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The present article can be viewed as a continuation of Katayama-Ohtsuki [5] and roughly
speaking, concerns with the special functions derived from the multiple Riemann zeta-func-
tions by differentiating twice. Such functions are necessary for studying zeta- or L-function
whose functional equation involves I'(s)", r 2 2, from the view point, at least, of the theory
of Shintani L-functions. Also, for example, study of Kronecker’s limit formula for Eisenstein
series of Hilbert type, which will be a next task, demands our special functions since the series
have I'(s)", r 2 2, as I'-factors in their functional equations.

Our theory will go quite parallel to [5] and its key is Lemma 1 in §2 which is analogous to
Lemma 1 in [5]. In §1, first we quote necessary facts on multiple gamma function from Shin-
tani [6] and we introduce new special functions: namely (r, k)-gamma functions ([ (w; ®),
Stirling (r, k)-modular forms o, (@), LI, (w; ®) and auxiliary functions L,Gp,(z). But we
shall mainly concern with latter two. Their definitions are quite parallel to that of multiple
gamma function and LG (z) by Shintani [6], [7]. In §2, we derive asymptotic expansions of
them on the basis of the key Lemma 1.

In §3, we construct the above functions by Weierstrass principle. In §4, the special cases
for r = 0, 1, are considered for supplying our theory.

1. The definition of the function LI, (w; ®).

1.1. The multiple Riemann zeta-function. Letw, wi, - - - , @, be complex numbers
with positive real parts. Then r-ple Riemann zeta-function ¢, is defined by
oo
(1.1.1) _ &r(s; w; @) = Z(w +mw +---+mw,)’, Res>r,
m=0
where ® = (w1, - - ,wr),6= ©,---,0)andm = (my,--- ,m,),m; € Z,m; = 0. Here

w® = exp(s logw),

logw =log|w|+iargw, —7m <argw<m.
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The contour integral representation of ¢, is well-known:

ra- s)e—syri f e—wtts—l s
2mi 1000y [Ti=1 (1 — e=@if)

where 0 < A < min, ¢;<,(I127/w;|) and I (A, 00) is the path described in Fig. 1:

(1.1.2) (s wy @) =

iA
_/ \ ) -
—il
FIGURE 1.

The contour integral in the right hand side of (1.1.2) exists for any s. ¢, is holomorphic
except for simple polesats = 1,2,--- ,r.

1.2. The multiple Bernoulli polynomials. We have the expansion of the type

- k+1), . ~ oo -1 o ~
(=1)"te™! L (DR ST (w; @) (—=1)"1,.8) (w; @)t
1.2.1 = v n
(1.2.1) e = pry +3 n!
for |t| < 2n/wi],--- , |27 /w,|, wWith polynomials, ,Sf,k)(w; @) of w and of parameters
wi, -+ ,w, [1]. Here ,S,(,k) means the k-th derivative of .S, with respect to w. ,S,(w; @)

is called the r-ple n-th Bernoulli polynomial.
The k-th Bernoulli polynomial By (w) is defined by

_ Z Bw) .

B = By (0) is the k-th Bernoulli number. Then

B,(w) = (B + w)"

where we understand that B = By and B/ = B j» the k-th Bernoulli number, in the binomial
expansion of the right hand side.
From the expansions

(=D7ze™ H, 1(—wit) w1 (=D
=1 (1 — em@if) R Cand —n°  r [Tz @i

(=D’

1
=exp(_( Bw1+"'+rBwr+w)t) r 1 I—[ Wi
i=1%
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and (1.2.1), we have

- (Bwi + -+ +"Bw, + w)"" " 1pn!
1.2.2 S’ (w; =

where ‘B = B for every i and in the multinomial expansion of the numerator,

‘B/ = B;
but
iB/ . 'BX £ Bjy fori,i'=1,---,r.
We know ([5], Proposition 1.(i))
(1.2.3) &0 w, @) = (=178 (w; &) .

1.3. The functions ;0, (@), [ (w; @) and LT, (w; ®). The multiple gammafunction
I', (w; @) and p, (@) in the sense of Barnes are defined as follows ([2], [6]):

0
—pr(w) = lim H—Cr(S; w; 5))] +10gw} ,
w—0 as s=0
0 . I (w; @)
— & (s, wy @ = log ———.
{asg’( ) }s—o & @
By (1.1.2)
I (w; @) 1 / e~ Wt logt . -
lo — = - — . dt + (y — mi)¢r (0; w; @)
T @ 2mi Jigoo [T (L — ety 1 ’

where log ¢ is real valued on the upper segment of 7 (A, 0o0) and y is Euler’s constant.
In what follows, for brevity, we write

k
50, w; @) = o r (s wi @)

Observe that

r o0 .
Gswd)=w+Y D> (wtw;+mjo;+- -+ mao)

s ra- S)e—sni r e—(w-l-wj)tts—l
=w "+ - j - ——dt .
2mi =1/ 1(00) Hi:j(l — e~ @it)

Hence the singular part at w = 0 of ;,(k) 0; w; @) is

kw—s

= (=D*logf w
oot | = ("Dflog"w
where logk w = (log w)¥ and so we define kor (@) = ko, (@1, w2, - - - , ;) by
(1.3.1) —log; 0, (@) = 1im0[;,(")(o; w; @) + (=1 logh w].
w—>

kor (@) is called the Stirling (r, k)-modular form.
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Then (r, k)-gamma-function

(W, @) =kl p(w; 01, @2, - -+, )
is defined by
Iy(w;a
(1.3.2) 0 (0; w; @) = log L2
kPr (@)

The function I, (w; @) = I,(w; @) is nothing but the multiple gamma-function and
10r (@) = pr (@) is the Stirling’s modular form in the sense of Barnes [5], [3].

