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Abstract. Certain piecewise linear expanding maps on a finite union of polygons in $R^{2}$ are considered.
The Perron-Frobenius operator associated with a map is considered on a locally convex linear space which
is an extension of the space of bounded variation functions, and the spectrum of it is determined by Fredholm
matrices. New signed symbolic dynamics are defined by using screens, and the Fredholm matrices are
constructed by renewal equations on this signed symbolic dynamics.

1. Introduction.

We will consider a class of piecewise linear expanding mappings $F$ from a subset
of $R^{2}$ into itself. The Perron-Frobenius operator $P$ from $L^{1}$ into itself corresponding
to a mapping $F$ is defined by

$\int f(x)g(F(x))dx=\int Pf(x)g(x)dx$ $(g\in L^{\infty})$ .

We already knew in one-dimensional cases that the ergodic properties of dy-
namical systems are characterized by the spectrum of the Perron-Frobenius operators
restricted to $BV$, the set of functions with bounded variation, and we have proved that
the eigenvalues of the Perron-Frobenius operator $P$ outside of some disc are determined
by the Fredholm matrix $\Phi(z)$ , and at the same time the Ruelle-Artin-Mazur zeta function
is expressed by the reciprocal of $\det(I-\Phi(z))$ ([10], [11]).

In this article, we will extend the notion of signed symbolic dynamics which we
used in [10] and [11], and as new signs we will introduce screens. On this new signed
symbolic dynamics, we will construct renewal equations, and by these renewal equations
we can define Fredholm matrices $\{\Phi_{n}(z)\}$ .

Let

$\xi=\lim_{n\rightarrow}\inf_{\infty}ess\inf_{x\in I}\frac{1}{n}$ log $|$ det $D(F^{n})(x)|$ ,
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where $D(F^{n})$ is the jacobian matrix of $F^{n}$ . We call $\xi$ a lower Lyapunov number,

which is an essential infimum of the sum of Lyapunov exponents. We call that $F$ is
expanding if

$\underline{\xi}=\lim_{n\rightarrow}\inf_{\infty}\frac{1}{n}ess\inf_{x\in I}\log$ [miniinum of $|the$ eigenvalue of $D(F^{n})(x)|$] $>0$ .

Our aim in this article is to construct Fredholm matrices $\Phi_{n}(z)$ and prove (cf. [1],
[4], [6]):

THEOREM A. Suppose that $F$ is piecewise linear and expanding from afinite union
of bounded convex polygons I into itself and assume that the lower Lyapunov numbe’
$\xi>0$ and satisfies $\xi>v$ . Take arbitrary $\epsilon>0$ , then there exists $n_{O}>0$ such that for any
$n\geq n_{0}$ in the disk $|z|<e^{\xi-v-\epsilon},$ $\det(I-\Phi_{n}(z))$ is analytic, and moreover $z^{-1}$ belongs to the
spectrum of the Perron-Frobenius operator $P$ restricted to $\mathscr{B}\iota f$ and only if

$\det(I-\Phi_{n}(z))=0$ .

We will also prove (cf. [6], [7]):

THEOREM B. Assume that $F$ satisfies the same conditions as in Theorem A
Then the eigenfunctions of $P$ on $L^{1}$ associated with eigenvalues of modulus 1 belong
to $\mathscr{B}$ .

We will define the constant $v$ and give an example which satisfies $\xi>v$ in \S 5. Wc
will also define the space $\mathscr{B}$ in \S 5. The space $\mathscr{B}=\mathscr{B}(F)$ is a locally convex spaoe with
norms $\Vert\cdot\Vert_{\nu},$ $(v^{\prime}>v)$ , and $z^{-1}$ belongs to the spectrum of $P$ if there exists no continuous
$(I-zP)^{-1}$ with norm $\Vert\cdot\Vert_{v’}$ for all $v^{\prime}>v$ .

In \S 2, \S 3 and \S 4, we will give formal discussions on generating functions and renewa
equations of them. In \S 5, we will consider a family of functions $\mathscr{B}$ and study tht
eigenvalues of the Perron-Frobenius operator $P$ on $\mathscr{B}$ .

We will study higher dimensional cases in [13].

2. Preliminaries.

In one-dimensional cases, we introduced the signed symbolic dynamics, whicf
represents the endpoints of the subintervals of monotonicity. It made us possible to
construct a renewal equation by tracing the orbits of the endpoints separately. Now in
2-dimensional cases, we will introduce the notion of screens of polygons and trace th $($

orbits of screens to construct renewal equations.
We denote by $J^{cl}$ and $J^{o}$ the closure and the interior of a set $J$, and the

boundary $\Delta J=J^{cl}\backslash J^{o}$ . Let $J$be a bounded convex polygon for which $J^{cl}$ is homeomorphit
to the unit disk. We denote by $D_{0}^{J}$ and $D_{1}^{J}$ the set of vertices (O-dimensional faces
and the set of edges (l-dimensional faces) of $J$, respectively. Set $D^{J}=D_{0}^{J}\cup D_{1}^{J}$ . $W($

call a set of lines $\pi_{1},$ $\cdots,$ $\pi_{m}$ lines which determine $J$, when $J$ is the intersection of hal
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spaces defined by $\pi_{1},$ $\cdots,$ $\pi_{m}$ . For each vertex $\partial\in D_{0}^{J}$ , we call a pair of lines $\pi_{i},$ $\pi_{j}$

$(1\leq i, j\leq m)$ determines $\partial$ when their intersection equals $\partial$ , and for each edge $\partial\in D_{1}^{J}$ , we
call a line $\pi_{i}(1\leq i\leq m)$ determines $\partial$ when $\pi_{i}\cap\Delta J$ equals $\partial$ .

Let $\mathscr{A}$ be a finite set of symbols, and $\langle a\rangle(a\in \mathscr{A})$ be bounded convex polygons
mutually disjoint and each $\langle a\rangle^{c}$

‘ is homeomorphic to the unit disk. Set $ I=\bigcup_{a\in A}\langle a\rangle$ .
We consider a transformation $F:I\rightarrow I$, for which the restriction $F^{a}$ of $F$ to $\langle a\rangle$ is an
affine map, that is, there exists a vector $p^{a}$ and a matrix $M^{a}$ and

$F^{a}(x)=p^{a}+M^{a}x$ .
As we assumed that $F$ is expanding, it follows det $M^{a}\neq 0$ for all $a\in \mathscr{A}$ . We denote by
$F^{i}$ the i-th iteration of $F$ :

$F^{i}(x)=\{$
$x$ $i=0$ ,
$F(F^{i-1}(x))$ $l\geq 1$ .

REMARK 1. A transformation $F$ need not to be continuous on $\Delta\langle a\rangle(a\in \mathscr{A})$ .
However, whether the boundaries $\Delta\langle a\rangle ofa\in \mathscr{A}$ belongs to $\langle a\rangle$ or not does not play
essential role in this article. Therefore, to avoid complicated notations, we usually ignore
them.

REMARK 2. In this article, we only treat polygons which are bounded convex
and homeomorphic to the unit disk. Hence, we simply call them polygons.

As in one-dimensional cases, we use the notation such as words, shift and ex-
pansions, etc. We will summarize them here.

A finite sequence of symbols w $=a_{1}\cdots a_{n}$ is called a word and we set
1. $|w|=n(thelengthofw)$ , (for the empty word e, we put $|\epsilon|=0$),

2. $\langle w\rangle=\left\{\begin{array}{ll}\bigcap_{i=1}^{n}(F^{i-1})^{-1}(\langle a_{i}\rangle) & if w\neq\epsilon,\\I & if w=\epsilon (for notational convenience),\end{array}\right.$

3. $w[k]=a_{k}$ for $1\leq k\leq n$ ,

4. $w[k, l]=a_{k}\cdots a_{l}$ for $1\leq k\leq l\leq n$ ,
5. $\theta w=a_{2}\cdots a_{n}$ (shift),
6. $F^{w}=F^{a_{n}}\cdots F^{a_{1}}$ , ($F^{\emptyset}=identity$ map).

We denote by $W$ the set of words $w$ with $\langle w\rangle\neq\emptyset$ . We call a word $w\in W$ admissible.
Note that the empty word $\epsilon\in\Psi$ .

REMARK 3. We assumed det $M^{a}\neq 0$ for all $a\in \mathscr{A}$ . Therefore for each $a\in \mathscr{A}$ , the
domain of the mapping $F^{a}$ can be extended naturally to $R^{2}$ and we can define $(F^{a})^{-1}$

from $I$ into $R^{2}$ . Therefore, for any $x\in I$, we can define $(F^{a})^{-1}(x)=ax\in R^{2}$ . In a same
way, for any word $w\in W$ , we can define $wx\in R^{2}$ by $wx=(F^{w})^{-1}(x)$ . If $ wx\in\langle w\rangle$ , then,
of course, $F^{|w|}(wx)=x$ . For this case, we call that $wx$ exists. For a fixed $x\in I$, the notation



480 MAKOTO MORI

$\sum_{w:\exists wx}$ means the sum over all words $w$ for which $wx$ exists.

We considered, for one-dimensional cases, the symbolic dynamics with the set of
signs $\{+, -\}$ . Now in 2-dimensional cases, we use the set of faces to construct
renewal equations. For a vertex $\partial\in D_{0}^{J}$ , let $\pi,$

$\pi^{\prime}$ be the lines which satisfy $\Delta J\cap(\pi\cap\pi^{\prime})=\partial$ ,
and $\Delta J\cap\pi,$ $\Delta J\cap\pi^{\prime}\in D_{1}^{J}$ ( $\pi$ and $\pi^{\prime}$ determine $\partial$). Then $R^{2}$ is divided into four regions
by the lines $\pi$ and $\pi^{\prime}$ . There exists a unique region which contains $J^{o}$ , and we call it the
interior region determined by $\partial$ . We denote its boundary by $J^{\partial}$ (a union of two half
lines which start from $\partial$) and call it the screen of the vertex $\partial$ . Also for an edge $\partial\in D_{1}^{J}$ ,
let $\pi$ be the line which satisfies $\Delta J\cap\pi=\partial$ , ( $\partial$ is determined by $\pi$). Then $R^{2}$ is divided
into two regions by the line $\pi$ . We also call a unique region which contains $J^{o}$ by the
interior region determined by $\partial$ . The line $\pi$ is denoted by $J^{\partial}$ and called the screen of
the edge $\partial$ . Dividing $R^{2}$ into two regions, inside and outside by $J^{\partial}$ , put

$\sigma(J^{\partial}, x)=\left\{\begin{array}{ll}+1 & if x belongs to the interior region determined by \partial ,\\-1 & otherwise.\end{array}\right.$

Note that as we mentioned before, we ignore the case $x\in J^{\partial}$ , because it is unessential.
For a word $w$ , we can naturally define $\sigma(F^{w}J^{\partial}, x)=\sigma(J^{\partial}, wx)$ . Note that $\sigma(F^{w}J^{\partial}, x)$

is defined for all $x\in R^{2}$ and for all word $w$ even if $wx$ does not exist (that is, even if
$\langle w\rangle=\emptyset$ or if there exists no $ y\in\langle w\rangle$ such that $F^{|w|}(y)=x)$ . This is one of the advantage
to use the signed symbolic dynamics.

For readers’ convenience, we will give examples of screens (Figure 1). Let $J$ be a
rectangle in $R^{2}$ . Then there exist four l-dimensional faces (say them $l,$

$r,$ $u,$
$d$ (left,

right, and so on)) and also four O-dimensional faces ( $lu,$ $ld,$ $ru,$ $rd$, (left-upper and so
on)), that is,

$D_{0}^{J}=\{lu, ld, ru, rd\}$ , $D_{1}^{J}=\{l, r, u, d\}$ , $D^{J}=D_{0}^{J}\cup D_{1}^{J}$ .

Set

$s_{k}=(-1)^{k}/2(k=0,1)$ , $s_{2}=1$ .
We also use the notation

$s(J^{\partial})=s(\partial)=s_{k}$ if $\partial\in D_{k}^{J}$ .

$\sigma\langle J^{u}x)=-1$

$\mapsto^{1\mathfrak{l}}J^{u}$
1

1 $J$

1 1
1 1

$1$

$\sigma(J^{u}x)=+1$

$s(u)=-1/2$ $s(lu)=+1/2$

FIGURE 1
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Even if two screens $J^{\partial}$ and $K^{\partial^{\prime}}$ for polygons $J$ and $K$ are equal as sets, if $J\neq K$ we
consider them as different screens.

$Forawordw\in W,$ $wedenotew^{\partial}$ instead of $\langle w\rangle^{\partial}$ , and we denote
$\tilde{\mathscr{A}}=\{a^{\partial} : a\in \mathscr{A}, \partial\in D^{\langle a\rangle}\}$ .

For a face $\partial$ , we call that a face $\partial^{\prime}$ is contained in $\partial$ if the set of the lines which determine
$\partial^{\prime}$ contains all the lines which determine $\partial$ , and we denote $\partial^{\prime}\subset\partial$ . Here we consider $\partial\subset\partial$ .

Now we get a simple but key lemma.

LEMMA 2.1. Let $J$ be a polygon.
(i) Take an edge $\partial$ and a vertex $\partial_{0}\subset\partial$ of J. Let $U$ be a neighborhood of $\partial_{0}$

sufficiently small. Then

$\partial’\neq\partial_{0}\sum_{\partial’\subset\partial}s(\partial^{\prime})\sigma(J^{\partial^{\prime}}, x)=0$

. (1)

(ii) $LetMbeasetofedgesofapolygonJsuchthat\bigcup_{\partial\in M}\partial ishomeomorphicto$

a closed interval. Denote by $\partial_{s},$ $\partial_{e}\in D_{0}^{J}$ the endpoints of $M$, that is, $M\backslash (\partial_{s}\cup\partial_{e})$ is
homeomorphic to an open interval. Then

$\partial’\subset\exists\partial\in M\sum_{\partial’\neq\partial_{s}\partial_{e}},s(\partial^{\prime})=-\frac{1}{2}$

, (2)

where the sum is over all $\partial^{\prime}\in D^{J}$ for which there exists $\partial\in M$ such that $\partial^{\prime}\subset\partial$ .
(iii) Denote by $1_{J}$ the indicator function of a convex polygon J. Then we get

$\sum_{\partial\in D^{J}}s(\partial)\sigma(J^{\partial}, x)+s_{2}=1_{J}(x)$ $a.e$ . $x$ . (3)

PROOF. (i) Let $\pi$ be a line which determine $\partial$ , and $\partial_{1}$ be endpoint of $\partial$ different
from $\partial_{0}$ . Let $\pi$ and $\pi^{\prime}$ be lines which determine $\partial_{1}$ . Take $U$ sufficiently small such
that $U$ does not cross $\pi^{\prime}$ . Then if $x\in U$ belongs to the interior of the screen $J^{\partial}$ , it also
belongs to the interior of the screen $J^{\partial_{1}}$ . Therefore $\sigma(J^{\partial}, x)=\sigma(J^{\partial_{1}}, x)=1$ . Since
$s(\partial)=-1/2$ and $s(\partial_{1})=+1/2$ , this proves (i) for this case. The proof is just the same
when $x$ belongs to the outside of the screen $J^{\partial}$ .

(ii) Now put $M=\{\partial_{1}, \cdots, \partial_{k}\}(\partial_{i}\in D_{1}^{J})$ such that $\partial_{i}\cap\partial_{i+1}\neq\emptyset(i=1, \cdots, k-1)$ .
Then there exists $k$ edges and $(k-1)$ vertices except $\partial_{s},$ $\partial_{e}$ . This shows (ii).

