
TOKYO J. MATH.
VOL. 25, NO. 2, 2002

On The Unit Group of The Group Ring Z[G]

Noritsugu ENDO

Chuo University

(Communicated by T. Takakura)

Introduction.

Let G be a commutative group. A formula on the torsion free rank of Z[G] is given by
Higman ([2, Theorem 13.5]). We think about a case where G is a finite commutative group.
Then we can define a fundamental system of units in Z[G] (See Definition 2.2.). We consider
the following problem.

PROBLEM A. Given a finite commutative group G, find a specific fundamental system
of units in Z[G].

This is a difficult problem. For example, if G is cyclic of prime order p, then Problem A
is equivalent to the problem of find a specific fundamental system of units of the subgroup of
Z[ζ ]× consisting of all units which are congruent to 1 modulo ζ − 1, where ζ be a primitive
p-th root of unity. Therefore we consider the weaker next problem.

PROBLEM B. Given a finite commutative group G, find a specific system of r indepen-
dent units of infinite order in Z[G] or, equivalently, a system of independent units of infinite
order which generates a subgroup of finite index.

In the case where G is a cyclic group, an independence system of units in Z[G] is given
by Bass ([1], [2]). In this article, we consider the elementary p-group case G = (Z/p)n, and
we give the direct product decomposition of Z[G]× induced by the structure of the unit group
scheme U(G).

ASSERTION 1 (cf. Lemma 2.3). Let G = (Z/p)n and let ζ be a primitive p-th root of
unity. We put λ = ζ − 1. Then

Z[G]× ∼→ {±1} ×
n∏

i=1

U
(n

i)
i ,

where Ui := {ũ ∈ (Z[ζ ]⊗i)×|ũ ≡ 1⊗i mod λ⊗i }.
Moreover we construct an independent system of finite index of the unit group Z[G]×

when G = Z/p × Z/p.
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ASSERTION 2 (cf. Theorem 2.4). Let G = Z/p × Z/p and let r1 = 1
2 (p − 3). We

take an independent system {ui |1 ≤ i ≤ r1} of the units in the group ring Z[Z/p] and let
ui be the image of ui in Z[ζ ] i.e. {ui |1 ≤ i ≤ r1} is an independent system of U1. Then
{ui(j)|1 ≤ i ≤ r1, 1 ≤ j ≤ p − 1} is an independent system of U2. Here ui(j) is an inverse
image of (1, · · · , 1, ui

ĵ

, 1, · · · , 1) by an injection ϕ : Z[ζ ] ⊗�Z[ζ ] → ∏
σ∈H Z[ζ ].

In Section 1, we review the group scheme U(G) and some results. In Sections 2 and 3,
we prove the assertions. And in Section 4, we construct a fundamental system of units in the
group ring Z[G] when p = 5 and 7.

ACKNOWLEDGMENT. The results in Section 1, which was allowed us to use in this
work, are based on N. Suwa. We specify them here. And the author was given some advice
from T. Sekiguchi and N. Suwa in finishing this work. He expresses his gratitude for them.

1. Preliminaries.

In this section, we review some results in [3] and [4].

DEFINITION 1.1. Let A be a ring and a ∈ A. We define a group scheme G(a) over A

by G(a) = SpecA[X, 1/(aX + 1)] with
(1) the multiplication: X �→ aX ⊗ X + X ⊗ 1 + 1 ⊗ X,
(2) the unit: X �→ 0,
(3) the inverse: X �→ −X/(aX + 1).

Moreover, we define an A-homomorphism α(a) : G(a) → Gm,A by

U �→ aX + 1 : A[U,U−1] → A[X, 1/(aX + 1)] .

If a is invertible in A, α(a) is an A-isomorphism. If a = 0, G(a) is nothing but the additive
group scheme Ga,A.

Let B be an A-algebra. Then the multiplication of the group G(a)(B) = {b ∈ B|1+ab ∈
B×} is defined by b ·b′ = b+b′ +abb′ for b, b′ ∈ G(a)(B). Moreover, G(a)(B) is isomorphic
to {b ∈ B×|b ≡ 1 mod a} ⊂ B×.

DEFINITION 1.2. Let G be a finite group. We define a ring scheme A(G) by A(G) =
SpecZ[Tg ; g ∈ G] with

(1) the addition: α∗(Tg ) = Tg ⊗ 1 + 1 ⊗ Tg ,
(2) the multiplication: µ∗(Tg ) = ∑

g 1g 2=g Tg 1 ⊗ Tg 2 ,
where Tg are indeterminates. Then A(G) represents the group algebra of G.

Let U(G) = Spec Z[Tg , 1/ det(Tgh)]. Then U(G) is an open subscheme of A(G) and
represents the unit group of the group algebra of G. If G = 1, U(G) is nothing but the
multiplicative group Gm,�= Spec Z[U, 1/U ].

Let ϕ : G → H be a homomorphism of finite groups. We denote by A(ϕ) : A(G) →
A(H) and U(ϕ) : U(G) → U(H) the homomorphism of ring schemes or the homomorphism
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of group schemes, respectively, induced by ϕ. These homomorphisms are represented by the
homomorphism of rings defined by

Th �→
∑

ϕ(g )=h

Tg .

Let (Gi)i∈I be a finite family of finite commutative groups. For J ⊂ I , let GJ =∏
i∈J Gi , where G∅ = 1. Then the decomposition of the group scheme U(GI ) corresponding

to GI = ∏
j∈I Gj is given as follows.

Let ei ∈ End(U(GI )) be defined by the composition of the canonical projection GI →∏
j �=i Gj and the canonical injection

∏
j �=i Gj → GI . By the definition of ei , the followings

are trivial.

LEMMA 1.3.

eiej =
{

ei , if i = j ,

ej ei , if i �= j ,

for any i, j ∈ I .