We have )
k—1 -1 -
ul)i—n>10 wCD T g™ L r (@) =1.
Put
g(s) = I'(A —s)e™™
1 —wtts—l
I(s) = — d dt .

27i J1n,00) [Tic (1 — e7%)
Then we have

~ O (w; @)
1.3.3 ®(0; w; @) = log XY
(1:33) e = e @
k k
— Z ( ) g(k—p)(o) ; I(P)(O) .
p=0 P :
We put, for k = 2,
(1.3.4) LT (w; @) = (9"(0) —2¢(0) - I'90) + ¢ ©0) - 1" (0)
= ._1_. = e_w' : . Iog2tdt
27 1(A,00) l—li=1(1 - e“"") t
7
+ (gn2/+ 2wiy — yz) & (0; w; @),
Thus
I (w;, @
(1.3.5) £(0; w; @) = LTy (w; &) + 2(y — i) log L2 2)
pr(@)

1.4. Some properties of LI, (w; ®). We denote by @(i) the (r — 1)-tuple obtained
by omitting w; from ®. Then it is known that the difference equation
@) _ Lr-i(w; &3))
I(w+ w;i; ®) pr—1(@(i))
holds forevery i = 1,2, --- ,r (r > 1), ([5]). Further, for positive ¢,

I (tw; td) - Iy (w; ®)
———— = =4 (0; w; w) logt + log —————
o (3 g RPN

holds ([5], (1.2.8). For r = 1, see [7]).

(1.4.1)

(1.4.2) log
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PROPOSITION 1.
LT (w+ wi; @) — LT (w; @) = —LI—1(w; @@))
holds for everyi =1,2,--- ,r (r > 1).
PROOF. Our Proposition follows easily from (1.3.5), (1.4.1) and the fact
¢/ (0; w + wis @) — &/(0; w; W) = —=¢_1(0; w; w()).
PROPOSITION 2. For positive t,

I(w; @
LT, (tw; t&) = LT, (w: &) + logt(logt + 2y — 27i)(0; w; &) — 2logt - log -’pi‘(’c—:)—)“’—)
r
PROOF. We have
&r(s; tw; t) =t (55 W @),
¢/ (0; tw; td) = log? t£,(0; w; @) — 2(log )¢ (s; w; @) + &/ (s; w; @) .
From this and (1.3.5), (1.3.3) for £k = 1, it follows
I (tw; t@
LT, (tw;tw) +2(y —mi)log ——M
or (tw)
I (w; @ I (w; @ .
= (log? )5, (0; w; &) — 2(log ) log 22 L 2y — wiy1og LD 4 11w i)

pr (@)

Then (1.4.2) shows our Proposition.

2. Asymptotic formulas.

2.1. Keylemma. For the investigation of LI} (w; @), it is necessary to establish the

Lemma analogous to Lemma 1 of [3]. It is easily derived from Hankel’s representation of
I'(s) [9]):

(2.1.1) res) = — f el (=) lar
‘ 2sinms I(x,00)
-1 / e lar
e27ris -1 I1(x,00)

where in (—1)’~1 = e6—Dlog(=1) 1og(—¢) takes a real value for t = —A.

For z > 0, we have
(2.1.2) )z ¥ —-1) = f e ¥ gy

I(Ah,00)
Put

@(s) = I ()25 (¥ — 1).
Define, fork =2 0,h € Z,

(2.1.3) ch= Y (ﬁi*h‘hi!), co=1,

hi+-+hm=h \i=1
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where the sum runs over all tuples (&1, - - - , hy,) of non-negative integers hy, - - - , b, satisfy-
inghy+---+hpy = h.
Further put
ep=1 for p=21and g =0.
The Laurent expansion of I'(s) at s = —m, m € Z7, is given by
(=pm 1 (=" & r+ba n
@Le) TEO="r —— n;) [c,,+1 +h+Xl:nc TED! ] (s +m)".

In fact, the Taylor expansion of

1
f(s) =

s—DE—=2)---(s —m)

ats =0is

D" &,
f@&)=— > cus
m
h=0
and the Laurent expansion of I'(s) ats = O is

0 ['(k+1)(1)
1! st
= *k+D!

p(l+1)(1)
[ +Z{c,,+1+ Z Ch T+ D! }s]

h+l=n

r(s)=-
Thus, at s = 0,

F's—m)=T(s)f(s) =

Then changing s to s + m, we have (2.1.4).

