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Abstract. The present paper is to investigate the existence of the scattering operators for the Klein-Gordon
equations with a potential which depends on both the space and time variables, and admits a singularity in L9 (R")
sense. The main tool is the Strichartz estimates of solutions.

1. Introduction and Result

This paper is devoted to the scattering theory for the Klein-Gordon equation with a po-
tential:

(1.1) Uy — Au+m*u+ Ve, Du=0, (x,1)eR" xR,

where u;; = 82u/8t2, A is the n-dimensional Laplacian, n > 1, m is a positive constant and

V(x, t) is a real-valued potential. E is the space of all pairs f = '(f1, f>) of functions such
that

- 1
1% = 5 /Rnﬂvfl(xﬂz +m? fi(0)* + (0} dx < 00;

this norm is called the energy.

As an evolution equation in E, the perturbed problem (1.1) with the initial data f =
'(f1, f2) € E is rewritten in the matrix form

(1.2) idii = Agii + V()i ,

where i = «/—1, i(t) = "(u(®), u: (1)),

/0 1 _ {0 o0
AOZ’(A—nﬂ o)’ V(t)z_l(V(x,t) o)'

Let Uy(t), t € R, be the unitary group in E which represents the solution of the free equation

(1.3) id:1ig = Aglip,
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and is of the form

K1) K(t))

Lo = (k(r) k()

where K () = A~ 'sin(rA), A = (m* — A)!/2. By using the operator Uy(t), the problem
(1.2) is reduced to the integral equation

t

(1.4) i(t) = Uy(t) f — i/ Uo(t — T)V (2)ii(t) d .
0

It will be proved in Proposition 2.3 that, for given f € E, (1.4) has a unique solution #(¢) €
C(R; E), if V(x, t) is small in the space L"(R;; L?(R?%)) for some pair (g, v). We denote by
U(t,s) € B(E) (the space of all bounded linear operators on E) the evolution operator which
maps the solutions at time s to those at time ¢:

i(t) = U(t, s)ii(s) .

The unique existence of the solutions of (1.4) implies that, for any fixed s and ¢, U(t, 5)
defines a bijection on E. In the present paper we write fR,, = [ for brevity. We define also
the energy of the solutions of (1.1) at time #:

R 1
li(0l|% = Efuu,(x, D1+ 1Vu(x, 0)* + m*u(x, 1)[*}dx

where Vu is the gradient of u.

If V is small in C'(R; X) with a suitable Banach space X and the coefficient m =
m(x) decays in the space variable x, then it is shown in [11] that the scattering operators are
constructed on the basis of the weighted energy method due to [9, 10] which treated, in fact,
the energy decay-nondecay problems for the dissipative wave equations. But then, compared
with [11], it is rather natural in physical criterion that the mass m is constant and V (x, ¢) has
a singularity in some point xo € R”. However, the method of [9, 10, 11] is not effective
in the present case. Our strategy is forced to be different from [9, 10, 11], say, to use the
appropriate Strichartz estimates for (1.1) (see Lemma 2.1 below) which can be obtained by
the crucial results of Hayashi and Naumkin [2] for the potentially free Klein-Gordon equations
(see also D’Ancona and Fanelli [1] for the end point Strichartz estimates). On the basis of
these estimates the scattering operators will be constructed (see Theorem 1.1).

In contrast with the novelty of our problem, we mention the related problems with time-
dependent potentials. For example, Mochizuki and Motai constructed the scattering operators
for the Schrodinger equations with time-dependent complex potentials under the smallness
conditions on the potential (see [8]). Their method is based on the Strichartz estimates for
the free and the perturbed solutions. However, as far as we know, there is no result on the
scattering problems for the Klein-Gordon equations with time-dependent potentials. Note
that time-dependent real potentials have been treated in Howland [3], Kitada and Yajima [6],
Yafaev [12] and Yajima [13] without requiring any smallness condition on the potentials. For
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the time independent complex potentials, the so called smooth perturbation theory has been
developed in Kato’s classical paper [4] (see also [5]). Repeatedly speaking, our potential V
depends on x and ¢; thus the theory of [4] could not be applied to our case.

