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Abstract. Mean-variance hedging is well-known as one of hedging methods for incomplete markets. Our end
is leading to mean-variance hedging strategy for incomplete market models whose asset price process is given by
a discontinuous semimartingale and whose mean-variance trade-off process is not deterministic. In this paper, on
account, we focus on this problem under the following assumptions: (1) the local martingale part of the stock price
process is a process with independent increments; (2) a certain condition restricting the number and the size of jumps
of the asset price process is satisfied; (3) the mean-variance trade-off process is uniformly bounded; (4) the minimal
martingale measure coincides with the variance-optimal martingale measure.

1. Introduction.

The aim of this paper is to lead to mean-variance hedging strategy for incomplete fi-
nancial market models whose asset price fluctuation is represented as an RCLL special semi-
martingale with some assumptions. However, we do not assume that the mean-variance trade-
off process is deterministic. Mean-variance hedging is well-known as one of hedging methods
for incomplete markets. Mean-variance hedging strategy is a self-financing strategy which
minimizes, among all self-financing strategies, the expectation of the square of the difference
between the value of the strategy at the maturity and the underlying contingent claim.

We consider an incomplete financial market being composed of one riskless asset and
d risky assets. Supposed that the maturity is 7 > 0 and, without loss of generality, the
price of the riskless asset is 1. Let (2, F, P) be a completed probability space with a right-
continuous filtration {F; }o<,<7 satisfying that Fy is trivial and contains all null sets of F, and
Fr = F. Let X be an F-adapted RCLL special semimartingale of the space SIZOC(P). Assume
that the fluctuation of risky assets is described by X. A contingent claim is given by an Fr-
measurable square integrable random variable H. Moreover, a self-financing strategy is given
by an R?-valued predictable process © such that the stochastic integral G (%) := [9dX is
well-defined and a square integrable semimartingale. The process G(¢}) means the trading
gains induced by a self-financing strategy ©. We consider a hedger with initial capital ¢ € R.
Also, we assume that he or she would like to hedge a contingent claim H with a mean-variance
objective. Then, the mean-variance hedging strategy is given by the solution to the following
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minimization problem:

Minimize E[(H —c— G (ﬁ))z] over all self-financing strategies ¥ .

The first important results of mean-variance hedging is given by Duffie and Richard-
son (1991) and Schweizer (1992). Further, many researchers have studied this problem
and published valuable results. As for continuous semimartingale case, Rheinldnder and
Schweizer (1997) and Gouriéroux, Laurent and Pham (1998) investigated in the case of uni-
formly bounded mean-variance trade-off process. Pham, Rheinlidnder and Schweizer (1998)
(PRS, for short) give another proof for the above result, but they impose an assumption which
the minimal martingale measure coincides with the variance-optimal martingale measure.
On the other hand, as for the discontinuous process case, Schweizer (1993,1994) solved this
problem under the assumption that the mean-variance trade-off process is deterministic. In
addition, Hubalek and Krawczyk (1999) studied this problem for processes with stationary
independent increments. Moreover, Schweizer (1999) and Pham (2000) are well-known as
famous surveys with respect to the quadratic approaches.

As mentioned above, while mean-variance hedging for continuous processes have been
well studied, only a few papers are devoted to the case for discontinuous asset price process
models. Moreover, the assumption which the mean-variance trade-off process is deterministic
is strong one, so that we would like to except this. Hence, we are under the necessity of
solving this problem for discontinuous asset price process whose mean-variance trade-off
process is not deterministic. However, it is difficult to solve this problem for entirely general
semimartingales.

In this paper, on account, we consider an extension of the result of PRS to discontinuous
case under the following four conditions:

1. the local martingale part of the canonical decomposition of the stock price process
is a process with independent increments;

2. a certain condition restricting the number and the size of jumps of the asset price
process is satisfied;

3. the mean-variance trade-off process is uniformly bounded;

4. the minimal martingale measure coincides with the variance-optimal martingale
measure.

Remark that, if the stock price process itself is a process with independent increments, then
the mean-variance trade-off process is deterministic by Proposition 11.2.29, Corollary 11.2.38
and Theorem I1.4.15 in Jacod and Shiryaev (1987). Thus, in this model, we can apply the
results of Schweizer (1993, 1994). However, our assumption is one related to only the local
martingale part. Therefore, the mean-variance trade-off process is not always deterministic.
On the other hand, under Condition 1, we can use the representation theorem by Theorem
I11.4.34 of Jacod and Shiryaev (1987). The truth is that Condition 1 is not necessary except
for using the representation theorem. Hence, we can give a proof for jump diffusion models by
the same method. Furthermore, Condition 1 do not appear in the proof of the main theorem.
We shall use this condition in order to revise slightly Theorem 3.4 of Monat and Stricker
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(1995), which is related to the Follmer-Schweizer decomposition. That is, this condition is
not essential. Whereas, Condition 4 is a strong one. Remark that, if the mean-variance trade-
off process is deterministic, this condition is satisfied. Even if we impose Condition 4, the
results in this paper play crucial role in order to solve the mean-variance hedging problem for
general discontinuous cases. We shall state the reason for this fact in Section 5.