Note that the ring structure of End(U(GI )) is denoted by the addition = the one induced
by the multiplication of U(GI ) and the multiplication = the composition of endomorphism.

COROLLARY 1.4. For any i, j ∈ I

(1) (1 − ei)(1 − ej ) =
{

1 − ei, if i = j ,

(1 − ej )(1 − ei), if i �= j ,

(2) ei(1 − ej ) = (1 − ej )ei ,
(3) ei(1 − ei) = 0 .

REMARK. Let R be a ring. We consider the R-valued points of group scheme U(G).
Then

(1 − ei)(u) = u(ei(u))−1 ∈ R[G]×
for u ∈ R[G]×.

Let εJ = (
∏

i �∈J ei)(
∏

i∈J (1 − ei)) for J ⊂ I . Then εJ are idempotent elements of
End(U(GI )).

LEMMA 1.5. Under the above notations, we have the following.
(1) If J �= K, then εJ εK = 0,

(2)
∑

J⊂I εJ = 1.

PROOF. We put I = {1, 2, · · · , r}.
(1) Since J �= K , we may assume that there is i ∈ I such that i ∈ J and i �∈ K . Then

εJ εK = ei(1 − ei)

( ∏
j �∈J

ej

)( ∏
j∈J \{i}

(1 − ej )

)( ∏
k �∈K∪{i}

ek

)( ∏
k∈K

(1 − ek)

)

= 0
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by Lemma 1.3 and Corollary 1.4.
(2) We prove the assertion by the induction on r .
When r = 1, e1 + (1 − e1) = 1.
Assume that the assertion is true when r = k. If r = k + 1, then

∑
J⊂I

εJ = ek+1

( ∑
J⊂{1,2,··· ,k}

εJ

)
+ (1 − ek+1)

( ∑
J⊂{1,2,··· ,k}

εJ

)

= {ek+1 + (1 − ek+1)}
( ∑

J⊂{1,2,··· ,k}
εJ

)

= 1 .
�

By this Lemma, putting UJ = Im εJ , we obtain the decomposition U(GI ) =∏
J⊂I UJ (GI ), and the following.

LEMMA 1.6. If K ⊂ J ⊂ I, then the canonical projection GI = ∏
i∈I Gi → GJ =∏

i∈J Gi induces the isomorphism UK(GI )
∼→ UK(GJ ).

Let I = {1, 2, · · · , r}, pi(i ∈ I) be prime numbers, Gi = Z/p
ni

i and G = GI =∏
i∈I Gi . Then Z[G] is isomorphic to Z[T1, T2, · · · , Tr ]/(T p

n1
1

1 −1, T
p

n2
2

2 −1, · · · , T
p

nr
r

r −1)

and U(G) is identified with the functor

A �→ (
A[T1, T2, · · · , Tr ]/(T p

n1
1

1 − 1, T
p

n2
2

2 − 1, · · · , T
p

nr
r

r − 1))× .

Let I = {(k1, k2, · · · , kr ), | 1 ≤ ki ≤ ni}. For k = (k1, k2, · · · , kr) ∈ I, we define the
subfunctor Vk(G) of U(G) by

A �→

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

f (T1, T2, · · · , Tr )

∣∣∣∣∣∣∣∣∣

f (T1, T2, · · · , Tr ) − 1 − (T
p

k1−1
1

1 − 1)(T
p

k2−1
2

2 − 1) · · · (T p
nr −1
r

r − 1)F(T)

∈ (T
p

n1
1

1 − 1, T
p

n2
2

2 − 1, · · · , T
p

nr
r

r − 1)

for some F(T) ∈ A[T1, T2, · · · , Tr ]

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

⊂ (A[T1, T2, · · · , Tr ]/(T p
n1
1

1 − 1, T
p

n2
2

2 − 1, · · · , T
p

nr
r

r − 1))× .

For example V(1,1,··· ,1)(G) = UI (GI ). Then V(1,1,··· ,1)(
∏r

i=1 Z/p
ni

i ) is a successive exten-

sion of Vk(
∏r

i=1 Z/p
ki

i ), where k = (k1, k2, · · · , kr ) ∈ I.

THEOREM 1.7. Let n1, n2, · · · , nr ∈ N>0, let p1, p2, · · · , pr be prime numbers and
let ζ

p
ni
i

be a primitive p
ni

i -th root of unity in C, chosen so that ζ
p

p
ni
i

= ζ
p

ni−1
i

. We put λpi =
ζ

pni−1

p
ni
i

− 1. Then

V(n1,n2,··· ,nr )

( r∏
i=1

Z/p
ni

i

)
∼→

∏
�[ζ

p
n1
1

]⊗�···⊗��[ζ
p
nr
r

]/�
G(λp1⊗···⊗λpr ) .



UNIT GROUP OF GROUP RING 339

Here, for an A-algebra B which is finite and locally free over A, and for a B-scheme F, we
denote by

∏
B/A F the Weil restriction of F . That is to say, for A-algebra R,

∏
B/A F(R) =

F(R ⊗A B).

PROOF. Let A be a ring and let

f (T) =
∑

i

aiT
i =

∑
i1,i2,··· ,ir

ai1,i2,··· ,ir T
i1
1 T

i2
2 · · · , T ir

r

∈ A[T1, T2, · · · , Tr ]/(T p
n1
1

1 − 1, T
p

n2
2

2 − 1, · · · , T
p

nr
r

r − 1) .

We define
f (ζ) ∈ A ⊗�Z[ζ

p
n1
1

] ⊗�Z[ζ
p

n2
2

] ⊗� · · · ⊗�Z[ζp
nr
r

]
by

f (ζ) =
∑

i

aiζ
i =

∑
i1,i2,··· ,ir

ai1,i2,··· ,ir ⊗ ζ
i1

p
n1
1

⊗ ζ
i2

p
n2
2

⊗ · · · ⊗ ζ
ir
p

nr
r

.