In order to state our result, we make the following assumption:

ASSUMPTION A. V(x,t) belongsto L'(R; L?), where

1 2 1 n
(1.5) 0=<-=< ;o= =1=-,
q n+2 v 2q
and is assumed to be the following smallness condition:
(1.6) CillVIpr Ly < 1,

with a certain constant C; = Cj(n, ¢) given in Lemma 2.1 below.
For the convenience of the readers, let us introduce some examples satisfying Assump-
tion A.
EXAMPLES. The functions V (x, t) satisfying Assumption A are as follows:
n

G Vx,n)=Vo(l+r)*1 +t)_/3, o > ; B > %

with a small constant Vy € R.
(i) Let x;(x) € Cg°(R") be equal to 1 in a small neighborhood of x; (j = 1,..., N),
and 0 outside of a neighborhood of x;, and let V) € R be a small constant. We put

N N
V(1) = Vo i D xj(le —x;1 79 4+ Y (1= x;wx) ¢ (14077,
j=1 j=1

wherea; <2 (j=1,....N), f > Land w(x) e LYR").
We shall prove here the following:

THEOREM 1.1. Letn > 1 and suppose Assumption A. Then the following assertions
hold:
(i) Forevery f € E there exists fOjE € E such that

HU(t,O)f— Uo(t)fOiHE 50 as t— +oo.
(i) Put
Zt =5 — lim Uy(-1)U(,0).
t—+o0

Then Z* defines a nontrivial bounded operator on E.
(iii) Ifwe restrict (1.6) in Assumption A to

Cr1+DIVIvwrLyy <1,



428 SOJIRO MURAI

with a certain constant Cy = Ca(n, g, m) given in Lemma 2.2 below, then Z* gives a bijec-
tion on E. Thus, the scattering operator

S=zt@ZH) Vi = ff
is well-defined and also gives a bijection on E.

This paper is organized as follows: In section 2 we will give the Strichartz estimates
which play an important role to prove our theorem. Finally in section 3 we prove Theorem
1.1.

2. Strichartz estimates

In this section, we shall derive some Strichartz estimates for (1.2)—(1.3). Let us first in-
troduce the Strichartz estimates for the free solutions due to D’ Ancona and Fanelli [1] and
Hayashi and Naumkin [2], and then use it to obtain similar estimates for the perturbed solu-
tions. In the sequel we often use the following notation: H ;f =H ’lj (R™) is the usual Sobolev
space for | < p < oo and k € R with norm

lull g = |7~ e aen)| .

where 7 (&) denotes the Fourier transformation of u(x), F~! is its inverse and (£) = (1 +
I€]%)1/2. We also write H¥ = H2k. Denote the space-time norm of ¢ in L" (I; LY) by

ldllLrr;Ley = M@ Ol La@yyllLry

where [ is a bounded or unbounded time interval. The following lemma is proved in
D’ Ancona and Fanelli [1] and Hayashi and Naumkin [2].

LEMMA 2.1 ([1,2]). Letn>1,%52 <

a constant C1 = Cy(n, p) > 0 such that

1 1 1 _n(l _ 1 ]
512 and . = 2(2 p). Then there exists

t
@2.1) ‘ / et g(r) dr < Cillgl g gy -
s L"(I;LP) P
o A 1/2
2.2) / DA (r) dr <Nl gamny
s L(I;L2) r
and
i 1/2
2.3) e Al Lrir:rry < C N Plln

where%—i—%:l, %—i—#:landu:(l—i—%)(%—%).

By using the estimate (2.3) from Lemma 2.1, we have the following estimates for the
free solution uq(¢) of (1.3).
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LEMMA 2.2. Letn, p, r and pu be as in Lemma 2.1. Then the solution uy(t) =
"(uo(t), ugy (t)) of (1.3) with the data fo ="(fo1, foo) € E satisfies the following estimates:

(2.4) ol v g1y < @CDY21 ol

2.5) laorll iz, gy < €D foll -

PROOF. We can write ug(t) as

. (K® KDY 2 -l
uo(t)_(k(t) K(t))fo’ K(t) = A7 sin(tA).

We can estimate, by using (2.3),
”uO”Lr(I;HI]?_”') S ” COS(IA)fOI ”Lr(I;H[I,_M) + ”A_l Sin(tA)f()Z”Lr(I;H[l—ll)
1/2
<\ forll g + Il fo2ll 12)
< QC)V2 (I for I3, + Nl fozll 7)Y/
< )"l foll -
This proves (2.4). In the same way, we have the required estimate (2.5):
”uOI ”Lr(I;H[;M) =< “A Sil’l(fA)f()] ”Lr(I;HI;M) + ” COS(IA)fOZHLr(];H;/J')
1/2
<l forll g + 1l fo2ll 12)
< QC)Y2(I forll + Il fozll 7o)/
< )"l folle -
This ends the proof of Lemma 2.2. g
For1 <y < ooand s > 0, we put
LL X =L"Reg X),

where Ry ¢ =[5, 00) fors > 0, R_ ; = (—o0, s] for s < 0 and X is a Banach space. In case
of s = 0, we simply write Ry o = Rx.. By Assumption A we have V(x, 1) € L (L7 for any
+s > 0. Moreover, we see from (1.6) that the following inequality

