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Abstract. We give numerical, complete invariants for topological orbit equivalence and Kakutani orbit equiva-
lence in a class of substitution systems arising from primitive substitutions whose composition matrices have rational
Perron-Frobenius eigenvalues.

1. Introduction.

In a series of the papers [4], [6], [8], it was shown that several topological orbit structures
of Cantor minimal systems are completely classified in terms of associated dimension groups
which are purely algebraic objects. On the other hand, dimension groups of Cantor minimal
systems arinsing from primitive substitutions turned out in [1, 3] to be accesible in quite con-
crete forms. These results may leads to an attempt to investigate classifications up to topolog-
ical orbit structures of substitution systems arising from primitive substitutions. In the present
paper, we consider those classifications up to two kinds of topological orbit structures, which
are restricted to the class of substitution systems arising from primitive substitutions whose
composition matrices have rational Perron-Frobenius eigenvalues. Such restriction is not es-
sential on the classification of substitution systems concerning topological orbit structures,
i.e., a substitution system arising from a substitution whose composition matrix has a rational
Perron-Frobenius eigenvalue never has the same topological orbit structures as one arising
from a substitution whose composition matrix has an irrational Perron-Frobenius eigenvalue.
In the class of substitution systems arising from substitutions whose composition matrices
have rational Perron-Frobenius eigenvalues, we will find out numerical complete invariants
for orbit equivalence and Kakutani orbit equivalence which are concretely obtained from in-
formation associated with given substitutions.

In Sections 2 through 5, several known facts and results are briefly summarized; we
would like to refer the reader to [9] for details in Section 2; [1] for details in Sections 3 and 4;
[4] for details in Section 5.
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The way of construction of Markov measure in Proposition 6.4 was communicated to the
author by Professor Toshihiro Hamachi, to whom the author would like to show plenty of
appreciation .

2. Cantor minimal systems.

2.1. Stationary odometer systems. We say that (X, ¢) is a Cantor minimal system
if X is a Cantor set, i.e., a totally disconnected compact metric space without isolated points;
equivalently, X has a countable basis of clopen (closed and open) sets and has no isolated
points, and furthermore ¢ is a minimal homeomorphism on X, i.e., every orbit Orby (x) :=
{¢"(x) : n € Z} of ¢ is dense in X. A typical example of a Cantor minimal system is the
so-called odometer system. Put X = ]_[?il X; where X; = {0,1,---,n; — 1}, n; > 2 and
i > 1. The infinite product space X is a compact abelian group by addition with carries to the
right. We define ¢ : X — X by addition of (1,0,0,---) € X1 X H?iz X; and call (X, ¢) the
odometer system with base (n1, na, n3, - - - ). Then clearly (X, ¢) is a uniquely ergodic Cantor
minimal system with the unique Haar measure. In particular, when there exists ig > 1 such
that n; = n;41 for all i > ip, we call (X, ¢) a stationary odometer system.

2.2. Substitution systems. Let A be a finite set such that |A] > 2 and call it an
alphabet and call elements of A letters. A word on A is a finite (possibly empty) sequence
of letters. The length, as a sequence of letters, of a word u is denoted by |u|. We call a map
o : A — AT (the set of nonempty words on A) a substitution on A. We extend o to A™ or
AZ by concatenations in the following way. For u = ujus - --ux € A*,

o(u) =0o(i)owa) - --ouy).

Forx =---x_px_1.xpx1x2--- € AZ,
o(x) =---0(x-2)0(x-1).0(x0)o(x1)o(x2) -+,

where the dot means the fixed separation between the —1-st coordinate and the 0-th coordi-
nate. We say that a word u is a factor of a word v = vy ---vj, v; € Aifu = v;--- vy for
some 1 <[ <k < j. We denote by L(o) the language of o, i.e., the set of words on A which
are factors of 0" (a) for some integer n > 1 and letter a € A.

DEFINITION 2.1. (1) The composition matrix M (o) of a substitution ¢ on an alpha-
bet A is an A x A matrix whose (a, b)-entry is the number of occurrences of b in o (a) for
a,be A.

(2) A substitution o is said to be of constant length if |o (a)| is constant for each letter

(3) A substitution o on A is said to be primitive if there exists some integer n > 1 such
that a occurs in 0" (b) for every a, b € A.

A substitution o is primitive if and only if M (o) is primitive, i.e., there exists an integer
n > 1 such that every element of M (0)" is strictly positive.
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Throughout the present paper, we always assume that any substitution o on an alphabet
A has the following properties:

(A) Foreverya € A, it holds that lim,,_, o |0" (a)| = +00;

(B) there never exists an integer ng > 1 such that for any integer n > ng L,(0) =
Ly+1(0), where L,(0) = {u € L(0) : |u| =n}.
A substitution o is said to be aperiodic if Condition (B) is satisfied. These properties ensure
the well-definedness and the non-triviality of a topological dynamical system arising from a
substitution, which is defined in a moment.