Thus we have the Taylor expansion of ¢(s) ats = —m:
7" & e,(2mi)? (—logz)? _
o) = S5 30 BT CIBDR) (e
ml =5 \piaen p! q!
()" & e,(2mi)?  (—logz)?
I DI D
n=0 | h+i=n prq=t P’ q:
5 >z o)
ch—————
n=0 j+v=n h+l=j ¢+ D!
2P (—1 q
x( Z ep( 7'”) S O%Z) )}(s+m)".
ptg=v  P- 9
Then, putting
L |
A,,,=ZE form>1, Ap=0,
k=1
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we have the following

LEMMA 1. ForRez > 0and an integerm = 0

1 -2t
1) — log" tdt
M 2mi I(A,00) pm+1 8
_ 1 (—z)mn!K g @) (-logz)">
2mi m! prgent] p! q!
‘ e,2mi)?  (—logz)?
+ Z Ch+1 < Z P ) ) 1
h+l=n p+q=I p: q:
'+ e,2mi)?  (—logz)?
r 3 (3 ofmR) (3 2 St}
i W\nd2y - G DY i P 2
In particular
2 — f e rogrdr = 2 (A, — 10 + i), (=L 1, [5])
_— — 10 = - -_ l). =Lremma 1,
2JTi I (A, 00) tm'H g m! " gz 4
1 e—-zt (__z)m 7
— log?tdt = —~—{ — Z7? +2(wi —logz — y)A
3 5= fm,oo) T 08" td py g7 t20i—logz—y)Am

—2rilogz +y) +y2 +log2z +2ylogz + AP + (Am)z} .

Here, note that the left hand side of (1) is

dan 1
- f e_tts_ldt
dsn 2mi I(A,00)

S=—m
As in [5], we write
o0 m
S| =S e,
n=0 m n=0
0 o
Sart = 3 e,
n= m—+1 n=m+1
tre i T (a; o)t

Hence
(—n, S V@ @) 0Snsr-1
rTw(a; @) = | (=D)"n},S,, |, (a; @)
(n—r+1)!

A

r n.

Then by Lemma 1, we have the following
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LEMMA 2. ForRea 20,Rez >0andRew; >0,i=1,---,r,
1 1 [ the—

2ri I (7, 00) tm+1 n;:l(l — e‘“’i’)

2 rTn(a; @) (—2)™ " 7
_ Z rTh(a; @) (—2z) B S 2(wi —logz — yY)Am—n
- n! (m — n)! 6

] e~ log? tdt
m

—2mi(logz+y) + y2 + log2 Z+2ylogz+ A,(,%)_,, + (Am_,,)z} .
The following is Lemma 3 of [5]:

LEMMA 3. (1) Z (Z),Tk(a; @) (—z)" Kk = Trh(z+a; ®)
k=0 :

(2) Z (;)er(al @) (—z)" 7k = (=D"r!,S)(z + a; @).
k=0

LEMMA 4. ForRez > 0,andRea 20,

: 1 te_at -2 2
lim — — e “logtdt =0.
r—0 U@R) t l1—e m+1

This Lemma corresponds to Lemma 4 of [S] and follows easily from
lim t™log’t =0, m=0.
A—0 U

LEMMA 5. ForRea =2 0,Rez>0andRew; >0,i=1,---,r,

o 1 T e—at }
e % logtdt
[) tm+1 [ ;=l(1 — e—wit) e g

o0

Z rTh(a; @)(Ap—m—1 —y —logz)
nn—1)---(n —m)zn—m

?

n=m+1
(“asymptotically” in an extended sence).

PROOF. First, we consider the integral

o0
Jk=f e ¥t ogedt, k=1.
0

We have
1
J =Y _loez
Z z
because
o0
Ji = lim e % logtdt

A—>0J,
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[e°] 1 oo 1 o0 e—zt
/ e ¥ logtdt = [——e‘zt log t] + - f dt
A Z A Z Ja t

]

1
= ez logx + Z(—y —logz —logA) + &(A)

and

logz
=-L_2ELiewm
< <

since from Lemma 1, (2), it follows easily

o0 e—zt
/ p dt = —y —logz —logA + €(A)
A

where ¢€(A) is any quantity which goes to O when A — 0.
We have the recurrence formula for Ji:

k-1 rk-1)
Jo = —— k1 + ———.
Z 4

From this, follow
_ k — 1)!J Ar1I k)

Je = k=1 1 k-1
(k—1)! ( y logz Ak—l)
Jpy=———| - - —
zk-1 z z z
Then from
o0 1 tr —at o0 T : -~ o0 ’
f — [ —° — } e ¥ logtdt = ) f—”—(a—’i) e @M= ogdr
o ! ni=1(1_e i") m+1 n=m+1 n: 0
our lemma follows.
We shall quote Lemma 5 of [5] as
LEMMA 6. ForRea =Z0,Rez >0andRew; >0,i=1,---,r,
o0 1 tr —at
f . ¢ : e ¥dt
o tml [T (1 —e7®if) m+1
o0 T ; ~
= Z rTn(a; @) , (asymptotically) .

namg1 M= D (= m)

2.3. The function L,G,,(z). For every integer m 2 0 and for Rez > 0, we define
the function L,G,(2):

1 t -2zt
LyGn(z) = — ® __log?tdt

2mwi I (A,00) 1 —et ¢mtl

) . 2\ (=D"
+ 6” +2wiy —y . Bn(z), Rez>0.
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This is the function analogous to, or in the neighborhood of, LG,,(2):
1 t e (=™
LG = — —— ——logtdt — i B
@ = Tt J oy T e ol 19814+ (7 = 7D Bn (@)

considered in [5]. Shintani is the first who introduced LG(z) = LG(2), [7].

PROPOSITION 3. ForRez >0

(¢)) 'Lsz(z) = 2(wi —logz — y)(_—n:')— Z (m) Biz" Ak

k=0 k
ED™ S (M) g mk 4@ 2 _1oo? .
: k=0
m .
(_l)an(A —m—1+7L — —1lo Z) “ . 1]
+2 Z n(n —nl)”-l . .l(n J— m)z)t/l—m g ’ ( asymptotlcally ) .
n=m+1

dL,Gp,
@ 2‘1—2(2) = —LiGmi(@), m21).