(iii) In a similar arguments as in (i), fix a vertex $\partial_{0}$ of $J$ and take a sufficiently
small neighborhood $U$ of $\partial_{0}$ . Let $\partial_{1}$ and $\partial_{2}$ be the edges of $J$ such that $\partial_{1}\cap\partial_{2}=\partial_{0}$ .
Denote by $M$ the union of all the edges $\partial\in D_{1}^{J}$ except $\partial_{1}$ and $\partial_{2}$ . Then, $M$ satisfies the
assumption of (ii). From (ii), for $x\in U$

$\sum s(\partial)\sigma(J^{\partial}, x)=-1/2$ ,

where the sum is over $\partial\in D^{J}$ except the faces contained in $\partial_{1}$ and $\partial_{2}$ . The rest of faces,
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FIGURE 2

$\partial_{0},$ $\partial_{1},$ $\partial_{2}$ and $\partial_{s},$ $\partial_{e}$ give +1/2 for a point $x\in U\cap J$, and $-1/2$ for a point $x\in U\cap J^{c}$

$(x\not\in\Delta J)$ . This proves (3) for $x\in U$. When we move $x$ along a curve, it will change value
when $x$ crosses a line $\pi$ which generates some face of $J$. As we assume $J$ convex, the
equation (3) also holds for every point in $J^{o}$ . Let $x\not\in J^{cl}$ be a point on $\pi$ which generates
some face of $J$, and we will consider a sufficiently small neighborhood $V$ of $x$ . Note
that only two screens corresponding to one vertex and one edge, give different values
to $y\in V$ depending on the side of $\pi$ where $y$ belongs. But their influence to the right
hand term of (3) cancells, because $s(\partial)=+1/2$ (or $-1/2$) for a vertex (an edge),
respectively. This proves (iii) (cf. Figure 2).

Now we define generating functions to construct a renewal equation. We will
discuss the radius of convergence of generating functions in \S 5, and in this section
we consider them as formal power series. Put for a polygon $J$ and $g\in L^{\infty}$

$s_{9}^{J}(z)=\int dxg(x)\sum_{w:\exists wx\in J}z^{|w|}\eta(w)$ ,

and for $J\subset\langle a\rangle(a\in \mathscr{A})$ and $\partial\in D^{J}$

$s_{g}^{J^{\partial}}(z)=\int dxg(x)\sum_{\exists\theta wx,\langle\iota\nu[1]\rangle\supset\langle a\rangle}z^{|w|}\eta(w)\sigma(J^{\partial}, wx)$ ,

where for a word $w=a_{1}\cdots a_{n}$

$\eta(w)=\prod_{i=1}^{n}$ ldet $M^{a_{i}}|^{-1}$

Concerning $th_{4}e$ notation $\exists wx$ , refer Remark 3, and for a word $w$

$\langle w[1]\rangle=\left\{\begin{array}{ll}\langle a_{1}\rangle & if w=a_{1}\cdots a_{n}\\I & if w=\epsilon (empty word).\end{array}\right.$

REMARK 4. (1) In the definitions of $s_{g}^{J^{\partial}}(z)$ we consider words $w$ for which $\theta wx$

exist but $wx$ do not necessarily exist. This is one of the key point of this article.
(2) Noticing the fact that $wx$ is the one of the inverse image of $F^{-|w|}(x),$ $s_{g}^{J^{\partial}}(z)$

can be written as a formal expression
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$s_{g}^{J^{\partial}}(z)=\int dxg(z)\sum_{\exists\theta wx,\langle w[1]\rangle\supset\langle a\rangle}z^{|w|}\eta(w)\sigma(J^{\partial}, wx)$

$=\int_{I}dxg(x)\sigma(J^{\partial}, x)+\sum_{n=1}^{\infty}z^{n}\int dxg(x)\sum_{\exists\theta wx,w[1]=a,|w|=n}\eta(w)\sigma(J^{\partial}, wx)$

$=\int_{I}dxg(x)\sigma(J^{\partial}, x)+\sum_{n=1}^{\infty}z^{n}\int dxg(x)[P^{n}(\sigma(J^{\partial}, \cdots))](x)$

$=\int dxg(x)z\eta(a)[(I-zP)^{-1}(\sigma(F^{a}J^{\partial}, \cdot))](x)$ .

(3) Since $P$ is contracting in $L^{1}$ , in $|z|<1$ all the above series converge.
(4) Note also $s_{g}^{J}(z)\equiv 0$ for a polygon $J$ which is contained in the complement of $I$.
(5) Let $J^{\partial}$ and $K^{\partial^{\prime}}$ be screens ofpolygons $ J\subset\langle a\rangle$ and $K\subset\langle b\rangle(a, b\in \mathscr{A})$ respectively

and they are equal as sets. Then if $a=b$ ,

$s_{g}^{J^{\partial}}(z)=s_{g}^{K^{\partial}’}(z)$ ,

that is, in Figure 3, $s_{g}^{a^{\partial}}(z)$ does not equal $s_{g}^{b^{\partial}’}(z)$ unless $F^{a}=F^{b}$ , but $s_{g}^{a^{\partial}}(z)=s_{g}^{J^{\partial}}(z)$ . We
will use this relation in the next section to construct a renewal equation.

FIGURE 3

LEMMA 2.2. For a polygon $J$ such that $ J\subset\langle a\rangle$ and $g\in L^{\infty}$ ,

$s_{g}^{J}(z)=\int_{J}g(x)dx+z\eta(a)s_{g}^{F(J)}(z)$ , (4)

$s_{g}^{J}(z)=s_{2}\int_{I}dxg(x)+s_{2}z\eta(a)s_{g}^{I}(z)+\sum_{\partial\in D^{J}}s(\partial)s_{g}^{J^{\partial}}(z)$ . (5)

PROOF. Dividing the case $|w|=0$ and $|w|\geq 1$ , we get the proof of (4). In a
same way, dividing the case $|w|=0$ and $|w|\geq 1$ ,

$\sum_{\partial\in D^{J}}s(\partial)s_{g}^{J^{\partial}}(z)=\sum_{\partial\in D^{J}}\int_{I}dxg(x)s(\partial)\sigma(J^{\partial}, x)$

$+\sum_{\partial\in D^{J}}\int dxg(x)\sum_{\exists\theta wx.w[1]=a}z^{|w|}\eta(w)s(\partial)\sigma(J^{\partial}, wx)$ . (6)
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Here, we again use the expression stated in Remark 3. The sum $\sum_{\exists\theta wx,w[1]=a}$ denotes
the sum over all words $w=a_{1}\cdots a_{n}$ such that $a_{1}=a$ and $\theta wx=a_{2}\cdots a_{n}x$ exists, that $is_{0}$

there exists a point $y\in I$ such that $y\in\langle a_{2}\rangle,$ $F(y)\in\langle a_{3}\rangle,$ $\cdots,$
$ F^{n-2}(y)\in\langle a_{n}\rangle$ and

$F^{n-1}(y)=x$ . Note again, we need not assume that $wx$ exists. Then by Lemma 2.1 (iii)
we get

$\sum_{\partial\in D^{J}}\int dxg(x)s(\partial)\sigma(J^{\partial}, x)=\int dxg(x)(1_{J}(x)-s_{2})=\int dxg(x)1_{J}(x)-s_{2}\int dxg(x)$ . $(7^{\backslash }$,

Taking $\theta w$ as $w$ , we get

the second term of rhs. of (6)

$=z\eta(a)\int dxg(x)\sum_{w.\cdot\exists wx}z^{|w|}\eta(w)\sum_{\partial\in D^{J}}s(\partial)\sigma(J^{\partial}, awx)$

$=z\eta(a)\int dxg(x)\sum_{w.\cdot\exists wx}z^{|w|}\eta(w)[1_{J}(awx)-s_{2}]$

$=\int dxg(x)\sum_{w:\exists awx\in J}z\eta(a)z^{|w|}\eta(w)-z\eta(a)s_{2}\int dxg(x)\sum_{w.\cdot\exists wx}z^{|w|}\eta(w)$

$=\int dxg(x)\sum_{|w|\geq 1.\exists wx\in J}z^{|w|}\eta(w)-s_{2}z\eta(a)\int dxg(x)\sum_{w:\exists wx}z^{|w|}\eta(w)$

$=\int dxg(x)\sum_{|w|\geq 1,\exists wx\in J}z^{|w|}\eta(w)-s_{2}z\eta(a)s_{g}^{I}(z)$ . $(8_{J}^{\backslash }$

Therefore combining (7) and (8), we get

rhs. of (6) $=s_{g}^{J}(z)-s_{2}[\int_{I}dxg(x)+z\eta(a)s_{g}^{I}(z)]$ .

This proves (5).

COROLLARY 2.1. We have a renewal equation of the form:
$s_{g}^{I}(z)=s_{2}\#\mathscr{A}\int gdx+s_{2}z(\sum_{a\in d}\eta(a))s_{g}^{I}(z)+\sum_{a\in d}\sum_{\partial\in D^{\langle a\rangle}}s(\partial)s_{g}^{a^{\partial}}(z)$ . $(9_{\mathcal{G}}^{\backslash }$

Since $s_{g}^{I}(z)=\sum_{a\in d}s_{g}^{\langle a\rangle}$ , the proof directly follows from (5).
As a formal discussion (rigorous discussion will appear in \S 5), the spectra

problem of the Perron-Frobenius operator $P$ tums into the problem of singularities oi
$s_{g}^{J}(z)$ , since

$s_{g}^{J}(z)=\int[(I-zP)^{-1}1_{J}](x)g(x)dx$ .

To solve this problem, we will construct renewal equations. However, as we stated ir
[10] even for one-dimensional piecewise linear transformations, it is almost impossible
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to construct renewal equations for $s_{g}^{J}(z)$ , because we must trace the orbits of $\Delta\langle a\rangle$ at
a time. But by Lemma 2.2, it is sufficient to construct renewal equations for $s_{g}^{J^{\partial}}(z)$ .

3. Renewal equations.

Renewal equations are well known notion in the theory of Markov processes (cf.

for example [3]). First, we will show how to use it to our discussion in a very simple
example.

EXAMPLE 1. Let us explain a renewal equation by a simple Markov case (cf.
Figure 4). Here $\langle a\rangle=\Delta ACD,$ $\langle b\rangle=\Delta BCD$ and $ I=\langle a\rangle\cup\langle b\rangle$ (we ignore the segments
$CD$ , because it does not affect the result), and

$F^{a}(A)=A$ , $F^{a}(D)=C$ , $F^{a}(C)=B$ ,

$F^{b}(C)=A$ , $F^{b}(D)=D$ , $F^{b}(B)=C$ .

If $AB>AC>AD>CD$ and $AC>BC$, then this mapping is expanding.

FIGURE 4

Now, since $ F^{a}(\langle a\rangle)=\langle a\rangle\cup\langle b\rangle$ ,

$s_{g}^{\langle a\rangle}(z)=\sum_{n=0}^{\infty}z^{n}\int 1_{\langle a\rangle}(x)g(F^{n}(x))dx$

$=\int_{\langle a\rangle}g(x)dx+\sum_{n=1}^{\infty}z^{n}\int 1_{\langle a\rangle}(x)g(F^{n}(x))dx$

$=\int_{\langle a\rangle}g(x)dx+z\eta(a)(s_{g}^{\langle a\rangle}(z)+s_{g}^{\langle b\rangle}(z))$ ,

and in a similar way, since $ F^{b}(\langle b\rangle)=\langle a\rangle$ ,

$s_{g}^{\langle b\rangle}(z)=\int_{\langle b\rangle}g(x)dx+z\eta(b)s_{g}^{\langle a\rangle}(z)$ .

This is a renewal equation, and we get
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$\left(\begin{array}{l}s_{g}^{\langle a\rangle}(z)\\s_{g}^{\langle b\rangle}(z)\end{array}\right)=\left(\begin{array}{ll}1-z\eta(a) & -z\eta(a)\\-z\eta(b) & 1\end{array}\right)(\int_{\langle b\rangle}g(x)dx\int_{\langle a\rangle}g(x)dx)$ .

From this renewal equation, we can solve the problem of singularities of $s_{g}^{\langle a\rangle}(z)$ and
$s_{g}^{\langle b\rangle}(z)$ by solving

$\left|\begin{array}{ll}1-z\eta\langle a) & -z\eta(a)\\-z\eta(b) & l\end{array}\right|=0$ .

But as in one-dimensional cases, for non-Markov transformations it is almost impossible
to construct a renewal equation for $s_{g}^{\langle a\rangle}(z)(a\in \mathscr{A})$ .

NOTATION 1. For symbolsa andb $(a, b\in \mathscr{A}),$ $wesaythatascreen\tilde{J}$ ofa polygon
$J$ crosses $ab$ if $ J\subset\langle a\rangle$ and $ F^{a}(\tilde{J})\cap\langle b\rangle\neq\emptyset$ (cf. Figure 5, the definitions of $\Delta_{0},$ $\Delta_{1}$ and
$\Delta_{2}$ will be given afterwards). Set

\langle ab, $\tilde{J}\rangle$ $=\left\{\begin{array}{ll}\{x\in\langle b\rangle : \sigma(F^{a}(\tilde{J}), x)=+1\} & if \tilde{J} crosses ab,\\\emptyset & otherwise.\end{array}\right.$

A screen $\langle$ ab, $\tilde{J}\rangle^{\partial}$ with a face $\partial\in D^{\langle ab.J\rangle}$ such that $\langle$ab, $\tilde{J}\rangle^{\partial}$ and $b^{\partial}$

’ are different as sets
for any $\partial^{\prime}\in D^{\langle b\rangle}$ is called a new screen generated by $F^{a}(\tilde{J})$ in $\langle b\rangle$ , and we denote by
$ New\langle ab,\tilde{J}\rangle$ the set of new screens of \langle ab, $\tilde{J}\rangle$ .

$P(\tilde{J})$

new screens

FIGURE 5

REMARK 5. Note that if $K^{\partial}=b^{\partial^{\prime}}$ and $ K\subset\langle b\rangle$ , then $s_{g}^{K^{\partial}}(z)=s_{g}^{b^{\partial}’}(z)$ .

Before the next step to describe the notations, we will mention several lemmas.

LEMMA 3. 1. For a screen $\tilde{J}ofa$polygon $ J\subset\langle a\rangle$for some $a\in \mathscr{A}$ and $g\in L^{\infty}$ , we get:
(i) First renewal equation:

$s_{g}^{J}(z)=\int dxg(x)\sigma(\tilde{J}, x)+z\eta(a)\{\sum_{b\in d}s_{g}^{\langle b\rangle}(z)\sigma_{0}(F^{a}(\tilde{J}), b)+2\sum_{b\in d}s_{g}^{\langle ab.J\rangle}(z)\}$ , $(10^{\backslash })$

where
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$\sigma_{0}(F^{a}(\tilde{J}), b)=\{_{-1}^{+1}$ $otherwiself\sigma(\tilde{J}’ ax)=+1$
holds for $a.e$ . $ x\in\langle b\rangle$

’

(ii) Second renewal equation:

$s_{g}^{7_{(z)=\tilde{\chi}_{g}^{J}(z)+\sum_{5^{l}\in\tilde{d}}z\phi^{J_{(b)s_{g}^{ff}(z)+z^{2}\phi^{J}(I)s_{g}^{I}(z)}^{\sim}}}}$

$+2z\eta(a)\sum_{b\in d}\sum_{\tilde{K}\in New\langle ab,J\rangle}s(\tilde{K})s_{g}^{\tilde{K}}(z)$ , (11)

where

$\tilde{\chi}_{g}^{\Gamma}(z)=\int g(x)\sigma(\tilde{J}, x)dx+zs_{2}\eta(a)\sum_{b\in d}\sigma_{*}(F^{a}(\tilde{J}), b)\int g(x)dx$ ,

$\phi^{J}(\tilde{b})=s(\tilde{b})\eta(a)\sigma_{*}(F^{a}(\tilde{J}),\tilde{b})$ , $\phi^{7}(I)=\eta(a)s_{2}\sum_{b\in d}\sigma_{*}(F^{a}(\tilde{J}), b)\eta(b)$ ,

and

$\sigma_{*}(F^{a}(\tilde{J}), b)=\left\{\begin{array}{ll}-1 & \iota f\sigma(F^{a}(\tilde{J}), x)=-1 holds for a.e. x\in\langle b\rangle ,\\+1 & otherwise ,\end{array}\right.$

$\sigma_{*}(F^{a}(\tilde{J}),\tilde{b})=\left\{\begin{array}{l}+1\iota f\sigma(F^{a}(J),x)=+1forallx\in\langle b\rangle\\ orlf\tilde{J}crossesaband\tilde{b}=\langle ab,\tilde{J}\rangle^{\partial}\\forsome\partial\in D^{\langle ab.J\rangle}\\-1otherwise\end{array}\right.$

PROOF. In Figure 6, we show the values of $\sigma_{0}$ and $\sigma_{*}$ for simple cases. Taking
$\theta w$ as $w$ , the left hand side of the definition of $s_{g}^{J}(z)$ for $|w|>0$ becomes:

$\int dxg(x)\sum_{\exists\theta wx,w[1]=a}z^{|w|}\eta(w)\sigma(\tilde{J}, wx)$

$=z\eta(a)\sum_{b\in d}\int dxg(x)\sum_{\exists wx\in\langle b\rangle}z^{|w|}\eta(w)\sigma(F^{a}(\tilde{J}), wx)$ .

