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Abstract. An infinitary version of edge path groups is introduced for applications to non-locally simply con-
nected spaces (see Figure 1 in the text).

(1) Edge path groups in this paper are subgroups of the free o -product of copies of the integer group Z, Wthh
is isomorphic to the fundamental groups of the Hawaiian earring of I-many circles for some index set I.

(2) LetY be a subspace of the real line in the Euclidean plane R? and C the set of all connected components
of Y. Then, the fundamental group of R2 \ Y is isomorphic to a free product of infinitely many non-trivial groups, if
and only if there exists an accumulation point of C in ¥ U {o0} U —o0.

1. Introduction and summary.

As we have shown in [8], the fundamental group of a 1-dimensional compact space is
isomorphic to a subgroup of the inverse limit of finitely generated free groups. However, the
result gives us little information about its group theoretic properties so far, even if X is a Peano
continuum, i.e. a locally connected, connected, compact metric space. On the other hand,
we have investigated the fundamental groups of certain non-locally simply connected spaces
using the notion of free o-products [4, 3, 6, 7] and have gotten some group theoretic results.
In the present paper, we are interested in an infinitary version of edge path groups. The edge
path group is defined for an infinite simplicial complex. Our infinitary version is not aimed
at an investigation of infinite simplicial complexes, but at that of spaces which are not locally
simply connected, particularly 1-dimensional spaces like (1), (2) and (3) in Figure 1, where
there are infinitely many small circles or triangles. The space (1) is called the Hawaiian earring
and is the plane continuum H = | J2,, C,, where C,, = {(x, y) : (x — 1/n)? + y?> = 1/n?}.
The spaces (2) and (3) are similar to the Sierpinski gasket and its three-dimensional analogue.
To state our main results, we recall a free o-product of groups G;(i € I) [4]. The notation
“X € Y” means that X is a finite subset of Y. We assume G; N G; = {e} for distinct i, j € I.
Aoc-word W : W — \U{Gi : i € I}is a function such that W is a countable linearly ordered
setand {«¢ € W : W(a) € G;} is finite for each i € I. The set of o-words is denoted by
WP(G; :i € I). For F € I, W is the word of finite length obtained by picking all elements
in (J;ep Gi from W, ie. Wp = {o € W : W(@) € U;cr Gi} and Wp = W | Wr. Two
o-words V, W are equivalent, if Vr = Wr holds in the free product *;crG; for every
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FIGURE 1

F & I. The equivalence class containing W is denoted by [W]. The group operation on
the equivalence classes is defined by the concatenation. Then, {{W] : W € W?(G; :i €
1)} forms a group which we call the free o-product X7.;G;. The fundamental group of the
Hawaiian earring of /-many circles is isomorphic to X7_,Z;, where Z; is a copy of the integer
group Z. We refer the reader for this fact as well as basic properties of free o-products to
[4]. Throughout the present paper, we use the word ‘a word’ for ‘a o-word.” We also write
‘a word W’ instead of ‘an element [W]’ as the usual case of a word of finite length, when no
confusion will occur. The notation V = W means that words V and W are the same, i.e. there
is an order isomorphism i : V — W such that V («) = W (i(«)) for @ € V. The first theorem

can be regarded as an infinitary version of a theorem for edge path groups.

THEOREM 1.1. Let X be a space with the following properties: There exist arcs A;(i €
I) with the end points A; = {ui, v;} and a closed set D such that

(1) X =DU\,;.; Ai and DN A; = A, for each i,

Q) A\ A;is open and u; # v; for each i,

(3) D contains no arc.
Then, the fundamental group of X is isomorphic to a subgroup of X?_,Z;.

The next theorem generalizes [4, Corollary 2.5] which implies the same result for the
fundamental group of the Hawaiian earring.

THEOREM 1.2. Let X be a Peano continuum satisfying the hypothesis of Theorem 1.1.
Suppose that there exists K C I such that DU|J; g Ai is contractible and locally connected.
Then, for any homomorphism h : m1(X, X) = *p<oHp, there exists m < w such that Im(h) <
*n<mHp. Consequenthy, the fundamental group of X is not isomorphic to a free product of
infinitely many non-trivial groups.

Consequently,

COROLLARY 1.3. None of the fundamental groups of the spaces (1), (2) and (3) in
Figure 1 is isomorphic to a free product of infinitely many non-trivial groups.

The situation of Theorems 1.1 and 1.2 would be better understood by applying these
theorems to the spaces (1), (2) and (3) in Figure 1. See Figure 2 at the proof of Corollary 1.3
in section 2 for it. A set D is the set of dotted points and the edges are the arcs connecting the
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dotted points. In Section 3 we continue an investigation of the fundamental groups of certain
subspaces of the plane [6] and prove

THEOREM 1.4. Let X = R?\ Y x {0} for Y C R, x € X and C be the setofall
connected groups of Y.

Then, 7t1(X, x) is isomorphic to a free product of infinitely many non-trivial groups, if
and only if there exists an accumulation point of C in Y U {oo} U {—o0}.

In the last section, we investigate homomorphisms from 7 (H, o) to 1 (X, x) for spaces
X satisfying the conditions in Theorem 1.1. As a corollary, we prove: None of the fundamen-
tal groups of the spaces (2) and (3) in Figure 1 is isomorphic to r; (H, 0) (The point o denotes
the origin (0, 0)).

The following question is still open. The same question was also asked by J. Cannon and
G. Conner [1].

QUESTION 1.5([6]). (See the addendum.) Is the fundamental group of the Sierpinski
gasket (or carpet) isomorphic to a subgroup of that of the Hawaiian earring?