We mention an outline of this paper. In Section 2, we define the asset price process
and prepare some notations. In Section 3, we state one lemma, two propositions and a main
theorem. Furthermore, we give a proof of the main theorem in Section 4. In Section 5, we
treat some concluding remarks.

2. Preliminaries.

In this paper, we consider an R%-valued RCLL stochastic process X adapted to F as
the asset price process. Further, suppose that X is a special semimartingale of the space
SIZOC(P) and not a quadratic pure jump semimartingale. Thus, there is a unique canonical
decomposition of X into a local martingale M € M(Z)_IOC(P) and a locally natural process
A of locally square integrable variation, where M% loc(P) is the set of all square integrable
P-local martingale starting at 0. We assume that the local martingale M is a process with
independent increments. Moreover, let X satisfy the structure condition (SC). In other words,
X satisfies the following conditions:

(i) there exists an R?-valued process A satisfying

that is, foreachi =1, --- ,d,

(i) forO0<tr<T,

d d t . . . .
= 2> [ aidaon e,
i=1 j=1"0
< 00,

uniformly in (¢, ), where tr denotes transposition. The predictable process K is said to be
the mean-variance trade-off process.
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Let {}"IM }o<:t<r be a filtration generated by M. It is natural to assume that this filtration
{.7-",M Jo<t<r 1s a subfiltration of {F;}o<;<7, because our market is incomplete. Throughout
this paper, we assume that a contingent claim is an .7-'%” -measurable square integrable random

variable and the finite variation part A is adapted to {F¥ }o<,<7. In other words, {FM}o<;<7
is also generated by X.
Next, we prepare some notations and spaces of stochastic processes.

DEFINITION 2.1. For any RCLL process Y, we define the process Y* by, for0 < ¢t <
T»

Y} = sup Y.

0<s<t
For p > 1, we denote by R” (P) the set of all adapted RCLL process Y such that
1Y llrrpy == 1Yl 2oy < 00.

DEFINITION 2.2. For p > 1, L?(M) denotes the space of all predictable R4-valued
processes ' such that
1
T 2
19100y = H ( / 19§rd(M)S05)
0

1
: 2
0

< X,

LP(P)

LP(P)

Moreover, we define the space Lr (M) of all predictable R4-valued processes ¢+ such that

T 3
191 ar) = H ( / ﬂ;fd[M]sﬁs)

We denote by L”(A) the set of all predictable R?-valued processes ¢ such that

= 'H / DTdAg
LP(P) 0

< o0.
LP(P)

< 0.
LP(P)

T
1Pl Lrcay == H/ 9,7 d Ay
0 T

Finally, we define spaces
OF .= LP(M)N LP(A),
and seminorms
IHor := 1P Lrwy + 1P Lr(a) -

In particular, if p = 2, we abbreviate ©.
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DEFINITION 2.3. Let X be a semimartingale. Thus, there exists at least one decom-
position X = Xo + M + A, where M is a local martingale with ]\_40 = 0 and A is an RCLL
finite variation adapted process with Ao = 0. For 1 < p < oo, we define the space of all
R¢-valued semimartingales such that

I Xllsppy = inf

_ 1 T _
o [M]%-i-/ |dAs]
X=Xo+M+A 0

LP(P)
< 00,

where the infimum is taken over all possible decompositions X = Xo + M + A where M
is a local martingale starting at 0 and A is an RCLL process with paths of finite variation on
compacts starting at 0.

In addition to this, for 1 < p < oo, a semimartingale X belongs to the space S{;C(P) if

. . . . . 1
there exists a sequence of stopping times (7" )i>1 increasing to oo a.s. such that X " belongs
to SP(P).

As shown in Lemma 2 of Schweizer (1994), @ is the space of all R?-valued predictable
X-integrable process ¥ such that the stochastic integral

G) = / Ved X
0

is in the space S?(P) of semimartingales. Remark that, since the mean-variance trade-off

process K is bounded, we have ® = LZ(M).