(3 L2G1(d)=LINI(x 1),

L
4) i—z?leOﬁ =—(1—-y+2mi)t,2)—-2Q2,2)),

where ¢ (s, 2) is the Hurwitz zeta-function

23.1) (6,9 =) (z+m)™ Res>1

m=0

'(l—=s e—sm’ e—ztts—l
ER ) f T— 9t =4(s2 1)
2mi I(x,00) 1—e

and ¢’ means the differentiation of { with respect to s.

o ym—1
(5) L2Gm(z+1)—LGpu(z) = (’(n—i)l)’—{—ZJri logz + logzz +2ylogz

+A? 4 (Ap-1)? +2(wi —logz — Y)Am—i1}, m 2 1.
-1 m—1
CED™ e = m) +20mi + Am_y — )2’ — m))

(m - 1)!
—-1)"B,
+(A53)_1 + (Am—1 —2y + 27”.)Am-1)(—';)l—""’i ,

L2G1(1) = ¢"(0) + (y — mi) log(2n),
where {(s) is the Riemann zeta-function defined by

01
L(s) = E]n—s, Res > 1
n—

and has the contour integral expression

ra- —smi —tts—l
(23.2) () = LU= e f -
2mi I(r,00) 1—e

6) L2Gm(1) =

v

2,
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valid for any s.

PROOF.

1 t e ¢
1) L,G = — — — _log?tdt
M 26m(2) 2mwi I (A,00) 1 —et pm+l g

) s

m!

7
+(—7t2 +2miy — y?

6
t e_ZI 5
- e_’]m T log” tdt

1

- 2mi I(k,oo)[
1

2mi I(A,00) {

—zt

t e 2
log“ tdt
l—e! ]m 1 gmt1 s

) (-D™ B (2).

m!

7
+(—6-7t2 +2miy — )/2
The first integral is evaluated in Lemma 2 for r = 1. Then the last term of the above is

cancelled. The second integral is divided into the sum of the integral on U (1), which is O by

Lemma 4, and of the integral on the infinite interval [A, co), which becomes
-2t

o t e~ o0 t e
Zfo {l_e_t}m+1 prw logtdt+27ri/o {1—e“}m+lt"1_+1—
These integrals are given in Lemma 5 and 6, both for » = 1. Note that
17,(0; 1) = (=D"B,, nz=1,
170(0; 1) = 1.

dt.

(2) and (3) are easily shown.
(4) To compute

dL 1 t
2Go(2) — _ : e U 10g2 tdt
dz 2mwi I(A,00) 1 —et!

we note first that

t -zt
(2.3.3) / C _dr=0
Ihoo) 1 — €

holds. This is easily shown by putting s = 2 in (2.3.1).
Next, we consider

—STri —ztts—l
(2.3.4) - 8(s, ) (s)sinms = c . / L —dt,
2i Jio,eo) 1 —e

which is obtained by multiplying I"(s) to both hands of (2.3.1) and by using

rrd—s) = —-.
sinmws
Differentiate both hands of (2.3.4) with respect to s and put s = 2. Then we have, by

using (2.3.3),
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1 te” ¥
(2.3.5) nt(2,2) = —,f - log tdt
2i I(A,00) 1 —e"
00

. e log tdt +th d
20 U\ 1—e! g a l—e?

The integral on U (1) is 0. Hence
© ¢
2,2) =
£¢@2,2) fo g

e %dt.

e dr.

(2.3.6)
Differentiate both hands of (2.3.4) twice and put s = 2. Then, by (2.3.6),
2 —zt —zt
t t
Al 22, 2) +278'(2,2) = — — * _dr— th * logtdr
2i Jip,o0) 1 —€ Iaoo) 1 —€
1 t
— e ¥ log?tdt .
2i I(1,00) 1—e! g
By (2.3.3) and (2.3.5), we have
1 t
e % log? tdt

Al (82, 2) +27¢'(2,2) = 27252, 2) + o —
2i I(A,00) 1—e

and (4), since
rey=1-y.
(5) Since
Bm(z+1) — Bu(z) = mz™" !,
we have
1 e~ log?t dt

tm

LyGm(z+ 1) — LoGm(z) = —
2mi I(x,00)

=D" .

7 2 . 2
Z 2 —
+(6” temy —y ) m—1D!°

Then (5) is straightforward by Lemma 1, (3).
(6) Put
g(s) = I'(1 — s)e 57,

Then, for a positive integer m,
gl —m) = (=D)""'I'(m),
9 A —=m)=(=D)"wil (m) + (=1)"T'"(m),
¢"(A—m) = (=1)"x(m) — 2(=1)"7il"'(m) — (=1)"I"" (m)
Differentiating (2.3.2) twice with respect to s and putting s = 1 — m, we have
" 1 - m
237 "A-m)= M;(1 —m)+29'(1 —m) (LG,,,(I) —(y — ni)B—)
g(1 —m) (m — 1)!
7 2 .2 Bm
+g(1 —m) {Lsz(l) — (6” +2wiy —y ) Y } .
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Here we used

Bn(1) =(=1)"Bpn, mz=1.
It is known (c.f. [5]) that

B ,
t-m=-—"TF, m2=1
m

1

Ir'’(m)

—_ A, -V, >1.