REMARK 1.6. Let H; be the Hawaiian earring of I-many copies C;(i € I) of the
circle {(x, y) : (x — 1)®> + y? = 1}. More precisely, we identify all points corresponding to
(0, 0) to a single point o and the topology is described by specifying neighborhood bases. The
neighborhood base of each point x # o is the same as the standard base of the circle and a
neighborhood of o is of the form: | J;cr U; U U¢f\r Ci> Where F is a finite subset of I and
Ui is a neighborhood of (0.0) in C; with respect to the standard topology of the circle. Under
the condition of Theorem 1.1, let 0 : X — H; be the continuous map so that o (D) = {0}
and o | A; is a relative homeomorphism of (A;, A;) to (C;, {0}). The proof of Theorem 1.1
implies that o, : 71 (X, x) — 71 (H], 0) is injective for x € D.

REMARK 1.7. Theorem 1.2 generalizes [4, Corollary 2.5], which treats only the case
of the Hawaiian earring. In a recent preprint, J. Cannon and G. Conner [1, Theorem 5.1]
proved a closely related statement to Theorem 1.2 for Peano continua by a rather different
method. The infinitary version of edge path groups of the present paper was used in [5] for
the free topological linear space over a pseudo arc.

2. Proof of Theorems 1.1 and 1.2.

For a path f : [s,t] — X, define f~ [0,1] — X by: .f~(u)~= F( —u)s + ut). We
simply say two paths f : [s,#] — X and g : [s',¢'] — X are homotopic, if f(s) = g(s)
and f(t) = g(¢') and the two paths f and § g are homotopic relative to {0, 1}. For a space
X satisfying the hypothesis of Theorem 1.1, we introduce some auxiliary notions. We fix a
base point xo € D. For a loop f with base point xo, [ f] € 71(X, xo) denotes its homotopy
class relative to {0, 1}. For each A;, let ¢; : [0,1] —> A; be a homeomorphism. A path
S i ls,t] = X with f(s), f(¢t) € D is proper, if the following hold: For any s < a < t with
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f(a) € A; \A,- = int(A;), thereexist s < u < v <tsuchthatu <a < v, f(u), f(v) € A;,
fu) # f(v) and Im(f [ (4, v)) C int(A;).

LEMMA 2.1. Let X be a space satisfying the hypothesis of Theorem 1.1. Then, for any
path f : [0, 1] = X with f(0), f(1) € D, there exists a proper path g which is homotopic to
f

PROOF. Let O = |J;¢, int(4;) and f~1(0) = U, ., (@m,bm), where (am, bm) N
(an, bp) = @ for m # n and u < w. Define a homotopy H : [0, 1] x [0, 1] = X by:

f(s) if s € (an, by) and f(an) # f(bn)
@i((1 =@ £ () if s € (an, bn) and f(an) = f(bn) = u;

@it + (1 =) f(s)) if s € (an, by) and f(an) = f(bn) = v;
f(s) otherwise.

H(s,t) =

Since the diameters of Im(f) N A; converge to 0, H is continuous and g(s) = H(s,1) is a
proper path. U

For a proper path f : [s, t] — X with f(s), f(t) € D, we define a word W/ as follows:
Let O = |J,;;int(A;) and o) = Um<#(am, bn), where (am, bm) N (an, by) = O for

distinct m, n and u < w. Leth =pnandm < nifa, <a, form,n € u. Let

f — i if Imf r [am’ bm] = Ai and f(am) =u;,
w (m)—-{ —i if Imf [[am,bm]zAi and f(am)=Ui,

where i is the generator of Z;.
Though the next lemma is almost the same as [5, Lemma 4.5], we present its proof for
the reader’s convenience.

LEMMA 2.2. Letfbe aproper path with £f(0), f(1) € D. If W/ = e, thenfis a loop,
ie. f(0)= f(1).

PROOF. Suppose that i or —i appears in W/. Since W/ = e, we have 0 < ¢o <
1 < ---Can < Cn41 < 1sothat f(c2j) = f(c2j+1) € {ui, vi}, wfllezj.c2j+1] = ¢ and
Im(f [ [0, coDNint(A;) = Im(f | [c2j—1, c2;DNint(A;) = Im(f [ [c2n+1, 1DNint(A;) = B.
Let g(x) = f(c2j) = f(c2j+1) forcaj < x < c2j41 and g(x) = f(x) otherwise. Then, g is
a proper path and W9 = e and Im(g) N int(A;) = @. We enumerate i’s in I for which +i’s
appear in W/ without repetition and let {i, : n < v} to be its enumeration, where v < .
Let fo = f. Inductively, we apply the above reformation to f, using A;, in the n-th step and
obtain f,+1. There would be a case where +i, does not appear in Wi, Welet for1 = fn
on that case. By the construction, it is easy to see that f,, (n < w) converge to a continuous
function foo. Then, Im(foo) € D, foo(0) = f(0) and fo(1) = f(1). Since D contains no

arc, f(0) = f(1). O

The following lemma is basically the same as in the one for edge path groups and its
proof is similar to the proof in [8, Appendix B].



FUNDAMENTAL GROUPS 191

LEMMA 2.3. Let f : [0, 1] — X be a proper loop which is homotopic to the constant
map. Then, W/ = e holds in X°_,Z,;.

iel
PROOF. By Lemma 2.1, we may assume that f is a proper loop. Let F & I, Xr be the
quotient space of X obtained by identifying DU J i¢F A; withone pointandor : X — Xfgbe
the quotient map. Then, oF f is a null homotopic loop in a finite bouquet, whose fundamental
group is canonically isomorphic to *;crZ;. Therefore, (W/)r = e for each F & I, which
implies W/ = e. O

Let Py, be the set of all proper loops with base point xo. By this lemma, a homomorphism
§ : m(X, x0) = X{_;Z; is defined by the formula:

EQfD =W/ for f e Py, where [ f] denotes the homotopy class containing f.