In the rest of this section, we discuss equivalent martingale measures. A probability
measure Q is called an equivalent martingale measure if Q is equivalent to P and the asset
price process X is a martingale under Q. Since our market is incomplete, there exist infinitely
many equivalent martingale measures. We denote by M the set of all equivalent martin-

gale measures and denote M2 = {Q € M; % is square integrable}. We define two important
equivalent martingale measures and density processes as follows:

DEFINITION 2.4. (i) A probability measure P € M is the minimal martingale mea-
sure if P satisfies the following condition:

LeM*P) and (L,M)=0= L e M(P),

where M?(P) means the set of all square integrable P-martingales and M(P) means the set
of all ﬁ—martingales.

(ii) A probability measure P € M is the variance-optimal martingale measure if P is
the solution to the following minimization problem:

2
o do 2
Minimize E 7P all over Q € M~.
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(iii) For an equivalent martingale measure Q € M, we define a process Z< as
0 dQ
27 =E|—|F|.

The process Z€ is said to be the density process of Q. In particular, we denote by Z the
density process of the minimal martingale measure.

The minimal martingale measure and the variance-optimal martingale measure are intro-
duced by Follmer and Schweizer (1990), and Schweizer (1995b) and Delbaen and Schacher-
mayer (1996), respectively. In this paper, we assume that both equivalent martingale mea-
sures exist uniquely. The density process of the minimal martingale measure only for one-
dimensional jump diffusion models is obtained by Arai (2001). However, if the mean-variance
trade-off process is bounded, then we can extend his result to our model, because X is in
L%(M). That is, the density process Zis given by

2; :g<—/ i;dM;) 5
0 t

where, £ means the exponential martingale. Moreover, we can see that the following condition
is a necessary and sufficient condition for the existence of the minimal martingale measure as
a probability measure:

AY, > —1 as. in (t, w),

where ¥ = — fo Asd M. Throughout this paper, we impose a slightly stronger assumption
that there exists a positive constant &, > 0 such that

AY, > —14+¢& as. in(t,w). 2.1

Now we assume that the number of jump points of the process Y is finite and the size of the
jumps is uniformly bounded. We call this condition the jump condition.

3. Main results.

We mention main results in this section. Note that we postpone the proofs of all results
stated in this section to next section.

Firstly, we organize assumptions in detail as follows:

ASSUMPTION. 1. The stock price process X is an R?-valued F-adapted RCLL spe-
cial semimartingale of the space SIZOC(P) and not a quadratic pure jump one.

2. The local martingale part M is a process with independent increments.

3. The process X satisfies the structure condition (SC).

4. A contingent claim H is an .7-'}” -measurable square integrable random variable and

the finite variation process A is 7™ -adapted.
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5. Both the minimal martingale measure P and the variance-optimal martingale mea-

sure P exist uniquely.
6. (2.1) holds.
7. (The jump condition) The number of jumps of the process

{— fé )A»SdMs}ofth is finite and its size is uniformly bounded.

We prepare one lemma and two propositions. The following lemma treat the closedness
of ®F with p > 2. The first proposition is one related to a Follmer-Schweizer decomposition
of a contingent claim H € £P(FM, P) with p > 2. The other is a problem with respect to
integrability of densities related to the minimal martingale measure.

LEMMA 3.1. Under Conditions 1, 3 and 7 of Assumption, for p > 2, the space
Ly (M) is closed.

PROPOSITION 3.2. Under Conditions 1-4 of Assumption, every contingent claim H €
LP(FM . P) with p > 2 admits a Fllmer-Schweizer decomposition as

T
H=H0+/ glax, + LY, (3.1)
0

where Hy € R, for every2 < q < p, €1 € LY(M) and L € M4(P) strongly orthogonal
to M with E[L{]1 = 0.
REMARK. We can extend Corollary 5 of PRS to our model by the same proof as

PRS. That is, every Fr-measurable square integrable contingent claim H admits a Follmer-
Schweizer decomposition satisfying £ € L%(M) and L € M2(P).

PROPOSITION 3.3. Under Conditions 1, 3 and 5-7 of Assumption, we have

dP

— e L'(P) forevery r < o0, 3.2)
dpP

dpP o

T € L'(P) forevery r < o0. (3.3)

By the above propositions, the Féllmer-Schweizer decomposition of Z—g is given by

dpP R R T .
o = EIZ1- ElZrir]+ / §dX, + L7 (3.4)
0

with L € M"(P) for every r < oo andf € L"(M) for every r < o0.
The main theorem of this paper is as follows:

THEOREM 3.4. We assume that

Ly =0 in 3.4). (3.5)
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Then, under Assumption, for a contingent claim H € £*+¢ (}‘#’[, P) with ¢ > 0, the solution
to minimization problem