If $\langle b\rangle$ does not intersect $F^{a}(\tilde{J}),$ $\sigma(F^{a}(\tilde{J}), wx)$ is independent of $ wx\in\langle b\rangle$ and equals

The values of $\sigma_{0}(F^{a}(\tilde{J}), b)$ for The values of $\sigma.(F^{a}(\tilde{J}),b^{9})$

various rectangles $\langle b\rangle$ for each face $d$ of $\langle b\rangle$

FIGURE 6



488 MAKOTO MORI

$\sigma_{0}(F^{a}(\tilde{J}), b)$ . If $F^{a}(\tilde{J})$ intersects $\langle b\rangle$ , we take

$\sigma(F^{a}(\tilde{J}), wx)=-1+2\times 1_{\langle ab,J\rangle}(wx)=\sigma_{O}(F^{a}(\tilde{J}), wx)+2\times 1_{\langle ab,J\rangle}(wx)$ ,

where $1_{J}$ is the indicator function of a set $J$. This leads to the proof of (i), and the
proof of (ii) follows from (i) using (5):

$s_{g}^{J}(z)=\int dxg(x)\sigma(\tilde{J}, x)$

$+z\eta(a)\sum_{b\in d}\sigma_{O}(F^{a}(\tilde{J}), b)[s_{2}\int dxg(x)+s_{2}z\eta(b)s_{g}^{I}(z)+\sum_{\partial\in D^{\langle b\rangle}}s(\partial)s_{g}^{b^{\partial}}(z)]$

$+2z\eta(a)$
$\sum_{b\in d,F^{a}(J)\cap\langle b\rangle\neq\emptyset}[s_{2}\int dxg(x)+s_{2}z\eta(b)s_{g}^{I}(z)+\sum_{\partial\in D^{\langle ab.J\rangle}}s(\partial)s_{g}^{\langle ab,J\rangle^{\partial}}(z)]$ .

Decomposing the screens of \langle ab, $\tilde{J}\rangle$ into new and old screens, we get using Remark 5(1)

$s_{g}^{J}(z)=\int dxg(x)\sigma(\tilde{J}, x)+z\eta(a)s_{2}\sum_{b\in d}\sigma_{*}(F^{a}(\tilde{J}), b)\int dxg(x)$

$+z^{2}\eta(a)_{S_{2}}(\sum_{b\in d}\sigma_{*}(F^{a}(\tilde{J}), b)\eta(b))s_{g}^{I}(z)+z\eta(a)\sum_{\theta\in\tilde{d}}\sigma_{*}(F^{a}(\tilde{J}),\tilde{b})s(\tilde{b})s_{g}^{ff}(z)$

$+2z\eta(a)\sum_{b\in d}\sum_{\tilde{K}\in New\langle ab.J\rangle}s(\tilde{K})s_{g}^{\tilde{K}}(z)$ .

This proves (ii).

LEMMA 3.2. Let $\Omega$ be a domain in which $s_{g}^{J}(z)$ and $s_{g}^{\tilde{K}}(z)$ are meromorphic for all
polygons $J$ and screens $\tilde{K}$. Then, for $ z_{0}\in\Omega$ , the following two conditions are equivalent:

1. $ Thereexistsa\in \mathscr{A}andapolygonJ\subset\langle a\rangle suchthats_{g}^{J}(z)hasasingularityatz_{0}\in\Omega$ .
2. There exists $b\in \mathscr{A}$ , a polygon $ K\subset\langle b\rangle$ and $\partial\in D^{k}$ such that $s_{g}^{K^{\partial}}(z)$ has a singularity

at $ z_{0}\in\Omega$ , or $s_{g}^{I}(z)$ has a singularity at $ z_{0}\in\Omega$ .
PROOF. First note that if $s_{g}^{I}(z)$ has singularity at $z_{O}$ , then there exists $a\in \mathscr{A}$ for

which $s_{g}^{\langle a\rangle}(z)$ has singularity at $z_{0}$ because $s_{g}^{I}(z)=\sum_{a\in d}s_{g}^{\langle a\rangle}(z)$ .
Suppose now that $s_{g}^{J}(z)$ has singularity at $z_{0}$ , then by Lemma 2.2 $s_{g}^{I}(z)$ or $s_{g}^{J^{\partial}}(z)$

must have a singularity at $z_{0}$ for some $\partial\in D^{J}$ . On the contrary, if $s_{g}^{J}(z)$ has a singularity
at $z_{0}$ , then by (10) $s_{g}^{\langle a\rangle}(z)$ or $s_{g}^{\langle ab.7\rangle}(z)$ for some $a,$

$b\in \mathscr{A}$ must have a singularity at $z_{O}$ .
From this lemma, to solve the spectrum problem of the Perron-Frobenius operator,

we need to solve the problem of singularities of $s_{g}^{J^{\partial}}(z)$ and $s_{g}^{I}(z)$ . To solve this problem
of singularities, we will construct renewal equations of $s_{g}^{J^{\partial}}(z)$ applying second renewal
equation (11) to new screens repeatedly. Though the construction is simple, however,
to get renewal equations which have sufficiently large radius of convergence, we need
technical and tedious calculations, therefore it is not at all easy to understand. To make
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the discussion a little bit clear, we will divide the construction of renewal equations
into several steps.

First, we will begin with the second step of the inductive definition.

NOTATION 2. Let $w=a_{1}\cdots a_{n}$ be a word of length $n\geq 2$ and $b\in \mathscr{A}$ . We call a
screen $\tilde{J}$ of a polygon $J$ crosses $wb$ if

$ J\subset\langle a_{1}\rangle$ ,

$ F^{a_{i}}(\Delta_{0}\langle w[1, i],\tilde{J}\rangle)\cap\langle a_{l+1}\rangle\neq\emptyset$ $(1\leq i\leq n-1)$ ,

$ F^{a_{n}}(\tilde{K})\cap\langle b\rangle\neq\emptyset$ ,

for some $\tilde{K}\in New\langle w,\tilde{J}\rangle$ , where we define inductively the sets $\Delta_{0}\langle wb,\tilde{J}\rangle,$ $\langle wb,\tilde{J}\rangle$ and
the new screens $ New\langle wb,\tilde{J}\rangle$ generated by $F^{w}(\tilde{J})$ in $\langle b\rangle$ as follows:

$\langle wb,\tilde{J}\rangle=\left\{\begin{array}{ll}\bigcap_{\tilde{K}\in New\langle w,J\rangle}\langle a_{n}b,\tilde{K}\rangle & if \tilde{J} crosses wb ,\\\emptyset & otherwise ,\end{array}\right.$

$New\langle wb,\tilde{J}\rangle=\left\{\begin{array}{ll}\{\langle wb,\tilde{J}\rangle^{\partial} : \langle wb,\tilde{J}\rangle^{\partial}\neq b^{\partial}‘, \forall\partial^{\prime}\in D^{\langle b\rangle}\} & if \tilde{J} crosses wb ,\\\emptyset & otherwise.\end{array}\right.$

Note that the set $\langle wb,\tilde{J}\rangle$ for $|w|=1$ is already defined in Notation 1. Set

$\Delta_{0}\langle wb,\tilde{J}\rangle=(F^{w}(\tilde{J})\cap\Delta\langle wb,\tilde{J}\rangle)\backslash \Delta\langle b\rangle$ ,

$\Delta_{2}\langle wb,\tilde{J}\rangle$ is the union of $\langle wb,\tilde{J}\rangle^{\partial}\backslash (F^{w}(\tilde{J})\cap\langle b\rangle)$ such that $\langle wb,\tilde{J}\rangle^{\partial}$ is a new screen
generated by $F^{w}(\tilde{J})$ in $\langle b\rangle$ and $\partial$ is an edge on $F^{w}(\tilde{J})$ , and $\Delta_{1}(wb,\tilde{J}\rangle$ is the union of
$\langle wb,\tilde{J}\rangle^{\partial}\backslash (\Delta_{0}\langle wb,\tilde{J}\rangle\cup\Delta_{2}\langle wb,\tilde{J}\rangle)$ such that $\langle wb,\tilde{J}\rangle^{\partial}$ is a new screen generated by
$F^{w}(\tilde{J})$ in $\langle b\rangle$ and $\partial$ is a vertex on $F^{w}(\tilde{J})$ . This definition is the same as we stated in
Notation 1 for the case $w=a$ (cf. also Figure 5 again). We also put $\Delta_{0}\langle a,\tilde{J}\rangle=\tilde{J}$.

Assume that $\tilde{J}$ crosses $wb$ . We say a screen $ K^{\partial}\in New\langle bc, L^{\partial^{\prime}}\rangle$ generated by $F^{b}(L^{\partial}’)$

with $ L^{\partial}’\in New\langle wb,\tilde{J}\rangle$ for some $c\in \mathscr{A}$ is
1. of type $0$ , if $\partial\subset F^{b}(\Delta_{0}\langle wb,\tilde{J}\rangle)^{cl}$ ,
2. of type 1, if $\partial\subset F^{b}(\Delta_{1}\langle wb,\tilde{J}\rangle)$ and it is not of type $0$ ,
3. of type 2, otherwise.

DEFINITION. We denote by $F\tilde{\mathscr{A}}the$ set of new screens generated by $F^{a}(a^{\partial})$ in some
$\langle b\rangle(a, b\in \mathscr{A}, \partial\in D^{\langle a\rangle})$ , that is, $ F\tilde{\mathscr{A}}=\bigcup_{a,b\in d}\bigcup_{\partial\in D^{\langle a\rangle}}New\langle ab, a^{\partial}\rangle$ . For $n\geq 2$ , let

$F^{n}\tilde{\mathscr{A}}=\bigcup_{|w|=n}\bigcup_{b\in d\partial\in}\bigcup_{D^{\langle w[1]\rangle}}New\langle wb, w[1]^{\partial}\rangle\backslash (\bigcup_{k=1}^{n-1}F^{k}\tilde{\mathscr{A}})$ .

Note that the screen $\tilde{K}$ which is of type 1 belongs to $\bigcup_{k\geq 1}F^{k}\tilde{\mathscr{A}.}$

REMARK 6. (1) $F^{n}\tilde{\mathscr{A}}$ is not the set $\{F^{n}(\tilde{a}):\tilde{a}\in\tilde{\mathscr{A}}\}$ .
(2) In Figure 7, $O1$ is mapped to $O1$ and \copyright by $F^{a}$ , \copyright is mapped to $O2$ by $F^{a}$ ,
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FIGURE 7

and it is mapped to \copyright by $F^{b}$ , and $O3(O4)$ is mapped to $O3(4O)$ by $F^{b}$ , respectively
1. If a face belongs to $O1$ , \copyright or $O3$ , a screen determined by the face is 01

type $0$ .
2. If a face belongs to $O2$ , $O2$ or $O4$ , a screen determined by the face is of type 1
3. If a face belongs to $O1$ or \copyright , a screen determined by the face is of type 2.
4. If a face belongs to \copyright or $O4$ , a screen determined by the face belongs to $F\tilde{\mathscr{A}}$

5. If a face belongs to $O2$ , a screen determined by the face belongs to $F^{2}\tilde{\mathscr{A}.}$

Now we will explain the steps of constructing renewal equations.
1. Construct a renewal equation on $\bigcup_{n=0}^{\infty}F^{n}\tilde{\mathscr{A}.}$ In this case, the $correspondin\xi$

Fredholm matrix becomes an infinite dimensional matrix.
2. Construct finite dimensional Fredholm matrices on $\bigcup_{n=0}^{N}F^{n}\tilde{\mathscr{A}}$ renewing re.

peatedly $\bigcup_{n=N+1}^{\infty}F^{n}\tilde{\mathscr{A}}terms$ appeared in the renewal equation which we got above.

In this section, we will construct a formal renewal equation of the first step
which depends all the elements which belong to $\bigcup_{k=0}^{\infty}F^{k}\tilde{\mathscr{A}.}$ From this formal equation
we can construct an infinite dimensional Fredholm matrix $\Phi(z)$ and an infinite di.
mensional vector $\chi_{g}(z)$ such that

$s_{g}(z)=\chi_{g}(z)+\Phi(z)s_{g}(z)$ ,

where $s_{g}(z)=(s_{g}^{J}(z))_{J\in\bigcup_{n--O}^{\infty}F^{n}\tilde{d}\cup I}$ .

LEMMA 3.3. Let $ w\in\Psi$ be a word and $\tilde{J}$ be a screen of a polygon $J\subset\langle a\rangle(a\in \mathscr{A})$

For a screen $L$ which is generated by some $F(\tilde{K})$ ($\tilde{K}\in New\langle w,\tilde{J}\rangle$ in $\langle b\rangle(b\in \mathscr{A})$), $w$

denote by $G(\tilde{L})$ the set of $\tilde{K}\in New\langle w,\tilde{J}\rangle$ such that $F(\tilde{K})$ generates $\tilde{L}$. Then we get

$\sum_{\tilde{K}\in G(\tilde{L})}s(\tilde{K})=\left\{\begin{array}{ll}+1/2 & if \tilde{L} is of type 0 or type 1 ,\\0 & if \tilde{L} is of type 2.\end{array}\right.$

We illustrate the simplest case in Figure 8. Let $O1$ , $O2$ , \copyright be the images of $\tilde{K}_{1}$

$\tilde{K}_{2},\tilde{K}_{3}\in New\langle w,\tilde{J}\rangle$ , respectively. Then

1. $\langle b\rangle$ is like (1), then $G(\tilde{L})=\{\tilde{K}_{1},\tilde{K}_{2},\tilde{K}_{3}\}$ ,
2. $\langle b\rangle$ is like (2), then $G(\tilde{L})=\{\tilde{K}_{1}\}$ ,
3. $\langle b\rangle$ is like (3), then $G(\tilde{L})=\{\tilde{K}_{1},\tilde{K}_{2}\}$ .

PROOF. As we show in Figure 9, note that
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$\rightarrow^{F}$

FIGURE 8

$\Rightarrow^{F^{b}}$

FIGURE 9

1. $\Delta_{O}\langle wb,\tilde{J}\rangle$ is a union of segments (or a segment). Therefore for $\tilde{L}$ of type $0$ ,
$G(\tilde{L})$ is a set ofone screen determined by one edge and two screens determined by vertices.