LEMMA 2.4. Let f : [0,1] — X be a proper path. Then, there exists a proper path
g:[0, 1] > X such that

1. g(0) = f(0) and g(1) = f(1);

2. WY is the reduced word of W/ and

3. 9(x) = f(x) or g(x) = f(s0) = f(to), where so = min{s : g(y) = g(x) f or s <
y<x}andtyo =max{t: g(y) = g(x) forx <y <t}

PROOF. We recall a reduction procedure of a non-reduced word [4, p. 245]. When W/
is reduced, there is nothing to prove. Otherwise, there exists a non-empty subword of W/
which is equivalent to the empty word, i.e. there are 0 < 59 < #p < 1 such that f(sg) =
f(t0) € D and W/ lso:00] — ¢ by Lemma 2.2. Let g(x) = f(x) for0 < x < sporfg < x < 1
and g(x) = f(so) for sop < x < t9. Repeat transfinitely the process obtaining g from f. It will
stop in countable steps. Then, we get the desired path, the continuity of which follows from

that of the original f. O

LEMMA 2.5. Let f € Py, with WS = e and p be a compatible metric on Im(f).
Suppose that p(xo, f(co)) = max{p(xo, f(w)) : u € [0,1]} =d > 0 and p(xo, f(u)) < d
Jor 0 < u < cq. Then, the one of the following holds:

(1) There exist so, to such that so < co < to, f(s0) = f(t0) € D, p(xo, f(50)) =d/2,
and W/ lso.00] — o

(2) There exist sg, 51, to, t and A satisfying:

® 50 <851 =t <ty f(so) = f(to) € {uj,vj}, f(s1) = f(t1) € {uj,v;}, and
Im(f [ [s0, s11) = Im(f [ [t1, 20]) = Aj;

® 50 < Co;
e thereis so < s < cq such that f(s) € Ajand p(xo, f(s)) =d/2;
o W/lls1al — o

PROOF. Case 1: f(co) € D. Let g : [0,c9] & X and & : [co, 1] — X be the paths
given by Lemma 2.4, which are corresponding to f | [0, co] and f | [co, 1] respectively. We
remark that W/ 0ol £ ¢ and W/ 1011 £ ¢ by Lemma 2.2.
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1(1). If there exists 0 < s < cg such that g(s) € D and p(xp, g(s)) = d/2, g(so) =
g(s) = f(so) and W/ lso.col = w9llso.col hold for so = min{x : g(y) = g(s) forx <y < s}.
Since W9 and W* are reduced and WIW? = W/ = e, W9 is the inverse word (W")~! 4,
Corollary 1.5]. Therefore, there exists co < top < 1 such that h(t9) = f(t0) = g(so) and
Whllco.0] is the inverse word of W9!ls0:¢0] Then, W/ Ilso.to] — W 9llso.col yhllco.t0] = ¢ holds,
that is, the case (1) holds.

1(ii). Otherwise, there exists 0 < s < co and A; such that g(s) e mt(A j) and
o(x0, g(s)) = d/2. Since g is proper, we get the unique so < s1 such that g(so), g(s1) € A; j»
so < s < 8§51 < co, Im(f [ [s0,51]) = Aj. Since g(s) € int(4;), f(x) = g(x) for
so < x < s1. As in Case 1(i), we get tg, t] so that co < #; < to, h(to) = g(so), h(t1) = g(s1),
Im(f | (#1, f0)) = int(A ;) and W"1lc0n1] i the inverse word of W9!ls1-¢ol,

Case 2: f(cp) € Ay forsome k. Let c; = min{u : co < u, f(u) € D}. Let g: [0, c1] =
X and & : [c1, 1] = X be the paths obtained by applying Lemma 2.4 for f [ [0, c¢1] and
f 1 [c1, 1] respectively. Then, W90l £ ¢ and W* [le1.1} £ ¢ by the assumption on cg of
this case. Then, we deal with two cases similarly to the sub-cases in Case 1. We omit the
detail, but just remark that cp. < s; may hold. (]

The remaining part of the proof of Theorem 1.1 is analogous to those in [4, 3, 6, 8].

PROOF OF THEOREM 1.1. It suffices to show that a homomorphism & : w1 (X, x9) —
X¢_;Z; is injective. Let f € Py, with W/ = e. We shall show that f is null homotopic. Since
Im( f) is metrizable, we take a compatible metric o on Im(f). We define parts of a homotopy
H :[0,1] x [0,1] = X between f and the constant map at xo and also auxiliary notions by
induction. To describe our inductive definition, we introduce some notion.

Let Seq be the set of finite sequences of nonnegative integers. For o € Seq, the length
of o is denoted by |o| and 0 = (0(0), - ,0(n — 1)), where n = |o|. The sequence
obtained by adding i to o is denoted by o * (i) and the empty sequence is denoted by ( ). Let
R(y =[0,1] x [0,1]. Let H(s,1) = f(s) and H(s,0) = H(,t) = H(1,t) = f(0) for
0<s,t <landalso f() = f. .

(Stage ( )) In this stage we define rectangles R, for each sequence o of length 1 and
define the map H on the closure of the complement of | J{R(n) : n < w}.