If

f (T) ≡ 1 mod (T
p

n1−1
1

1 − 1)(T
p

n2−1
2

2 − 1) · · · (T p
nr−1
r

r − 1)

for f (T) ∈ (A[T1, T2, · · · , Tr ]/(T p
n1
1

1 − 1, T
p

n2
2

2 − 1, · · · , T
p

nr
r

r − 1))×, then

f (ζ) ∈ (A⊗�Z[ζ
p

n1
1

]⊗�Z[ζ
p

n2
2

]⊗�· · ·⊗�Z[ζp
nr
r

])× and f (ζ) ≡ 1 mod 1 ⊗ λp1 ⊗ · · · ⊗ λpr .

Hence we can define a homomorphism

ηA :V(n1,n2,··· ,nr )

( r∏
i=1

Z/p
ni

i

)
(A)→G(λp1⊗···⊗λpr )(A⊗�Z[ζ

p
n1
1

]⊗�Z[ζ
p

n2
2

]⊗�· · ·⊗�Z[ζp
nr
r

])

by

ηA(f (T)) = f (ζ) − 1

1 ⊗ λp1 ⊗ · · · ⊗ λpr

.

Note that ζ
i1
p1

n1

ζp1
j1 −1

ζp1−1 ⊗ · · · ⊗ ζ
ir
pr

nr

ζpr
jr −1

ζpr −1 (0 ≤ ik ≤ p
nk−1
k , 1 ≤ jk < pk) form a basis of

Z[ζp1
n1 ] ⊗� · · · ⊗�Z[ζpr

nr ] over Z. The injectivity of ηA:
Assume that ηA(f (T)) = 0. Then f (ζ) − 1 = 0. Since we can represent f (T) − 1 as a

linear combination of monomials

T
i1

1 T
i2
2 · · · T ir

r (T
j1p

n1−1
1

1 − 1)(T
j2p

n2−1
2

2 − 1) · · · (T jrp
nr −1
r

r − 1) (0 ≤ ik ≤ p
nk−1
k , 1 ≤ jk < pk)

uniquely, f (T) − 1 = 0. Hence ηA is injective.
The surjectivity of ηA:
For any

∑
i1,··· ,ir
j1,··· ,jr

ai1,··· ,ir ,j1,··· ,jr ⊗ ζ
i1
p1

n1

ζp1
j1 − 1

ζp1 − 1
⊗ · · · ⊗ ζ

ir
pr

nr

ζpr
jr − 1

ζpr − 1

∈ G(λp1⊗···⊗λpr )(A ⊗�Z[ζ
p

n1
1

] ⊗�Z[ζ
p

n2
2

] ⊗� · · · ⊗�Z[ζp
nr
r

]) ,
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we put

f (T) = 1+
∑

i1,··· ,ir
j1,··· ,jr

ai1,··· ,ir ,j1,··· ,jr T
i1
1 T

i2
2 · · · T ir

r (T
j1p

n1−1
1

1 −1)(T
j2p

n2−1
2

2 −1) · · · (T jrp
nr −1
r

r −1) .

Then

ηA(f (T)) =
∑

i1,··· ,ir
j1,··· ,jr

ai1,··· ,ir ,j1,··· ,jr ⊗ ζ
i1
p1

n1

ζp1
j1 − 1

ζp1 − 1
⊗ · · · ⊗ ζ

ir
pr

nr

ζpr
jr − 1

ζpr − 1

and f (T) ∈ V(n1,n2,··· ,nr )(
∏r

i=1 Z/p
ni

i )(A). Hence ηA is surjective.
Therefore ηA is bijective. �

2. The Z-rational points of the group scheme U(Z/p × Z/p).

Let p be a prime number and ζ be a primitive p-th root of unity. Put λ = ζ − 1. Then
(λ) is a prime ideal of Z[ζ ] and (λ)p−1 = (p).

For any commutative group G, there is a formula on the torsion free rank of Z[G]× as
follows.

THEOREM 2.1 ([2, Th. 13.5]). Let G be an arbitrary commutative group and let G0

be the torsion subgroup of G. Then

Z[G]× = ±G × F

where F is a free commutative group whose rank is defined as follows:

rank F =

⎧⎪⎨
⎪⎩

1
2 (|G0| − 2� + m + 1) if G0 is finite

0 if G4
0 = 1 or G6

0 = 1

|G0| if G0 is infinite, G4
0 �= 1 and G6

0 �= 1 .

Here m (respectively, � ) is the number of cyclic subgroups of G0 of order 2 (respectively, the
number of the cyclic subgroups of G0).

In particular, if G = Z/p × Z/p for a prime number p ≥ 5, then m = 0 and � = p + 2.
Hence,

rank Z[G]× = 1

2
(p + 1)(p − 3) .

DEFINITION 2.2. Let r = rank Z[G]×. There exists a system of r units u1, u2, · · · , ur

such that every unit of Z[G] is represented uniquely in the form

±g u
n1
1 u

n2
2 · · ·unr

r (ni ∈ Z, g ∈ G) .

In this case, we call {u1, u2, · · · , ur } a fundamental system of units in Z[G] and call each ui

a fundamental unit.
Let aug:Z[G] → Z be the homomorphism of Z-algebras defined by

∑
g∈G ag g �→∑

g∈G ag . If u ∈ Z[G]×, then aug(u) ∈ {±1}.
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We construct an independent system of finite index of the units of Z[G] for G = Z/p ×
Z/p using the rational points of unit group scheme U(G) of group ring scheme A(G).

