

PrROOF. Since u( -, t)e L1(Eg), we can choose pg(/x|) as a test function in the
integral identity satisfied by u (see (2.3) of [8]). Then we have

4.5 J u(x, T)pg(l x |)dx2th u(x, t)Ppg(l x |)dxdt +j uo(x)pr(l x)dx .
Egr 0 JER Er
Here we have used

.6) ApR(lx|)=(af+]—vrl‘—a,)px(|xnzo (N=3).

Therefore, (4.2) and (4.5) is reduced to (4.4). [

PrROOF OF THEOREM 1.1. (Special case) Let u(x, t) be as in the above lemma and
u(x, t)=kNu(kx, kN't) where [=(pX—1)~'. Then, when p=p¥, u, is a global weak
solution of the initial-boundary value problem

ou=Au"+u? (x, t)€ Egy, x (0, o0)
4.7 { u(x, 0) = kNuy(kx) x€ Egy,
u(x, t)=0 on |x|=R/k, t>0.

Applying Lemma 4.2 to u,, we have

(4.8) J J ufprpdxdt < C(N) for any 1>0.
O JER/k
If we set v(x, t)=kNv(kx, k"''t) where v(x,t) is a weak solution to (2.1)~2.3) with

Vo(X) =ug(x), then v(x, t)<ux, t) in Eg, x(0, 0) by the comparison theorem (see
Proposition 2.1 of [8]). Hence, we obtain

4.9 J J vEprpdxdt < C(N) for any 1>0.
0 ER/k

Suppose uy(x)#0 and let k — oo in (4.9). Then, since pg,(r) > 1 as k— o0 in r>0, it
follows from Proposition 3.5 and Fatau’s lemma that

(4.10) j J V. (x, t; [)dxdt<C(N)  for ©>0
0 JRN
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where Iy (>0) is defined by (3.8) with vg(x)=u(x). This is a contradiction to (2.9) and
s0 uy(x)=0. The proof is complete.
(General case) The methods of the proof are same as those in [8]. We omit it. []

Appendix.

In this appendix, applying Proposition 3.5 directly, we shall study the asymptotic
behavior of the solution #(x,t) of the initial-boundary value problem (2.1)~(2.3) as
t— c0. We shall show the following theorem.

THEOREM A.l. Assume N>3. Let u(x,t) be a weak solution to (2.1)+2.3) with
Q=ER and vo(x)e CO(ER)‘ Then A

(A.1) tlolx, t)—V(x, t; Iy)| =0 as t— o
uniformly on sets
(A.2) P;t)={xeR" | ' <|x|<Ct'} (C>5>0),
where V,, and Iy are as in Proposition 3.5. Further
(A.3) f u(x, t)dx— Iy as t— o
Egr

and so
(A4) t'sup v(x, t) > I¥NG,(0) as t— .

erR

PrROOF. (A.1) follows soon from Proposition 3.5 (see Friedman-Kamin [6]).

(A.3) follows from the Lebesgue dominated convergence theorem as follows:

(A.5) f v(x, t)dx=f v(x, 1)dx - f Valx, 1; Iy)dx=1y (as t > o0).
Er ERr/x k=t RN

For any t>0, let i(x, t) be a weak solution to the Cauchy problem

*9 Vs e 7
By the comparison theorem we have

(A7) (x, t)</x, t) in (x,t)eEgx(t, ).
If we recall the result [6] such that

(A.8) t' sup v(x, t) > J2NG,(0) as t— o

xeRN
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where J,= [, u(x, 7)dx, then

(A.9) tlll?o sup{ t! SuEp o(x, t)} <JZNG (0).

Hence, since J, converges Iy as T — o0 by (A.3), we get

(A.10) tlim sup{ t suEp u(x, t)} <IZNG,(0).
- xeEr

On the other hand, by virtue of (A.1) we obtain

(A.11) IZ3NG,(0) s}im inf{ t! xS;J;Ep o(x, t)} .

Thus, (A.10) and (A.11) imply (A.4). The proof is complete. []

REMARK A.2. By the same methods as those in Friedman-Kamin [6], we can
show Proposition 3.5 and (A.1) under the condition vy(x)e Co(ER) replaced by
vo(x) € LY(ER). The proof is omitted.
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