T (m) m—1—"Y m —

1 /
LG (1) = 3 log(2m) = ¢ '(0),
—1m-l —1)"B
LGny(1) = (—-—)———C'(l —m) + (_'-LlAmél , m22.
(m - 1! m!
Also, from the well known formula
I'(s) 1 o (1 1 )
T'(s) _—V_E“an::l n nts)
we can deduce
F//(m) n.z
o =6 A? (Apo =)
Hence
72
r'qy=y%+ <
Here we used
72
t(2) = <

Put these data into (2.3.7). Then a straightforward computation, depending on the case
of even and odd m, gives (6) for m = 2.

For m = 1, we have the value of L>G1(1) from (2.3.7).

2.4. Asymptotic formula for L;G,,(z +a). We know

1 te~% e »
L,G = — log” tdt
26m(z +a) 2mi I(A,00) [1 ~—e"]m pm+l g

1 te—at e—zt
+ o { = ] g log* rdt
27t Jrgioo) L1 —€7 )y

7 .
+ —zr2+27riy+y2 (=1 Bn(z+a).
6 m!

Now

Tu(@; 1) = (=1)"Bu(a) .
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Then Lemma 2 for r = 1 shows
1 te-at e—zt 2
] prw log” tdt

2ri Jyq, oo) l:l —ef
1 nB —z)ym—n 7
Z (- ) n(@) (=2) { — —7? 4+ 2(wi —logz — ¥)Am—n

(m —n)! 6

—2mwi(logz +y) +y2+log>z +2ylogz + AP, +(Am_,,)2}.

Since .
lnB a) (—z)" " —1m
Z V@) CO_ D g
= (m —n)! m!
we have

1 te= e ¥ 7 (-Dm

— log?tdt + | =n? + 2wiy — y?

57 I(Aoo)[l—e"'] 7 log +(6n +2miy —y — Bn(z +a)

- C 1)n1!3,,(a) Emzi - {20ri — 1082 = ¥)Am—n + AL, + (Am—n)?

n=0
— (2milogz — log? z — 2y log 2)} .

Further, Lemma 3, Lemma 4 and Lemma 5 give

1 —at e—zt )
} e log” tdt

te

2mi I (A,00) { 1—et

= 2f°° { re” ] 7 logrdt + 2mi foo { e’ } g
o 1—e],, . emt] o l1—et]), . tmH!
) i (=1)"Bn(a)(Ap—m—1 + 7i — logz)
il nn—1)---(n — m)z"“"‘
Summing up, we have the following
PROPOSITION 4. ForRez > 0andRea = 0,
L;Gp(z+a)
m
= G 2 (7) Bet@eri 1082 = Ay + AL, + (Ann?

—2milogz + log2 z+2ylogz)
(=1)"Bp(a)(Ap—m-1 +7i —y —logz)

o0
+2 > 4
n=m+1 n(n - 1)' . (n —m)z" m

“asymptotically” for large |z|.
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2.5. Asymptotic formula for LT, (w + a; @).

PROPOSITION 5. ForRew > 0,Rea 2 0 andfor® = (wy, --- , w,) withRe w; > 0,
i=1,---,r, we have
LI (w+a; o)
r S(r—ﬂ+1)(a; &)yw' " . )
= (=1’ Z ~ r —n)! {2(i —logw — y)Ar—n + Ar-zn + (Ar—n)2

n=0
— QRmilogw — log2 w — 2y log w)}

L2ty i (—=1)"/S), (@ @)(Ap—1 + i — y — logw)
— n(n + Hw”

“asymptotically” for large |w]|.

Proof goes on the same way as for Proposition 4, by Lemma 5 of [5], Lemma 2, Lemma
3, Lemma 4 and Lemma 5.

3. Construction of LI, (w; @).

3.1. LG, (w) by Weierstrass principle. First, we introduce, for k = 0,1,2, -,
the constants yi by

N-1 k
. log" n 1 k+1
= 1 — 1 N3} .
g N_?;O[Z R

Then y9 = y is the Euler’s constant. It is known, by Stieltjes, that

(= Dy

0 (s—DF+....

1
§(S)=-—+yo—y1(s——1)+)—/3(s-1)2+...+
s—1 2!

(B. C. Berndt [3], p. 164).
It is easy to see that

_ N-1 N 1
lim Z logkn — f logk xdx — (—Dkk! + = logk N
n 1 2
exists. We denote the limit by &x. Then it is known that

1
81 =-t'0) = —EIOgZTE ,

k

d — (_1)k
(3.1.1) WC(S) s=0—( D%, ([3D.
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‘We define

PGm(w) == [Lsz(w +n+1) = LoG(w +n)

n=1

"
- (m—,) ; (’Z) (Bie(w + 1) = Be(w)n"™“{2(wi —logn — y) Am—i

—2milogn + log n+2ylogn + A(z) Tt (Am—-i)?}
H D™ (Bpy1(w + 1) = Bny1(w)) mi — y —logn
(m + 1)! n '
The right hand side converges by Proposition 4 (z = n, a = w). The term for k = 0 of

the inner sum is 0. We single out the term for k = m from the inner sum, change k£ to k — 1
and apply Proposition 3 (5) to the part { }. Using

Bnm(z+ 1) — Bp(z) = mz™

-1

we have
PyGp(w)

=— Z [Lsz(w +n+1)— LGm(w +n)

n=1
m=2 ko k
1w
-> %(Lsz-k(n +1) — LyGmi(n))
k=0 ’
+2( J"w mi—y —logn  (=D) w™ 1 (—27ilogn + log?n + 2y logn) | .
m! n (m —1)!
Now the first (N — 1)-sum of — P,G,,(w) is
N-—1