2. $\Delta_{1}\langle wb,\tilde{J}\rangle$ is a union of half lines which is generated by vertices. Therefore
for $\tilde{L}$ of type 1, $G(\tilde{L})$ is a set of one screen determined by a vertex.

3. $\Delta_{2}\langle wb,\tilde{J}\rangle$ is a union of half lines and $\Delta_{2}\langle wb,\tilde{J}\rangle\cup\Delta_{O}\langle wb,\tilde{J}\rangle$ is a line or a
union of half lines. Therefore for $\tilde{L}$ of type 2, $G(\tilde{L})$ is a set of one screen determined
by an edge and one screen determined by a vertex.

Taking into account the signs of edges and vertices, this completes the proof of
Lemma 3.3.

$Setforascreen\tilde{J}$ ofa polygon J,

$\chi_{g}^{J}(z)=\left\{\begin{array}{l}\tilde{\chi}_{g}^{J}(z)\\\tilde{\chi}_{g}^{7}(z)+\sum_{w\in W,|w|\geq 2}\sum_{\tilde{K}\in New\langle w.J\rangle,typeO}z^{|w|-1}2s(\tilde{K})\eta(w[1,|w|-1])\tilde{\chi}_{g}^{\tilde{K}}(z)\end{array}\right.$

$if\tilde{J}\in\bigcup_{otherwise}k\infty=0F^{k}\tilde{\mathscr{A}}$

,

and for a screen $\tilde{J}\in\bigcup_{k=0}^{\infty}F^{k}\tilde{\mathscr{A}}$ ($ J\subset\langle a\rangle$ for some $a\in \mathscr{A}$) and $\tilde{L}\in\bigcup_{k=0}^{\infty}F^{k}\tilde{\mathscr{A}}$
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$\phi(\tilde{J},\tilde{L})(z)=\{_{0}z\phi^{\mathcal{J}}(\tilde{L})2z\eta(a)s(\tilde{L})$

if $\tilde{L}\in\tilde{\mathscr{A}}$ ,
if $thereexistw\in Wandb\in \mathscr{A}suchthat\tilde{J}$

crosses $wb$ and $\tilde{L}\in\bigcup_{k=1}^{\infty}F^{k}\tilde{\mathscr{A}}is$ a new screen
generated by $F^{w}(\tilde{J})$ in $\langle b\rangle$ ,
otherwise ,

and for a screen $\tilde{J}\not\in\bigcup_{k=0}^{\infty}F^{k}\tilde{\mathscr{A},}J\subset\langle a\rangle$ for some $a\in \mathscr{A}$ and $\tilde{L}\in\bigcup_{k=0}^{\infty}F^{k}\tilde{\mathscr{A}}$

$\phi(\tilde{J},\tilde{L}Xz)=\left\{\begin{array}{ll}z\phi^{f}(\tilde{L})+ & \sum_{w\in\Psi,|w|\geq 2}\sum_{\tilde{K}\in New\langle w,J\rangle ,type0}2s(\tilde{K})z^{|w|}\eta(w[1, |w|-1)\phi^{\tilde{K}}(\tilde{L}) if \tilde{L}\in\tilde{\mathscr{A}},\\\sum_{|w|\geq 3} 2s\langle & )z^{|w|}\eta(w[1, |w|-1]) if \tilde{L}\in\bigcup_{k=1}^{\infty}F^{*}\tilde{\mathscr{A}},\\New\langle w,J\rangle\ni\tilde{L}type1 & \end{array}\right.$

$\phi(\tilde{J}, IKz)=\left\{\begin{array}{ll}z^{2}\phi^{J}(I) & if \tilde{J}\in\bigcup_{k=0}^{\infty}F^{k}\tilde{\mathscr{A}},\\z^{2}\phi^{J}(I)+\sum_{w\in\Psi}\sum_{\tilde{K}\in New\langle wJ\rangle}2s(\tilde{K})z^{|w|+1}\eta(w[1, |w & -1)\phi^{\tilde{K}}(I) otherwise.\\|w|\geq 2 & \end{array}\right.$

lype $0$

LEMMA 3.4. For all $a\in \mathscr{A}$ , polygons $ J\subset\langle a\rangle$ and $g\in L^{\infty}$ , the following equation (12)
formally holds.

$s_{g}^{J}(z)=\chi_{g}^{J}(z)+\sum_{\tilde{L}\in\bigcup_{k=0^{F^{k}\tilde{d}}}^{\infty}}\phi(\tilde{J},\tilde{L})(z)s_{g}^{\tilde{L}}(z)+\phi(\tilde{J}, IXz)s_{g}^{I}(z)$ . (12)

PROOF. Recall the second renewal equation (11):

$s_{g}^{J}(z)=\tilde{\chi}_{g}^{J}(z)+f\sum_{f\in\tilde{d}}z\phi^{J}(\tilde{b})s_{g}^{ff}(z)+z^{2}\phi^{J}(I)s_{g}^{I}(z)$

$+2z\eta(a)\sum_{b\in d}\sum_{\tilde{K}\in New\langle ab,J\rangle}s(\tilde{K})s_{g}^{\tilde{K}}(z)$ . $(13^{\backslash }$,

Hence if $\tilde{J}\in\bigcup_{k=0}^{\infty}F^{k}\tilde{\mathscr{A},}$ then $New\langle ab,\tilde{J}\rangle\subset\bigcup_{k=1}^{\infty}F^{k}\tilde{\mathscr{A}.}$ Therefore it becomes

$s_{9}^{J}(z)=\tilde{\chi}_{9}^{J}(z)+\sum_{Z\in\bigcup_{k=0}^{\infty}F^{k}\tilde{d}}\phi(\tilde{J},\tilde{L})(z)s_{g}^{\tilde{L}}(z)+\phi(\tilde{J}, I)s_{g}^{I}(z)$ .

This proves (12) for $\tilde{J}\in\bigcup_{k=0}^{\infty}F^{k}\tilde{\mathscr{A}.}$ For other cases, we will renew $s_{g}^{\tilde{K}}(z)$ in the last tem
of (13) repeatedly.

$s_{g}^{J}(z)=\tilde{\chi}_{g}^{J}(z)+\sum_{\sim,b\in\tilde{d}}z\phi^{J}(\tilde{b})s_{g}^{r}(z)+z^{2}\phi^{J}(I)s_{g}^{I}(z)$

$+\sum_{b\in d}\sum_{\tilde{K}\in New\langle ab,J\rangle}2z\eta(a)s(\tilde{K})s_{g}^{\tilde{K}}(z)$
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$=\tilde{\chi}_{g}^{J}(z)+\sum_{\sim,b\in\tilde{d}}z\phi^{7}(\tilde{b})s_{g}^{ff}(z)+z^{2}\phi^{J}(I)s_{g}^{I}(z)$

$+\sum_{b\in d}\sum_{\tilde{K}\in New\langle ab,J\rangle}2z\eta(a)s(\tilde{K})[\tilde{\chi}_{g}^{\tilde{K}}(z)+\sum_{\sim,c\in\tilde{d}}z\phi^{\tilde{K}}(\tilde{c})_{S_{g}^{c}}^{\sim}(z)$

$+z^{2}\phi^{\tilde{K}}(I)s_{g}^{I}(z)+\sum_{c\in d}\sum_{\tilde{L}\in New\langle bc,\tilde{K}\rangle}2z\eta(b)s(\tilde{L})s_{g}^{\tilde{L}}(z)]$

$=\tilde{\chi}_{g}^{ff}(z)+\sum_{b\in d}\sum_{\tilde{K}\in New\langle ab.J\rangle}2z\eta(a)s(\tilde{K})\tilde{\chi}_{g}^{\tilde{K}}(z)$

$+\sum_{\sim,c\in\tilde{d}}[z\phi^{J}(\tilde{c})+\sum_{b\in d}\sum_{\tilde{K}\in New\langle ab,J\rangle}2z^{2}\eta(a)s(\tilde{K})\phi^{\tilde{K}}(\tilde{c})]^{\sim}s_{g}^{c}(z)$

$+[z^{2}\phi^{J}(I)+\sum_{b\in d}\sum_{\tilde{K}\in New\langle ab,J\rangle}2z^{3}\eta(a)s(\tilde{K})\phi^{\tilde{K}}(I)]s_{g}^{I}(z)$

$+\sum_{b\in d}\sum_{\tilde{K}\in New\langle ab,J\rangle c}\sum_{\in d}\sum_{\tilde{L}\in New\langle bc,\tilde{K}\rangle}4s(\tilde{K})s(\tilde{L})z^{2}\eta(ab)s_{g}^{\tilde{L}}(z)$ . (14)

Hence, $byLemma3.3$ , we can divide the last sum of right hand term of (14) into the
sums over screens of type $0$ and type 1. Note that a screen $\tilde{L}\in New\langle bc,\tilde{K}\rangle$ for
$\tilde{K}\in New\langle ab,\tilde{J}\rangle$ which does not belong to $ New\langle abc,\tilde{J}\rangle$ is of type 2 (cf. Figure 9 again).
Hence

$\sum_{b\in d}\sum_{\tilde{K}\in New\langle ab,J\rangle}\sum_{c\in d}\sum_{Z\in New\langle bc.\tilde{K}\rangle}4s(\tilde{K})s(\tilde{L})z^{2}\eta(ab)s_{g}^{\tilde{L}}(z)$

$=\sum_{b,c\in d}\sum_{0_{or}typei^{J\rangle}}2s(\tilde{L})z^{2}\eta(ab)s_{g}^{\tilde{L}}(z)\tilde{L}\in New\langle abc$

Therefore we get

rhs. of (14) $=\tilde{\chi}_{g}^{J}(z)+\sum_{b\in d}\sum_{\tilde{K}\in New\langle ab,J\rangle}2z\eta(a)s(\tilde{K})\tilde{\chi}_{g}^{\tilde{K}}(z)$

$+\sum_{\sim,c\in\tilde{d}}[z\phi^{J}(\tilde{c})+\sum_{b\in d}\sum_{\tilde{K}\in New\langle ab,J\rangle}2z^{2}\eta(a)s(\tilde{K})\phi^{\tilde{K}}(\tilde{c})]^{\sim}s_{g}^{c}(z)$

$+[z^{2}\phi^{J}(I)+\sum_{b\in d}\sum_{\tilde{K}\in New\langle ab,J\rangle}2z^{3}\eta(a)s(\tilde{K})\phi^{\tilde{K}}(I)]s_{g}^{I}(z)$

$+\sum_{b,c\in d}\sum_{\tilde{L}\in New\langle abc.J\rangle}2s(\tilde{L})z^{2}\eta(ab)s_{g}^{\tilde{L}}(z)$

$+\sum_{b,c\in d}\sum_{\tilde{L}\in New\langle abc,7\rangle}2s(\tilde{L})z^{2}\eta(ab)s_{g}^{\tilde{L}}(z)$ . (15)
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As we remarked before, $\tilde{K}$ of type 1 belongs to $\bigcup_{k=1}^{\infty}F^{k}\tilde{\mathscr{A}.}$ Therefore we need only
renew the type $0$ screens. Repeating this procedure, we get as a formal power series:

rhs. of (15) $=\tilde{\chi}_{g}^{J}(z)+\sum_{b\in d}\sum_{\tilde{K}\in New\langle ab,J\rangle}2z\eta(a)s(\tilde{K})\tilde{\chi}_{g}^{\tilde{K}}(z)$

$+\sum_{|w|\geq 2}\sum_{b\in d}\sum_{\tilde{K}\in New\langle wb,J\rangle}2s(\tilde{K})z^{|w|}\eta(w)\tilde{\chi}_{g}^{\tilde{K}}(z)$

$+\sum_{\sim,c\in\tilde{d}}[z\phi^{J}(\tilde{c})+\sum_{b\in d}\sum_{\tilde{K}\in New\langle ab.J\rangle}2s(\tilde{K})z^{2}\eta(a)\phi^{\tilde{K}}(\tilde{c})$

$+(z^{2}\phi^{J}(I)+\sum_{|w|\geq 2}\sum_{\tilde{K}\in New\langle w,J\rangle}z^{|w|+1}2s(\tilde{K})\eta(w[1, |w|-1)\phi^{\tilde{K}}(I))s_{g}^{I}(z)$

$+\sum_{|w|\geq 3}\sum_{\tilde{K}\in New\langle w.J\rangle}2s(\tilde{K})z^{|w|}\eta(w[1, |w|-1])\phi^{\tilde{K}}(\tilde{c})]^{\sim}s_{g}^{c}(z)$

$+\sum_{|w|\geq 3}$

KE
$New\langle w,J\rangle\sum_{type1}2s(\tilde{K})z^{[w|-1}\eta(w[1, |w|-1])s_{g}^{\tilde{K}}(z)$

$=\tilde{\chi}_{g}^{J}(z)+\sum_{|w|\geq 2}\sum_{\tilde{K}\in New\langle w,J\rangle}2s(\tilde{K})z^{|w|-1}\eta(w[1, |w|-1])\tilde{\chi}_{g}^{\tilde{K}}(z)$

$+\sum_{\sim,c\in\tilde{d}}[z\phi^{J}(\tilde{c})+\sum_{|w|\geq 2}\tilde{K\in New\langle w,J\rangle}\sum_{typeO}2s(\tilde{K})z^{|w|}\eta(w[1, |w|-1])\phi^{\tilde{K}}(\tilde{c})]^{\sim}s_{g}^{c}(z)$

$+[z^{2}\phi^{J}(I)+\sum_{|w|\geq 2}\sum_{\tilde{K}\in New\langle w,J\rangle}z^{|w|+1}2s(\tilde{K})\eta(w[1, |w|-1])\phi^{\tilde{K}}(I)]s_{g}^{I}(z)$

$+\sum_{-}\sum_{y1pe1}2s(\tilde{L})z^{|w|-1}\eta(w[1, |w|-1])s_{g}^{\tilde{L}}(z)\tilde{L}\in\bigcup_{k-1}^{\infty}F^{l}\tilde{d}New\langle w,J\rangle\ni L|w|\geq 3$

This proves Lemma 3.3.

Using (12) for $\tilde{a}\in\tilde{\mathscr{A}}and(9)$ , we can construct a formal renewal equation ofthe form

$s_{g}(z)=\chi_{g}(z)+\Phi(z)s_{g}(z)$ ,

where $s_{g}(z),$ $\chi_{g}(z)$ are $\bigcup_{n=0}^{\infty}F^{n}\tilde{\mathscr{A}}\cup I$ vector and $\Phi(z)$ is $\bigcup_{n=0}^{\infty}F^{n}\tilde{\mathscr{A}}\cup I$ matrix and

$s_{g}(z)_{J}=\left\{\begin{array}{ll}s_{g}^{J}(z) & if \tilde{J}\in\bigcup_{n=0}^{\infty}F^{n}\tilde{\mathscr{A}},\\s_{g}^{I}(z) & if \tilde{J}=I,\end{array}\right.$

$\chi_{g}(z)_{J}=\left\{\begin{array}{ll}\chi_{g}^{J}(z) & if \tilde{J}\in\bigcup_{n=0}^{\infty}F^{n}\tilde{\mathscr{A}},\\s_{2}\#\mathscr{A}\int gdx & if \tilde{J}=I,\end{array}\right.$
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$\Phi(z)_{f_{\tilde{K}}},=\left\{\begin{array}{l}\phi(J,K)(z)\\s(\tilde{K})s_{2}z\sum_{a\in d}\eta(a)\\0\end{array}\right.$

4. Reduction to finite dimension.

if $\tilde{J}\in\bigcup_{n=0}^{\infty}F^{n}\tilde{\mathscr{A}}$ ,

if $\tilde{J}=I$ and $\tilde{K}\in\tilde{\mathscr{A}}$ ,

if $\tilde{J}=\tilde{K}=I$ ,

otherwise.