(Sub-stage 0) Letd = max{p(f(0), f(s)) :s €[0,1]}. If d = O, f is constant and so
we just define H (s, t) = f(s). (Since we shall mimic this stage again, this obvious definition
is necessary.) Otherwise, our construction is divided into cases according to the two cases in
Lemma 2.5. In the case (1), we define

H(s t)={ f(s), for s € [0,s0] U [tg, 1] and 1/2 <t <1,
’ f(so) = f(to), forso<s<tyandt=1/2,

and also fi0) = f I [s0, s1] and R(g) = [s0, 51] x [1/2, 1].
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In the case (2), we define H(s,t) as follows. Here we assume ¢;(0) = f(so) and
@;(1) = f(s1), but the other case can be treated similarly. Let

f(s), for s € [0,51]U[r1, 1] and 1/2+1/4 <t <1,
H fGsD, for s <s<tiandt=1/2+1/4,
.D=1 %), for s € [0,s0] U[to, 1] and 1/2 <t < 1/2 + 1/4,

9j(4t —1/2)¢7 f(5)), for s €[0,s1]1U[n, 1] and 1/2 <t < 1/2+1/4,

and also fioy = f I [s1,#1] and Ry = [s1, 1] x [1/2 + 1/4, 1]. In case s; = t1, we have
defined H on [0, 1] x [0, 1].

(Sub-stage n + 1) We have defined H(s, 1/2"t1) for 0 < s < 1 in Sub-stage n. We
make the above procedure in Sub-stage 0 for [0, 1] x [0, 1 /2”“] instead of [0, 1] x [0, 1]
and the loop s +— H(s, 1/2"*1) instead of f(s) = H(s, 1) to define a partial homotopy,
fin+1) and the rectangle R,1y. Then, H is defined on a subset of the rectangle [0, 1] x
[1/27*+1 1/2"%2] and in particular H (s, 1/2"12) is defined for 0 < s < 1.

Here, we notice that the diameters of the loops s — H(s, 1/2") (n < w) converge to
0 and consequently the loops themselves converge to f(0). To see this, assume the contrary.
Since the above procedure does not increase the diameter of a loop, the assumption implies
that the diameters of the loops s — H (s, 1/2") converges to a positive number dy > 0. It
means that the image Im f travels infinitely many times between points distant from f(0)
by at most dp/2 and points distant from f(0) by at least dg. However this contradicts the
continuity of f.

(Stage o) We have defined a loop f, with its domain [a,, b,] and a rectangle R, of form
[as, bs] X [Yo, 26]- Here, H(s, zo) = f5(s) fora, < s < b, and H (s, y,) is constant for
as <5 < bs. If a; = by, i.e. int(R,) = @, there is no sub-stages and we do not define R,
and so on for any extensions 7 of o. Otherwise, we work as in Stage ( ) replacing f() by fo
and R() by R,. That is, we define the rectangles Ry (n), l0OpS fo«(n) and a partial homotopy
H on R, applying Lemma 2.5 repeatedly.

When the all stages are performed, we define the map H on a dense subset of [0, 1] x
[0, 1]. However, there are still many points on which H has not been defined. Let x be such
a point. For each n, there exists a unique o, € Seq such that |0,| = n and x belongs to the
interior of R, . By the uniform continuity of f, the diameters of the loops f,, converge to O.
Therefore, there exists a unique convergent point in Im( f). Let H(x) be the point.

Now, we verify the continuity of H. The continuity at the points defined right now is
clear from the definition. Hence, it suffices to show the continuity at the boundaries for each
rectangle R, = [aq, bs] X [ys, 20]. Since R; € R, holds if 7 is an extension of o and
int(Ry) N int(R;) # @ holds if and only if one of o and t is an extension of the other. It
suffices to verify the continuity in each R, = [ay, bs] X [Yo, Zo]. It is easy to see that H is
continuous on the side edges {a,, b5} X (yo, 251, because H is defined on a neighborhood of
each point of those edges at some stage. Observe that the loops fy«(n) (n < w) converge to the
base point of f, for each o € Seq. Then, the continuity of H at the lower edge [as, bs] X { Yo }
follows from the argument of the continuity at the end of Sub-stage 0. What remains to be
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proved is the continuity at each point x at the upper edge such that H is not totally defined
on a neighborhood of x at any stage. In this case, there exists a unique sequence o, € Seq

(n < w) such that |o,| = n and x belongs to the upper edge of R,,. Moreover, x is not a
corner point of R, . Therefore, the continuity at x follows from the convergence of the values
on edges of R, ’s. O

To prove Theorem 1.2, we first show that 71 (X, xp) can be canonically embeddable into
X{. I\ xZi. As we have shown right now, a homomorphism & : 71(X, x0) — XJ_;Z; is an
injection. Let J = I \ K and py : X?_,Z; — X{_,Z; be the projection. We show that p,£& is

iel ieJ
injective.
LEMMA 2.6. Ifp;(Wf)=efor fe Py, then WS = e holds.

PROOF. Suppose that W/ = ¢ does not hold. By Lemma 2.4, we may assume W/ is
reduced. Then, there exists a finite subset F of I such that (W/)r # e. Since D U |,k Ai
is contractible, D U | J;cx Ai \ U;epnk int(A;) consists of finitely many contractible closed
subspaces T (0 < k < n). By identifying each T} as a point gx, we get the quotient space X*
of X and the quotient map g : X — X*. Now, W4/ # e. Since W9/ € xpnxZ * X9_,Z;, the
reduced word of W4/ can be presented as Wo W - - - W, satisfying the following properties:

1. Members of xrnxZ and X;’e ;Z; appear alternately.

2. Thereexistto =0 <t <:--- <t, = 1suchthatqgf(t,) € {gx : 0 < k < n} and
waS tmtm1] — W,

Since D U | J{A; : i € K} is contractible and WoW, --- W, is reduced, gf (tx) # qf (tx+1)
for k with Wy € spnxZ. On the other hand, since p; (W) = pj(Wf) = e, there are
Win—1, W41 € XZ_,Z; such that a word Wy, 1 Wy, 41 is not reduced. Since Wy,,_; and W,
themselves are reduced, we conclude qf (¢,) = qf(tm+1) by [4, Corollary 1.7], which is a
contradiction. O

DEFINITION 2.7. A loop f € Py, has the essential size less than ¢, if there exist
s < tand yo € D such that f(s) = f() = yo, f | [0,s] and f | [¢, 1] are paths in
D U|J{A; : i € K} and the diameter of Im(f | [s, z]) is less than . An essential part of f
isapath f | [s, ).

