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1. Introduction and assumptions.

This paper is a continuation of [7]. That is, in the framework of the _»-construction
we consider a finite rank perturbation of a self-adjoint operator Hy without assuming semi-
boundedness for Hy. The H_;-construction has been developed by A. Kiselev and B. Simon
[1], S. T. Kuroda and H. Nagatani [2], [3] and have been applied to Schrodinger operators
with a singular perturbation by H. Nagatani [4] and S. Shimada [6].

In this paper we consider the embedded eigenvalues of Hr and the existence of the wave
operator Wi (Hy, Hr). We prepare some notations. Let H be a Hilbert space with the inner
product (-, -}, Hop a self-adjoint operator in H and Ry(z) = (Hy — 27! (Imz # 0). We put
Hy = {u € H; |(1Ho| + 1)*/2ul| < oo} fors > 0, and H, := (H_s)* fors < 0. Remark that
Hs C H C H_s for s > 0. For simplicity we use the same symbol (-, -) for the dual coupling
(-, -)s,—s of Hs and H_; (s € R), and regard the operator Ry(z) with Im z # O as the element
of L(H, H) N L(Hs, Hs+2) for Imz # 0.

DEFINITION. Define
W(z) = W(z,i) = (z = ) Ro(z)Ro (i)
and the operator R7(z) in H
R7(2) = Ro(z) — Ro@)(1 + TW(2) "' TRo(z), Imz#0. )
To define the self-adjoint operator Hr for T € L(H2, H—_2) we use the following theorem (cf.
[3D.
THEOREM 1.1 ([3]). IfT € L(H>, H-») satisfies
T—T*=TW(—i,)T*=T*W(—i,)T, 2)

u—TRy(u=0, ueHo=u=0, 3)
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then the operator Rt (z) above is well-defined and satisfies the resolvent equation, i. e., for
Imz, Imw # 0

Rr(z) = Rr(w) = (z —w)Rr (D) Rr(w) = (z — w)R7 (W) R7(2) .
Furthermore there exists a unique self-adjoint operator Hy such that Ry (z) = (Hr —z)~ .
ASSUMPTION (Hp). Hp has only absolutely continuous spectrum and satisfies
o (Ho)(= 0ac(Ho)) =R. “
ASSUMPTION (T). For T € L(Hy, H—») with R = RangeT assume the conditions

(2) and (3) and
(T1) Forany A € Randforany f,g € R,

liﬁ)l(Ro()» tie)Ro(=0) [, g},

exist, locally uniformly in R.
(T2) There exists a dense subset D of H such that for any A € R and for any f € R,

lim(Ry(A £ie)u, f), ueD,
el0

exist, locally uniformly in R.

In this paper we always suppose Assumptions (Hp) and (T). We are mainly interested
in the existence of the embedded eigenvalues of Hr, the explicit form of the eigenvectors
corresponding to the eigenvalues and the asymptotic completeness of the wave operators
W+ (Ho, Hr). The organization of this paper is as follows. In section 2 we investigate the
necessary and sufficient condition for the existence of the eigenvalue of Hr. In section 3 we
prove the asymptotic completeness of the wave operators W (Hp, Hr). In section 4 we in-
vestigate the case where a perturbation has rank one and compare with their results ([4], [6])
and ours.

2. Embedded eigenvalues (Finite rank case).
In this section we consider the case dimR = N. By the condition (2) we can easily
obtain the following lemma.

LEMMA 2.1. Thereexistabasis|fi, -, fnlof Randpu;j (#0)eC(j=1,---,N)
such that

(Ro() fj, Ro(G) fx) = Sjk »

N
Tu=Y pjlu fi)fj, ueH.
j=1

PROOF. Putting T := Ro(i)T Ro(—i) we multiply the equation (2) by Ro(i) (from
left) and Ro(—i) (from right). Then we have

W —T"=-=2iT"==-2iT"Th
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Hence 77 is a normal operator. Therefore T can be decomposed as above. O
We fix a basis [ f1, -+, fnv] of R asin Lemma 2.1. We use the following notations:
NOTATIONS.

g;=njfi. vik@=W@fk,9;) (1=jk=<N),
V(z) = Wjr(@)1<jk<n(N x Nmatrix), A(z) =det({ + V(2)),
Ajr(z) is a cofactorof I + V(2) .