(3.1.2) Z [Lsz(w +n+1)— LyGm(w +n)

n=1

( l)k k
— Z ———(LzG —k(n+1) = LGk (n))

(—-D"w™ wi —y —logn

m! . n
—_— " (- 2mlogn+log n+2ylogn)]

= LGy (w+ N) — Lsz(w + 1)
m=2 -1 ko k .
-3 (—%(Lsz_k(N) ~ LyGmi (1))
k=0 :
, D" wm 1)'" m 1 _(=Dmwm Xl logn
P ) Z P T

.n=1~n
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(=™ m—1 (=)™ m—1 N—1

2mi —y) Y S N g2,
+2(mwi — y) m— D! og I'(N) m— D! 2 ogn
- Replace
: N—-1 N-1 : N-1
I 1
LyGm(w+N), LoGm(N), -, R, logI'(N), and Y log’n
— n —
n=1 n=1
by
LyGp(w + N)
1" Buw) (N
Z( ) o 2 — 10g N =Y)Ao + ALy + (Amn)?)

(— )’"

— 2milog N —log®> N — 2y log N) Bnm(w+ N)+ ON"YH

(3.1.3) LGm(N)

_Z( DB C 2 o i — 108 N = ) Amen + AL, + (Am-n)?)

n! (m—n)!
. (-— )’" 1
—(2milogN — log N —2ylogN)——Bn(N)+ O(N™")
N—ll
(3.1.4) > —=y+logN+ ON7YH,
n=1
N-1
— logn 1
3.1.5 = ~log? N N),
(3.1.5) ; v+ 5 log’ N +&(N)
1 1 1
(3.1.6) logI'(N) =N — > logN — N + Elog(Zn) + O(NT),
N-1 1
(3.1.7) > login =8+ (N - 5) logZ N —2Nlog N + 2N +&(N).
V n=1

Then terms going to infinity for N — o0, in the formula so obtained are of the types
N7/ (j 2 1), Nl logN (j 2 1),logN, N/ log? N (j 2 1), log? N and (3.1.2) converges to
—P>Gp(w) for N — oo. Hence, diverging terms must be cancelled with each other. Finally,
replace LG, (w + 1) by

(_uom—l ' 5
Lsz(w)—-E————i—)—’—{—Zm logw + log”w + 2y logw
m —
+ A+ (Am)? + 2071 —logw = ¥) Ap1}.

Thus we obtain the following
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THEOREM 1. Form 21,

(—w)m~! : 2
L,Gp(w) = (—m-—_—l—)’{—Zm log w + log® w + 2y logw
+ A 4 (Am—1)? +2(i ~logw — ¥)Am—1)
m—2 k..k m,,m m,,.m
(—D)*w —D"w . -D"w
+ 3 LaGma () + 22—y (@i =) =21
= ! m! m!
+ (mwi — y)(—L———— log(2m) — (——)———82 + PGp(w).
(m - 1! (m -1

3.2. On the value ¢”(0). By a straightforward computation, it can be shown that
P,G1(1) =2y (i — y)2n,
L2G1(1) = =2y (wi — ) +2y1 — (wi — y) log(2m) + 82 + P2G1(1)
=& — (i — y)log(2m).
Then incidentally, by Proposition 3 (6), we have

PROPOSITION 6.
£"(0) =4,.

This is a special case of (3.1.3).
Further, comparing coefficients of the Laurent expansion at s = 0 of the both hands of

the functional equation of Riemann zeta-function
=20 (s/2)¢(s) = n =2 (A — 5)/2)¢(1 —5),
we have, noting I"”(1/2) = n3/2/2 + (log4 — y)?n'/2, the following

COROLLARY.
1 2 1 1
8 —y1 = —log2-logm — =log?nm — — + ylog2 + =y% — = log?2.
2 — Y og og 208” 24+y0g +2J/ 20g
3.3. LTI,(w;®) by Weierstrass principle. Recall that ® = (w1, @2, -, »,). Put
@* = (w1, w3, -+ , Wy, Wr41). Assume throughout that w, w;, i = 1,2,.--,r + 1, are all
real positive.

For short, we put

r (r—=m+1) ~ r—m

- (=D",S; (w; @)(—nwr41)

Kw,n,od*) = E
m=0

+ 2(i — log(nwr+1) — Y)Ar—m — 27i log(nwr41)

(AP + (Ar_m)?

(r —m)!

+ log?(nw,+1) + 2y log(nw,+1)}
,rSy(w; @) (i — y — log(nwr41))
Ry 41 ’

- (=D
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Define

o0
LPryi(w: &) = = ) (LI (w + naoy1; &) — K (w; n; &)}

n=1

The right hand side converges by Proposition 5. By Proposition 1,
LT 1 (w; @) — LT 41 (w + wr41; @) = LI (w; @) .

Hence,
N-1
LIi1(w; &) = LI w1(w + Nopi3 @) = ) LI (w + nwrt; @),
n=0
and
(3.3.1) LI i11(w;@*) = LIy 41(w+ Nwpyy; @%) + LI (w; @)
N-1 _
+ Z{Ll“r(w + nw,y1; @) — K(w; n; &%} + Z K(w; n; @*).
n=1 =
Now
N-—1
(3:32) Y K(w;n;@*)
n=1

N-—
= Z [Z( ™Sy (w; @) (@r )"

m=0
X{L2Gr—m4+1(n) — L2Gr_my1(n + 1)}

+(=1) S} (w; @)2(y — i) log(nw,+1) + log* (nw,+1)
L (=D"STTD (w3 @) (—neop )

(r —m)!