LEMMA 2.8. Leth : m1(X, x0) = *n<wH, be a homomorphism such that Im(h) is
not contained in any *p<m H,. Then, for any ¢ > 0 and m there exists f € Py, such that the
essential size of fis less than € but h([ f]) € *n<m Hy.

PROOF. Assume the negation of the conclusion. Then, there exist &g > 0 and m such
that A([ f]) € *n<m Hy holds if f € Py, has the essential size less than &o.

Since D U | J{A; : i € K} is locally path-connected, there exists &) < go/2 satisfying
the following:

For any u, v € D with p(u, v) < €1, there exists a path g from u to v in
D U |J{A; : i € K} such that the diameter of Im(g) is less than g¢/2.
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Since X is locally path-connected, the diameters of A;’s converge to 0. Therefore, there exists
J' @ J such that the diameters of A;’s are less than g1 fori € J\ J’. Foreach A; (i € J), let
fi € Py, besothat f; [ [0, 1/3]is a path from xo to u; in DU J{A; : i € K}, fi [ [2/3,1]is
a path from v; to xo in DU | J{A; : i € K}, and f;(s) = ¢; B(s — 1/3)) for1/3 < s < 2/3.
Since the essential size .of f; is less than gy fori € J \ J/, we can choose mg > m so that
h([fi])) € *pemoHy foralli € J.

Forany f € Py ,,thereare 0 =1 <t} <--- <ty = 1l suchthatfor0 < j <k

f [z}, tj+1] is homotopic to some ¢; or (pl-_l (ield),
or Im(f [ [tj, tj+1]1) N U{int(A;) : i € J'} =@ and
S I [tj, tj4+1]is a path with its size less than ¢;.

Then, we can adjust the above sequence 0 = 79 < #; < --- < fx = 1 so that f (t;) € D,
and each f | [¢;, t;41] is homotopic to some ¢; (i € J) or is a path with its size less than gg.
- Since D U | J{A; : i € K} is contractible, we can decompose f to proper loops g which are
homotopic to some f; or homotopic to a proper loop with the essential size less than &g, i.e.
h([g]) € *n<moH, in either case. Therefore, A([f]) € *,<m H, holds for any proper loopb f
with base point xg, which is a contradiction. O

LEMMA 2.9. Let f, € Py,(n < w) and f, € Py,(n < w), where x, € D. Suppose
that Im(fy) : n < w) converges a point yo € D and f, | [1/3,2/3] and f, are homotopic
for each n and Im(f,, [ [0, 1/3]) UIm(f, | [2/3,1]) € DUUJ{A; : i € K}. Then, there
exists a homomorphism h : Xy wZ, — mw1(X, x0) such that h(8,) = [f,] for eachn < w,
where &, is the generator of Z,, < Xn<wZn.

PROOF. By the local connectivity of X, we can take f,’ € Py, so that £, [ [1/3,2/3]
and f, are homotopic and Im(f,/ | [0, 1/3]) UIm(f) 1 [2/3,11) € DU|J{A; : i € K} and
Im( f,/) converge to yo. Let ¥ : H — X be the continuous map defined by:

1 1 1
) (— cos(m +2ms) + —, —sin(wr + ZJTS)) = £, (s),
“\n n n

that is, C,, is mapped as in the same way as mapped by f,’. Then, the induced homomor-
phism ¥, : w1 (H, 0) — m1(X, yo)(=~ m1(X, xp)) is the desired homomorphism through the
canonical isomorphism between 71 (H, 0) and X,, .,Z, [4, Theorem A.1]. O

PROOF OF THEOREM 1.2. Suppose that Im(#) is not contained in any *, ., H, for a
homomorphism & : 71(X, x0) = *p<wH,. According to Lemma 2.8, for each m there exists
gm € Py, such that g,, has the essential size less than 1/m, but h([gn]) & *n<m Hy. Let g, be
an essential part of f. Since the diameters of Im(g],) converge to O, there exist a point yo € D
and a subsequence m, (n < w) such that Im(g’mn) converge to yo. By Lemma 2.9, we get a
homomorphism ¢ : X,,Z, — m1(X, x0) such that ¥ (8,) = [gm,] for each n < w. But,
this contradicts [4, Corollary 2.5], which says that Im( - ¥) is contained in some *,, <, H,. (]

PROOF OF COROLLARY 1.3. For the Hawaiian earring, let D be the set consisting
of all the points dotted in Figure 2(1) and A;(i € K) be the edges in Figure 2(1). Then,
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D U |J{A; : i € K} satisfies the conditions in Theorem 1.2 and we get the conclusion. For
the spaces (2) and (3) in Figure 1, let D be the points dotted in Figure 2(2) and 2(3) and take
K C I'sothat A; (i € I\ K) are the edges which are parallel to the line BC and the plane
BC D respectively. Then, D U | J{A; : i € K} satisfies the conditions in Theorem 1.2 and we
get the conclusion. O