At first, we give the direct product decomposition of Z[G]× when G = (Z/p)n

LEMMA 2.3. Let G = (Z/p)n and let ζ be a primitive p-th root of unity. λ := ζ − 1.
Then

Z[G]× ∼→ {±1} ×
n∏

i=1

U
(n

i)
i ,

where Ui := {ũ ∈ (Z[ζ ]⊗i)×|ũ ≡ 1⊗i mod λ⊗i }.
PROOF. Let I = {1, 2, · · · , n}. Then

U(G) =
∏
J⊂I

UJ (G)

by the direct product decomposition of U(G). And if 	J = k,

UJ (G)
∼→

∏
�[ζ ]⊗k/�

G(λ⊗k)

by Theorem 1.7. Hence we have

U(G)
∼→ Gm,�×

( ∏
�[ζ ]/�

G(λ)

)(n
1)

×
( ∏
�[ζ ]⊗2/�

G(λ⊗2)

)(n
2)

× · · · ×
( ∏
�[ζ ]⊗n/�

G(λ⊗n)

)(n
n)

.

Since U(G) = Z[G]× and
∏

�[ζ ]⊗k/�

G(λ⊗k)(Z) = Uk ,

Z[G]× ∼→ {±1} ×
n∏

i=1

U
(n

i)
i . �

Let G be a cyclic group. Then U1 = Z[G]×/{±1} and we obtain the independent system
of Z[G]× i.e. the independent system of U1. (cf. [1], [2]) In particular, if the order of G is
prime, then we get some results on the fundamental system of Z[G]× (cf. [2]). Let G be a
cyclic group of prime order p > 2 and let φ : Z[G] → Z[ζ ] be the homomorphism defined
by g �→ ζ , where g is a generator of G. For any unit u of Z[G], φ(u) ≡ ±1 mod (λ) i.e. the
restriction of φ to Z[G]× is nothing but the isomorphism of Lemma 2.3. Put u = φ(u).

Let G = Z/p × Z/p. We have rank U2 = 1
2 (p − 3)(p − 1) by Lemma 2.1. Therefore

we can expect to construct independent 1
2 (p − 3)(p − 1) units of U2.

We put H = Gal(Q(ζ )/Q). The isomorphism ϕ : Q(ζ ) ⊗� Q(ζ )
∼→ ∏

σ∈H Q(ζ )

defined by ϕ((
∑

aij ζ
i ⊗ ζ j )) = ∏

σ∈H(
∑

aij ζ
iσ (ζ j )) induces an injection ϕ : Z[ζ ] ⊗�

Z[ζ ] → ∏
σ∈H Z[ζ ].

THEOREM 2.4. Let G = Z/p × Z/p and let r1 = 1
2 (p − 3). We take an independent

system {ui |1 ≤ i ≤ r1} of the units in Z[Z/p] and let ui is image of ui in Z[ζ ] i.e. {ui |1 ≤
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i ≤ r1} is an independent system of U1. Then {ui(j)|1 ≤ i ≤ r1, 1 ≤ j ≤ p − 1} is an
independent system of U2, where ui (j) := ϕ−1((1, · · · , 1, ui

ĵ

, 1, · · · , 1)).

3. The proof of Theorem 2.4.

Let ϕ be the homomorphism as in section 2. At first, we prove some lemmas for the
proof of Theorem 2.4.

LEMMA 3.1. We employ

{ζ e1, ζ
2e1, · · · , ζ p−1e1, ζ e2, · · · , ζ p−1ep−1|ei = (0, · · · , 0,

i

1̆, 0, · · · , 0}
and

{ζ ⊗ ζ, ζ 2 ⊗ ζ, · · · , ζ p−1 ⊗ ζ, ζ ⊗ ζ 2, · · · , ζ p−1 ⊗ ζ p−1}
as bases of Z-modules (Z[ζ ])p−1 and of Z[ζ ] ⊗�Z[ζ ], respectively. Then the matrix repre-
sentation Aϕ of the injective homomorphism ϕ is

Aϕ = (Aij )1≤i,j≤p−1

where for each i, j , Aij = (a(i−1)(p−1)+k,(j−1)(p−1)+�)1≤k,�≤p−1 ∈ M(p − 1, Z) and

a(i,k,j,�) := a(i−1)(p−1)+k,(j−1)(p−1)+� =

⎧⎪⎨
⎪⎩

1 , if ij + � ≡ k mod p ,

−1 , if ij + � ≡ 0 mod p ,

0 , otherwise .

Then the inverse matrix B of Aϕ is as follows :
B = (Bj ′i′)1≤i′,j ′≤p−1

where for each i ′, j ′, Bj ′i′ = (b(j ′−1)(p−1)+�′,(i′−1)(p−1)+k′)1≤�′,k′≤p−1 and

b(j ′,�′,i′,k′) := b(j ′−1)(p−1)+�′,(i′−1)(p−1)+k′ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

p
, if i ′j ′ + �′ ≡ k′ mod p ,

− 1

p
, if k′ = �′ or else i ′j ′ = k′ ,

− 2

p
, if k′ = �′ and i ′j ′ = k′ ,

0 , otherwise .

PROOF. Since
∑p−1

j=0 ζ j = 0, it is trivial that Aϕ is the matrix of the representation of
ϕ. We prove that∑

j,�

a(i,k,j,�)b(j,�,i′,k′) =
∑
j,�

ij+�≡k

b(j,�,i′,k′) −
∑
j,�

ij+�≡0

b(j,�,i′,k′)

= δi,i′δk,k′ .
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When i = i ′ and k = k′, then∑
j,�

ij+�≡k

b(j,�,i,k) = (p − 2)
1

p
,

∑
j,�

ij+�≡0

b(j,�,i,k) = 2

(
− 1

p

)
.

Hence
∑

j,� a(i,k,j,�)b(j,�,i,k) = 1.
When i = i ′ and k �= k′, then

∑
j,�

ij+�≡k

b(j,�,i,k′) = 2

(
− 1

p

)
,

∑
j,�

ij+�≡0

b(j,�,i,k′) = 2

(
− 1

p

)
.

Hence
∑

j,� a(i,k,j,�)b(j,�,i,k′) = 0.
When i �= i ′ and k = k′, then

∑
j,�

ij+�≡k

b(j,�,i′,k) = − 1

p
,

∑
j,�

ij+�≡0

b(j,�,i′,k) = 1

p
+ 2

(
− 1

p

)
.