In \S 3, we constructed a formal renewal equation which leads to an infinite
dimensional Fredholm matrix $\Phi(z)$ . Now in this section, we will reduce it to finite
dimensional matrices $\Phi_{n}(z)$ for $n=0,1,$ $\cdots$ .

The idea is only to renew all the terms $s_{g}^{\tilde{L}}(z)(\tilde{L}\in\bigcup_{k=n+1}^{\infty}F^{k}\mathscr{A})\backslash $ in the right hand
term in (12) repeatedly. Then we will get a renewal equation with only the elements
$s_{g}^{\tilde{L}}(z)(\tilde{L}\in\bigcup_{k=0}^{n}F^{k}\mathscr{A}\tilde{)}$ . Since screens of type $0$ and 1 generate new branches, we need to
estimate their numbers. We will prepare several notations.

Set $ B_{k}\langle wb,\tilde{J}\rangle$ be the set of $K^{\partial}\in F^{k}\tilde{\mathscr{A}}$ such that $\tilde{J}$ crosses $w$ , and $K^{\partial}$ is of type 1
generated by some $F^{w[|w|]}(\tilde{L})(\tilde{L}\in New\langle w,\tilde{J}\rangle)$ , that is, the face which corresponds to $\tilde{L}$

$1iesonF^{w[|w|-k,|w|]b}\Delta_{1}(w[1, |w|-k],\tilde{J})$ . Note that if $|w|\leq k,$ $thenB_{k}\langle wb,\tilde{J}\rangle=\emptyset$ , and
$ B_{O}\langle wb,\tilde{J}\rangle=\emptyset$ for any $w\in W$ and $b\in \mathscr{A}$ . Let

$ C_{n,1}\langle wb,\tilde{J}\rangle=\bigcup_{k=1}^{n}B_{k}\langle wb,\tilde{J}\rangle$ ,

Then using these notations, (12) becomes:

$ D_{n.1}\langle wb,\tilde{J}\rangle=\bigcup_{k>n}B_{k}\langle wb,\tilde{J}\rangle$ .

$s_{g}^{7}(z)=\chi_{g}^{7}(z)+\sum_{\tilde{L}\in\bigcup_{k=0}^{\infty}F^{k}\tilde{d}}\phi(\tilde{J},\tilde{L})(z)s_{g}^{\tilde{L}}(z)+\phi(\tilde{J}, I)(z)s_{g}^{I}(z)$

$=\chi_{g}^{7}(z)+\sum_{\sim,b\in\tilde{d}}z\tilde{\phi}(\tilde{J},\tilde{b})s_{g}^{ff}(z)+\phi(\tilde{J}, I)(z)s_{g}^{I}(z)$

$+\sum_{w\in\gamma r,|w|\geq 3}\sum_{\tilde{L}\in\bigcup_{k=0}^{\infty}B_{k}\langle w.J\rangle}2s(\tilde{L})z^{|w|}\eta(w[1, |w|-1)s_{g}^{\tilde{L}}(z)$

$=\chi_{g}^{J}(z)+\sum_{\sim,b\in\tilde{d}}z\tilde{\phi}(\tilde{J},\tilde{b})_{S_{g}^{b}}^{\sim}(z)+\phi(\tilde{J}, I)(z)s_{g}^{I}(z)$

$+\sum_{w\in\gamma V.|w|\geq 3}\sum_{\tilde{L}\in C_{n,1}\langle w,J\rangle}2s(\tilde{L})z^{|w|}\eta(w[1, |w|-1)s_{g}^{\tilde{L}}(z)$

$+\sum_{w\in\gamma V.|w|\geq 3}\sum_{\tilde{L}\in D_{n,1}\langle w,J\rangle}2s(\tilde{L})z^{|w|}\eta(w[1, |w|-1])s_{g}^{\tilde{L}}(z)$ . (16)

When we renew $ D_{n,1}\langle wb,\tilde{J}\rangle$ , from these screens there appear the screens in $\bigcup_{k=1}^{\infty}F^{k}\tilde{\mathscr{A},}$

which we will denote by $ C_{n,2}\langle wb,\tilde{J}\rangle$ and $ D_{n.2}\langle wb,\tilde{J}\rangle$ contained in $\bigcup_{k=1}^{n}F^{k}\tilde{\mathscr{A}}$ and
$\bigcup_{k>n}F^{k}\tilde{\mathscr{A},}$ respectively. Then we again renew $ D_{n,2}\langle wb,\tilde{J}\rangle$ , there appear $ C_{n,3}\langle wb,\tilde{J}\rangle$

and $ D_{n,3}\langle wb,\tilde{J}\rangle$ contained in $\bigcup_{k=1}^{n}F^{k}\tilde{\mathscr{A}}and\bigcup_{k>n}F^{k}\tilde{\mathscr{A}}respectively$ , and so
$\backslash on$

. More
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precisely, for $l\geq 1$ set

$ C_{n,l+1}\langle wb,\tilde{J}\rangle=,\bigcup_{m\geq 2}C_{n,l}\langle w[m, |w|]b,\tilde{J}^{\prime}\rangle J\in D_{n,1}\langle w[1,m].J\rangle$

$ D_{n,l+1}\langle wb,\tilde{J}\rangle=\bigcup_{J’\in D_{n.1}\langle w[1.m].J\rangle}D_{n,l}\langle w[m, |w|]b,\tilde{J}^{\prime}\rangle$ ,

$C_{n}\langle wb,\tilde{J}\rangle=\bigcup_{l\geq 1}C_{n,l}\langle wb,\tilde{J}\rangle\subset\bigcup_{k=1}^{n}F^{k}\tilde{\mathscr{A}}$ ,

$D_{n}\langle wb,\tilde{J}\rangle=\bigcup_{l\geq 1}D_{n,l}\langle wb,\tilde{J}\rangle\subset\bigcup_{k>n}F^{k}\tilde{\mathscr{A}}$ .

REMARK 7. (i) $ D_{n}\langle wb,\tilde{J}\rangle=\emptyset$ if $|w|<n$ .
(ii) $ C_{0}\langle wb,\tilde{J}\rangle=\emptyset$ .
(iii) New screens generated by screens in $ D_{n}\langle wb,\tilde{J}\rangle$ belong to $\bigcup_{k=1}^{\infty}F^{k}\tilde{\mathscr{A}.}$

Now we will fix $n\geq 0$ and construct the Fredholm matrices which have indices
$\bigcup_{k=0}^{n}F^{k}\tilde{\mathscr{A}.}$ We need not renew screens which belong to $ C_{n}\langle wb,\tilde{J}\rangle$ . Let

$ New_{n}\langle w,\tilde{J}\rangle=New\langle w,\tilde{J}\rangle\cup D_{n}\langle w,\tilde{J}\rangle$ ,

and we call a screen of type $(n, 0)$ if it is of type $0$ of $ New_{n}\langle w,\tilde{J}\rangle$ or it belongs to
$ D_{n}\langle w,\tilde{J}\rangle$ , and of type $(n, 1)$ if it belongs to $ C_{n}\langle w,\tilde{J}\rangle$ .

We will explain these notions in Figure 10.
1. Let $F^{a}(\tilde{J})$ be as in Figure 10(a). Screens with faces $\partial(\partial\neq F^{b}(A))$ on \copyright , which

is the image of the half line $O1$ by $F^{b}$ , belong to $ B_{1}\langle ab\overline{c},\tilde{J}\rangle$ for $\overline{c}\in \mathscr{A}$ which intersect
\copyright , that is, in Figure 10(b) the screen of the vertex $C$ is an example.

2. Screens with faces $\partial(\partial\neq F^{bc}(A))$ on \copyright , which is the image of \copyright by $F^{c}$ , belong
to $ B_{2}\langle abcd,\tilde{J}\rangle$ for $d\in \mathscr{A}$ which intersect \copyright , that is, in Figure 10(c) the screen of the
vertex $E$ is an example.

3. Screens with faces $\partial(\partial\neq F^{c}(D))$ on $O7$ , which is the image of $O4$ by $F^{c}$ , belong
to $ B_{1}\langle abcd\rangle$ for $d\in \mathscr{A}$ which intersect $O7$ .

4. To construct $\Phi_{O}(z)$ , we will renew the elements of $F\tilde{\mathscr{A}.}$ Therefore screens 01
faces $\partial(\partial\neq F^{c}(C))$ on \copyright , which is the image of \copyright by $F^{c}$ , belong to $ D_{0.2}\langle abcd^{\prime}\rangle$ , because
they belong to $F\tilde{\mathscr{A}.}$ The vertices $F,$ $G$ and the edge $FG$ are examples.

5. To construct $\Phi_{1}(z)$ , we will renew the elements of $F^{2}\tilde{\mathscr{A}.}$ Therefore screens 01
faces $\partial(\partial\neq F^{d}(E))$ on the image of \copyright belong to $ C_{1,2}\langle abcd,\tilde{J}\rangle$ , because they belong tc
$F\tilde{\mathscr{A}.}$

6. The Screens of the vertices $A,$ $B$ and the edge $AB$ belong to $ New\langle ab,\tilde{J}\rangle$ .
7. The screens of vertices $C,$ $F^{b}(A),$ $D$ and the edges $CF^{b}(A),$ $F^{b}(A)D$ belong tc

$ New\langle abc,\tilde{J}\rangle$ .
8. The screens of the vertices $F^{bc}(A),$ $E,$ $H$ and the edge $EF^{bc}(A),$ $ F^{bc}(A)Hbelon\not\in$

to $ New\langle abcd,\tilde{J}\rangle$ .
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(a) (b)

FIGURE 10

9. The screens of the vertices $F,$ $G$ and the edge $FG$ belong to $ New_{0}\langle abcd^{\prime},\tilde{J}\rangle$ .
10. $New_{1}$ \langle abcd, $\tilde{J}\rangle$ $=New\langle abcd,\tilde{J}\rangle$ . There appear screens which belong to

$ D_{1.2}\langle abcde,\tilde{J}\rangle$ for the first time by faces on the image of \copyright by $F^{de}$ for some $e\in \mathscr{A}$

which intersect the image of \copyright by $F^{d}$ , and New $ 1\langle abcde,\tilde{J}\rangle\supsetneqq New\langle abcde,\tilde{J}\rangle$ .
$Setforascreen\tilde{J}$ ofa polygon J,

$\chi_{n.g}^{J}(z)=\left\{\begin{array}{ll}\tilde{\chi}_{g}^{7}(z) & if \tilde{J}\in\bigcup_{k=0}^{n-1}F^{k}\tilde{\mathscr{A}}\cup I,\\\tilde{\chi}_{g}^{J}(z)+ \sum_{w\in\gamma V,|w|\geq 2}\sum_{\tilde{K}\in New_{n}\langle w,J\rangle ,type\langle n0)},2s(\tilde{K})z^{|w|-1}\eta(w[1, |w|-1 & )\tilde{\chi}_{g}^{\tilde{K}}(z) otherwise ,\end{array}\right.$

and for a screen $\tilde{J}\in\bigcup_{k=0}^{n-1}F^{k}\tilde{\mathscr{A}}$ ($ J\subset\langle a\rangle$ for some $a\in \mathscr{A}$)

$\phi_{n}(\tilde{J},\tilde{L})(z)=\{2zs(\tilde{J})\eta(a)0$
$if\tilde{L}\in\bigcup_{otherwise}kn=1F^{k}\tilde{\mathscr{A}}if\tilde{L}\in\tilde{\mathscr{A}}$

’

is a new screen generated by $F^{a}\tilde{J}$ ,

and for a screen $\tilde{J}\not\in\bigcup_{k=0}^{n-1}F^{k}\tilde{\mathscr{A}}$

$\phi_{n}(\tilde{J},\tilde{L})(z)=\left\{\begin{array}{l}z\phi^{7}(\tilde{L})+\sum_{w\in\gamma\gamma}\sum_{\tilde{K}\in New_{n}\langle w,J\rangle,type\langle n0)},2s(\tilde{K})z^{|w|}\eta(w[1,|w|-1)\tilde{\phi}^{\tilde{K}}(\tilde{L})|w|\geq 2if\\New_{n}\langle w7\rangle\ni\tilde{L}type\langle n,1)\sum_{|w|\geq 3},2s(\tilde{K})z^{|w|}\eta(w[1,|w|-1)if\tilde{L}\in\bigcup_{k=1}^{n}F^{k}\tilde{\mathscr{A}}\end{array}\right.$

$\tilde{L}\in\tilde{\mathscr{A}}$ ,
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$\phi_{n}(\tilde{J}, IXz)=\left\{\begin{array}{ll}\phi(\tilde{J}, IKz) & if \tilde{J}\in\bigcup_{k}^{n}:_{O}^{1}F^{k}\tilde{\mathscr{A}}\cup I,\\\phi(\tilde{J}, I)(z)+\sum_{w\in\Psi}\sum_{\tilde{K}\in New_{n}\{w,J) ,||_{w|\geq 2}^{p\epsilon(nO)}},2s( & )z^{|w|}\eta(w[1, |w|-1])\phi^{\tilde{K}}(I) otherwise.\end{array}\right.$

We will discuss the radii of convergences in \S 5.

LEMMA 4.1. For a screen $\tilde{J}ofapolygon$ Jsuch that $J\subset\langle a\rangle(a\in \mathscr{A})andg\in L^{\infty}$ , weget

$s_{g}^{J}(z)=\chi_{n.g}^{J}(z)+\sum_{\tilde{L}\in\bigcup_{l--0^{F^{k}\tilde{d}\cup I}}^{n}}\phi_{n}(\tilde{J},\tilde{L})(z)s_{g}^{\tilde{L}}(z)$ . (17)

PROOF. We now renew the last term of the right hand term of (16) again, then

$\sum_{w\in\Psi,|w|\geq 3}\sum_{\tilde{L}\in D_{n,1}\langle w,J\rangle}2s(\tilde{L})z^{|w|}\eta(w[1,|w|-1])s_{g}^{\tilde{L}}(z)$

$=\sum_{w\in\#,|w|\geq 3}\sum_{\tilde{L}\in D_{n,1}\langle w,J\rangle}2s(\tilde{L})z^{|w|}\eta(w[1, |w|-1])$

$\times[\chi_{g}^{\tilde{L}}(z)+\sum_{\theta\in\tilde{d}}z\tilde{\phi}(\tilde{L},\tilde{b})s_{g}^{ff}(z)+\phi(\tilde{L}, I)s_{g}^{I}(z)$

$+\sum_{w^{\prime}\in\#,|w^{\prime}|\geq 3}\sum_{R\in C_{n.1}\langle w^{\prime},\tilde{L}\rangle}2s(\tilde{K})z^{|w^{\prime}|}\eta(w^{\prime}[1, |w^{\prime}|-1)s_{g}^{\tilde{K}}(z)$

$+,\sum_{w\in\nu^{\wedge}.|w|\geq 3},\sum_{R\in D_{n.1}\langle w^{\prime},\tilde{L}\rangle}2s(\tilde{K})z^{|w|}\eta(w^{\prime}[1, |w^{\prime}|-1])s_{g}^{\tilde{K}}(z)]$ . (18)

By Lemma 3.4, new screens which are not of type $(n, 0)$ or $(n, 1)$ will vanish, and in a
similar way to prove Lemma 3.3 we get

rhs. of (18) $=\sum_{w\in\Psi,|w|\geq 3}\sum_{\tilde{L}\in D_{n,1}\langle w.J\rangle}2s(\tilde{L})z^{|w|}\eta(w[1, |w|-1])$

$\times[\chi_{g}^{\tilde{L}}(z)+f\sum_{f\in\tilde{d}}z\tilde{\phi}(\tilde{L},\tilde{b})s_{g}^{ff}(z)+\phi(\tilde{L}, I)(z)s_{g}^{I}(z)]$

$+\sum_{w\in\theta^{\wedge},|w|\geq 6}\sum_{\tilde{L}\in C_{n.2}\langle w,J\rangle}2s(\tilde{L})z^{|w|}\eta(w[1, |w|-1)s_{g}^{\tilde{L}}(z)$

$+\sum_{w\in\Psi.|w|\geq 6}\sum_{\tilde{L}\in D_{n.2}\langle w.\tilde{L}\rangle}2s(\tilde{L})z^{|w|}\eta(w[1, |w|-1])s_{g}^{\tilde{L}}(z)$ .