3. Proof of Theorem 1.4.

In this section, we continue to investigate the fundamental groups of the subspaces R? \
Y x {0} of the plane [6]. In that paper, we characterized ¥ C R for which the fundamental
group of R?\ Y x {0} is isomorphic to that of the Hawaiian earring. Here, we shall characterize
Y C R for which the fundamental group has the property in Theorem 1.4. First, we recall
results from [6]. Let C be the set of all connected components of Y and take a countable subset
D of Y so that

1. DN(u,v)#@ifandonlyif Y N (u,v) # @ foru,ve R\Y,

2. DN (u,v) is asingleton if and only if (u,v) C Y foru,v e R\Y,

3. D NC is empty for an unbounded C € C.

Then, (X, x) can be canonically represented as a subgroup {[W] : U(D, Y)} of a free o-
product Xge pZa [6, Theorem 3.2], where [W] denotes the equivalence class containing W.
In the following we use the subset U (D, Y) of W(Z, : d € D) in [6], the definition and some
properties of which are recalled below for the reader’s convenience.

For a linearly ordered set S, let S~! be the linearly ordered set consisting of —s for s € S
such that —s < —t ifand only if t < 5. Let |s| = | — s| = s for s € §. We remark that —s
is a letter consisting of ‘—’ and ‘+,” but is not a real number even if s is a real number. Let
Z, is a copy of Z whose generatorisd € D. Let W € W(Z, :€ D) be a word such that each
W(a)isd or —d forsomed € D. Aword V € W(Z, : d € D) is a component of W, if V is
a maximal subword of W which satisfies the following:

(4+) There exist u,v € R\ Y suchthatu < vandV : V — (u,v) N D is the order
isomorphism,
or
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(—) There exist u,v € R\ Y suchthatu < vandV : V — ((u,v) N D)~! is the order
isomorphism.
The set U(D, Y) consists of W € W(Z, : d € D) which satisfies the following:

(1) Each W(«) is d or —d for some d € D,

(2) Forany o € W, there exists a component V of W such thata € V,

(3) Leta, € W (n < w) be an increasing or decreasing sequence. If «,’s belong to
different components V,’s, i.e. a, € V, with V,, # Vn (m # n), there exists x € R\ Y such
that lim,,—, o | W (e,)| = x.

Let x € X be a point in the upper half plane. (The choice of x is made for the convenience of
the definition of a word W/.) The important facts are

1. U(D,Y) consists of all the W/’s for loops f in X with base point x;

2. anisomorphism 7 (X, x) >~ {[W]: U(D, Y)} is given by f > W/,

Here, W/ is given by the following
Let U, s (@as be) = f7L(R x (—00, 0)), where (ay, be) N (ag, bg) = @ for
a # B. Let the domain W7 of the word W/ is a subset of L x R defined by

{a} x (DN (f(aqa), f(ba))) if f(aa) < f(ba),
[ {a} x (DN (f(ba), f(ax)))™! otherwise,

and let (o, u) < (B, v),if ay < ag, or@ = B and u < v. Finally, let

wf (o, u) =u.
From now on, we use the notation &/ (D, Y) not only as a set of words but also as a subgroup
of Xg . pZa, since no confusion will occur. Though the next lemma can be proved in a purely
algebraical manner, a precise description of Z/(D, Y) is needed for such a proof. Therefore,
we prove the lemma with the help of a topological argument.

LEMMA 3.1. LetX =R?\Y x{O}forY CR,ye Yandx € Xbemtheupperhalf
plane. Suppose that there exist u,v € R\ Y such thatu <y < v. Then,

holds.

PROOF. Let W* be a word defined by: W* = DN (4, v), W*(a) = a fora € W*. We
showl(D,Y) ~U(DN(—00, y), Y Uly, 00)) *x (W*)xU(D N (y, 0), Y U(—o00, y]) holds.
For W € U(D, Y), there is aloop f in X with its base point x such that W/ = W. Therefore,
max{a : a < y,(a,0) € Im(f)} <y < min{a : a > y, (a,0) € Im(f)} holds and we can
choose dp € D so that max{a : a < y,(a,0) € Im(f)} < dyp < min{a : a > y, (a,0) €
Im(f)}. Hence, there is a regular decomposition (see [6, Definition 3. 8]) Wo---W, of W
~ such that each W; satisfies exactly one of the following: \

1. Wield(DN(—o00,y),Y Uly, 00));

2. WeldUDN(y,0),Y U (=00, yD;

3. W; is a component of W containing dy or —dj.

We remark that the number »n does not depend on the decompositions of this kind. In case W;
is a component of W, there exist U;, V; € U(D, Y) such that:
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1. W, =UW*V,orW; = U;(WH™vy;

2. If U; is non-empty, U; belongs to exactly one of (D N (—o0, y), Y U [y, c0)) and
UD N (y,00), Y U(—00, y]). The same holds for V;.
Therefore, we get a homomorphism from U(D, Y) toU(D N (—oo, y), Y Uy, 00)) * (W*) x
UDN(y, 00), YU(—o0, y]) and now it is easy to see that this is an isomorphism. The lemma
follows from [6, Theorem 3.2]. d

LEMMA 3.2. Let X =R?\Y x {0} and x € X forY C R. Suppose that Y contains an
increasing sequence y, (n < w) such that lim,_, oo y, = 00 and (yn, yn+1) N(R\Y) # @ for
each n. Then, (X, x) is isomorphic to an infinite free product of non-trivial components.