Minimize E[(H —c — G7(9))?] overall ¥ € O,

| o -
t(C) = gtH - A(; (Vt— —C— / ‘S‘_S(C)dXS s
70 0

is given by

where
13
z) .= ElZr|F] = E[Z7] +/ LedX;
0
R R t
V, := E[H|F] = Hy +/ glax, + LY.
0

REMARK. Under condition (3.5), the minimal martingale measure P coincides with
the variance-optimal martingale measure. We can prove this fact as follows.
It suffice to prove that, for any Q € M?, we have

dP (dP d
g|4P(4E _dC) g
dP\dP dP
By L7 = 0, the Féllmer-Schweizer decomposition of Pis given by
dp ss T,
d_P = E[ZT] + 0 ngXS .

Hence, we obtain

; N
dPdQ . r, dp
E|-——|=E2|E[Z} / dXs | =E|(— ) |
| e| - e mizh [ hax] = e[ (5
In consequence of this, P is also the variance-optimal martingale measure under condition
(3.5).

REMARK. By Theorem7 of Schweizer (1995a), if K7 is deterministic, then (3.5) holds.

REMARK. Wiese (1998) treated the above problem. However, she assume the continu-
ity of L . Instead, she do not impose conditions on the stock price process.
4. Proofs.

4.1. Proof of Lemma 3.1. We can prove Proposition 2.1 of Grandits and Krawczyk
(1998) in our case. Hence, by the same sort of argument as Theorem 3.1 of Grandits and
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Krawczyk (1998), we can show that then there exists a constant C such that for any 9 € ©7F
19075 py = CIG@)lIRP(P) -

where we need to take fo vsd M; as L in the proof of Theorem 3.1 of Grandits and Krawczyk
(1998). Remark that we use the following equation instead of Lemma 3.1 of Grandits and

Krawczyk (1998). We denote ¥ = fo Asd M and fix p > 2. Forany N € SP(P), there exists
a constant C), such that

1

N, Y17l cepy < CpllINTZ N cocpy
by boundedness of K and the jump condition. Consequently, by Banach’s closed graph theo-
rem, we obtain the closedness of I:p(P).

4.2. Proof of Proposition 3.2. By Galtchouk-Kunita-Watanabe decomposition, if we
fix an {.7-',M }-predictable process ¢ € L? (M), then we have

T T
H - / PUdA, = Ho(®) + / nedM, + L1 (9), @)
0 0

where 7 is a predictable process and L(}) is a square integrable P-martingale strongly P-
orthogonal to M with E [L(I){ ] = 0. Since we can prove Corollary 5 of PRS for our model by
the same as PRS, it is enough to show that n given in (4.1) is in L? (M).

Since M is a process with independent increments, by Theorem I11.4.34 of Jacod and
Shiryaev (1987), we can denote

T T T T
H— / OTdA; = E|:H — / ﬁ;rdAS} - / ePdME + / yldm?,
0 0 0 0

where M€ and M¢ are the continuous and the quadratic pure jump part of M, respectively,
and ¢” and ¢ are R?-valued predictable processes.
Firstly, we prove that

T ! T !
H( /0 (<ﬂ§9)“d[Mc]s<0§9> +( /0 w;?)"d[M"]swf)

Noting that we have
[/O go;?dM;,fO IﬂfdM?} =0

and, for semimartingales A and B,

< 0. 4.2)
Lr(P)

[A]* + [B]® < v2[A + B]* +2|[A, B]|? .
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These imply that, by Burkholder-Davis-Gundy’s inequality and Doob’s inequality,

1 . 1
LHS of (4.2) = H[/ ¢;7dM§:|2 + [/ I/fde;’}z
0 T 0 T

LP(P)
[ o o]
0 0 rlicep)
. . *
< const. </ P dM¢ +/ 1//;9de>
0 0 Tlcep)
T T
< const. / ol dM¢ +/ ylam?
0 0 Lr(P)
T
< const.| H —/ Dd A
0 Lr(p)
< 00,
from which (4.2) follows.
Next, we claim that
T > 1
H(/ ﬂﬁrd[M]sns) +[L(D)]7 < 00. (4.3)
0 LP(P)

‘We have

1
2

LHS of (4.3) <

l .
fz[/ ndes+L(0)T+2‘[/ ndes,L(ﬁ)}
0 0 T

< ﬁHU'ndes +L(0)}
0

LP(P)

+2H\[ / ndes,m}
LP(P) 0 T

We can see finiteness of the first term by the proof of Lemma 6 of PRS. We shall prove

[STE]