Then we have

A1(z) Az -+ Ani1(2)

B 1 App(z)  Axn(z) - An22)
I+V@E)™! =20l A : : (5)

Ain(z) Aan(z) -+ AnnN(2)

LEMMA 2.2. Forz € p(Ht) N p(Hop) and for u € 'H we have

N

Rr@u = Ro@u — A" Y Aj@) (Ro(u, g1)Ro() f;- ©)
jik=1

Furthermore we have

R (2)Ro(0) fm
)
N
= Ro@R(0) fin — ——Ro@) fn + ———— 3" Mm@ Ro( i
’ "= G ’
(RT () Ro(i) fons Ro(—i)g.,)
T (Z)IXQ 0 - ®)
_ . . _ 2 mn
= (Ro(@Ro(0) fns Ro(—)g,) = (2 = D) 2voan (@) + =55 0

PROOF. For simplicity we write W(z) = W and vjx(z) = vj;. We calculate (1 +
TW)~'T, (u € Hy). Since I+TW)™'T = T(I+TW)~! (cf.[3]),weput [ +TW)~' T, =
Zjvzl cj f; and determine ¢;. Since Tu = Zjvzl cj(I +TW)fj, we have

N

N N
Y g fi =Tu = Zc U +TW)f; = Zc;(f,- +Z<ij,gk>fk>

=1 j=I j=l k=1

N N
=Y+ L)
k=1

j=1
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Comparing the coefficients of f; of each hand side, we have

(u, g1) Vit V12 - VIN c1
(u, go) v Up e V2N 1)
=7+
(u, g n) UNT UN2 - UNN CN
By Crammer’s formula we have
1+ vy1 V12 e A{u,gq) - viN
V21 IL+wvn -+ (u,g2) - V2N
cj=1| . ) ) . . /A(z)
UN1 vy2 - {u,gn) -+ LT+ounw

N
=Y Ajrlu, g1/ A@)
k=1

where we used (5). Hence we have (6).
By (Ro(z)Ro(0) fim. 9 ) = (2 — D~HUW (@) fn, g ;) and the cofactor expansion of the

matrix I + V (z) we obtain

N
AR Y ARG RG) finr 95) Ro(2) £

Jik=1
1 N
= ————— ) Ajp@umRoR) S -
(z—i)A(z) J J
j.k=1
We first calculate the sum with respect to k.
14+vyp - o ... VIN
N N : R :
ZA;kvkm = Z vkt e Lo kN | Uk
k=1 k=1] oo :
UN] e O e UNN
I+vyp -+ vim -+ VIN
= : vkm UkN
UN1 “+ UNm -+ UNN
1+U11 vlm UlN 1+v11 O UlN
=] Uml oo T4 vem o UnN|— | Um R L Y
‘UNl e UN’" PR UNN ‘UNl PR O ... vNN

=8imA) — Aju(2).
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Hence we obtain (7). Similarly we have (8). O
To the end of this section we fix A € R.

LEMMA 2.3. Let
()L - Z)Amn(Z)

Cmn(2) = Gz —DAR)

Then the following limit exists:
cmn(X 4+ 10) ;== limcp, (A +i€).
el0
PROOF. Remark that by Assumption (T1) limg o vum (A +1€) exists and that Eg({1}) =
0. Using (8), we have
(ET({ADRo() fin, Ro(—i)g,) = Liig(—w(RT(?» +i&)Ro(@) fin, Ro(—i)g,))

= liﬁ)l < — ie(Ro(k +i&)Ro(i) fu, Ro(=i)g,) +ieh+ie — i) vam(h + i)

—ieAun(A +ie)
(A +ie—i)2A +is)

_ . . . —ieApu (A +ig)
= (Eo({ADRo(@) fm: Ro(=)g,) +LI¢H01 ¥ is—PAG i)

. —ieApn(A+ieg)
1m =
el0 A +ie—i)2AMN+ie) A-—

lim ey (A + i€) .
1 ¢l0

Hence limg o ¢;un (A + i) exists. O
We put
CA+i0) = (cmn(X + io))lgm,ngN s )
N
hn(@) =) cmj@Ro(@)f; (mz#0,1<m<N).
j=1
THEOREM 2.4. A € o,y (Hy) if and only if the following condition is satisfied:
RankC(A +i0) #0.
If A € opp(HT), then w-1img o hp (A +ie) (1 < m < N) exists and satisfies
1
Rr(@)hy, (A +1i0) = mhm()»+i0), (10)

and dim E7 ({A})H = RankC (A 4 i0).