Therefore we can prove this lemma by renewing repeatedly all the terms which belong
to $\bigcup_{w\in\theta^{\prime}}D_{n}\langle w,\tilde{J}\rangle$ .

Now we get a formal renewal equation.
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THEOREM 4.1. Fix any $n\geq 0$ . For $g\in L^{\infty}$ , we get

$(I-\Phi_{n}(z))s_{n,g}(z)=\chi_{n,g}(z)$ ,

where

$s_{n,g}(z)=(s_{g}^{\tilde{K}}(z))_{\tilde{K}\in\bigcup_{k=0}^{n}F^{k}}\ovalbox{\tt\small REJECT}_{\cup I}$ ,

$\chi_{n,g}(z)=(\chi_{n,g}^{\tilde{K}}(z))_{\tilde{K}\in\bigcup_{k=0}^{n}F^{k}\tilde{d}\cup I}$ ,

$\Phi_{n}(z)=(\phi_{n}(\tilde{K},\tilde{L}))_{\tilde{K},L\in\bigcup_{k=0}^{n}F^{k}\tilde{d}\cup I}$ .

Therefore, in the domain where the coefficients of $\Phi_{n}(z)$ and $\chi_{n.g}(z)$ are analytic,
the singularities of $s_{g}^{\tilde{K}}(z)(\tilde{K}\in\bigcup_{k=0}^{n}F^{k}\overline{\mathscr{A}})$ are determined by $\det(I-\Phi_{n}(z))=0$ .

In \S 5, we will show the zeros of the Fredholm determinant $\det(I-\Phi_{n}(z))$ correspond
to the reciprocals of the eigenvalues of the Perron-Frobenius operator $P$ restricted to
a family of functions $\mathscr{B}$ .

5. Spectrum of Perron-Frobenius operator.

5.1. Estimate of radii of convergences. We will discuss first the radii of con-
vergences of the renewal equations constructed in \S 4. Afterwards, we will show an ex-
ample for which the renewal equations has sufficiently large radii of convergences.

Recall

$\xi=\lim_{n\rightarrow}\inf_{\infty}ess\inf_{x\in I}\frac{1}{n}$ logl det $D(F^{n})(x)|$ ,

and we define

$v=\lim_{n\rightarrow\infty}\sup\sup_{l}\frac{1}{n}\log\#\{w:|w|=n, \langle w\rangle\cap l\neq\emptyset\}$ ,

where $D(F^{n})$ is the jacobian matrix of $F^{n}$ , and $supl$ is the supremum over all segments
1. We call that $F$ is expanding, if

$\underline{\xi}=\lim_{n\rightarrow}\inf_{\infty}\frac{1}{n}ess\inf_{x\in I}\log$ [minimum of the eigenvalue of $D(F^{n})(x)|$] $>0$ .

As we assumed that $F$ is expanding, $F$ is expanding for all the directions. Therefore the
set of polygons $\{\langle a\rangle : a\in \mathscr{A}\}$ is a generator, that is, $\{F^{k}\langle a\rangle : a\in \mathscr{A}, k=0,1,2, \cdots\}$

generates the $\sigma$-algebra.

LEMMA 5.1. Assume that $F$ is expanding and $\xi>v$ . Then, there exist $\delta_{n}>0$ such
that $\delta_{n}$ tend to $0$ as $ n\rightarrow\infty$ , and for any $\epsilon>0$ , in the domain $|z|<e^{\xi-v-\delta_{n}-\epsilon},$ $\phi_{n}(\tilde{J},\tilde{L})(z)$

and $\chi_{n,g}^{J}(z)/\Vert g\Vert_{\infty}$ are umformly bounded in screens $\tilde{J}$ of a polygon $J\subset\langle a\rangle(a\in \mathscr{A})$ and
$\tilde{L}\in\bigcup_{k=0}^{n}\tilde{\mathscr{A},}$ where $g\in L^{\infty}$ and $\Vert\cdot\Vert_{\infty}$ is the $L^{\infty}$ norm.
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PROOF. For any $\epsilon>0$ , the number of words with length $m$ which intersect $j$

is at most $Ce^{\langle\nu+\epsilon/2)m}$ with some constant $C>0$ which is independent of screen $\tilde{J}$

First note that the number of $\bigcup_{|w|=m}New\langle w,\tilde{J}\rangle$ is at most $5Ce^{\langle v+\epsilon/2)m}$ , because one
screen can generate at most 5 new screens (3 vertices and 2 edges) in some $\langle b\rangle(b\in \mathscr{A})$

For a screen $\tilde{L}\in F^{k}\tilde{\mathscr{A}}(k\geq 1)$ of type 1 for which $\phi_{n}(\tilde{J},\tilde{L})(z)\neq 0$ , there exists a word $n$

$(|w|\geq 2)$ such that the face which corresponds to $\tilde{L}$ lies on $F^{k}(\Delta_{1}\langle w,\tilde{J}\rangle)$ . Therefore $\hat{I}$

is generated by $F^{a_{k}^{x}}(\tilde{K})$ where $x\in I$ is one of two endpoints of $\Delta_{0}\langle w,\tilde{J}\rangle,$
$ a_{1}^{X}a_{2}^{x}\cdots$ is

its expansion, and the face which corresponds to $\tilde{K}$ is a vertex $F^{k}(x)$ , that $is$

$\tilde{K}\in New\langle wa_{1}^{x}\cdots a_{k}^{x},\tilde{J}\rangle$ . Therefore the number of screens belonging to $F^{k}(\overline{\mathscr{A}})$ of type 1
$(k\geq 1)$ generated by $F(\tilde{K})$ for $\tilde{K}\in\bigcup_{|w|=m-1}New\langle w,\tilde{J}\rangle$ in some $b\in \mathscr{A}$ is at mosl
$C_{0}e^{\langle v+\epsilon/2)(m-k)}$ if $m\geq k\geq 1$ for some constant $C_{0}$ , and it equals $0$ if $k>m$ .

Set

$ f(m)=\sup_{J}\sum_{|w|=m}New_{n}\langle w,\tilde{J}\rangle$ ,

where sup is taken over all screens generated by faces of convex polygons in $I$. Then
$f(m)$ equals the sum of the number of $\sup_{|w|=m}New\langle w,\tilde{J}\rangle$ and the sum of the number
of screens generated by $F^{n}(\tilde{J}^{\prime})(\tilde{J}^{\prime}\in\bigcup_{|w|=m-n-k}New\langle w,\tilde{J}\rangle)$ over $k=1$ to $m-n$
Therefore summing all these numbers, we get

$f(m)\leq 5Ce^{\langle\nu+\epsilon/2)m}+C_{0}\sum_{k=1}^{m-n}e^{\langle v+\epsilon/2)\langle m-n-k)}f(k)$

for $m\geq n$ . Then multiplying both sides by $t^{m}$ , taking the sum over $m=1$ to $\infty$ , and with
a reduction, we have

$\sum_{k=1}^{\infty}f(k)t^{k}\leq\frac{5Ce^{v+\epsilon/2}t}{1-e^{\nu+\epsilon/2}t-C_{0}e^{\nu+\epsilon/2_{f}n}}$ ,

if the denominator is positive. Since the denominator is positive for sufficiently small
$t$ , taking $\delta_{n}>0$ such that $e^{-\nu-\epsilon/2-\delta_{n}}$ is the minimal root of $1-e^{\nu+\epsilon/2}t-C_{0}e^{\nu+\epsilon/2}t^{n}=0$ .
we get

$f(m)\leq C^{\prime}e^{\{\nu+\epsilon+\delta_{n})m}$ (19)

with some constant $C^{\prime}$ , and $\delta_{n}\rightarrow 0$ as $ n\rightarrow\infty$ . On the other hand,

$|\tilde{\chi}_{g}^{J}|\leq Lebes(I)(1+|z|\sum_{a\in d}\eta(a))\Vert g\Vert_{\infty}$ , (20)

where Lebes$(J)$ is the Lebesgue measure of a set $J$. Using (19) and (20), we find thal
there exists a constant $C^{\prime\prime}$ such that the m-th coefficient of $\chi_{g}^{J}(z)$ satisfies

$|\sum_{|w|=m}\sum_{\tilde{K}\in New_{\mathfrak{n}}\langle w,J\rangle},\eta(aw[1, |w|-1])\tilde{\chi}_{g}^{\tilde{K}}|<C^{\prime\prime}e^{\{-\xi+\nu+\epsilon+\delta_{n})m}(1+|z|\sum_{a\in d}\eta(a))\Vert g\Vert_{\infty}$ .
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This proves the uniform boundedness of $\chi_{n,g}^{J}/\Vert g\Vert_{\infty}$ . To estimate $\phi_{n}$ , we only $n_{\sim}eed$

to estimate the radius of convergence of $\phi_{n}(\tilde{J},\tilde{K})$ for $\tilde{J}\in F^{n}\tilde{\mathscr{A}}$ and $\tilde{L}\in\tilde{\mathscr{A}.}$ Since $\phi^{K}(\tilde{L})$

is bounded, we also only need to calculate the number of elements $\bigcup_{|w|=m}New_{n}\langle w,\tilde{J}\rangle$ .
Thus there exists some constant $C^{\prime\prime\prime}$ such that

$|\sum_{|w|=m}\sum_{\tilde{K}\in New_{n}\langle w,J\rangle}2s(\tilde{J})\eta(w[1, |w|-1)\phi^{\tilde{K}}(\tilde{L})|<C^{\prime\prime\prime}e^{(-\xi+\nu+\epsilon+\delta_{n})m}$

This proves the lemma.

LEMMA 5.2. Assume that $F$ is expanding and $\xi>v$ . Then in the $domain|z|<e^{\xi-v-\delta_{n}}$ ,
$\det(I-\Phi_{n}(z))$ is analytic.

5.2. An example. Roughly speaking, as $F^{n}$ expands all the directions at most in
the order $e^{\langle\xi-\xi)n}$ , the length of an edge of a polygon $\langle w\rangle$ with $|w|=n$ must be longer
than $e^{-\langle\xi-\xi)n}$ . Therefore, for any segment of unit length, the number of words with
length $n$ which intersect this segment is at most $e^{(\xi-\underline{\xi})n}$ . Hence $v$ may equal $\xi-\underline{\xi}$ .
Namely, as shown in the former subsection, the radii of convergences of the Fredholm
matrices etc. may be larger than or equal to $e^{\xi-\underline{\xi}}$. This is true for Markov transformations,
but for non-Markov transformations, there may appear small polygons $\langle w\rangle$ comparing
its length $|w|$ . Thus, it may happen $v$ become very large. We will give a non-Markov
example for which $\xi>v$ .

EXAMPLE 2. Consider a triangle $ABC$ . On the segment $AB$ take points $D,$ $P,$ $Q$ .
Assume that $AD<AC<AP$ and $BD<BC<BQ$ (cf. Fig. 11). Let $\mathscr{A}=\{a, b\},$ $\langle a\rangle=$

$\Delta ACD$ and $\langle b\rangle=\Delta BCD.$ $A$ transformation $F^{a}$ maps $A,$ $C$ and $D$ to $A,$ $P$ and $C$, respec-
tively. $A$ transformation $F^{b}$ maps $B,$ $C$ and $D$ to $B,$ $Q$ and $C$, respectively. Indeed, take

$A=\left(\begin{array}{l}l\\l\end{array}\right),$ $B=\left(\begin{array}{l}0\\0\end{array}\right),$ $C=\left(\begin{array}{l}l\\0\end{array}\right),$ $D=\left(\begin{array}{l}d\\d\end{array}\right),$ $P=\left(\begin{array}{l}p\\p\end{array}\right)$ and $Q=\left(\begin{array}{l}q\\q\end{array}\right)$ . Then

$F^{a}\left(\begin{array}{l}x\\y\end{array}\right)=M^{a}[\left(\begin{array}{l}x\\y\end{array}\right)-\left(\begin{array}{l}1\\1\end{array}\right)]+\left(\begin{array}{l}1\\1\end{array}\right)$ , $F^{b}\left(\begin{array}{l}x\\y\end{array}\right)=M^{b}\left(\begin{array}{l}x\\y\end{array}\right)$ ,

$M^{a}=\left(\begin{array}{ll}p-1 & 1-p\\1/(1-d)+p-1 & 1-p\end{array}\right)$ , $M^{b}=\left(\begin{array}{ll}q & 1/d-q\\q & -q\end{array}\right)$ ,

FIGURE 11
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and the eigenvalues of $M^{a}$ and $M^{b}$ are $\pm\sqrt{(1-p)/(1-d)}$ and $\pm\sqrt{q/d}$, respectively.
Therefore, $F$ is expanding for $0<p<d<q$ .

LEMMA 5.3. For the mapping $F$ of the example, there exists a constant $C>0$ such
that a segment shorter than $C$ can be divided at most 4 segments by 3 iterations of $F$.

FIGURE 12

PROOF. From Figure 12, at most 4 polygons corresponding to words with length
3 have same vertex. To be divided into more than 4 segments by 3 iterations of $F$, a
segment must cross more than 4 polygons corresponding to words with length 3. Hence
it must be longer than some constant $C>0$ . This proves the lemma.

LEMMA 5.4. Let $F$ be a mapping with $\mathscr{A}=\{a, b\}$ for which there exists a constanl
$C>0$ such that a segment shorter than $C$ can be divided at most 4 segments by 3
iterations of F Then the maximal number of words with length $n$ which intersect a
screen is at most the order $\max\{2^{2n/3}, e^{\langle\xi-\zeta)n}\}$ .

PROOF. Let $a_{n}$ be the number of words with length $n$ which intersect a screen
$\tilde{J}$. Then each pieces of $\tilde{J}\cap\langle w\rangle(|w|=n)$ can be divided into three types.

1. $\tilde{J}\cap\langle w\rangle$ is divided into two pieces contained in words $wa$ and $wb(a, b\in \mathscr{A})$ ,
but both of them are contained in some words with length $n+2$ , that is, for example,
$\tilde{J}\cap\langle wa\rangle\subset\langle waa\rangle$ or $\tilde{J}\cap\langle wa\rangle\subset\langle wab\rangle(\langle wa)=\langle waa\rangle$ or $\langle wab\rangle$). We denote the number
of such $\tilde{J}\cap\langle w\rangle$ by $b_{n}$ .

2. $\tilde{J}\cap\langle w\rangle$ is divided into two pieces contained in words $wa,$ $wb$ , and at least one
of them again divided into two pieces contained in words $waa,$ $wab$ , wba or $wbb$ . We
denote the number of such $\tilde{J}\cap\langle w\rangle$ by $c_{n}$ .