1
2

T LP(P)

finiteness of the second term. Firstly, since n € L2(M ) = O, nis X-integrable. Thus, fo ndM
is a square integrable P-martingale. Moreover, since f() ndM is strongly P-orthogonal to
L), [fd ndM, L(¥)], denoted by J, is a P-martingale. Also, we denote

JT:=Jv0= [/ ndM,L(z?)} v O,
0

J™ == A0) = —([/ ndM, L(ﬁ)i| /\0) .
0
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That is, | J| = JT 4+ J~. On the other hand, we can write L7 () as
T T ‘ T
Lr(®) = E[H - ﬂ;fdAs} —Ho0) + [l = nodms + [ —noam.
0 0 0
Also, (p;9 and 1//;9 are in LZ(M) by (4.2). Thus, for0 < < T, we can represent L, () as

T t t
Li®) = E[H— / ﬂ;fdAs} — Ho(9) + / (6! — 1 )dME + / W — ndme.
0 0 0

Therefore, we have

Jr= [ / ndMs, L(ﬂ)}
0 T

T T

= fo nYd[MC1(p? — ny) + /0 nrd[M (P — ny)
T T .

= fo nTd[MC )00 + fo nérd[Md]slﬁf—[ /0 ndes}

T T
< /0 nTd[MC s + d* /O (T d[M®)59?

T

T T .
4 / N[ MYy + d° / (w£>‘fd[Md]sw§—[ / ndes}
0 0 0

T
T T
=d? f (@) d[M)s0? + d? f (eHrd[ MY 07 .
0 0

Hence, by (4.2), we obtain
I 1 2o (py < 00 4.4)

Now, we have the following lemma by Doob’s maximal lemma:

LEMMA 4.1. Let Y be a martingale starting at 0. Assume that E[(Y;F)P] < oo for
some p > 1. Then, we have, for each x > 0,

P< inf ¥, < —x) <xPE[(Y])P].
0<t<T
By Lemma 4.1 and (4.4), we have, for every g < p,
o0
EllJ5 1] =/ Y P(J5 € dx)
0
o0 1
=/ P(J; > ya)dy
0

< fo EL(DHPly 4 dy

< 0.
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Consequently, (4.3) follows. We can give the rest of the proof by the same as the proof of

Lemma 6 of PRS. This completes the proof of Proposition 3.2. a
4.3. Proof of Proposition 3.3. We set

Y::—/XdM.

Moreover, we denote the continuous part and the quadratic pure jump part of ¥ by Y© and Y9,
respectively. For every r > 2 and r < —1, we define

W/ =) ((1+ AY) — 1 —rAYy).
s<t
We have that, for every r > 2,
1A+ AY) — 1 —rAY| (4.5)
s<t

is integrable, by the jump condition.
Thus, by Proposition I1.3 of Lepingle et Mémin (1978), we have, for every r > 2,

&), =5{rY+W’+ r(rz_ 1)[m} . (4.6)
t

In order to see that £ (Y) is uniformly integrable for every r > 2, if we denote by Y the
content of £ in RHS of (4.6), then, by Théoreme I1.2 of Lepingle et Mémin (1978), all we
have to do is to prove that Y is square integrable and (Y) is bounded. However, by the
jump condition, K is bounded, from which square integrability of Y and boundedness of (I?)
follows, that is, (3.2) follows.

On the other hand, since, for every r < —1, (4.5) is integrable by (2.1), £ (Y) is rep-
resented as (4.6) by Ito’s formula. Moreover, we can prove that the content of £ in RHS
of (4.6) has square integrability and its conditional quadratic variation process is bounded.
Consequently, by the same sort of argument as (3.2), (3.3) follows. o

4.4. Proof of Theorem 3.4.
Step 1. We consider the following stochastic differential equation (SDE):
s
z0

t
U =Hy—c+ L7+ / Us_dX;. .7)
0

By Theorem V.7 of Protter (1990), SDE (4.7) has a unique solution. We define a stochastic
process N by
Ut == Nt 2? .