Let o be a substitution on alphabet A. As A x A is a finite set, we can show that there
exist two letters a, b € A and an integer n > 1 such that

(1) b is the last letter of o (b);

(2) a is the first letter of o (a);

3) ba e L(o).
Then, there uniquely exists an x € AZ with the following properties:

(1) x_1=b,x9=a;

2) o"(x) =x.
We refer to such an x € AZ as an admissible fixed point of o". We define

Xs={x € AZ . every factor of x belongs to L(0)},

which is well-defined thanks to Property (A). Since X is a closed subset of AZ and Condition
(B) ensures that X, is an infinite set, X, is a Cantor set and invariant for the shift 7 where
T is the full shift on AZ defined by (Tx); = xi+1,1 € Z. We denote the restricted action
of T on X, by Ty. The dynamical system (X4, Ty ) is called the substitution system arising
from a substitution 0. When o is primitive, X, = Orbr(x) for any admissible fixed point
x of ¢” because it holds that L(o) = L(c") for every n > 1. It is well known that the
substitution system arising from a primitive substitution is minimal and uniquely ergodic, see
[9, Theorems V.2 and V.13].

3. Induced systems and return words.

DEFINITION 3.1. Let o be a substitution on an alphabet A. We call a word w on A a
return word to b.a if the following properties are satisfied:

(1) bwa € L(o);

(2) a is the first letter of w and b is the last letter of w;

(3) the word ba never occurs in the word w.

REMARK 3.2. (1) The number of the return words to b.a is finite because every
u € L(o) occurs in any admissible fixed point of ¢” with a bounded gap, see the proof of [9,
Theorem V. 2];

(2) the length of a return word w to b.a represents the first return time to the cylinder
set [b.a] = {x € X, | x_1 = b, x9 = a } of the points in the cylinder set [b.wa] = {x €
Xo| X[-1,Juwpy = bwa};
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(3) the set of return words to b.a is a ‘circular code’, see [1, Lemma 17].

The following property of a substitution is a significant concept in order to construct a
‘properly ordered Bratteli diagram’ whose ‘Bratteli-Vershik system’ is topologically conju-
gate to a substitution system arising from a given primitive substitution, see [1].

DEFINITION 3.3. A substitution o on an alphabet A is said to be proper if there exists
an integer n > 0 and two letters a, b € A such that

(1) forevery c € A, b is the last letter of o (¢);

(2) forevery c € A, a is the first letter of 6" (c).

REMARK 3.4. Every proper substitution has a unique admissible fixed point. Every
substitution system arising from a primitive substitution is topologically conjugate to the sub-
stitution system arising from some proper substitution, see [1, Lemma 9] or [3, Lemma 15].

Let o be a non-proper and primitive substitution on an alphabet A. Then, there exist
letters a, b € A and an integer k > 1 such that

(1) a is the first letter of o*a);

(2) b is the last letter of akb);

3) ba e L(o).
Let {wq, - - - , w;,} be the set of return words to b.a. We define a substitution 7 on the alphabet
R={1,---,r}by

T(@) =1y 1y, if o (wi) = wy, - wy;

PROPOSITION 3.5 ([1, Lemma 21]). The substitution T is a proper, primitive substi-
tution whose substitution system (X, T;) is topologically conjugate to the induced system on
[b.a]l by T,.

4. Properly ordered Bratteli diagrams associated with substitution systems.

In this section, we would like to describe how we should construct a properly ordered
Bratteli diagram whose Bratteli- Vershik system is topologically conjugate to the substitution
system arising from a given primitive substitution. Such realizations as transformations on
diagrams of substitution systems will be useful in the proof of Proposition 6.4.

4.1. For proper substitutions. Let o be a proper and primitive substitution on an
alphabet A. Then, we construct an infinite graph (V, E) called a Bratteli diagram, where
V = U2, Vi is the vertex set and E = | J72, E; is the edge set, so that

(1) Vjpis asingleton;

(2) V;=Aforeveryi > 1;

(3) foreacha € Vi, asingle edge connects the top vertex vg to a, where Vo = {vp};

(4) eachedge e € E; connects a vertex in V; to a vertex in V;_; for every i > 2;

(5) there exists an edge in E; which connectsa € V; to b € V;_1 if and only if b occurs
in o (a) forevery i > 2;



TOPOLOGICAL ORBIT EQUIVALENCE 225

(6) the number of edges which connects a € V; to b € V;_; is equal to that of occur-
rences of b in o (a) forevery i > 2.
We define mapsr,s : E — V by

r(e) =v,s(e) =ufore € E; ifeconnectsv € Vi jtou € V; .