Hence
∑

j,� a(i,k,j,�)b(j,�,i′,k) = 0.
When i �= i ′ and k �= k′, then

∑
j,�

ij+�≡0

b(j,�,i′,k′) = 1

p
+ 2

(
− 1

p

)
.

And if we put

N = 	{(j, �)|ij + � ≡ k mod p, i ′j + � ≡ k′ mod p} ,

N ′ = 	{(j, �)|ij + � ≡ k mod p, i ′j ≡ k′ mod p} ,

then ∑
j,�

ij+�≡k

b(j,�,i′,k′) = N

(
1

p

)
+ (N ′ + 1)

(
− 1

p

)
.

Hence ∑
j,�

a(i,k,j,�)b(j,�,i′,k′) = N − N ′

p
.
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It is sufficient to prove that N = N ′. We may assume that i = 1. Note that the number
of the solutions of congruence equations in j and � for given i ′, k, k′ j + � ≡ k mod p and
i ′j ≡ k′ mod p is one at most. Suppose that (α, β) ∈ {(j, �)|j + � ≡ k mod p, i ′j + � ≡
k′ mod p}. We put γ such that i ′γ ≡ −β mod p. Since i �= i ′, k �= k′ and γ �≡ 0, α, β. And

i ′(α − γ ) = i ′α − i ′γ
≡ i ′α + β

≡ k′ mod p .

Hence (α − γ, β + γ ) ∈ {(j, �)|j + � ≡ k mod p, i ′j ≡ k′ mod p}. Conversely, we assume
that (α′, β ′) ∈ {(j, �)|j + � ≡ k mod p, i ′j ≡ k′ mod p}. We put γ ′ such that (i ′ − 1)γ ≡
−β mod p. Since i ′ − 1 ≡ 0, p − 1 mod p, γ �≡ 0,−α′, β ’. And

i ′(α′ + γ ′) + (β ′ − γ ′) = i ′α′ + i ′γ ′ + β ′ − γ ′

≡ i ′α′ + (−β ′ + γ ′) + β ′ − γ ′

≡ i ′α′

≡ k′ mod p

Hence (α′ +γ ′, β ′−γ ′) ∈ {(j, �)|j +� ≡ k mod p, i ′j +� ≡ k′ mod p}. Therefore N = N ′.
�

By the definitions of the elements of Aij (resp. Bij ), if i · j ≡ i ′ · j ′ mod p, then
Aij = Ai′j ′ (resp. Bij = Bi′j ′ ). Therefore if we define Ak (resp. Bk) by Aij (resp. Bij ) with
1 ≤ k ≤ p − 1 and k ≡ i · j mod p, then

Aϕ =

⎛
⎜⎜⎜⎝

A11 A12 · · · A1,p−1
A21 A22 · · · A2,p−1
...

...
...

Ap−1,1 Ap−1,2 · · · Ap−1,p−1

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

A1 A2 · · · Ap−1
A2 A4 · · · Ap−2
...

...
...

Ap−1 Ap−2 · · · A1

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝resp. B =

⎛
⎜⎜⎜⎝

B11 B12 · · · B1,p−1
B21 B22 · · · B2,p−1
...

...
...

Bp−1,1 Bp−1,2 · · · Bp−1,p−1

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

B1 B2 · · · Bp−1
B2 B4 · · · Bp−2
...

...
...

Bp−1 Bp−2 · · · B1

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠ .

Moreover, the matrices A1, A2, · · · , Ap−1 satisfy the following properties.
(1) |Ai | = 1 for any 1 ≤ i ≤ p − 1.
(2) AiAj = AjAi = Ai+j for any 1 ≤ i, j ≤ p − 1. In particular Ai = Ai

1.
Moreover, we have the following relation between the determinant of Aϕ and the discriminant
of Q(ζ ).

THEOREM 3.2.

det(Aϕ) = p
1
2 (p−1)(p−2) = (|The discriminant of Q(ζ )|) 1

2 (p−1) .

Here Aϕ is the representation matrix of ϕ in Lemma 3.1.
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PROOF. More generally (the discriminant of Q(ζn))= ±ppn−1(pn−n−1), where ζn is a
primitive pn-th root of unity and we have the sign − if pn = 4 or if p ≡ 3 mod 4 and we
have + otherwise (cf. [6, Prop. 2.1]). Hence, it is sufficient to show that

∣∣∣∣∣∣∣∣∣∣∣

En En · · · En

M1 M2 · · · Mm

M2
1 M2

2 · · · M2
m

...
...

...

Mm−1
1 Mm−1

2 · · · Mm−1
m

∣∣∣∣∣∣∣∣∣∣∣
=

∏
i<j

|(Mj − Mi)|

for M1, · · · ,Mm are n × n matrices such that MiMj = MjMi and En is n × n unit matrix.
In fact, if n = p − 1, m = p, M1 = 0 and M� = A�−1

1 for 2 ≤ � ≤ p, then

det(Aϕ) =
( ∏

1≤i<j≤p−1

|(Aj

1 − Ai
1)|

)
|A1| · · · |Ap−1

1 | .

Since |Am
1 − Ep−1| = p for 1 ≤ m ≤ p − 1, it follows that det(Aϕ) = p

1
2 (p−1)(p−2). �

We can get units of Z[ζ ] ⊗�Z[ζ ] as the inverse images of units of
∏

Z[ζ ] by the iso-
morphism ϕ. Moreover, we see that the units must be in U2. Now, we prepare the following
lemma.