(2.6) CillVIly 1o < 1

holds for any +s > 0. In the following we restrict the pair (p, r) in Lemma 2.1 as follows:

n

1 1 1 n (1 1
2.7 T <—=<-, —-==|>—-=]).
2m+2) " p 2 ro 2\2 p
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For this exponent p, it can be checked that the condition on w in Lemma 2.1 is to be p < %
Moreover, we choose the pair (p, r) in (2.7), related to (g, v), as follows:

1 1< 1> 1 1< 1)
2.8) LR I
p 2 q r 2 v

As is easily seen, the condition for (¢, v) in Assumption A is equivalent to that for (p, r) in
(2.7). Then we have the following:

PROPOSITION 2.3. Letn > 1 and suppose Assumption A. Let s € R be arbitrarily

fixed. Then for each f ="'(f1, f2) € E, the following assertions hold:
(i) The integral equation

t
2.9) u®) =K@t —s)fi+ K@t —s)fr — / K(t — D)V (Du(t)dt

has a unique solution u(t) € L H;_M

(i1) The solution u(t) of (2.9) belongs to C(Rx ; H") and coincides with U (t, s)f.
Moreover, we have

(2Cy)'/? 2
(2.10) lll e < I fllE,

T 1 =CillVilLy ra

- V2C1CaVIiLy za

IflE -

@2.11)

t
/ Kt —t)V(™)u(r)dr

a1 =CillVILy 1

PROOF. (i) For g = g(x,1t) € L;)SH;_“, we put

t
Dy s[glt) = —/ K@t —-17)V(r)g(r)drt, teRi.

Then it can be checked that
2.12) 1@519l_pin < CHIV Iy 2olglyy pyion

Indeed, by the estimate (2.1) we have

t
(2.13) H/ Kt —1t)V(r)g(r)dt

< ClIVIly s, < OVl i

Lgt,: HP
since u < > Here, by using Holder’s inequality, we see

(2.14) WVall,r 1w =WVl callgh, rvo-—r 1
Ly sHy s Ly H o gria—p

Since (2.8) implies qp_—/qp/ = pand = v — r, the estimate (2.14) together with (2.13) imply

v—r' T

(2.12). As a consequence of (2.12), we have also

(2.15) 1P+l g, 1wy = CLllVIlLy Lo
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Now, going back to the integral equation (2.9), we consider the solution u(¢) of (2.9). For
f ="'(f1, f2) € E we define {uy(¢)} successively as follows:

uo@) =K@t =) fi+ K@t —9)fr, ur(®) =uo(t) + P slup110), k=1,2,....
The fact that ug(t) € L’i’SH ;_M follows from Lemma 2.2, and hence, we conclude from
(2.12) that ug (¢) € L, (H ;7“ holds for k € N, successively. Moreover, since
ok = wi—ill , grone = WPeslgpr gttt — uiall i

k
< ||Pi . u _
= i"‘”B(L;JH},’“)” O”L;SHPI .

we see from (2.6) and (2.15) that {uy (¢)} converges in L’i,SH;f“ as k — oo. Thus u(¢) is, in
fact, the weak solution of (1.1). Moreover, we can write

(2.16) w(t) = uo(t) + Y _fur(t) — wp—1(1)},
k=1

on account of the uniform estimates (2.9) and (2.12).

(i) It follows from (2.2) that

1/2
< C\2Ivull,y
Hl +.,5 4

t
H/ K@t —1t)V(tu(r)dr

(2.17)
1/2
< IVl ol gy

(2.16) together with (2.9) imply that the solution u(#) of (2.9) is in C(R4 s; HY). Obviously,
this u () coincides with U (¢, ) f . Moreover, the estimate (2.10) easily follows from (2.12), if
we note [luoll,, 1-u < (2C2)'2| | . In fact, we have

+, 5P

o
k
u o < ||u o+ D 7 -
I L k§ 1: N =

CullV Iy wolluoll i

1= CilViizy 19

IA

ol pn +

(2Cy)'/2

<—— |fle.
1= CillVllLy  ra

where we used (2.6) in the second step. Thus the estimate (2.11) follows from (2.10) combined
with (2.17). The proof of Proposition 2.3 is finished. a
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3. Proof of Theorem 1.1
In the following, we simply write f = f, fo = fo. We put iio(t) = Up(t) fo and

u(t) = U(t,0) f, and consider the inner-product (ii(t), uo(¢))g in E. Then we get, by using
(1.2) and (1.3),

- - 1
(3.1) 0 (u(t), uo() g = —Q(Vu(t), uo (1)) ,
where (-, -) stands for the usual inner-product of L2,
PROOF OF THEOREM 1.1 (i). Since U(t,0)f = Uy(t)Uo(—1)U (¢, 0) f, to verify the

assertion we have only to show that Uy(—7)U (¢, 0) strongly converges in E as t — $o00.
Integrating (3.1) over (s, ) (s < t), one gets

1 t
oDV, 00 = Up(-U(s, 0, fode =~ / / Viutor dxdt .