Remark that, since 70 s strictly positive, N is well-defined.
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We claim that N is a P-local martingale. Remark that we have
Hy—c+ LY
No = O—AZO .
E[Z7]
Since N is a semimartingale, by Theorem V.4 of Protter (1990), N — Ny is prelocally in
S%(P). 1In other words, there exists a sequence of stopping times (z¥);> increasing to

k . . . S . .
oo a.s. such that N¥ ~ is a semimartingale of the space S°°(P). In this subsection, for
k > 1, superscript k means the underlying process stopped at 8—. For example, we denote

Nk .= N Tk_. Then, for each k > 1, we denote the canonical decomposition under P by
NF = Ny + XNk 4 AN+,

where XNk is a P-local martingale and AY* is a locally integrable variation process of
locally natural under P. In virtue of VIL.98 (c) of Dellacherie and Meyer (1982), the process
AN* is bounded. In addition, by Theorem IIL.27 of Protter (1990), we obtain that AN * s

predictable. Furthermore, by Galtchouk-Kunita-Watanabe decomposition under P, we can
write

t
Nk = No+/ eNaxk 4 LYF ANk,
0

where &V is a predictable process such that & Ndx* is a square integrable P-local martin-

gale, LV'¥ is a square integrable P-local martingale strongly P- orthogonal to X starting at 0.
Hence, we have

13 13 13
(NZ%F = NoZ) +/ Ny—¢d Xk +/ 70 eNaxk +/ 70 daLhk
0 0 0
" 20 k " k " s kqk
+ f Z)_dAY* + / crdix1ieN +/ grd(x, LNk
0 0 0
t ~
+ / ced[X, ANKIE (4.8)
0
Since each term after the fifth term of RHS is of finite variation, even if each term is a local
martingale, then it is either a constant or a quadratic pure jump one. This implies that we can

not represent the sum of these terms as a stochastic integral of X, since X is not quadratic
pure jump. As compared with (4.7), we obtain

t
50 &N k
/O 20 eNaxk =o,

that is, & N = 0. Therefore, the sixth term equals to 0. Theorem VIIIL.19 of Dellacherie and
Meyer (1982) yields that [ X, ANHFlisa P-local martingale. On the other hand, since (N 20)]‘
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is a P-local martingale, the fifth term need to be a P-local martingale. In virtue of Lemma of
Theorem IV.2 of Protter (1990), the fifth term is locally natural by the P -integrability of 70
and the boundedness of fo |d Ag|. Together with Lemma of Theorem III.6 of Protter (1990),
the fifth term is identically zero, and so is ANk This implies that, foreach k > 1, N kisa
square integrable P-local martingale strongly ﬁ—orthogonal to X. By diagonal method, we
conclude that N is also.

Step 2. We shall prove that, U belongs to, for n < &, R**"(P) prelocally. Firstly, we
denote

U ! gs
X[ == ~ dXS
0o 20

By Theorem V.4 of Protter (1990), Xisa semimartingale prelocally in S” (P) for 1 < p < oco.

Thus, Xo = 0 and, for 1 < p < oo, there exists a sequence of stopping times (Tll,)lzl

increasing to oo a.s. such that each R0~ belongs to the space SP(P). We denote X! =
)A(To]o*,forl > 1.

Now, fix n < ¢ and [ > 1 arbitrarily. Let U"? be an R¢-valued RCLL process being in
R2+T1(P). Moreover, we define, by induction, R?-valued RCLL processes U Lm form > 1,
by

t
U =Hy—c+ L +/ ulbmtax!
0

By Propositions 3.2, we can see that L € M?1(P). Hence, by Doob’s inequality, L ¢
R2H1(P). Remark that, by the definition of the minimal martingale measure, the second

expression for Vis justified by L7 € M?*(P). By Theorems V.2 and V.3 of Protter (1990),
we have,

Colm=1 5%
IU"™ | g21npy < Ho — ¢ + ILH llgoencpy + Hf ulkmtax!
0

R>+1(P)

< Ho—c + IL" | ga+apy + 24 lU Higzen(py I1X Nl s (p) -

where ¢4, is a constant depending only 2 4 5. Since U0 e R¥1(P), we obtain U™ e
R*H1(P) by induction on m.

By the proof of Theorem V.8 of Protter (1990), if let U’ be the solution to the following
SDE:

t
U,’=Ho—c+L,H+/ Ul_ax!,
0
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then U™ converges to U’ prelocally in R**"(P) as m — oo. Remark that the proof of
Theorem V.8 of Protter (1990) mention only convergence prelocally in R?(P), while we can
extend his proof to R”(P) for every p > 2.
Moreover, by Theorem 3.8 of Protter (1978), there exists a subsequence (I,,),>1 such that
lim U =U
[p— 00
prelocally in R*+"(P), because the SP(P) norm is stronger than the R” (P) norm, 1 < p <
o0. Therefore, we can conclude that U is prelocally in R2T7(P). In other words, for every
n < ¢, there exists a sequence of stopping times (7,),>1 increasing to oo a.s. such that each
U™~ belongs to R2T1(P).