LEMMA 3.3. Let α, β ∈ {1, 2} and α �= β. We put

S1 =
{ ∑

ai1i2ζ
i1 ⊗ ζ i2 ∈ Z[ζ ] ⊗�Z[ζ ]

∣∣∣ ∑
ai1i2ζ

i1 ⊗ ζ i2 ≡ 1 ⊗ 1 mod λ ⊗ 1

}

⊂ Z[ζ ] ⊗�Z[ζ ] ,

S2 =
{ ∑

ai1i2ζ
i1 ⊗ ζ i2 ∈ Z[ζ ] ⊗�Z[ζ ]

∣∣∣ ∑
ai1i2ζ

i1 ⊗ ζ i2 ≡ 1 ⊗ 1 mod 1 ⊗ λ

}

⊂ Z[ζ ] ⊗�Z[ζ ] .

Then following three conditions are equivalent for
∑

0≤i1,i2≤p−2

ai1i2ζ
i1 ⊗ ζ i2 =

∑
1≤i′1,i′2≤p−1

a′
i′1i′2

ζ i′1 ⊗ ζ i′2 ∈ Z[ζ ] ⊗�Z[ζ ] .

(1) Sα �
∑

0≤i1,i2≤p−2

ai1i2ζ
i1 ⊗ ζ i2 =

∑
1≤i′1,i′2≤p−1

a′
i′1i′2

ζ i′1 ⊗ ζ i′2 .

(2)
p−2∑
iα=0

ai1i2 ≡
{

1 mod p (iβ = 0) ,

0 mod p (iβ �= 0) .

(3)
p−1∑
i′α=1

a′
i′1i′2

≡ p − 1 mod p for any i ′β .
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PROOF. It is sufficient to prove them for α = 1, β = 2. (1) ⇒ (2) :∑
ai1i2ζ

i1 ⊗ ζ i2 ≡ 1 ⊗ 1 mod λ ⊗ 1

⇔1 ⊗ 1 + (λ ⊗ 1)
∑

ci1i2ζ
i1 ⊗ ζ i2 =

∑
ai1i2ζ

i1 ⊗ ζ i2 for some ci1i2 ∈ Z .

Hence if i2 = 0,
p−2∑
i1=0

a(i1)0 = 1 −
p−2∑
i1=0

c(i1)0 +
p−3∑
i1=0

c(i1)0 − (p − 1)c(p−2)0

≡ 1 mod p .

And if i2 �= 0,

p−2∑
i1=0

ai1i2 = −
p−2∑
i1=0

ci1i2 +
p−3∑
i1=0

ci1i2 − (p − 1)c(p−2)i2

≡ 0 mod p .

(2) ⇒ (1) : Let Z[ζ ] � ∑p−2
i=0 aiζ

i . Assume that
∑p−2

i=0 aiζ
i ≡ 0 mod (ζ − 1). Since

p−2∑
i=0

aiζ
i = (ζ − 1)

{
ap−2ζ

p−3 + (ap−2 + ap−3)ζ
p−4 + · · · +

( p−2∑
i=1

ai

)}
+

p−2∑
i=0

ai ,

the assumption is equivalent to
∑p−2

i=0 ai ≡ 0 mod p.

(2) ⇔ (3) : Since
∑p−1

i=0 ζ = 0, it is obvious. �

For the matrix B, we have equations similar to these in Lemma 3.3(3).

LEMMA 3.4. Let bi,k = (b(i−1)p+k,1 · · · b(i−1)p+k,(p−1)2) be the (i − 1)p + k-th row
of inverse matrix of Aϕ . We consider

∑
1≤k≤p−1 bi,k for any i. Then p − 1 elements of these

vectors are −1 and others are 0. It is similarly about
∑

1≤i≤p−1 bi,k .

We begin to prove Theorem 2.4.

We put

S =
{
(αi)1≤i≤p−1 ∈

( ∏
σ∈H

Z[ζ ]
) ∣∣∣∣ αi ≡ 1 mod λ2 for any i

}
⊃ ϕ (U2) .

At first, we fix an independent unit ui ∈ {ui |1 ≤ i ≤ r1} of Z[Z/p]×. Since (λ)p−1 = (p),
(ui

p, 1, · · · , 1) ∈ S. As

ui
p = 1 + p

p−2∑
i=0

aiζ
i

= −ζ − ζ 2 − · · · − ζ p−1 + p

p−1∑
i=1

biζ
i ,
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and the components of the inverse matrix of Aϕ are a
p

(a ∈ {1, 0,−1,−2}) by Lemma 3.1,

ϕ−1((ui
p, 1, · · · , 1)) ∈ ϕ−1(S). We put S1 and S2 as above. Then by Lemma 3.4 and Lemma

3.3, ϕ−1((ui
p, 1, · · · , 1)) ∈ S1 ∩S2 i.e. ϕ−1((ui

p, 1, · · · , 1)) ≡ 1⊗1 mod λ ⊗ λ. We obtain
the units ϕ−1((1, ui

p, · · · , 1)), · · · , ϕ−1((1, · · · , 1, ui
p, 1)) and ϕ−1((1, · · · , 1, ui

p)) simi-
larly. This argument can be applied to any elements of {ui |1 ≤ i ≤ r1}. Then we can get
r1(p − 1) units. Since r1 × 2 + r1(p − 1) = 1

2 (p − 3)(p + 1), it is sufficient to prove
that these units are independence. Assume that

∏
1≤i≤r

1≤j≤p−1
ui(j)

αij = 1 ⊗ 1. Since ϕ is an

injective homomorphism,

ϕ

(( ∏
1≤i≤r

1≤j≤p−1

ui(j)
αi1

))
=

( ∏
1≤i≤r

ui
αi1,

∏
1≤i≤r

ui
αi2 , · · · ,

∏
1≤i≤r

ui
αir ,

)
= (1, 1, · · · , 1) .

By the independence of units {u1, · · · , ur }, αij = 0 for any i and j . Hence these
1
2 (p − 3)(p − 1) units are independent. �

REMARK. We have to consider the fundamental units ui satisfying ui ≡ 1 mod λ2 for
constructing a fundamental system of U2.