Furthermore, we introduce a partial order < on the edge set £ so that

(7) e1, ey € E are comparable if and only if r(e1) = r(e2) in the same V;;

8) ifo(a) =s(er)s(er)---s(ex),thene) < ey < --- < eg, where {eg, ea, -+ ,ex} =
r_l{a},a e Vi,i>2.
We call the infinite graph B, = (E, V, <) with partial order a properly ordered Bratteli
diagram associated with a substitution o. We define

(@]
X, = {(el, er),---) € HE,- :r(e;) = s(ejy1) foreveryi > 1} ,
i=1
which is topologized so as to be a Cantor set by declaring that the collection of all the cylinder
sets [eq, e2, - - - , ex] defined as follows is an open basis:

ler, ez, - el ={(f1, f2, ) € XB, : fi =e; forevery 1 <i <k}

where ¢; € E; forevery 1 <i <k andr(e;) = s(ej+1) forevery 1 <i < k. Now, we define
the so-called Vershik map Vi, on Xp_ as follows. If x = (x1, x2,---) € Xp, has an integer
i > 1 such that x; is not maximal in r—1r(x;) we define VB, (x) = (x{, x5, -+, x], Xiy1,
Xiy2, - -+) where x/ is the immediate successor of x; in r~1r(x;) and x;. is the unique minimal
edge in r_l(s(x}H)) forevery 1 < j < i. Forx = (x1,x2---) € Xg whose entry x; is
maximal in r~'r(x;) for every i > 1, we define Vg, (x) to be the element in X whose
entries are all minimal. The map Vi, : Xp, — Xp, turns out to be a homeomorphism
which is topologically conjugate to (X, 75 ), see [1, Proposition 20]. We call (X, , V5, ) the
Bratteli-Vershik system associated with B, .

4.2. For non-proper substitutions. Let o be a non-proper and primitive substitution
on an alphabet A, and let letters a,b € A, an integer k > 1, {wy,---, w,} and 7 be as in
Section 3. From the previous subsection, we immediately obtain a properly ordered Bratteli
diagram B;, whose associated Bratteli-Vershik system (Xp,, Vj,) is topologically conjugate
to (X, Tr). As (X, T;) is topologically conjugate to an induced system on [b.a] by T, we
define a properly ordered Bratteli diagram B, associated with a substitution o, so that asso-
ciated Bratteli-Vershik system (Xp, , T, ) is topologically conjugate to (X, 75 ), by means
of changing the single edge connecting a vertex i € R in the first level to the top vertex into
|w;| edges. This operation corresponds to the so-called tower construction in ergodic theory.
A partial order on the edge set of 3, except the edge set of the first level, keeps that of 5,
and it is trivial how a partial order on the first level edge set of B, should be given. In the
same way as in the previous subsection, Vp_ is defined on the infinite path space Xp . For
either case when a given substitution o is proper or non-proper, we can say that
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THEOREM 4.1 ([1, Proposition 20]). (Xp,, Vp,) is topologically conjugate to
(Xo, To).

5. Dimension groups of Cantor minimal systems.

Let (X, ¢) be a Cantor minimal system. We denote by C (X, Z) the abelian group of in-
teger valued continuous functions on X with pointwise addition and define C(X,Zy) = {f €
C(X,Z)|f =0}, By ={fop—f: feC(X,Z)}and My = {¢-invariant regular Borel prob-
ability measure}.

DEFINITION 5.1. The dimension group modulo the coboundary subgroup of a Cantor
minimal system (X, ¢) is the pair of an abelian group K°(X, ¢) and its distinguished subset
KR(X, ¢) which are defined by

K°(X,¢) = C(X,Z)/By; K%U(X,$) = C(X,Z+)/By.

DEFINITION 5.2. The dimension group modulo the infinitesimal subgroup of a Cantor
minimal system (X, ¢) is the pair of an abelian group K°(X, ¢) and its distinguished subset
K 9r (X, ¢) which are defined by

K°(X,¢) = C(X,Z)/Inf(X, $); KL(X,¢) = C(X,Zy)/Inf(X, ),
where Inf(X, ¢) = {f € C(X,Z) : [y fdu = 0 forevery u € Mg}.

Let (G, G4) be a dimension group arising from a Cantor minimal system (X, ¢) in the
sense of Definitions 5.1 or 5.2. We say that an element # of G is an order unit if for every
a € Gy there is an integer n > 1 such that a < nu, which means nu —a € G4. Let
[xx] be the equivalence class of the characteristic function yx taking value 1 everywhere
on X. We call [xx] the distinguished order unit of G. For dimension groups (G, G4+) and
(H, Hy) arising from Cantor minimal systems in the sense of Definitions 5.1 or 5.2, a group
isomorphism ¥ : G — H is called an order isomorphism if 9(G4+) = H;.

