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An Estimate for the Kakeya Maximal Operator
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Abstract. The small Kakeya maximal operator, M, y, in R? is defined by averages on cylinders with
the width a and the height Na. We show that the inequality ||M, yflls< ClogN| fl|, holds for the functions
of square radialy type, where C is a constant depending only on 4.

1. Introduction and theorem.

In this note we shall prove an estimate for the Kakeya maximal operator on
functions of square radial type by applying the idea which is used in [Ta].

Fix N> 1. For a real number a>0 let %, 5 be the family of all cylinders in the
d-dimensional Euclidean space R¢, d>2, which are congruent to :

Na d 2>1/2 a}
x| <—, x <—
1< (z 2 <

but with arbitrary directions and centers. Note that thlS cyhnder has the helght Na and
the width a.

The small Kakeya maximal operator M, y is defined for function f on R? by A

(Ma,zvf)(X)——xeS‘;lpw R f L f(»)ldy,

{x=(x1’ Y xd)ERd

where | A| represents the Lebesgue measure of a set 4.
For x=(x,, - - -, x;) in R? let | x|,, be the maximal norm of x defined by

| % | =max| x|

If a function on R? is of the form f(x)=f,(]x|,,) we will call f a function of square
radial type, where f, is a function on [0, o). '
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It is conjectured that M, y is bounded on LR with the norm which grows no
faster than O((log N)*) for some ;>0 as N — co. This conjecture was solved affirmatively
in the case d=2 by Cordoba [Co] with a;=1/2 but it seems to remain unsolved for
d> 3. But for d>3 this conjecture is known to be true for radial functions (cf. Carbery,
Hernandez and Soria [CHS] and Igari [Ig2]) and for functions of the form
f (x)=]_[f=1 Ji1(x;) (cf. Igari [Igl] and also Tanaka [Ta]) with some constants a,.

The purpose of this note is to show that this conjecture is also true for functions
of square radial type.

THEOREM 1. Let d>2. There exists a constant C depending only on the dimension
d such that '

M, nflla< ClogN]| fll4 o
holds for all square radial functions f in LYR?). Here | f ||, denotes the L*-norm of f.

The methods to prove this theorem will be applicable to functions of polygonally
radial type, but may not be applicable to functions of radial type considered by [CHS].

In the followong C’s will denote constants which may be different in each occasion
but depend only on the dimension d. ' o

I would like to express my gratitude to professor S. T. Kuroda who simplified my
proof of the last part of Section 3.

2. Proof of Theorem 1.

In this section we shall prove Theorem 1. The method used here is an application
of the idea which is used in [Ta].

We may assume that f,>0 and N is a positive integer. By dilation invariance it
suffices to consider only the case a=1. We write M, y as M. We will linearize the
maximal function first. We divide R into unit cubes Q; which have center ‘at lattice
points ie Z“ and whose sides are parallel to the axes. By the local integrability of f we
can find for every cube Q; a cylinder R, in &, y such that

OiNnR#J
and
2
(Mnf)(x)S'I*R—l Sy, VxeQ;. (0))
il JR,
Obviously, this shows that for proving the theorem it is sufficient to estimate
X = | SOy xo (). @
ieza N R;

In the proof we use the following notations.
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'yi={jeZ" | QijﬁéQ} >
e
{(xeR? | k—% <|x|.<k++%}, k>1.
First we note that k ‘ ‘

e J (—}V S | Oy xg0)dx
Rd

ieZ? JR,
d d
<2 (J f (y)dy) <X ( > | f (y)dy> : €))
ieZd R; ieZd \ jey: Q;
In the next step we will use the inequality

ilm+1/2

Sollylm)dy <d f follrhdr .