4. Examples.

In this section, we construct a fundamental system of units in the group ring Z[G] for
some groups G. We define

u(n1,··· ,nr ) := ϕ−1(un1, · · · , unr )

for any units u ∈ Z[Z/p]× and integers nj , where ϕ is the homomorphism in the section 2.
In particular,

ui (j) = ui
(0,··· ,0,

j

p̆,0,··· ,0)

for a fundamental unit ui .
First, let G = Z/5 × Z/5.

LEMMA 4.1. We consider the fixed fundamental unit u = g 3 + g 2 − 1 ∈ Z[Z/5]×,
where g is a fixed generator of Z/5 (cf. [2, Example 15.4]). Let φ : Z[Z/5] → Z[ζ ] be a
homomorphism defined by g �→ ζ . For (φ(u))i = ∑4

j=1 a(i)j ζ
j , the following hold.

(1) If j + j ′ ≡ 0 mod 5, then a(i)j = a(i)j ′,
(2) a(i)1 ≡ −1 + 2i mod 5 and a(i)2 ≡ −1 + 3i mod 5.

PROOF. Note that u−1 = g 4 + g − 1. Therefore it is sufficient to prove the assertions
for i ≥ 1. Since φ(u) = ζ + 2ζ 2 + 2ζ 3 + ζ 4, the assertions hold for i = 1. We assume that
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the assertions are true for i ≤ k − 1. Then

(φ(u))k =
( 4∑

j=1

a(k−1)j ζ
j

)
(ζ + 2ζ 2 + 2ζ 3 + ζ 4)

= −a(k−1)2ζ + {−3a(k−1)2 + a(k−1)1}ζ 2 + {−3a(k−1)2 + a(k−1)1}ζ 3 − a(k−1)2ζ
4 .

Hence

a(k)1 = −a(k−1)2 ≡ −1 + 2k mod 5 ,

a(k)2 = −3a(k−1)2 + a(k−1)1 ≡ −1 + 3k mod 5 .

�

By Lemma 3.1, we have

Aϕ =

⎛
⎜⎜⎝

A1 A2 A3 A4
A2 A4 A1 A3
A3 A1 A4 A2
A4 A3 A2 A1

⎞
⎟⎟⎠ ,

where

A1 =

⎛
⎜⎜⎝

0 0 0 −1
1 0 0 −1
0 1 0 −1
0 0 1 −1

⎞
⎟⎟⎠ , A2 =

⎛
⎜⎜⎝

0 0 −1 1
0 0 −1 0
1 0 −1 0
0 1 −1 0

⎞
⎟⎟⎠ ,

A3 =

⎛
⎜⎜⎝

0 −1 1 0
0 −1 0 1
0 −1 0 0
1 −1 0 0

⎞
⎟⎟⎠ and A4 =

⎛
⎜⎜⎝

−1 1 0 0
−1 0 1 0
−1 0 0 1
−1 0 0 0

⎞
⎟⎟⎠

and

B =

⎛
⎜⎜⎝

B1 B2 B3 B4
B2 B4 B1 B3
B3 B1 B4 B2
B4 B3 B2 B1

⎞
⎟⎟⎠ ,

where

B1 =

⎛
⎜⎜⎜⎜⎝

− 2
5

1
5 0 0

− 1
5 − 1

5
1
5 0

− 1
5 0 − 1

5
1
5

− 1
5 0 0 − 1

5

⎞
⎟⎟⎟⎟⎠ , B2 =

⎛
⎜⎜⎜⎜⎝

− 1
5 − 1

5
1
5 0

0 − 2
5 0 1

5

0 − 1
5 − 1

5 0
1
5 − 1

5 0 − 1
5

⎞
⎟⎟⎟⎟⎠ ,

B3 =

⎛
⎜⎜⎜⎜⎝

− 1
5 0 − 1

5
1
5

0 − 1
5 − 1

5 0
1
5 0 − 2

5 0

0 1
5 − 1

5 − 1
5

⎞
⎟⎟⎟⎟⎠ and B4 =

⎛
⎜⎜⎜⎜⎝

− 1
5 0 0 − 1

5
1
5 − 1

5 0 − 1
5

0 1
5 − 1

5 − 1
5

0 0 1
5 − 2

5

⎞
⎟⎟⎟⎟⎠ .
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By the above matrix and Lemma 4.1,

ϕ((Z[ζ ] ⊗ Z[ζ ])×) � (ua, ub, uc, ud) ⇔ a + 2b + 3c + 4d ≡ 0 mod 5 .

And by Lemma 3.3,

ϕ−1((ua, ub, uc, ud)) ≡ 1 ⊗ 1 mod λ ⊗ λ ⇔ a + b + c + d ≡ 0 mod 5

and a + 4b + 4c + d ≡ 0 mod 5 .

Hence {(u, u2, u3, u4), (1, u5, 1, 1), (1, 1, u5, 1), (1, 1, 1, u5)} forms a generating system of
U2. In fact, for any

(ua, ub, uc, ud) ∈ U2 ,

we can write

(ua, ub, uc, ud) = (u, u2, u3, u4)a(1, u5, 1, 1)
b−2a

5 (1, 1, u5, 0)
c−3a

5 (1, 1, 1, u5)
d−4a

5 .

By the conditions, b−2a
5 , c−3a

5 , d−4a
5 ∈ Z. Therefore we have the following.

EXAMPLE 4.2. Let G = Z/5×Z/5 and let u = g 3 +g 2 −1. Then u is a fundamental
unit of U1 and

{u(1,2,3,4), u(2), u(3), u(4)}
is a fundamental system of U2.

Secondly, let G = Z/7 ×Z/7. We get the fundamental units u1 = g 2 − g + 1 and u2 =
−g 5 − g 4 − g 3 + 2g + 2 of Z[Z/7] by [2, Example 15.5]. Here g is the generator of Z/7.
We replace u1 and u2 by g 6u1 and g 3u2, respectively. Then u1, u2 ≡ 1 mod λ2.