REMARK. (i) A(A+i0) = 0follows from RankC (A +i0) # 0. In fact, if A(A+i0) #
0, then limg o eAn (A +ie)/AL +ie) =0(1 <m,n < N).

(i) The equality (10) is desirable, because by comparing with Theorem 4.1 we expect
that there exists f(# 0) € R such that Hr Ry(A 4+ i0) f = ARo(A +i0) f, i.e., Ro(A +i0) f
is an eigenvector of Hr corresponding to A.
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To prove Theorem 2.4 we prove some lemmas.
LEMMA 2.5. For f € R we have

® sup [[Ro(A +ie) fl < o0

O<e<l

if and only if

sup [[Ro(D)Ro(A +ie) fIl < o0,

O<e<l1

(i1) limg o [|[Ro(A +ie) f| exists. (The value may be infinity.)
PROOF. (i) By the resolvent equation we have
|z — il Ro(2) Ro (i) fII”
= ((Ro(2) = Ro())(Ro(2) — Ro(=i)) f, f)
= [Ro@) fI* = 2Re(Ro()Ro(@) f, f) + I Ro() f1I*
Since the second term (Ro(z) Ro(i) f, f) converges as ¢ | 0 (z = X + ie) by Assumption
(T'1), we obtain (i).
(ii) By the spectral representation of Hy we see that || Ro(A +ig)Ro(i) f |2 is monoton-
uously increasing as ¢ | 0. Hence we have (ii). O
LEMMA 2.6. Foranyu € D(Ht) and for any f € R we have

lime(u, Ro(L +ie) f) = 0.
el0

PROOF. Itis sufficient to prove that limg o e(R7 (i)u, Ro(A+ie) f) =0 foranyu € H
and for any f € R. By (7) we can easily obtain
(Rr({)u, Ro(A +ig) f)
N
= (Ro(i))u, Ro(A +ie) f) — Z(Ro(i)u, g i) (Ro(@) fj, Ro(A +ie) f)

j=1

N
= (u, Ro(x + i&)Ro(—i) f) — Y _{u, Ro(—i)g ;}{Ro(i) fj, RoGh + i) f) .
j=1
Multiplying each side by &, we have, by Assumption (T1) and Eo({A}) = 0,
liir(}s(RT(i)u, Ro(A+ie)f) =0. O
&

LEMMA 2.7. Assume that u € D(Hr) satisfies Hru = Au. If (u, Ro(—i) f) = 0 for
any f € R, thenu = 0.

PROOF. Since u is an eigenvector of Hr and by (7), we can easily see that

; _iu = R7r()u = Ro(i)u .
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Hence we have u € D(Hop) and Hou = Au. By 0,,,(Hp) = ¥ we conclude u = 0. O

LEMMA 2.8. For h,, (2) in (9), we have

(1) w-limg oh, (X +ie) (1 <m < N) exists,

(1) (RTWhu (A +1i0),u) = ﬁ(hm(k +i0), u) foranyu € H ,
@iii) dim L.A.[hi (A +1i0),--- , Ay (XA +i0)] = RankC (A + i0).

PrROOF. (i) By (7)and Eo({r}) = O for u € H we have
(Ro(=0))ET({AD)Ro(i) fm, u) = lgiig(—is(Ro(—i)RT(k +ie)Ro(@) fm, u))
= liig{—w(Ro(—i)Ro()» +ie)Ro(@) fm, u}
+ieO +ie —i) " (Ro(—i)Ro(A + i€) fin, u) + (Ro(—i)hm (h + i€), u))}

= lim(Ro(—=i)hyu (A +ie), u).
el0

This means that w-limg o Ro(—i)h, (A + i€) exists and is equal to
Ro(=1)ET({AD) Ro (i) fm -