3. $\tilde{J}\cap\langle w\rangle$ is contained in $\langle wa\rangle$ or $\langle wb\rangle$ , that is, $\langle w\rangle=\langle wa\rangle$ or $\langle wb\rangle$ . We denote
the number of such $\tilde{J}\cap\langle w\rangle$ by $d_{n}$ .
Of course, $a_{n}=b_{n}+c_{n}+d_{n}$ . From the notation, we get

$a_{n+1}=2b_{n}+2c_{n}+d_{n}$ , $a_{n+2}\leq 2b_{n}+4c_{n}+2d_{n}$ .
Now, some of the segments $\tilde{J}\cap\langle w\rangle$ corresponding to $c_{n}$ are divided into segments by
words with length $n+3$ , but the length of such $F^{n}(\tilde{J}\cap\langle w\rangle)$ must be longer than $C$. On
the other hand, the total length of $F^{n}(\tilde{J})$ is at most constant times $e^{(\xi-\xi)n}$ . Therefore,
there exists a constant $C^{\prime}>0$ such that
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$a_{n+3}\leq 4b_{n}+4c_{n}+4d_{n}+C^{\prime}e^{(\xi-\underline{\xi})n}=4a_{n}+C^{\prime}e^{(\xi-\underline{\xi})n}$

Therefore $a_{n}$ is less than or equal to the order
$C^{\prime}e^{\langle\xi-\underline{\xi})n}(1+2^{2}e^{-\langle\xi-\underline{\xi})3}+\cdots+ (2^{2}e^{-\langle\xi}‘\sigma)3)^{[n/3]})$ .

This shows
1. $if4e^{-\langle\xi-\underline{\xi})3}<1,$ $thena_{n}isoftheordere^{\langle\xi-\underline{\xi})n}$ ,

2. $if4e^{-(\xi-\xi)3}\geq 1,$ $thena_{n}isoftheorder2^{2n/3}$ .
This proves the lemma.

Summarizing the results, we get:

PROPOSITION 5.1. The above example satisfies $\xi>v\iota f\xi>\frac{2}{3}$ log2.

REMARK 8. We can prove the following in a same way as above: For a mapping
$F$, there exists $n$ such that there exists a constant $C>0$ such that a segment shorter
than $C$ can be divided into at most $N$ segments by $n$ iterations of $F$. Then $F$ satisfies
$\xi>v$ if $\xi>\frac{1}{n}$ log $N$.

5.3. Space $\mathscr{B}$ . We will study the sapce $\mathscr{B}$ which is an extension of $BV$ in
one-dimensional case. When we restrict the domain of the Perron-Frobenius operator
$P$ to this $\mathscr{B}$ , we can prove the similar results as in one-dimensional cases.

DEFINITION. Let $\mathscr{B}=\mathscr{B}(F)$ be the set of functions $f\in L^{1}$ for which there exists
$\{C_{w}\}_{w\in W}$ such that $f_{m}(x)=\sum_{|w|\leq m}C_{w}1_{\langle w\rangle}(x)$ converges to $f$ in $L^{1}$ and that

$\sum_{n=1}^{\infty}e^{-\nu’ n}\sum_{|w|=n}|C_{w}|<\infty$

for any $v^{\prime}>v$ .
Set for $f\in \mathscr{B}$ and $v^{\prime}>v$

$\Vert f\Vert_{\nu^{\prime}}=\inf\sum_{n=1}^{\infty}e^{-\nu’ n}\sum_{|w|=n}|c_{w}|$ ,

where infimum is taken over all $\{C_{w}\}_{w\in W}$ which satisfy the above condition.

REMARK 9. This is an extension of $BV$ in one-dimensional case, since for $f\in BV$

there exists $\{C_{w}\}_{w\in W}$ such that $\sum_{n=1}^{\infty}r^{n}\sum_{|w|=n}|C_{w}|<\infty$ for any $0<r<1$ (cf. [10]). Note
that $\mathscr{B}$ in one-dimensional case is a bit wider class than $BV$. Because the definition of

by alphabets

FIGURE 13. Approximation of a function
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$\mathscr{B}$ depends on a mapping $F$, the above definition may seem to be unnatural. However,
the number of words at n-th step of an approximation of a mountain-like function by
indicator functions ofwords as in Figure 13 is asymptotically $e^{vn}$ , therefore any function
which has finite numbers of ’mountains’ and ’valleys’ belongs to $\mathscr{B}$ . Thus the set $\mathscr{B}$ is
sufficiently rich.

By the norms $\Vert\cdot\Vert_{v},,$
$\mathscr{B}$ becomes a locally convex linear space, and Pfe $\mathscr{B}$ holds

for $f\in \mathscr{B}$ . Put for $f\in L^{1}$ and $g\in L^{\infty}$

$(f, g)(z)=\sum_{n=0}^{\infty}z^{n}\int P^{n}f(x)g(x)dx$ .

LEMMA 5.5. Assume that Fis expanding and $\xi>v$ . Then in the $domain|z|<e^{\xi-\nu-\delta_{n}}$ ,

$\sup_{||f||_{v^{\prime}}=1}\sup_{||g||_{\infty}=1}|(f, gXz)|<\infty$

for any $v^{\prime}>v,$ $\iota f$ and only if $\det(I-\Phi_{n}(z))\neq 0$ .
PROOF. Take any $\epsilon>0$ and fix it. For simplicity, we only consider $g\in L^{\infty}$ such

that $\Vert g\Vert_{\infty}=1$ . Take $f_{m}=\sum_{|w|\leq m}C_{w}1_{\langle w\rangle}$ which converges to $f\in \mathscr{B}$ in $L^{1}$ , which satisfies
$\sum_{|w|=n}|C_{w}|\leq\Vert f\Vert_{\nu},e^{\langle v’+\epsilon)n}$ for sufficiently large $n$ . Note that, since $f_{m}\rightarrow f$ in $L^{1}$ , in $|z|<1$

$|(f_{m}, g)(z)-(f, g)(z)|=|\sum_{n=0}^{\infty}z^{n}\int(f_{m}(x)-f(x))g(F^{n}(x))dx|$

$\leq\sum_{n=0}^{\infty}z^{n}\int|f_{m}(x)-f(x))||g(F^{n}(x)$ ldx $\leq\Vert f_{m}-f\Vert_{1}\frac{1}{1-|z|}$ .

Therefore $(f_{m}, gXz)\rightarrow(f, g)(z)$ as $ m\rightarrow\infty$ in $|z|<1$ , and

$(f_{m}, g)(z)=\sum_{|w|\leq m}C_{w}(1_{\langle w\rangle}, gXz)=\sum_{|w|\leq m}C_{w}s_{g}^{\langle w\rangle}(z)$

$=\sum_{k=1}^{m}\sum_{|w|=k}c_{w}\{\sum_{n=0}^{k-1}z^{n}\eta(w[1, n])\int_{F^{n}\langle w\rangle}g(x)dx+z^{k}\eta(w)s_{g}^{F^{k}\langle w\rangle}(z)\}$ .

Note that for a word $w$ with $|w|=k$ and $k\geq n$

$|\eta(w[1, n])\int_{F^{n}\langle w\rangle}g(x)dx|\leq Ce^{-\langle\xi-\epsilon)k}$

for some constant $C>0$ . Thus we get for $v^{\prime}>v$

$|\sum_{k=1}^{\infty}\sum_{|w|=k}C_{w}\sum_{n=1}^{k-1}z^{n}\eta(w[1, n])\int_{F^{n}\langle’\nu\rangle}g(x)dx|$

$\leq C\sum_{k=1}^{\infty}\sum_{n=1}^{k-1}|z|^{n}e^{-\langle\xi-\epsilon)k}\sum_{|w|=k}|C_{w}|$
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$\leq C^{\prime}\sum_{n=1}^{\infty}|z|^{n}\sum_{k=n}^{\infty}e^{-(\xi-\epsilon)k}\Vert f\Vert_{\nu},e^{(\nu^{\prime}+\epsilon)k}$

$\leq C^{\prime}\Vert f\Vert_{v},\sum_{n=1}^{\infty}|z|^{n}e^{-\langle\xi-\nu’-2\epsilon)n}(1-e^{-(\xi-\nu’-2\epsilon)})^{-1}$

with some constant $C^{\prime}>0$ . In a same way, we can also show that

$\sum_{k=1}^{\infty}\sum_{|w|=k}|C_{w}z^{k}\eta(w)|\leq C^{\prime\prime}\Vert f\Vert_{\nu^{\prime}}\sum_{n=1}^{\infty}|z|^{n}e^{-(\xi-\nu’-2\epsilon)n}$

with some constant $C^{\prime\prime}>0$ . Assume that $\det(I-\Phi_{n}(z_{0}))\neq 0$ for $|z_{0}|<e^{\xi}$
‘ $\nu-\delta_{n}$ . Then

since $s_{n,g}(z)=(I-\Phi_{n}(z))^{-1}\chi_{n,g}(z)$ , by Lemma 4.1 we get $sup\tilde{K}\in\bigcup_{k=0}^{n}F^{l\mathfrak{c}}\overline{d}\{s_{g}^{\tilde{K}}|/\Vert g\Vert_{\infty}$ is bound-
ed in some neighborhood $U$ of $z_{0}$ . Therefore by Lemma 4.1 and Lemma 5.1,
$s_{g}^{J}(z)/\Vert g\Vert_{\infty}$ is also uniformly bounded in screens $\tilde{J}$ and $U$. Therefore, by appealing to
Lemma 2.2(ii), $(f_{m}\cdot g)(z)$ is uniformly bounded with respect to $m$ in $|z|<e^{\xi}$

‘ $\nu-\delta_{n}$

except neighborhoods of the zeros of $\det(I-\Phi_{n}(z))$ . Since $ s_{g}^{a}(z)\sim$ is analytic in the
domain $|z|<1,$ $\det(I-\Phi_{n}(z)\not\equiv 0$ . Therefore the zeros of $\det(I-\Phi_{n}(z))$ are isolated, and
there exists an analytic continuation of $(f, g)(z)$ to $|z|<e^{\xi-\nu-\delta_{n}}$ except the zeros,
and $\lim_{m\rightarrow\infty}(f_{m}, g)(z)\rightarrow(f, g)(z)$ in this domain. This shows for $|z|<e^{\xi}$

‘ $\nu-\delta_{n}$ which
is not the zero of $\det(I-\Phi_{n}(z)),$ $\sup_{||f||_{v},=1}\sup_{||g||_{\infty}=1}|(f, g)(z)|<\infty$ for $v^{\prime}>v$ .

On the other hand, assume $\det(I-\Phi_{n}(z_{0}))=0$ for some $|z_{0}|<e^{\xi-\nu}$
‘ $\delta_{n}$ . There may

happen that $V^{\prime}=\{\chi_{n,g}(z_{0})\}_{g\in L^{\infty}}$ does not necessarily span all the space. Thus we must
study the domain of $\Phi_{n}(z_{0})$ . The following discussions are almost the same as in [10].

To make notations simple, we take $n$ sufficiently large to satisy the following conditions.
For any $\tilde{a},\tilde{b}\in\tilde{\mathscr{A},}$

1. if $F^{i}(\tilde{a})=\tilde{b}$, then $i\leq n$ ,
2. if F $(\tilde{a})=F^{j}(\tilde{b})andF^{i-1}(\tilde{a})\neq F^{j-1}(\tilde{b})$ for some i, $j\geq 1$ , then i, $j\leq n$ .

Let $V=\{\int x\}_{a\in\bigcup_{k=0}^{n}F^{k}\tilde{d}}$. In Figure 11, for example, $x\in V$ must satisfy
$x^{ACB}=x^{AC}=x^{AD}=x^{CBD}=x^{BC}=x^{BD}$ ,

$x^{CDA}=x^{DCA}=x^{CD\langle a)}=-x^{CDB}=-x^{DCB}=-x^{CD(b)}$ ,

where $CD(a)$ and $CD(b)$ are the edges corresponding to $CD$ in $\langle a\rangle$ and $\langle b\rangle$ , respectively.
Recall that

$\tilde{\chi}_{g}^{7}(z)=\int g(x)\sigma(\tilde{J}, x)dx+zs_{2}\eta(a)\sum_{b\in d}\sigma_{*}(F^{a}\tilde{J}, b)\int gdx$ .

Therefore $\tilde{\chi}_{g}^{J}(z_{0})s$ have relations when their screens have same inside, or when their
vertex and edges coincide. From the assumption, this occurs only for $\tilde{J}\in\bigcup_{k=0}^{n-1}F^{k}\tilde{\mathscr{A}.}$

For fixed $|z_{0}|<e^{\xi-v}$, there is an integer $m$ for which the followings hold. For any $\tilde{J}\in F\tilde{\mathscr{A},}$

$\chi_{g}^{7}(z_{0})$ is an infinite series of $z_{O}$ . Let us divide $\chi_{g}^{\tilde{J}}(z_{O})=a_{g}^{7}+b_{g}^{\tilde{J}}$ such that $a_{g}^{7}$ depends only
on screens $\{F^{k}\tilde{J}\}_{0\leq k\leq m}$ and $b_{g}^{\tilde{J}}$ depends only on screens $\{F^{k}\tilde{J}\}_{k>m}$ and $|b_{g}^{\tilde{J}}|<\Vert g\Vert_{1}/2N$,

where $N$ is the number of screens $\tilde{J}\in F^{n}\tilde{\mathscr{A}.}$ Note that the difference is estimated with
$L^{1}$ norm instead of $L^{\infty}$ norm. From the assumption, $\tilde{J}\in F^{n}\tilde{\mathscr{A}}has$ different inside. Thus
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we can choose $g\in L^{\infty}$ with $\Vert g\Vert_{1}=1$ such that $a_{g}^{J}=\pm 1/N$. This means $(\chi_{g}^{J}(z_{0}))_{J\in F^{n}\tilde{d}}$ spans
$C^{N}$ . Therefore $V^{\prime}\supset V$.

On the other hand, let $x=\Phi_{n}(z_{0})x$ be an eigenvector associated with the eigenvalue
1. Note that $\Phi_{n}(z_{0})_{a}\sim_{b}\sim$ is determined by $F^{a}(\tilde{a})$ . Thus, in Figure 11, for example,

$\frac{x^{CAD}}{z_{0}\eta(a)}=\frac{x^{AC}}{z_{0}\eta(a)}=\frac{x^{AD}}{z_{0}\eta(a)}=\frac{x^{CBD}}{z_{0}\eta(b)}=\frac{x^{BC}}{z_{0}\eta(b)}=\frac{x^{CD}}{z_{0}\eta(b)}$ .

From the assumption, when $x^{a}’ s\sim$ have relations, $F(\tilde{a})\in\bigcup_{k=0}^{n}F^{k}\tilde{\mathscr{A}.}$ This shows

$x\in\Phi_{n}(z_{O})V=V+(I-\Phi_{n}(z_{0}))V$ .
We divide an eigenvector corresponding to the eigenvalue 1 in $x=x_{1}+(I-\Phi_{n}(z_{O}))x_{2}$

$(x_{1}, x_{2}\in V)$ . If there exists some $x$ such that $(I-\Phi_{n}(z))^{-1}x_{1}$ is unbounded as $z\rightarrow z_{0}$ , then
there exists $g\in L^{\infty}$ such that $x_{1}=\chi_{n,g}(z_{0})$ and $s_{g}(z)=(I-\Phi_{n}(z))^{-1}\chi_{n,g}(z)$ has non removable
singularity at $z=z_{0}$ . On the other hand, assume that $(I-\Phi_{n}(z))^{-1}x_{1}$ is bounded as $z\rightarrow z_{C}$

for any eigenvector $x$ corresponding to the eigenvalue 1. By $E$, we denote the generalized
eigenspace corresponding to the eigenvalue 1, and by $proj_{E}$ we denote the projection
to $E$. Then for sufficiently small $r>0$ , it holds

$proj_{E}y=\int_{z-z_{0}|=r}(I-\Phi_{n}(z))^{-1}ydz$ .

Therefore, since $(I-\Phi_{n}(z_{0}))x_{1}=0$ , we get

$x=proj_{E}x=proj_{E}(I-\Phi_{n}(z_{0}))x_{2}$ .

Hence,

$(I-\Phi_{n}(z_{0}))^{2}proj_{E}x_{2}=0$ .
Therefore, there exists $g\in L^{\infty}$ such that $x_{2}=\chi_{n,g}(z_{0})$, and $x_{2}$ has non-zero componenl
to the generalized eigenspace corresponding to the eigenvalue 1. This shows $s_{g}(z)$ has
also non removable singularity at $z=z_{0}$ .