LEMMA 4.3. For any n ∈ Z, we put

ui
n =

6∑
j=1

a(n)j ζ
j .

Then a(n)j = a(n)7−j and a(n)3 ≡ 4 − a(n)1 − a(n)2 mod 7.

PROOF. Since u1 = 2ζ + ζ 2 + ζ 3 + ζ 4 + ζ 5 + 2ζ 6, u2 = ζ 2 + 3ζ 3 + 3ζ 4 + ζ 5 and
aug(ui) = 1, we get the assertion. �

REMARK. For any prime number p ≥ 5, let u = ∑p−1
i=1 aiζ

i be a fundamental unit of
Z[Z/p] such that aj = ap−j for any j . Then

ap−1
2

≡ p − 1

2
−

( p−1
2 −1∑
i=1

ai

)
mod p .
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By Lemma 3.1, we get the matrices

A =

⎛
⎜⎜⎜⎜⎜⎜⎝

A1 A2 A3 A4 A5 A6
A2 A4 A6 A1 A3 A5
A3 A6 A2 A5 A1 A4
A4 A1 A5 A2 A6 A3
A5 A3 A1 A6 A4 A2
A6 A5 A4 A3 A2 A1

⎞
⎟⎟⎟⎟⎟⎟⎠

,

where

A1 =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 −1
1 0 0 0 0 −1
0 1 0 0 0 −1
0 0 1 0 0 −1
0 0 0 1 0 −1
0 0 0 0 1 −1

⎞
⎟⎟⎟⎟⎟⎟⎠

, A2 =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 −1 1
0 0 0 0 −1 0
1 0 0 0 −1 0
0 1 0 0 −1 0
0 0 1 0 −1 0
0 0 0 1 −1 0

⎞
⎟⎟⎟⎟⎟⎟⎠

,

A3 =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 0 −1 1 0
0 0 0 −1 0 1
0 0 0 −1 0 0
1 0 0 −1 0 0
0 1 0 −1 0 0
0 0 1 −1 0 0

⎞
⎟⎟⎟⎟⎟⎟⎠

, A4 =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 −1 1 0 0
0 0 −1 0 1 0
0 0 −1 0 0 1
0 0 −1 0 0 0
1 0 −1 0 0 0
0 1 −1 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎠

,

A5 =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 −1 1 0 0 0
0 −1 0 1 0 0
0 −1 0 0 1 0
0 −1 0 0 0 1
0 −1 0 0 0 0
1 −1 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎠

and A6 =

⎛
⎜⎜⎜⎜⎜⎜⎝

−1 1 0 0 0 0
−1 0 1 0 0 0
−1 0 0 1 0 0
−1 0 0 0 1 0
−1 0 0 0 0 1
−1 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎠

and

B =

⎛
⎜⎜⎜⎜⎜⎜⎝

B1 B2 B3 B4 B5 B6
B2 B4 B6 B1 B3 B5
B3 B6 B2 B5 B1 B4
B4 B1 B5 B2 B6 B3
B5 B3 B1 B6 B4 B2
B6 B5 B4 B3 B2 B1

⎞
⎟⎟⎟⎟⎟⎟⎠

,

where

B1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

− 2
7

1
7 0 0 0 0

− 1
7 − 1

7
1
7 0 0 0

− 1
7 0 − 1

7
1
7 0 0

− 1
7 0 0 − 1

7
1
7 0

− 1
7 0 0 0 − 1

7
1
7

− 1
7 0 0 0 0 − 1

7

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, B2 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

− 1
7 − 1

7
1
7 0 0 0

0 − 2
7 0 1

7 0 0

0 − 1
7 − 1

7 0 1
7 0

0 − 1
7 0 − 1

7 0 1
7

0 − 1
7 0 0 − 1

7 0
1
7 − 1

7 0 0 0 − 1
7

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,
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B3 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

− 1
7 0 − 1

7
1
7 0 0

0 − 1
7 − 1

7 0 1
7 0

0 0 − 2
7 0 0 1

7

0 0 − 1
7 − 1

7 0 0
1
7 0 − 1

7 0 − 1
7 0

0 1
7 − 1

7 0 0 − 1
7

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, B4 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

− 1
7 0 0 − 1

7
1
7 0

0 − 1
7 0 − 1

7 0 1
7

0 0 − 1
7 − 1

7 0 0
1
7 0 0 − 2

7 0 0

0 1
7 0 − 1

7 − 1
7 0

0 0 1
7 − 1

7 0 − 1
7

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

B5 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

− 1
7 0 0 0 − 1

7
1
7

0 − 1
7 0 0 − 1

7 0
1
7 0 − 1

7 0 − 1
7 0

0 1
7 0 − 1

7 − 1
7 0

0 0 1
7 0 − 2

7 0

0 0 0 − 1
7 − 1

7 − 1
7

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

and B6 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

− 1
7 0 0 0 0 − 1

7
1
7 − 1

7 0 0 0 − 1
7

0 1
7 − 1

7 0 0 − 1
7

0 0 1
7 − 1

7 0 − 1
7

0 0 0 1
7 − 1

7 − 1
7

0 0 0 0 1
7 − 2

7

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Then we can get a fundamental system of Z[Z/7 × Z/7]×.

EXAMPLE 4.4. Let G = Z/7×Z/7, u1 = g 2 −g +1, u2 = −g 5 −g 4 −g 3 +2g +2,
and let u = u4

1u2. Then {u1, u2} is a fundamental system of U1 and

{ui(1,2,3,4,5,6), u(0,1,1,5,4,3), u(0,0,1,4,3,6), u1(j), u2(j ′) | 1 ≤ i ≤ 2, 2 ≤ j ≤ 6, 4 ≤ j ′ ≤ 6}
is a fundamental system of U2.
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