Step 3. Throughout the rest of this proof, superscript n of a process means the process
stopped at f,;’—. Firstly, we have, for each n > 1 and every n < ¢,

IN"llR2+n(py = H - Sz U™ S5 o s
(ZO)I’Z RZ-H](P) ZO Rr(P) Rz (P)

wheren <n' <egandr = % . On the other hand, by the proof of Lemma 8 of PRS,

we have

1
%o € R"(P) foreveryr < oo. 4.9)

Thus, we obtain that N” is in R2"(P) for each n > 1 and every n < ¢. Next, SDE (4.7) and
U € R (P) prelocally imply that (N_Z)" € L2t (M). Thus, if we define
9 =" —N_C,

then (£(9)" is in L2+ (M) and in ®*1" for each n > 1 and every n < &. However, by
Lemma 3.1, we obtain that £€© is in L2+ (M) and in ©217.
On the other hand, for0 <¢ < T,

t
U =Hy—c+LF +/ Ns_ZdX;
0

t
— Ho—c+LH + fo €l — £©)ax,

t
= Vl‘ —C — / é;c)dX; .
0
In particular, when t = T, we obtain

. dP
H—c—Gr@E)=Ur=NrZp = Nr—.
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Step 4. We fixn > 1 and ¥ € ©. In similar way to the proof of PRS, we can see
that N"G" () is a uniformly integrable IS-martingale. Since, for every n < ¢, £ — £ ¢
L2 (M) and LH € M?**1(P), U is in R*™(P). Then, N belongs to R2(P), so that
N7 G (¥) is dominated by supy.,7 N:G;(?) € El(ﬁ). Consequently, by the dominate
convergence theorem, we have

E[(H —c = Gr(NGr)] = E| lim (V —c ~ G(é“)))’%G’%(ﬂ)}
= [ Jim v

_ . nn

T [ nn
= nlingo E[N;G7(9)]
=0.
By the projection theorem, & © s optimal. Finally, & (OFTS represented as
t(C) = ‘S:IH - Nt—zt
Z .
= ‘S:IH - A(; Nt—Z?_
17

! -~
_eH f—é<vt - / és(“)dXS> .
20 0

This complete the proof. a

5. Concluding remarks.

5.1. Comparison with continuous case. In PRS, they assume that the stock price
process is a continuous semimartingale. Moreover, Wiese (1998) studied models such that
L in (3.1) is continuous. In these cases, we can write process N explicitly as follows:

Hy—c+ LY 1
N:#—i—/ _ LM
E[Z%] 70

Hence, the seventh term of RHS in (4.8) is 0 in the above both cases. Therefore, by L7 ¢
M (P) forany 2 < g < p and (4.9), we can see that U € R**"(P) for every n < ¢.

On the other hand, in our model, we can not write N explicitly, since we know only that
the seventh term of RHS in (4.8) is a P-local martingale. This fact causes the difficulty in
estimating of the regularity of U.

In order to extend the results related to mean-variance hedging to general discontinuous
case, we need to succeed in proving the following. One is an extension of Theorem 4.1 of
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Delbaen et al. (1997) to discontinuous case. The other is the estimation of the regularity of U
in SDE (4.7). Our results contribute to success in giving a proof of the second one. In other
words, if we obtain the extension of Delbaen et al. (1997), then mean-variance hedging for
general discontinuous case will be solved. This is the reason why the result of Theorem 3.4 is
important, though we impose some assumptions.

5.2. Two extensions of Theorem 3.4. The assumption that the local martingale M
is a process with independent increments is used only in Proposition 3.2. Moreover, we use
only Theorem II1.4.34 of Jacod and Shiryaev (1987), which is the representation theorem
for processes with independent increments. Thus, we can extend our results to classes of
processes which has representation property. For example, if the stock price process X is a
diffusion with jumps, then Theorem 3.4 holds, where the definition of a diffusion with jumps
is given by Definitions I11.2.18 and II.2.6 of Jacod and Shiryaev (1987). Hence, we can prove
the following theorem easily:

THEOREM 5.1. Theorem 3.4 holds under the following conditions:
1. the stock price process X is a diffusion with jumps;
2. Assumption except for Condition 2;

The jump condition in Theorem 5.1 means that the Lévy measure of X is a finite measure
and its support is bounded.

On the other hand, all £2(P) contingent claims have a Follmer-Schweizer decompo-
sition (3.1) with € € L2(M) and L € M?(P) by Theorem 3.4 of Monat and Stricker
(1995). Thus, Proposition 3.2 is a little stronger than it. Therefore, even if we assume that
a contingent claim H admits a Follmer-Schweizer decomposition as (3.1), it will be only a
slight assumption. We can rewrite Theorem 3.4 as follows:

THEOREM 5.2. Theorem 3.4 holds under the following conditions:

1. the corresponding Fr-measurable contingent claim H admits a Follmer-Schweizer
decomposition as (3.1);

2. Conditions 1, 3 and 5-7 of Assumption,

REMARK. In Theorem 5.2, we can omit the assumption that a contingent claim H is
.7-'%’1 -measurable.

