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Abstract. In this paper, we shall show some representations of Nevanlinna-type spaces N?, 1 £ p < o0, as
unions of weighted H?-spaces, 0 < g < oo. Moreover, we shall prove that the usual metric topology on N7 is
equivalent to an inductive limit topology on NP.

0. Introduction.

Let U be the unit disk in the complex plane and 7 the unit circle. The Nevanlinna class
N is the class of all holomorphic functions f on U which satisfy

2 .
sup / log(1 + | f(re'®)|)do < +o0.
0

O<r<1

It is well-known that each function f in N has the nontangential limit f*(e‘¢) =
lim, - f(reie) (ae. € € T).
The Smirnov class N, consists of all f € N for which

2n 2
lim log(1 + | f(re'®)Nd6 = f log(1 + | f*(e)])d6 .
0

r—>1-Jo

The class NP, p > 1, is the class of all holomorphic functions f on U which satisfy

2
sup / (log(1 + | f(re'®HD)Pdo < +o0.
0

O<r<l1

The class NP, p > 1, lies between Hardy spaces H? (0 < g < oo) and N,; i.e., we have
H? Cc NP C Ny, C N (0 < g £ 00, p > 1). These including relations are proper. The notion
of NP was introduced by Stoll [9] and has been explored by several authors (see [1], [2] and
[7]). N and its subspaces (N4, NP and H?) are called Nevanlinna-type spaces. In this note,
the symbol N 1 is used to denote the Smirnov class N,.

Helson [3, 4] and Eoff [2] represented NP, 1 £ p < oo, as a union of weighted H 2.
spaces respectively. In this paper, we show some extensions of their result of N”. Moreover,
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by using our representations, we shall prove that the usual metric topology on N7 is equivalent
to an inductive limit topology on NP.

The author wishes to express his sincere gratitude to his thesis advisor Professor N.
Mochizuki, who introduced this subject and kindly directed him. Thanks go also to Professor
Y. Ohno, who has encouraged him and suggested many improvements to this note.

1. Preliminaries.

Recall that an outer function F for the class N is of the form

27 i6
F(z) = aexp (%fo £ +Zlogz/f(e"9)d9> : 1.1)

eze__z

where ¥ > 0,logy € LI(T) anda € T.

It is well-known that f € N 1 is factored as f = BSF, where B is the Blaschke product
determined by the zeros of f, S is a singular inner function and F is an outer function for N.

Mochizuki [7] introduced outer functions for the class N7, p > 1, of the form (1.1) with
log* ¢ € LP(T). After that Eoff [2] proved that f € N? if and only if f = BSF, where F
is an outer function for the class N?.

Note that f is in N! if and only if it can be expressed as the quotient g/ h, where g and
h are in H? (0 < g < 00), and A is an outer function for N.

Let (NP)~1 denote the class of all invertible elements of NP. When g = 2 and g = oo,
Eoff [2] proved N? = {g/h : g,h € H1,h € (NP)"!}for p > 1.

From Eoff’s result, we easily have the following:

LEMMA 1.1. Let1 < p <ooand0 < q < o0o. Then

NP = {% g he HI,h e (NP)—l} .

2. Union of weighted Hardy spaces.

In this section, we shall show that N” may be expressed as a union of certain weighted
Hardy spaces.

Let w be a weight (i.e., nonnegative L!-function on T') and denote by W, the class of
weights w satisfying logw € LP(T) for 1 £ p < oo. We also denote by H?(w),0 < g < 00,
the closure of the polynomials in L?(wd8).

Using these weighted Hardy spaces, we can characterize N” as follows:

THEOREM 2.1. Letl £ p < o0 and0 < q < 0o. Then H1(|h|?) = H9(w) for
he HIN(N?) andw € Wp. Moreover, we have

NP = U Hi(|h|?) = U HY(w). 2.1)
heHIN(NP)~1 weW,

The proof requires a well-known result (see [8, Theorem 7]).
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LEMMA 2.2. For f € NL, f is invertible if and only if f is an outer function for the
class N.