By Lemma 2.5 (i) &, (A + ie) is bounded. Since H> is dense in H, by the standard argument
we conclude that w-limg o /1, (A +ie) = ET({A}D)Ro(@) fin-
(ii)) By (i) it is suffcient to prove that

1
Ry (ki (2) = —h(2) = (A )2Ro(z>fm, (1<m=<N).
Using (7) and A(i) = 1 we have
Ry (i) (2)
N N N
= Ro(i) ) cmj(D)Ro(2) fj — Z<Ro(i) > emj@Ro() i gk>Ro(i>fk
j=1 k=1 j=1
= —l Zcm, @R@) fj — — Zcm, @) Ro(i) £

N
N N
Z Y emi(@(Ro()Ro(2) f» 95) Roi) fi

k

—_
—_

(2)

Z—l

(Zcm,(z)Romf, + ZZcm,(z) ((z = i)Ro()Ro(2) f}. gx) RO(l)fk)

k=1 j=1



330 KAZUO WATANABE

Calculating the sum of j of the third term in the right hand side, we see that

al al A—2z
D emi W@ fj, g1 = Y mj@ukj (@) = = Ak — ek (2) -
= o z—1

Hence we obtain (ii).

(iii) For simplicity we write

hw =hm (A +100),  cmj =cpnj(A+i0), C=CMA+i0), vyj =vy(A+i0).
Putting A = {(a1,--- ,an) € CV; fo:l dmhy, = 0}, we calculate dim A. By (ii) and
Lemma 2.7 we see that

N
dim A = dim {(al, o) € €V (b, Ro(—i)gg) = 0,1 <k < N}.
m=1

By (ii) we can justify the following calculation: for 1 < k < N

N N
1
0= <RT(i) Z Wl RO(_i)gk> = : Z e (M, Ro(=i)gp)

m=1 m=1

1

N N
Ta—i Y am Y cmj(RoG +i0) f, Ro(=i)gy)

m=1 j=1

1 N N | N
= m Zam Zcmjvkj = m Z()[mcmk.
j=1 m=1

m=1
Hence we have dim A = dimker ’C. Therefore we conclude that

dim L.h.[h, -+, hy] = RankC. O

LEMMA 29. Ifu € D(Hr) satisfies Hru = Au, then (Ro(@) fm,u) = {(hm,u) for
1<m<N.
PROOF. Combining (7) and Lemma 2.6 we see that
(Ro(@) fim, u) = Liﬁ)l(—ie(RT(?» +i&)Ro(0) fm, u)) = (b, u) . U
LEMMA 2.10. Let u; satisfy Hruj = Auj (1 < j < N). Then
dimL.h.[uy,--- ,uy] < RankC .

PROOF. By Lemma 2.7 we see that

N

j=1

N
= {(011,“' ,C(N) ECN?Za](ustO(_l)fm> :()1(1 Em E N)}
j=1
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Hence we have

dimL.h.[uy,--- ,uy] =dimL.h.[ay,---,ay] = Rank[ay,---,ay]
where a; = ’((uj, Ro(=i) f1), -+, (uj, Ro(—1) fn)). By Lemma 2.9 (ii) we have
Rank[aj, --- ,ay] = Rank[by, --- , by]
where b; = t((uj,h1), -+, (uj, hy)). Since dim L.h.[hy, -, hy] = RankC by Lemma
2.8, we have proved this lemma. |

PROOF OF THEOREM 2.4. We have already obtained (10) by Lemma 2.8 (ii). So we
prove the rest of the statements. Let A € o, (H7) and u an eigenvector of Hr corresponding
to A. We prove RankC # 0. We assume that RankC = 0. Combining Lemma 2.8 (ii), (iii)
and Lemma 2.9, we have 0 = (u, 0) = (u, h;y) = (u, Ro(i) fin), (1 <m < N). By Lemma
2.7 we have u = 0, which is a contradiction.

Conversely we assume RankC # 0. Then there exists, at least, an (m, n) such that
cmn 7 0. By (8) we see that

(Er({ADRo(@) fin, Ro(—i)g,) = Liig(—ifi(RT()» +ie)Ro(i) fm, Ro(—i)g,)
=cmn(A +10).