Q; [jim—1/2

This inequality is verified easily. Now we obtain

d
(x| somw)
ieZd \ jey: Q;

[+) k+1/2 d
<d’ }, ( , card({jey: | Qi S #B}) fo(lrl)dr) : @)

ieZd \ k= k—1/2
Let I, and I, be :
L={i=(,, " ,i)eZ’| §=0,1=1, - -, d, |i|,<3N},
L={i=(y, "+, i)eZ’ | i=0,1=1, -, d, |i|,>3N}.

Then by the symmetry we may restrict the first sum of the right-hand side of (4) to
I, U1, Let c(i, k) be

c(i, k)y=card({jev; | Q;n S, # }).
We shall prove the following two inequalities:

5N

5N k+1/2 d :
5 ( Y. e, k) fo(lrl)dr) <CN“logNY' Y. | fdx, )
iel; \k=0 k—1/2 ) k=0 Sk )
© k+1/2 d ©
Y ( Y. cli, k) fo(r)dr> <CN%ogN Y | fix. (6)
ieIo \ k=N k—-1/2 k=N Js,

If this can be done, we will finish the proof of the theorem by (1)—(4).

1. Proof of (6). If all components of je Z¢ are mutually different, then we easily
see that
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lilm+1/2
j Jor)dr="|  fo(lylwdy .
| :

Jjim—1/2 Q;

Using Hoélder’s inequality, this equation and the fact that the number of Q,, Q;<=Ss
such that all components of j are mutually different is 2d(2k—1)?~!, we have that

5 ( 3 dih

iely

k+1/2

d
fo(r)dr>

k—1/2

=), { 2. cli, k)t~ (i, k)t r“/z fo(r)dr}d

ielz =N k—1/2

<Yy { Y. clis k)} - { i c(i, k) Hl/zfo(’)"d’}

ielz =N =N k—1/2

<CNe 'Y i c(i, k)2d(2k—1)y4~1)~1. {2d(2k— 141 fkﬂ/z fo(r)”dr}

iel k=N k—1/2

<cyity ¥ R f‘d —CN1 Y Y c(' L J fldx .
il k=N k k= Nzelz
Now if we can prove that
Y jf:’_l?SCNlogN, Vk=N, )
iely

then we will obtain the proof of (6).
Let S;,, =1, - - -, d, be the part of S, defined by

Sz.k=(Rl_lX(k——;—,k'*‘%]XRd_')ﬁSk, k=>1.

Let ¢,(i, k) be
(i, k)y=card({jey; I Q,r\S,k;éQ}) k>1.

Then, if we can prove
c,(l k)

Yt

iely

————<CNlogN, Vk>N, - (8)

for I=1, -- -, d, (7) will follow by the symmetry of the problem and by the fact that
the union of S, , is the half of S,. Without the loss of generality we may assume that /=1.
Let D, ,, g=1, 2, be the set of lattice points defined by ‘

D, ,=([k—2N,k+2N]x[0,k+2NY¥ "Y1, k=>1.

Then we may restrict the sum in (8) to D, ,. The rest of the proof will rely on the next
geometric inequality:
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1+k—i;|
Proof of (9). Let the band-like domain © be

_(—1 1), ge-t
Q—( 2,2>xR .

Choose an i=(iy, - * *, i;) from Z? as i; > 10. Let the line segment L; be

(i, k)<C ©)

Li={i+to | wo=(w,, - ", w)eS* !, —-N<t<N}.

Then, if this line segment L; penetrates €2, we have

1
IQhL1|= ’
@ |

, 1
—< N
l‘1+ 5 lw, | |

and hence

N
<2 .
i +127 i 1

120 Li| <

(9) follows easily from this inequality. O
Inserting (9) into the left hand side of (8), we have

. . d-1 k+2N
y abh_ v cl(z,k)<c(k+2N> y NV cNlogN.

iela kd_l © ieDy,2 kd—1 — k i1=k—2N 1+lk—i1l

Thus, we obtain (6).