PROOF. Choose u, € R\ Y sothaty, < u, < y,4+1 and let W,, = (upn, Up+1) N D and
W, : W, — D be the identity. Then, each W, belongs to U(D, Y). It is easy to see that

u(Da Y) = *n<w (Wn) *u(D n (—OO, }’0); Y U [)’l, OO)) *
*n<w U(D N (Yny Ynt1), Y U (=00, yn] U [yn41, 00)),

which implies the lemma. (]

Next, we define a size of W € U(D, Y) and prove a lemma corresponding to Lemma 2.8
in Section 2. Let the size of W € U(D, Y) be the diameter of the subset | J{C : |u| € C €
C for u € Im(W)} of the real line.

LEMMA 3.3. Suppose that every accumulation point of C belongs to R\ Y. Let h :
U(D,Y) > *,.uH, be a homomorphism such that Im(h) is not contained in any *, .m Hy,.
Then, for any ¢ > 0 and m there exists W & U(D,Y) of the size less than & such that
h(W) & %n<m Hp.

PROOF. Assume the negation of the conclusion. Then, there exist &g > 0 and m such
that /(W) € *,,.m H, holds if the size of W € U(D, Y) is less than g9. By the hypothesis
of C, the lengths of C’s in C converge to 0. Therefore, there exists C’ € C such that the
diameter of C € C\ (' is less than gg. Let Ve =CNDand Ve : Vo — D be the identity. We
remark that a word V¢ may not belong to (D, Y). We choose uc, vc € R\Y(C € C’) so that
C C (uc, ve) and (uc, ve)N(ucr, ver) = @ for distinet C, C’ € C and let We = (uc, ve)ND
and W¢e : We — D be the identity. Now, W belongs to U/ (D, Y). Then, we can choose
mo > m so that h(W¢) € *p<moHy forall C € C'.

For any W € U(D, Y), we have a regular decomposition Uy - - - Uy of W so that the size
of W; is less than &9 or W; contains only one word in {V¢, (V¢)~! : C € C'} as a subword.
Then, we adjust U;’s and get words Wy - - - W; such that:

1. W=Wy---W;

2. the size of W; is less than g9, W; = W or W; = (W)~ ! for some C € C'.
Therefore, h(W) € *, <m, Hy holds for any W € U(D, Y), which is a contradiction. O

PROOF OF THEOREM 1.4. In case oo or —oo is an accumulation point of C, Lemma
3.2 implies the conclusion. Suppose that there exists an accumulation point yp € Y of C.
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We only deal with the case where there is an increasing sequence C which converges to
yo. If [yo, 00) C Y, the conclusion follows from Lemma 3.2. Otherwise, there are u, v € R\Y
such that u < yo < v. By Lemma 3.1, 71 (X, x) >~ U(D N (=00, y0), Y U [yg, 00)) * Z *
U(D N (yo, 00), Y U (—00, yol) holds. Again by Lemma 3.2, (D N (—0o0, ), Y U [y, 00))
is isomorphic to a free product of infinitely many non-trivial components.

On the other hand, suppose that there is no accumulation point of C in ¥ U {00, —o0}
and h : U(D,Y) — %o H, be an isomorphism for non-trivial H,’s. By Lemma 3.3, for
each m there exists W,, € U(D, Y) such that W, has the size less than 1/2™, but h(W,,) ¢
*n<m Hp. Then, there exist a point yp and a subsequence m, (n < ) such that (Ju| : u €
Im(W,,,)) converge to yo. Since yg is an accumulation point of C, yy does not belong to Y.
Therefore, each d or —d appears only in finitely many W, ’s. By [4, Proposition 1.9], we
get a homomorphism ¢ : X, <,Z, — XyepZg such that ¥ (8,) = Wy, foreachn < w.
Moreover, Im(y) C U(D, Y) holds, since ¢ is standard in the sense of [6, Definition 2.2]
(See the next section). But, this contradicts [4, Corollary 2.5], which implies that Im(h - ¥) is
contained in some *, ., H,,. O

4. Spatial homomorphisms and standard homomorphisms.

First, we recall the notions in the title above from [6]. Let (X, x) and (Y, y) be pointed
spaces. A homomorphism % : m1(X, x) — (Y, y) is spatial, if there exists a continuous
map f : X — Y with f(x) = y such that f, = h, where f, : m(X,x) — 71(Y,y)isa
homomorphism naturally induced from f.

For a word W € W9 (G; : i € I), the i-length [;(W) is the number of elements of G;
which appear in W. For an element x in the free o-product X?_;Gi, li(x) is defined as [; (W)
for the reduced word W of x [4, p. 247]. A sequence (x; : j € J) of elements of X;’e ;Giis
proper,if {j € J : l;(xj) # 0} is finite for each i € I.

Let G; (i € I) and H; (j € J) be groups. A homomorphism 4 : X7_,G; — X‘}GJHJ-
is standard, if (h(g;) : i € I) is proper for any g; € G; (i € I) and h(W) = V for a word
W e W(G; :i € I), where V is the word in W (Hj : j € J) defined as follows:

(1) V={(apB) :aecW,p e Vy}, where V, is the reduced word of (W (a)),

(2) The order («, B) < (&/, B’) is lexicographical, i.e. ¢ < o/, ora =’ and B < B/,

(3) Via,B) = Vu(B)for(a,p) V.

In case G; and H; are copies of Z for each i and j, there is an easy criterion for detecting
standard homomorphisms.

LEMMA 4.1. Leth : Xy<wZn — X]_ JZ,; be a homomorphism. Then, h is standard if

and only if (h(8,) : n < w) is a proper sequence.