{—2logw,+1-Ar—m
m=0

+2(y — mi)logw,+1 +2lognlogw,+1 + log2 wr+1}
(=185 (w; @)

RWr41

(mi —y —logn — logwr+1)]

r—1
= > =™STT Y (w; @)@ 1) " L2Gromr1(D) = LaGromt1(N))
m=0

+2(=1)" 8] (w; @)(y — mi + logw,+1) log I'(N)

+N (1) S} (w; @) 2(y — 7i) log w,+1 + log? wr11)

— (=18} (w; ®)(2(y — 7i) log w41 + log” wr+1)
N-—1

+(=1)" S} (w; @) Y log’n

n=1

i [( 1", 87D (w; @) (—wy 1) ™

" —m)! {—2logw,41 - Ar—m
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N-1
+2(y — mi) logwr41 +1og? w1} ) n’—'"]

n=1
r—1 m qlr—m+l) . ~ r—m N-1
(=D".S§; (w; @)(—wr+1) _

+ 2log wr 41 n""™logn
Z[ r—m)! 2logarss 2 " log
(—1)" 8% (w; @) (= 1), S)(w; @) %= logn

PR CL ogwr+1)Z 0 > =

n=1

It is easy to see that forevery k =0, 1,2, .-
=k 1Y) vk 1 k+1
1 —{N—=-]|N'logN+ —=N
2 i logrn ( 2) BN T2

converges. Denote the limit by n; (hence no = 8; = (1/2) log(2x)): namely, we can write

"N-1
1
(3.3.3) > n*logn = (N - 5) N¥log N + N 4o+ e(N).

n=1

k + 1)2
We replace, in (3.3.2), LI+ (w + Nw,+1; @*) by

1 bl r+1 r+ (r+1 n+l)(w Cl) )(Nwr+1)r+l —n
=D Z r+1-n)!

X (2(i —10g(Nwr4+1) = ¥)Ars1-n + (Arg1-n)? + AD,_,

- —2milog(Nw,+1) + log?(Nw,41) + 2log(Nw,4+1)} + O(N™H

N-1

> n""™logn by (33.3) withk =r —m,

n=1 i

LyGr_1n+1(N) by (3.1.3) with » — m + 1 instead of m ,
log I'(N) by (3.1.6),

N—-1

D " log?n by (3.1.7),

kby

S

k+I(Bk+1(N)'“Bk+l)Withk=r—m z1,

2 3
L
S| -

by (3.1.4),

2
]
. -
—

” by (3.1.5).

3
I
_

(3.3.2) must converge when N — oo. The terms of (3.3.2) going to infinity for N — oo
are of the types N? (p = 1), NPlog N (p = 0), N”log? N (p = 0). Hence diverging terms
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must be cancelled with each other. Thus, letting N tend to oo in (3.3.1), we have the infinite
series representation (of Theorem 2 below) of LT (w; @).
Now we define

r+1
D, =‘{(w,~c7)*); w €C—(~00,01,i =12, r+lLw#—Y muw,
i=1

m,-eZ,i=1,2,---,r+1].

Then, (4.2.1) in the next section shows that L I'} (w; @) can be continued holomorphically
to the domain Dy. Therefore inductively, L P, +(w; @*) and LT, ;(w; ®*) can be continued
holomorphically to the domain D,

THEOREM 2. Letw >O0andw; >0,i =1,2,--- ,r+1. Put®w = (w1, -+ ,w,) and |

CB* = (wlv et ,Cl)r-H)- Then

LT y1(w; @) = LT (w; @) + (1" 11187 (w; )@y — wi) logwr41 + log? wr+1)

r—1
+ 3 D™ (ws @) (@r41) T L2Gr—m1 (1)

m=0

+ (=1, S (w; &){(y — wi + log w,41) log(2m)
—2(y — mi)logwy41 — log? wr41 + 82)

r—1 m r—-m+1), . ~ r—m
-n".S w; ®)(—
+2108wr+1z( )" Sy ( —wr+1)

fopar’ (r —m)! e
(=1 SH(w; @), | .
- ; 21 {((mi —y —logwr+1)Y — 1} — LPry1(w; &*).
r+

and this can be continued holomorphically to the domain D, 1.

Further, combining this Theorem with Theorem 2 of [S], we have, by a straightforward
but long calculation using Proposition 3 (6) of [5] and the present Propositon 3 (6),

THEOREM 3. Letw > OQandw; > 0,i =1,2,---,r+1,and w = (w1, -+ , o)
d)* =(a)1,"' 9wr’wr+1)9

&)1 (05 w; &%)

o0
=¢{/(0; w; @) + Z [;,”(0; W+ nwp41; @)

n=1

m QUr—m+1) - -
3 ST @i e T ) (g2
> = 1 r—m

S5 (w; @) log(nwy+1)
nWr+1

— 2A,_m log(nw,41) + log?(nw,4+1)) — (—1)" -
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+ (=D, 18] (w; @) log? w41
1
+ (—1)’,S’1 (w; @) (log Wr4l * 3 log(2m) — log2 Wry1 + 82)

r—1 r—m
| § : m olr—m+1), _ ~\ r—m (=1 " '
=o(~1) ST @)y [r‘ 1 & (=r +m) +2Ar_m¢ (=1 + m))

+ A2, + (Ar—m)®

(=) "B, . (=1 S5 (w; @) (y log wr41 + ¥1)
r—m+1)! Wr41

and this can be continued holomorphically to the domain (w; @*) € D, 4.