By the Schwarz inequality, we have

(3.2 [(Uo(=)U(t,0) f = Uo(=5)U(s,0) f, fo)El

1 t 1/2 t 1/2
=5 (/ /|V||A“u|2dxdt) (/ /|V||A—Mu0,|2dxdr) .
N N

By Assumption A and (2.5) we have

t 1/2
(3.3) (/ / |V||A“u0r|2dxdr> < Q0" PIVIE Ll folle -
Hence it follows from (3.2)—(3.3) that
(3:4) |(Uo(=0)U 2, 0)f = Uo(=)U (s, 0)f. fo)|

12 1/2 1/2
OV Lol folle

+o00 )
<— [VI|A*u|? dxdt
Al

Furthermore, it follows from Assumption A and Proposition 2.3 (ii) that

t 1/2
1/2

(/ /|V||A“u|2dxdr> < WV palll o g

s ,5 +.5 2q’

1/2
e QC)IVIL L

u - <
ol o = TV

(3.5)

=Vl e,

where we have used the relations

1_11 1y 1 1
2 2 q) p’ 2 r’
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The estimate (3.5) means that

+o0
/ /|V||A“u|2dxdr
S

Thus we conclude from (3.4) and (3.6) that Ug(—#)U (¢, 0) converges strongly in £ as t —
+o00.
To prove the assertion we put

ff=s— im _Up(=nU1,0)f .

1/2

(3.6) -0, (s— +00).

Then, as is expected, we conclude that
U@, 0)f — UO(t)foi”E = [[Uo(&){Uo(—)U (z,0) f — f()i}”E -0
ast — +oo.

PROOF OF THEOREM 1.1 (ii). In this case we can apply the above argument to the
operator Uy(s — t)U (¢, s) with fixed s € R. For this purpose, we put

ZE () =5 — im Up(s —=nU (. 5).

This defines a nontrivial bounded operator on E which is assured by the nondecay of the
energy. We shall show that for each 0 # f € E there exists sufficiently large +s > 0 such
that Zi(s)Uo(s)f # 0. Recall that Zt =5 — , lirin Uo(—1t)U(t, 0). Then since

—+o00

ZEU(0, 5)Uo(s) f = Up(—s)ZE(s)Uo(s) f

Z%* is verified to be a nontrivial bounded operator. Let u(r) = U(t, s) f and uo(t) = Up(t —
s) fo in (3.1). Then the argument of the proof of the assertion (i) yields

3.7 (ZEG)f, fo)e — (f, fo)E]
+o0
/ f|V||A—Mu0,|2dxdr

1] oo 1/2
/ /|V||A“u|2dxdt
N
Il fllelluor IILriysHp—u .

1/2

< —
-2

1/2
1 G2 IViLy Lo
V2 1-GillVILy, 1

Let us choose here f = fy = Uy(s)g in (3.7), where g # 0, and assume that ZE(5)Up (s)g =
0 for any +s > 0. Then we lead to a contradiction. It follows from Proposition 2.3 and (3.7)
that

1/2
1 GV, 1o

(3.8) IWo(s)gllE < —= - e 2 [Uo(D) gl -
V2 1T=CilViey 10 Lty

IUo(s)gllg is independent of s by the energy identity ||Uo(s)glle = llglle > 0, whereas
the right-hand side of (3.8) converges to 0 as s — Fo00. This is a contradiction. Thus the
assertion (ii) is proved.
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PROOF OF THEOREM 1.1 (iii). To verify the assertions (iii), we have only to show that
Z*(s) is a bijection on E. Assume that g € E satisfies Z¥(s)g = 0 or g L R(Z%(s)).
Then putting f = fo = ¢ in (3.7), we obtain

(3.9) lolls < — late

. glE = gllE -

Si 1 =CillVilLy  1a

1nce ’
C2IVillLy, 1

T ThEs
L =CillVilLy  1a

(3.9) implies g = 0, and hence Z*(s) becomes a bijection. The assertion (iii) is proved. O
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