PROOF. The one direction is clear by the definition. If (4(8,) : n < w) is a proper se-
quence, this sequence can be extended to a standard homomorphism naturally [4, Proposition
1.9]. By [6, Lemma 2.5], /& should be the standard homomorphism. O
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For a € X{_,Z;, supp(a) is the set of i € I for which an element of Z; appear in the
reduced word for a. Let ¢ : 71 (H, 0) = X,;<wZ, be the canonical isomorphism, that is, &,
corresponds to a winding of the n-th circle C, of H and let § : 7(X, xo) — (wf . f €

Pyy) = X?c;Z; the isomorphism given by Theorem 1.1 for xo € D.

THEOREM 4.2. Let X be a space satisfying the hypothesis of Theorem 1.1. Let g :
mi(H,0) > mi(X,xg) and h : XpcowZn — (wf . f € Py,) be homomorphisms such that
§9=ho.

Then, g is spatial if and only if h is standard.

PROOF. Suppose that g = f, for a continuous map f : H - X with f(0) = xo. Since
(f(Cp) : n < w) converges to xp, h is standard. Conversely, suppose that 4 is standard. It
suffices to show that (supp(h(8,)) : n < w) converges to xo, when all 4(3,)’s are non-trivial,
since the reduced word for A (8,) is W/ for some fn € Py, by Lemma 2.4. Suppose that
supp(h(6,)) Q O for an open neighborhood O of x¢ and infinitely many n’s. We choose a
smaller neighborhood P of xo so that P C O. By [6, Lemma 2.4}, there exist W,, and V,
(n < w) such that

1. h(dn) = W1V, W,

2. W'V, W, is quasi-reduced,

3. V,W, isreduced,

4. V,V, are reduced or V,, is a single word.

We can inductively choose an increasing sequence ny < ng+1, mg and ig, jx € I so that

1. mo=1,ix # jx, Aiy £ O, Aj;, NP #£9,

2. therightend V,, W, of W,;l VX Wy, remains in the reduced word of

Wil VIO Wy, -« Wy L VI W,
3. ik, jxk ¢ supp(h(am)) forany m > ny.
Choose f € Py, so that W/ is the reduced word for h(8(')"°---82""---). Since W/ =
h(85° - - -8 %) - c, where neither i nor j; appears in the reduced word for c, ix and ji ap-
pear in W/, Therefore, f travels the inside of P and the outside of O infinitely many times
alternately, which is impossible. g

Next, we shall show that any homomorphism 4 : X,<,Z, — (W/ : f € Py,) is a con-
jugate to a standard homomorphism. To show this, we state an easy lemma, whose proof is
omitted.

LEMMA 4.3. Let X be a space satisfying the hypothesis of Theorem 1.1. W/ = UV
for a proper path f : [0, 1] —> X, where U and V are non-empty, then there exists 0 < a < 1
such that f(a) € D, WS04l =y agnd wflla.ll = y

THEOREM 4.4. Let X be a space satisfying the hypothesis of Theorem 1.1. For any
homomorphism h : Xp<owZ, — (Wf : f € Py,), there exist yo € D and a standard
homomorphism h @ Xp<wZn — (Wf : f € Pyy) such that h is conjugate to h. More
precisely, there exists a proper path f from xq to yo such that h(x) = (W)~ h(x)W/ for all
x € Xpn<wdn-
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PROOF. Since (WS : f € Py,) < X¢_,Z;, h is a conjugate to a standard homomor-
phism & : XycoZn — X9_,Z;, ie. h(x) = WIA(x)W for x € Xn<wZn, by [6, Theorem
2.3]. In case h(8,,) is trivial for almost all n, A itself is standard. Otherwise, the reduced word
W is unique and obtained by a certain limit. In the proof of [6, Theorem 4.1] (pp. 20-21), we
actually proved:

For any homomorphism 4 : X, <,,Z, — X;’e 1 Z; satisfying h(8,) # e for

infinitely many n < w and the corresponding W, there exists u € Xp<oZy,

such that the reduced word for A (u) is of the form U W for some word U.
Now, by Lemmas 2.4 and 4.3, we get a proper path f and yo € D such that W/ = W and f
is a path from yp to xo. Define A(x) = Wh(x)W~!. Then, & is a standard homomorphism to

(WS fe Py, ), and we get the conclusion. O

COROLLARY 4.5. None of the fundamental groups of the spaces (2) and (3) in Figure
1 is isomorphic to w1 (H, 0).

PROOF. Leth : mi(H,0) — m(X, xo) be an isomorphism, where X is One of the
spaces (2) and (3) in Figure 1. Then,  is a conjugate to a spatial homomorphism by Theorems
4.2 and 4.4. Hence, there is an isomorphism which is spatial. So, we may assume 4 = f, for
a continuous map with f(0) = xo. Choose yp € D with yy # xo so that X is no semi-locally
connected at yg. There exist a retraction r : X — R = P U E and a neighborhood O of xg
such that

1. P is a neighborhood of yg,

‘2. E is a 1-dimensional compact polyhedron,

3. r(O)CE.
Sincer f(C,) C E for almost all n, Im((r f)) is finitely generated. However, since R contains
P, m1(R, yo) is infinitely generated, which is a contradiction. |

REMARK 4.6. Theorems 4.2 and 4.4 generalize [6, Corollary 2.11] and [6, Theorem
4.1] is another generalization of [6, Corollary 2.11].

ADDENDUM. Recently, the author has answered Question 1.5 negatively [2]. More
precisely, the following has been shown. Let X be a one-dimensional space which contains
a copy C of a circle and X be not locally semi-simply connected at any point on C. Then,
the fundamental group 71 (X, xo) for x9 € C cannot be embeddable into X?.; G for n-slender
groups G; (i € I). Consequently, (X, xo) for xg € C cannot be embeddable into the
fundamental group of the Hawaiian earring.
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