Therefore, there exists $\tilde{K}\in\bigcup_{k=0}^{n}F^{k}\tilde{\mathscr{A}}such$ that $s_{g}^{\tilde{K}}$ has a singularity at $z_{O}$ for some
$g\in L^{\infty}$ . Then by Lemma 3.2, there exists some polygon $J$ such that $s_{9}^{J}(z)=(1_{J}, gXz)$ has
a singularity at $z_{0}$ . This proves the lemma.

Since $(f, g)(z)=\int(I-zP)^{-1}f(x)g(x)dx$ in $|z|<1$ and $\delta_{n}\rightarrow 0$ as $ n\rightarrow\infty$ , taking analytic
continuation, we get:

THEOREM 5.1. Assume that $F$ is expanding and $\xi>v$ . Take arbitrary $\epsilon>0$, ther
there exists $n_{O}>0$ such that for $n\geq n_{0}$ and for $|z|<e^{\xi}$

‘

$\nu-\epsilon z^{-1}$ is an eigenvalue of $f$

restricted to $\mathscr{B}\iota f$ and only $\iota f\det(I-\Phi_{n}(z))=0$ .
PROOF. Let $|z_{0}|<e^{\xi-v-\delta_{n}}$ and $\det(I-\Phi_{n}(z_{0}))\neq 0$ . Then by Lemma 5.5, for an3

$f\in \mathscr{B}$ and $g\in L^{\infty},$ $\int(I-zP)^{-1}f(x)g(x)dx=(f, g)(z)$ is analytic in a neighborhood of $z_{0}$

This shows $z_{O}$ belongs to the resolvent of $P$ . On the other hand, let $|z_{0}|<e^{\xi-\nu-\delta_{n}}$ and
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$\det(I-\Phi_{n}(z_{0}))=0$ . Then there exists $\tilde{a}\in \mathscr{A}^{\sim}such$ that $s_{g}^{a^{\sim}}(z)$ has a singularity at $z_{O}$ . Therefore
by Lemma 3.2, there exists a polygon $J$ such that $s_{g}^{J}(z)=\int(I-zP)^{-1}1_{J}(x)g(x)dx$ has
singularity at $z_{0}$ . This shows $z_{0}$ is an eigenvalue of $P$ and $1_{J}$ is a corresponding
eigenfunction. This proves the theorem.

6. The proof of Theorem B.

Now we will discuss the eigenvalues on the unit circle. We will proceed our argument
along [7]. We denote the $L^{1}$ norm by $\Vert\cdot\Vert_{1}$ .

LEMMA 6.1. For any $\epsilon>0$ , there exists a constant $M>0$ such that for any convex
polygon $ J\subset\langle w\rangle$ with some word $ w\in\Psi$ , there exists a decomposition

$1_{J}(x)=\sum_{u\in\gamma\psi}C_{u}^{J}1_{\langle u\rangle}(x)$ ,

where $C_{u}^{J}=\pm 1$ or $0$ , and $\#\{u:|u|=n, C_{u}^{J}\neq 0\}<Me^{\langle v+\epsilon)\langle n-|w|)}$ .

PROOF. Using inclusion-exclusion formula, set

$1_{J}(x)=1_{\langle w\rangle}(x)-$
$\sum_{a_{1}\in d,\langle wa_{1}\rangle\cap J^{c}\neq\emptyset}[1_{\langle wa_{1}\rangle}(x)-$ $\sum_{a_{2}\in d,\langle wa_{1}a_{2}\rangle\cap J^{\circ}\neq\emptyset}[1_{\langle wa_{1}a_{2}\rangle}(x)$

$-$
$\sum_{a\in d,\langle wa_{1}a_{2}a_{3}^{3}\rangle\cap J^{c}\neq\emptyset}[1_{\langle wa_{1}a_{2}a_{3}\rangle}(x)-\cdots]]]$ ,

where $J^{c}$ is the complement of $J$. Applying the definition of $v$ to each $F^{w}(\langle wa\rangle\cap J)$ ,
for any $\epsilon>0$ there exists a constant $C$ such that the number of words $u\in W(|u|=n)$

for which $\langle wu\rangle$ intersect $F^{w}(\langle w\rangle\cap J)$ is bounded by $Ce^{\langle\nu+\epsilon)n}$ . Note that for any
word $w\in W$ , the number of words $wua\in\Psi(a\in \mathscr{A})$ is at most $\#\mathscr{A}$ . This proves the
lemma.

LEMMA 6.2. Assume that $\xi>v$ . Then for each $v^{\prime}>v$ , there exist $m\geq 1,$ $\alpha>0$ , and
$0<\beta<1$ such that for all $f\in \mathscr{B}$

$\Vert P^{m}f\Vert_{\nu’}\leq\alpha\Vert f\Vert_{1}+\beta$ Il $f\Vert_{\nu^{\prime}}$ .

PROOF. For $f\in \mathscr{B}$ , we take a decomposition $f=\sum_{w}C_{w}1_{\langle w\rangle}$ such that

$\sum_{n=1}^{\infty}e^{-v^{\prime}n}\sum_{|w|=n}|C_{w}|<2\Vert f\Vert_{\nu},$ .

Take $\epsilon>0$ sufficiently small such that $\xi-\epsilon>v^{\prime}>v+\epsilon$, and fix it. Then for any word $w$

$(|w|\geq m)$ , considering $F^{|w|-m}(\langle w\rangle)$ and using Lemma 6.1, we get
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$\Vert P^{m}1_{\langle w\rangle}\Vert_{v},$ $=\Vert\eta(w[1,m])1_{F^{m}\langle w\rangle}\Vert_{\nu},$ $=\eta(w[1, m])\Vert\sum_{u}C_{u}^{F^{m}\langle w\rangle}1_{\langle u\rangle}\Vert_{\nu}$

,

$=\eta(w[1, m])\sum_{n}e^{-v’ n}\sum_{|u|=n}|C_{u}^{F^{m}\langle w\rangle}|<\eta(w[1, m])\sum_{n=|w|-m}^{\infty}e^{-\nu’ n}Me^{\langle\nu+\epsilon)\langle n-|w|+m)}$

$=\eta(w[1, m])M(1-e^{\nu+\epsilon-\nu}’)^{-1}e^{-\nu^{\prime}\langle|w|-m)}=\frac{M^{\prime}}{2}\eta(w[1, m])e^{-\nu’\langle|w|m)}$ , (21)

where $M^{\prime}=2M/(1-e^{\nu+\epsilon-v^{\prime}})$ . Now we choose $m$ sufficiently large such that, for any
word we $W,$ $\eta(w[1, m])<e^{-(\xi-\epsilon)m}/M^{\prime}$ . Then we get

(21) $<\frac{1}{2}e^{-\langle\xi-\nu^{\prime}-e)m}e^{-\nu’|w|}$

Therefore, setting $\beta=e^{-\langle\xi-\nu’-\epsilon)m}<1$ , we get

$\Vert\sum_{|w|\geq m}C_{w}P^{m}1_{\langle w\rangle}\Vert_{\nu},\leq\sum_{|w|\geq m}|C_{w}|\Vert P^{m}1_{\langle w\rangle}\Vert_{\nu}$ ,

$\leq\frac{1}{2}\beta\sum_{|w|\geq m}|C_{w}|e^{-\nu’|w|}\leq\beta\Vert f\Vert_{\nu},$ . (22)

On the other hand, there exists a constant $C>0$ such that for any word $|w|\leq m$ , we
have a decomposition

$P^{m}1_{\langle w\rangle}(x)=\sum C_{J^{w}}1_{J^{w}}(x)$ ,

where $\#\{C_{J^{w}}\neq 0\}\leq(\#\mathscr{A})^{m}$ and $|C_{J^{w}}|<C$, with some polygons $J^{w}\subset\langle a^{J^{w}}\rangle(a^{J^{w}}\in \mathscr{A})$ .
Since

$\Vert 1_{J^{w}}\Vert_{\nu},=\sum_{n}e^{-\nu^{\prime}n}\sum_{|u|=n}|C_{u}^{J^{w}}|\leq\sum_{n}e^{-\nu^{\prime}n}Me^{\langle v+\epsilon)n}=M^{\prime}$
,

we get

$\Vert\sum_{|w|=1}^{m-1}C_{w}P^{m}1_{\langle w\rangle}\Vert_{\nu},\leq\sum_{|w|=1}^{m-1}|C_{w}|\Vert\sum_{J}C_{J^{w}}1_{J^{w}}\Vert_{\nu}$

,

$\leq\sum_{|w|=1}^{m-1}|C_{w}|(\#\mathscr{A})^{m}C\Vert 1_{J^{w}}\Vert_{v’}\leq\sum_{|w|=1}^{m-1}|C_{w}|(\#\mathscr{A})^{m}CM^{\prime}$

$\leq\sum_{|w|=1}^{m-1}|C_{w}|Lebes(\langle w\rangle)\delta^{-1}(\#\mathscr{A})^{m}CM^{\prime}$ ,

where $\delta=\min_{1\leq|w|\leq m-1}\{Lebes(\langle w\rangle)\}>0$ . Take $\alpha=\delta^{-1}(\#\mathscr{A})^{m}CM^{\prime}>0$ . Then we get

$\Vert\sum_{|w|=1}^{m-1}C_{w}P^{m}1_{\langle w\rangle}\Vert_{\nu^{\prime}}\leq\alpha\Vert f\Vert_{1}$ . $(23_{c}^{\backslash }$

Combining (22) and (23), we get the proof.
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THEOREM 6.1. Assume that $F$ is expanding and $\xi>v$ . For $f\in L^{1},$ $\sum_{k=0}^{n-1}P^{k}f/n$

converges to some $f^{*}\in \mathscr{B}$ in $L^{1}$ , and $Pf^{*}=f^{*}$ .
PROOF. We can prove this theorem just in a same way as in [7]. Put for $f\in \mathscr{B}$ ,

$\mathscr{C}=\{P^{mn}f\}_{n=0}^{\infty}$ . Then by Lemma 6.2, we get $\Vert P^{mn}f\Vert_{\nu},$ $<\alpha/(1-\beta)\Vert f\Vert_{1}+\beta^{n}\Vert f\Vert_{v},$ .
Therefore we can choose

$P^{mn}f=\sum_{w\in u^{r}}C_{w}^{n}1_{\langle w\rangle}$ , $\sum_{k=1}^{\infty}e^{-v^{\prime}k}\sum_{|w|=k}|C_{w}^{n}|<\alpha/(1-\beta)\Vert f\Vert_{1}+\beta^{n}\Vert f||_{\nu^{\prime}}$ .

Then for any $\epsilon>0$ , there exists $M$ which is independent of $n$ such that

$\sum_{k\geq M}e^{-\xi k}\sum_{|w|=k}|C_{w}^{n}|<\epsilon$ . (24)

Now we consider some order in $\mathscr{A}$ and extend it naturally to $\gamma\gamma$ . Let $\mathcal{D}$ be any infinite
subset of $\mathscr{C}$ . Choose an infinite sequence $\{n_{k}^{1}\}_{k=1}^{\infty}$ such that $\sum_{w\in\gamma\gamma}C_{w^{k}}^{n^{1}}1_{\langle w\rangle}\in \mathcal{D}$ and $\{C_{w_{1}^{k}}^{n^{1}}\}$

converges as $ k\rightarrow\infty$ , where $w_{1}$ is the first word in the order. Then we take a subsequence
$\{n_{k}^{2}\}_{k=1}^{\infty}$ of $\{n_{k}^{1}\}_{k=1}^{\infty}$ such that $\{C_{w_{2}^{k}}^{n^{2}}\}$ converges as $ k\rightarrow\infty$ , where $w_{2}$ is the second word,
and so on. Thus by diagonal method, we can choose a sequence $\{n_{k}^{k}\}_{k=1}^{\infty}$ and there exist
limits $\lim_{k\rightarrow\infty}C_{w^{k}}^{n^{k}}=C_{w}$ for all words $w\in W$ . Therefore by (24), it follows $\sum_{w\in\Psi}$

$C_{w}1_{\langle w\rangle}\in L^{1}$ . This shows $\mathscr{C}$ is relatively compact in $L^{1}$ . Since $\{P^{n}f\}_{n=0}^{\infty}\subset\bigcup_{k=0}^{m-1}P^{k}\mathscr{C}$ ,
$\{P^{n}f\}_{n=0}^{\infty}$ is also relatively compact. By Mazur’s theorem $\{\sum_{k=0}^{n-1}P^{k}f/n\}_{n=1}^{\infty}$ is also
relatively compact. Hence by Kakutani-Yosida theorem, for $feL^{1}$ there exists
$f^{*}=Qf=\lim_{n\rightarrow\infty}\sum_{k=0}^{n-1}P^{k}f/n$ in $L^{1}$ and $Pf^{*}=f^{*}$ . By Lemma 6.2, $\Vert Qf\Vert_{\nu},$ $\leq\alpha/(1-$

$\beta)\Vert f\Vert_{1}$ . Note that any step function belongs to $\mathscr{B}$ and $\{\langle a\rangle : a\in \mathscr{A}\}$ is generating
partition because Fis expanding. Thus $\mathscr{B}$ is dense in $L^{1}$ . Therefore there exists a sequence
$f_{n}e\mathscr{B}$ such that $f_{n}\rightarrow f$ in $L^{1}$ . Now take $v^{\prime\prime}$ such that $v^{\prime}>v^{\prime\prime}>v$ and apply Lemma 6.2
for $v^{\prime\prime}$ . Then, since $Q$ is contracting, there exists some $C>0$ such that $\Vert Qf_{n}\Vert_{\nu’},$ $<C\Vert f\Vert_{1}$ .
Choose $\{D_{w}^{n}\}$ such that

$Qf_{n}=\sum_{w\in\gamma V}D_{w}^{n}1_{\langle w\rangle}$ , $\sum_{k=1}^{\infty}e^{-\nu’ k}\sum_{|w|=k}|D_{w}^{n}|<C\Vert f\Vert_{1}$ .

Then for any $\epsilon>0$ , there exists $M>0$ which is independent of $n$ such that

$\sum_{k\geq M}e^{-\nu^{\prime}k}\sum_{|w|=k}|D_{w}^{n}|<\epsilon$ .

Therefore, just as we proved the relative compactness of $\mathscr{C}$ , by diagonal method we
can select $\{C_{w}\}_{w\in\gamma\ell^{\wedge}}$ and

$Qf=\sum_{w\in\gamma\ell^{-}}C_{w}1_{\langle w\rangle}$ , $\sum_{k=1}^{\infty}e^{-v’ k}\sum_{|w|=k}|C_{w}|<\infty$ .

This proves the theorem.
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COROLLARY 6.1. Assume that $F$ is expanding and $\xi>v$ . The eigenfunctions of
the Perron-Frobenius operator $P$ in $L^{1}$ associated with eigenvalues modulus 1 belong
to $\mathscr{B}$ .

PROOF. In the proof of Theorem 6.1, take $P_{\gamma}f=\gamma^{-1}Pf$ instead of $P$ where $|\gamma|=1$ .
Suppose that $P_{\gamma}f=f$ , that is $Pf=\gamma f$. Then since $1/n\sum_{k=0}^{n-1}P_{\gamma}^{k}f=f$, we get $f^{*}=$

$\lim_{n\rightarrow\infty}1/n\sum_{k=0}^{n-1}P_{\gamma}^{k}f=f\in \mathscr{B}$ . This completes the proof.

COROLLARY 6.2. Assume that $F$ is expanding and $\xi>v$ . There exists an invariant
probability measure $\mu$ , whose density function belongs to $\mathscr{B}$ .

PROOF. Since $P$ is a positive operator, the proof directly follows from Theorem
6.1.
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