2. Proof of (5). It follows by Hélder’s inequality and the definition of c(i, k) that

SN k+1/2 d
s (Eewn[ )

iel =0 k—1/2

5N k+1/2 d
<CN* J fidx+C Y ( S ¢, k) fo(r)dr> . (10)
So

iel{ \k=1 k—1/2

In the same way as in the first part of the proof of (6) we have

5N k+1/2 d
2 (kZ c(i, k) | fo(")d7'>

iel; \k=1 k=12
SN . 1—-1/d k+1/2 d
-y { y (c(” k)) < (cli, K2k — 1A= e f fo(r)dr}
ier; (k=1\2k—1 k—1/2
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<C Z { iv c(i, k)}d—l °{k§l c(i, k)fs f"dx}. a1

iel, (k=1 k
We shall prove the following two inequalities:

A (i, k)

)

k=1

<ClogN, Viel,; (12)

Y eli,k)<CN°logN , Vk, 1<k<S5SN. : (13)
iely
If this can be done, we will finish the proof of (5) by (10) and (11).
(13) follows in the same way as in the last part of the proof of (6). Indeed, for
every 1 <k <5N we obtain
k+2N N
Y e k)= Y ¢, k)<Ck+2N)¥~t Y — " <CNelogN.
k

iely ieDr,1 is=k-2N 1+|k—i,|
3. Proof of (12). As in the proof of (6) it is sufficient to show that

d SN ¢ (i, k)

2 X

I=1k=1

<ClogN, Viel,. (14)

Fix iel; and fix . Let w;=(a,; - - -, a;) be a unit vector which is parallel to the axis of
R;. Then we easily see that

a(, k)sCmin{k, 1 } ' (15)
la |

If S;, N Ri=, Yke[1,5N], we have nothing to prove. Therefore, we assume that
S N R;# J, for some ke [1,5N]. All such S;; can be listed as Sy 4, Siu,+15 "5 Sk, =15
Six,- If ky—ky <2d, then we have

k> H
3 4GB _ oo, —k,+1<C
k=k1
by (15). And if |a,|>1/(2,/d), then we have
k2 k 5N
k=k; k=

by (15).

Now, we assume that k,—k,>2d and |q|<1/(2\/d). We assume also that
|a;|=|w;|,. Since |a;|> l/ﬂ, we have /#j. Let B(x,r) be the open ball of radius r
centered at x. Let p=(p,, - - -, p,) be the center of R;. We note that

beB<p, i), —E<t<—]!}. | (16)

R;c<b+tw;
c{ w 1) N
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We shall examine the projections of S;, and R; to the (x;, x;)-plain in R In this
proof we write (0, - -+, 0, x,, 0, - -+, 0, x;, 0, - - -, 0) as (x;, x;). S{x and R; will denote the
projections to (x;, x;)-plain of S, and R, respectlvely Without the loss of generality
we may assume that a;, a;>0. We see that R/ is contained in the strip of width 1 by
(16). Let R be the strlp of width 1 which is parallel to (a;, a;) and whose left side meets
the lower right corner of S ,,. Then by a simple computation we see that the condition
RN S,,#J is equivalent to

2k, +1 Zfi(kz—kl—l)— 2k, +1 (@ +a?)'? .
a, 2 a,
Hence it follows from a;>1/,/d that
k,—k,—2d
2 1" <k +k,+1. (17)

Jda
Using |a,|<1/(2\/d ) and (17), we first see that
2(ky—ky—2d)<k;+k,+1,
and hence
k,<3k,;+C.
Inserting this inequality to the right hand side of (17) we have
kamk 22k, +1<dk, 4 C
Jda, '

and hence

k,—k,—2d<./d (4k,+C)a,.

From these inequalities and (15) we obtain

i (i, k) _ "z‘f" (i, k) 4 {Z a (i, k)

k=k; Kk k=k, k k=k;—24 Kk
1 kx2—2d—1 1
sC-( Y )+c<c— (ky—k,—2d)" —+c<c
a, K=k, Kk " ky

Thus, we finish the proof of (14).
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