4. Thecasesr =0and 1.

4.1. In this section, we shall supply the above theory by considering the case » = 0 and

First we define L Ip(w; [ ]) = LTIp(w) so as to satisfy the difference equation of Propo-
sition 1 for r = 1 ([ ] means the empty). Thus — L I'H(w) must be equal to
LIN(w+ w; w) — LIN(w; )
1 e~ (wto) _ —wt lngt

= — dt
2mi I(A,00) 1 —e ot t

+ (%nz +2miy — }’2) (€10, w + w; w) — £1(0; w; w))

—1 ~wt og? ¢ 7
= — f———o—g——dt — (—Jr2 +2mwiy — y2)
2ri 1(%,00) t 6
=2milogw — log2u_) —2ylogw.
Here, we have used the key Lemma 1.
Hence we define

4.1.1) LIy(w) = —2(wi — y) logw + log? w .

From Proposition 5, the asymptotic expansion for LI (w +a; w) is given by, for Re w >
0, Rea 2 0 and for large |w]|,

(4.12) LIN(w+ a; ®) = Bi(a/w)2(ri — y)logw — log? w)
—%(2(711' —logw — y) + 2 — Q(xi — y) log w — log? w))

B>(a wi—y —logw
L @Baa/w) ;) y —logw)

4.2. The construction of L I'j (w; w) by Weierstrass principle is as follows.
From the difference equation

LIN(w; w) — LIN(w + w; w) = LIj(w),
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‘We have

N—1
LIN(w; @) = LT (w + Nw; ®) + LIH(w) + Y LI(w + nw)
n=1
= LN (w+ Nw; w) + LIj(w)
N-1
— Y {2(ri — y) log(w + nw) — log*(w + nw))}

n:l
=LIN(w+ Nw;, w) + LIH(w)
N-1

{2(7” — y)(log(w + nw) — log(nw) — n—%)

- (logz(w + nw) — logz(nw) — Mw)}

1

3
Il

nw
N—

.-

2log(nw) }
—_—w
nw

[2(m (log(nw) + —) — logz(na)) —
=1

=LIN(w+ Nw;, w) + LIx(w)

S

N—1 w
- {2(7ri - J/)(IOg(w + nw) — log(nw) — —)
— nw
21
— (logz(w + nw) — logz(na)) _ c2oene w)]
nw
N—1 wN=11
—2(mwi —y) logn —2(wi — y)— - —2(mwi — y) logw
logn
+ Zlog n+210nglogn+ Zlog w+2 Z
wlog =
n’

In the above, replace LI‘o(w) LM (w + Nw; w), Z 1logn 2;7-_-_11 %, ,1::11 log®n,
and ZN 1 logn

LIb(w) = —2(wi — y)logw + log2 w
LI'(w+ Nw; w) = Bi(w/w)2(wi — y) log(Nw) — log2(Na)))
— NQ(wi —log(Nw) — y) +2 — (i - v) log(Nw) — log?(Nw))) + &(N)

N-—1

1 1
D logn = (N - 5) log N — N + > log(27) + oY,
n=1
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N-14
—=y+logN+ON",
n=1 n
N-—1
logzn =& + (N — —>log2N —2NlogN + 2N + &(N),
n=1
N-1
3 1°5" = +%log2N+e(N),

respectively, where £(N) is any quantity which goes to O when N tends to oo.
Then for N — 00, the right hand side of LIj(w; 1) in the above converges. Hence,
terms going to oo when N — oo must be cancelled out and we have

42.1) LINw; o) =2(ri — y)[Bl(w/w) logw — logw — -;—log(Zn') - %y

+logw — Z (log(w + nw) — log(nw) — ;%)]

n=1

2wl
+log? w + & + 2%)/1 +logw - log(2m) — log? w + cwogw

3 2
—Bi(w/w)log? w + ) (logz(w + nw) — log?(nw) — 2log(nw) w) .
n=1 nw

Now the part [ ] in the above is

Hwoew)  TI'w/e) _
—logﬁ = —log N logw - Bi(w/w) .

Comparing (4.2.1) with (1.3.5) for r = 1, we have

PROPOSITION 7. For (w,w) € Dy,

2
£/ (0; w; w) = 8 + —ww—yl + log? w — log? w — log? w - Bi(w/w)

2wl
+logw - log(2rm) + —208%

o0
+ }: (logz(w + nw) — logz(na)) - _2_lo_g(ni)w) .

nw
n=1

In Proposition 7, put @ ='1. Then

COROLLARY.

"o _ 5 0 » 2 2logn
£ (0; w) = 87 + 2wy + log w+Z log“(w + n) —log“n — " w).

n=1
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This is already known [3], [4] (Deninger’s y; is our 2y;). Note that for w = 1.

00 21 N-1 21
Z (logz(w +n) — logzn - ognw) = lim Z (10g2(1 +n) — logzn — ogn)
n N—oo el n

n=1

N-1
1
= lim (1og21v—2 Og")=—2y1.
N->oo el n

So from this too, ”(0) = é; is obtained by Proposition 7.
Theorem 3 is a generalization of Proposition 7: namely, the Theorem, for r = 0 @* =
(w), gives Proposition 7 if we reasonably understand that

So(s;w;[D=w™",

oSL(w; [ =n! - w' !,
-1

Z...=0_

m

Here [ ] means empty.
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