LEMMA 2.3. Let1 < p < 00,0 <q < ooandh € HI N (NP)™\. Then f €

H4(|h|%) ifand only if f € NP and f* € Li(|h*(¢9)|1d0).

PROOF. From Lemma 2.2, & is an outer function for the class N.
Let f € Hi(|h|?), then f* € L9(|h*('9)|2d6). Therefore if g = fh, then g € HY C
NP, Since N7 is an algebra,so f =g-1/h € NP.
Conversely, if f € NP and f* € L1(|h*(e?)|2d6), then f*h* € LI(T), so that fh €
H4?. And rh is in H9 for any polynomial r.
Since
2

2n .
|15 @mt @) = e einas = [ 151 = @it
0 0
and {rh : r is a polynomial} is dense in H? ([5, p. 79]), we observe that f belongs to the
L9 (|h*('?)]|9d0)-closure of the polynomials, i.e., f € H9(|h|?). q.e.d.

PROOF OF THEOREM 2.1. If h € H? N (NP)~!, then we have |h*(e?9)|? € W,.
Therefore we observe one inclusion. On the other hand, let

1 2r ,i6 .
h(z) = exp (E /0 c tz log w(e'e)de) ,

eze_z

where w € W,,. Then we see that h € H? N (NP)~! and |h*(e'?)|7 € W), It follows that the
reverse inclusion is also true. ‘

To show the first equality in (2.1), let f € NP. From Lemma 1.1, f = g/h with
g,he Hland h € (NP)~!,sothat fh = g € HY.

Since

27 . 2T i .
f 19" ()94 = / | F*(0) 91" ()46 ,
0 0

we have f € L9(|h*(¢9)|9d6). By Lemma 2.3, we get f € H9(|h|?). The converse inclu-
sion is clear.
The second equality in (2.1) is the consequence of H?(|h|?) = H?(w). g.e.d.

3. Equivalent topologies.

In the rest of this paper, we show that the metric topology on N”, 1 < p < oo, is
equivalent to another topology on NP.
Let 1 £ p < o0o. Recall that the metric d, on N is defined by

p

1 27 . .
dp(f, 9) = IE; fo [log(1 + | f*(e'®) — g*(e"’nnpde} (f,g € NP).
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We usually deal with the topological structure on N? of the metric topology 7, induced
by dp.

By virtue of Theorem 2.1, we can induce an inductive limit topology on N?. We define
V., the neighborhood of zero in N7, as follows:

{Va| Va N HY(w) is a neighborhood of zero in H?(w) forany w € Wp}.
This inductive limit topology is denoted by I, ;. We are inspired to generalize the result
of McCarthy [6] and Eoff [2].

THEOREM 3.1. Letl < p <ooand0 < q < 00. Then I, 4 and tp, are equivalent on
NP,

The proof of this theorem requires the following result, which is proved in [9, Theorem
4.4].

LEMMA 3.2. A function f € NP, p > 1, is invertible if and only if f(z) = exp g(z),
where g(z) € HP.

PROOF OF THEOREM 3.1 (cf. [2, 6]). We restrict our attention to the case where 1 <
q < 00, because the proof is similar for0 < g < 1.
Let V € 7, be the neighborhood of zero given by

V ={g € NP|dp(g,0) <4e},

for an ¢ > 0. We have to show that V N H9(|k|?) is a neighborhood of zero in H7(|h|?) for
any h € H1 N (NP)~!. Since h € (NP)~1, there exists a §; > O such that

1
— lo
2 El: s

whenever |E| < 8;. Let us define €1, B, 2, § and Uy, as follows:

-+

1
h*(eie)

p
] do < P

1 .
g1 = min{g, 81}, pB?= inf {-—f Ih*(e’e)l"d9], 8 =e1B,
|El=¢, | 2t JE

)4
8=min{82, (f’%‘i)} , and U, ={g e NP|l|ghll, <3}.