References

[1] T. ARAI, On the equivalent martingale measures for Poisson jump type models, Keio University Research
Report (2001), KSTS/RR-01/004.

[2] D. DUFFIE and H. R. RICHARDSON, Mean-variance hedging in continuous time, Ann. Appl. Probab. 1
(1991), 1-15.

[3] F. DELBAEN, P. MONAT, W. SCHACHERMAYER, M. SCHWEIZER and C. STRICKER, Weighted norm in-
equalities and hedging in incomplete markets, Fin. Stoch. 1 (1997), 181-227.

[4] F.DELBAENand W. SCHACHERMAYER, The variance-optimal martingale measure for continuous processes,
Bernoulli 2 (1996), 81-105.



452

[5]

[6]

(7]

[8]

[91

[10]
[11]

[12]

[13]
[14]

[15]

[16]
[17]

[18]
[19]

[20]
[21]

[22]
(23]

[24]

TAKUIJI ARAI

C. DELLACHERIE and P. A. MEYER, Probabilities and Potential B., North-Holland (1982).

H. FOLLMER and M. SCHWEIZER, Hedging of contingent claims under incomplete information, Applied
Stochastic Analysis (eds. M. H. A. Davis and R. J. Elliott), Stochastic Monographs 5 (1991), Gordon and
Breach, 389-414.

C. GOURIEROUX, J. P. LAURENT and H. PHAM, Mean-variance hedging and numéraire, Math. Finance 8
(1998), 179-200.

P. GRANDITS and L. KRAWCZYK, Closedness of some spaces of stochastic integrals, Séminaire de Proba-
bilités, LNM 1686 (1998), Springer, 73-85.

F. HUBALEK and L. KRAWCZYK, Simple explicit formulae for variance-optimal hedging for processes with
stationary independent increments, Preprint (1999).

J.JAacoD and A. N. SHIRYAEV, Limit Theorems for Stochastic Processes, Springer (1987).

D. LEPINGLE and J. MEMIN, Sur I’intégrabilité uniforme des martingales exponentielles, Z. Wahrschein-
lichkeitstheorie verw. Gebiete 42 (1978), 175-203.

P. MONAT and C. STRICKER, Follmer-Schweizer decomposition and mean-variance hedging for general
claims, Ann. Prob. 23 (1995), 605-628.

H. PHAM, On quadratic hedging in continuous time, Math. Meth. Oper. Res. 51 (2000), 315-339.

H. PHAM, T. RHEINLANDER and M. SCHWEIZER, Mean-variance hedging for continuous processes: new
proofs and examples, Fin. Stoch. 2 (1998), 173-198.

P. PROTTER, HP stability of solutions of stochastic differential equations, Z. Wahrscheinlichkeitstheorie
verw. Gebiete 44 (1978), 337-352.

P. PROTTER, Stochastic Integration and Differential Equations. A new approach, Springer (1990).

T. RHEINLANDER and M. SCHWEIZER, On Lz-projections on a space of stochastic integrals, Ann. Probab.
25 (1997), 1810-1831.

M. SCHWEIZER, Mean-variance hedging for general claims, Ann. Appl. Probab. 2 (1992), 171-179.

M. SCHWEIZER, Approximating random variables by stochastic integrals, and applications in financial math-
ematics, Habilitationsscrift Univ. (1993).

M. SCHWEIZER, Approximating random variables by stochastic integrals, Ann. Prob. 22, (1994), 1536-1575.

M. SCHWEIZER, On the minimal martingale measure and the Follmer-Schweizer decomposition, Stoch. Anal.
Appl. 13 (1995a), 573-599.

M. SCHWEIZER, Variance-optimal hedging in discrete time, Math. Oper. Res. 20 (1995b), 1-20.

M. SCHWEIZER, A guided tour through quadratic hedging approaches, Option Pricing, Interest Rates and
Risk Management (eds. E. Jouini, J. Cvitanic, M. Musiela), Cambridge University Press (2001), 538-574.

A. WIESE, Hedging stochastischer Verpflichtungen in zeitstigen Modellen, Karlsruher Reihe (1998).

Present address:
DEPARTMENT OF INFORMATION SCIENCES, TOKYO UNIVERSITY OF SCIENCE,
NoDA, CHIBA, 278-8510 JAPAN.