Hence we obtain E7({\}) # 0.

We prove that dim E7({A}) = RankC. In general, we remark that N > dim E7({1}).
By Lemma 2.8 (ii) and (iii) dim E7({A}) > dim L.h.[h1, - - - , hy] (= RankC). On the other
hand, by Lemma 2.10 we have dim E7({A})H < RankC. We have thus completed the proof
of Theorem 2.4. O

3. Asymptotic completeness of wave operators.

In this section we consider the asymptotic completeness of the wave operators
Wi (Ho, Hr). (We use the same notations as in section 2.) In general, the wave operators
Wi (Hy, Hy) for self-adjoint operators Hi and H; are defined by

Wi(Hy, Hy) =5 — lim """ Py (Hy),

where P,.(Hy) is the projection for the absolutely continuous subspace of Hy. If Wi (Hy, H)
exists, then we say that W1 (Hy, H>) are complete if and only if Range W4 = P,.(H>). And
we say that Wi (Hy, H») is asymptotically complete if and only if Wi (H|, H;) is complete
and oyinq (H2) = 0.

THEOREM 3.1. The wave operators Wi (Ho, Hr) are asymptotically complete.

REMARK. As for the scattering matrix, it inverstigated in [8] for more general 7. And
see [4] in the case of the usual Laplacian Hy = — A and RankT = 1.

Using the following theorem we can easily see that W4 (Ho, Hr) are complete.
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THEOREM 3.2 (Kuroda-Birman theorem, [5, Theorem X1.9]). Let H| and H» be self-
adjoint operators such that (H; — z)f1 — (Hy — z)f1 is of trace class for some z € p(Hy) N
o (H>). Then Wi (H1, H>) exist and are complete.

Since

N
Rr(i)u — Ro(iu =Y (Ro(D)u, g )Ro(i) fj, u €™,
j=1
we see that Wy (Hp, Hr) exist and are complete. Hence, in order to show the asymptotic
completeness of W+ (Ho, Hr) it remains only to verify osing (Hr) = 0.

LEMMA 33. Put Ny := {A € R;A(A+i0) = 0}. Then Ny = N_ and Nz is
discrete.

PROOF. We prove Ny = N_. Putting
A= (ujdj)<jik<n, B@) = Wjr(2)1<ji<n .
where wx (z) = (W(z2) fk, fj), we see that V(z) = AB(z). Since w jx(z) = wi;(z), we have
det(I + V(2)) = det(I + AB*(z)) = det((I + B(z)A)*)
= det(I + B(z)A) = det(A~1(I + AB(z))A) = det(I + AB(2)) = A(z).

Hence N = N_.

We put A := N, = N_ and prove that N is discrete. Assume, for contradition, that A/
is dense in some open interval (a, b). Since A(A + i0) is continuous in (a, b) by Assumption
(T) and (8), we see that A(A +i0) = O in (a, b). Since A(z) is analytic in {z € C; Imz > 0},
by the reflection principle of the analytic function there exists some ¢ > 0 such that A(z) has
an analytic continuation A(z) in (a, b) x [—i¢, i€]. So by the identity theorem of the analytic
function, we see that A(z) =01in (a, b) x [—ie, ie]. This is a contradiction.

Follwing [5, section XIII], we prove that oy, (H7) = $. By Weyl’s theorem we see
that 0.5 (Hr) = 0055(Hp) = R. So it is sufficient to prove oy, (Hr) N [0,00) = . We
put N := Ni. If we prove osing (Hr) C N U {0}, then oyi,g (Hr) is a countable set and
hence oying (Hr) = . Since NV is discrete, we can take an open interval (a, b) such that
[a, b1 N (N U {0}) = @. We remark that for u € D(R7 (A +i0)u, u) — (Ro(A 4+ i0)u, u) are
continuous in (a, b) by Assumption (T2). By the continuity of (R (A +i0)u, u) (u € D) and
Stone’s formula, i.e.,

1 b
(ET((a, b))u,u) = i / (RT(A+i0)u,u) — (RT(A+iO)u, u))dxr,
we have
(Er((a, D))u,u) € C1(u)(b —a) + (Eo((a, b))u, u),

where C1(u) is a constant dependent on u. Hence we have E7((a, b))D C P,.(Hr)H. Since
P,.(Hr)H is closed in H and D is dense in H, E7((a, b))H C P, .(HT)H. O
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4. Rank one perturbation.