Let g € Uy. Since
1 2 iON1913,* ¢ ,i0\19 q < 4
- * q
2ﬂf0 19" ()| h*(e™)]|9d0 < 67 = 17,

we obtain that |g| < &1 except on a set of measure less than €.
Let us define E| and E; by

Ei={e® eT|lg*®)| <e1} and E;={e" € T||g*(%)| 2 e1}.
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We may assume T = E; U E; and E; N E; = ¢. In order to show U, C V, we utilize the
following elementary inequalities

1
log(l +x) < x, log(l+x)<log2+log*x, 1og+x§;xq,

1 1 1
log*xy <logTx +logty, and (x+y)? Sx? +y?

forx,y=20,g>0,p=1.
If g € Uy, then we obtain

p

1 [2m .
{2——/ [log(1 + Ig*(e’e)l)]”d9]
T Jo .

1 1

1 . P . r

< {-2—— [1og(1+|g*(e'9)|>]"de]” +{-1— f [1og(1+|g*<e‘9>|)]P-de} .
v 4 E\ 2T E,

It is easy to see that the first integral on the right-hand side satisfies
1

1 . iovp a0l ’
{Zn E1[108(1+|g (e™)D] d9] <e.

Since |E>| < &1 £ &, we have

1
{51— fog(1 + lg*(ei")l)]”dG} ’
T E»
1 P r
L
< {5, ] e}
1 1 1 1
. . P
< {55 [ aog2ran}” +{ - [ nog* 9 s
2m E, E>

27
1
- logt
+{2nflsz[°g

N -

1
h*(eie)

[logz +log* |g*(e®)h*(e")| + log™*

Juf

1
1 . . P ?
<ée+ {—/ (-Iilg*(ele)h*(e'a)l%) de}p +e
2 Jg, \qe

<e+e+¢e=23¢.

h*(eie)

Consequently, we have

p

2r
[—l—f [log(1 + |g*(e"9)|)]1’d9} <ée+3e=4s.
2r 0

Therefore, U, C V; thatis, V N HY(|h|9) is a neighborhood of zero in H?(|h|?), and
thus V € Ip 4.
Conversely, let W C Ip, 4. We shall show that W contains a set V of the form

V = {g € N”|dp(g,0) < 5}
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for some § > 0. Suppose to a contrary that there exists a sequence { f,} C NP such that
dp(fn,0) < 27" and f, ¢ W for each n. We may assume, passing to a subsequence, if
necessary, that lim,_, o0 f;(¢'%) = 0 (a.e. € € T). Put wy, = [T (1 + | £(e®)]). Now if
m >k,

|| log wy — log wi|lp, =

log [T a+1£0 3 log(l +1£7D)

n=k+1 p n=k+1 p
m o0
< ) Mog+1fDl, S Y 27" <27
n=k+1 n=k+1

so that {log wy} is a Cauchy sequence in LP(T'), p 2 1. Therefore there exists some log w €
LP(T) such that log wy — logw (k — 00) in LP(T).

Now set

2w ,if
e’ +z i
h(z) =e — —o 9)do

We obtain |h*(ef)| = w(e'?) for ae. €'® € T, thus h € (N?)~! by Lemma 2.2 and Lemma
3.2. Even more, since w, = 1 is clear, so logw = 0. Therefore 1/ is bounded, i.e., 1/h €
H®. Moreover it is true that [h*(e’%)| = [T52; (1 + | £ (€*9)]) with | £*('9)| £ |h*(e9)], so
that |f,;"(e"9)/h*(e"‘9)|‘1 < 1holds. Seth; =1/h. Thenh; € H*® C HA.

By the bounded convergence theorem,

1 27 . .
o fo |h}(€€) fr(€®)9d6 - 0 (n — o),

ie, fr > 0in H2(|h;]|?). Since W N H(Jh1]9) is a neighborhood of zero, we have a
contradiction. Thus W must contain a metric ball centered at zero, therefore W € 7,. q.e.d.
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