We consider a rank one perturbation. We assume Assumption (Hp), (T) and dimR = 1,
andput f := fi,u:=1land A(z) =14+ (z —i)(Ro(2)Ro (@) f, f)-

THEOREM 4.1. Let A € R. A € o,,(Hr) if and only if the following condition is
satisfied:

ie
CA+i0):=lim— #0
G400 :=lm e

Under the condition above, we have

1
li Ro(A +i 2_Re|— ,
elﬂ)lll oA +ie)fl e(C(A+iO))<oo

and Ry(A 4+ i0) f is an eigenvector of Hr corresponding to A.

PROOF. By Theorem 2.4 we have already obtained the first and the last statements. So
we prove the second statement. We can take u, € H such thatu,, — f (n — 00) in H_,.
We have, by the resolvent equation,

1+ X +ie—i)(Ro(XA+ie)Ro(un, up) — (1 + (X —ie —i){(Ro(X —ig)Ro(i)un, un))
= ((Ro(A +i&) — Ro(i))un, un) — ((Ro(A —i€) — Ro(i))un, un)
=2ie(Ro(A +i€)Ro(h — i)y, un) = 2ie||Ro(A + i&)un|?.
Letting n — 0o, we have
A\ +ig) — A\ —ig) =2iel|Ro(A +ie) f*.
Taking account of A(z) = A(z), we have
Re (#;”8)) = [[Ro(x +ie) fII*.
Hence we have

1
lim || Ro(A + i Z=Re(———).
Sligll oL +ie)fl e(C(k—l—iO))
The rest of the proof is to show Re C(A + i0) # 0. Assume that Re C(A + i0) = 0 and put

a(e) :=Re(ie/A(A +ie)) (limgyoa(e) = 0). Then

ie —ie ie(A(L—ie) — AL +ie))
a(e) = — + — = —>
AA+ie) A —ie) [AA+ig)]
_ 28| Ro(x +ie) f11?
T A+ ie))?

Remark that lim, ¢ || Ro(A+i€) f|| exists by Lemma 2.5 (ii). If we assume that lim, o || Ro (A +
ie) f1l > 0, then we have lim, o 2¢2/|A(A+i€)|? = 0. This is a contradiction to C (A +i0) #
0. Therefore limg o [[Ro(A +i¢) f || = 0. Now we consider ||[Ro(A 4 ig)Ro(i) f]|. We see that
limg 1o | Ro(A+ie)Ro(i) f | = limg o | Ro(i) Ro(A+ie) f|| = 0. Hence Ro(A+i0)(Ro(i) f) =
0, and so Ry(i) f = 0. We reach a contradiction to ||Ro(i) f|| = 1.

We quote two examples without the proofs (see [4, 6]).
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EXAMPLE 4.1 (cf.[6]). LetH = L?>(R?) and Hy = — A (the usual Laplacian) with the
domain D(Hy) = H*(R?) (Sobolev space of order2). Andlet(x;) € L'(R), f(x1, x2, x3) =
1(x1)8(x2, x3) and T, = a(u, f)f. Then we can take D in Assumption (T) as L>*(R3) =
{u e L>2R3); (1 + |x)*u(x) € L?} (s > 3/2).

EXAMLE 4.2 (cf. [4]). Let ‘H and Hp be the same as above. And let #(x1, x3) €
L'(R?), f(x1,x2,x3) = t(x1,x2)8(x3) and T, = a(u, f)f. Then we can take D in As-
sumption (T) as L>*(R?) (s > 3/2).

We give a brief comment of the relation between their results ([4], [6]) and ours. In [4,
6], under a (stronger) assumption that ¢ is almost in some weighted L!-space, they showed
the asymptotic completeness of the wave operators for Hy and Hr. By using Theorem 3.1 we
can show the asymptotic completeness under a (weaker) assumption that ¢ is in L'.

ACKNOWLEDGEMENTS. The author thanks Professor S. T. Kuroda for the valuable
suggestion to consider the range of 7. It simplified Assumtion (T).
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