A state p on a dimension group (K (X, $), K?r (X, (;S)) is a group homomorphism from
K%(X, ¢) to R such that p(KS)F(X, ¢)) C Ry and p([xx]) = 1. Denote by S the set of states
on (K°(X, ¢), K_?r (X, ¢)). Then, there exists a bijection between My and S which is defined
so that each u € My is mapped to the state defined by [ f]+— [ fdpu foreach f € C(X,Z),
see [6, Theorem 5.5]. The inverse map of the bijection sends each p € S to the unique
w € My which satisfies that ;t(A) = p([xal) for any clopen set A C X.

Let (X, ¢) be a Cantor minimal system with a unique invariant probability measure u.
As seen above, the unique state p on K%(X, ¢) is defined by p([f]) = fX fdu for each
f € C(X,Z). Then, we have that

ker(p) = {[f] e KX, ¢): fx fdu= 0} = Inf(X, ¢)/By .

Since By is a subgroup of Inf(X, ¢), it follows that K°(X, ¢)/ ker(p) is order isomorphic to
I%O(X, ¢) by an order isomorphism sending [xx] + ker(p) to [xx] € IZO(X, ¢). i.e., there
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exists a group isomorphism ¥ : KX, ¢)/ ker(p) — KO(X, ¢) such that 19(K$ (X, 9)/
ker(p)) = IZ_?_ (X, ¢) and ¥ ([xx] + ker(p)) = [xx]. It also follows from the homomorphism
theorem that K°(X, ¢)/ ker(p) is order isomorphic to Im(p) = (w(E) : E C X is clopen) by
an order isomorphism sending [ xx] + ker(p) to 1. Finally, we have that

LEMMA 5.3. If (X, ¢) is a uniquely ergodic Cantor minimal system with a unique
¢-invariant probability measure (., then (I%O(X, b), I%?r (X, ¢), [xx]) is order isomorphic to
((u(E) : E C X isclopen), (W(E) : E C X is clopen) N Ry, 1) by an order isomorphism
preserving the order units.

6. Results.

The following version of the Perron-Frobenius Theorem is necessary for the subsequent
arguments.

THEOREM 6.1 (aportion of [7, Theorem 4.2.3]). Let A be a nonnegative and primitive
matrix. Then, A has a positive eigenvector v with corresponding eigenvalue A4 > 0 which
is simple. Any positive eigenvector of A is a positive multiple of v4.

We call A 4 the Perron-Frobenius eigenvalue of A and v4 a Perron-Frobenius eigenvector
of A. The following is a known fact.

LEMMA 6.2. Assume that a nonnegative, integral and primitive matrix M has a ra-
tional eigenvalue A. Then, X is integral and ). > 1 if X is the Perron-Frobenius eigenvalue of
M.

PROOF. Put A = p/q where p,q > 0 are relatively prime integers. Let f(x) =
x¥ +ag_1x* " 4+ ..+ arx + ag be the characteristic polynomial of M (¢), where s is the size
of M. Since f(A) =0,

P tac1p g tasap TPqP + - +aipg ! +ang® =0.

Therefore, we have that

N

(@as—1p° "+ asap g+ -+ aipgt TP +aogt g = —pt.

s=1is integral, ¢ divides p*. This forces

Since as_lps_1 +a5_2p5_2q +--- +a1pqs_2 +aopq
that p = 1 and hence A is integral.

Furthermore, suppose that A is the Perron-Frobenius eigenvalue of M. To the contrary,
assume that A = 1. Then, it follows from the Perron-Frobenius Theorem that there exists a
vector v > 0 with Mv = v. Since M is primitive, there exists an integer k > 1 such that each
entry of M* is a strictly positive integer. Hence, v; = ijl Ml.kj vj > v; forl <i <r, which
is a contradiction. O
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6.1 Invariant probability measure.

LEMMA 6.3. Let o be a non-proper, primitive substitution on an alphabet A and ). be
the Perron-Frobenius eigenvalue of M (o). Let k > 1 and t be as in Section 3. Then, the
Perron-Frobenius eigenvalue of M (1) is AX.

PrROOF. Let {wy,---,w,} and R as in Section 3 and put s = |A|. Define an R x A
matrix S by

Si ¢ = the number of occurrences of ¢ in w;, foreveryi € Randc € A.

It is verified that each (i, ¢)-entry of both M (7)S and SM (0)* are the number of occurrences
of ¢ in crk(wi) and we hence have that M (7)S = SM(a)k. Letv € Ri be a right Perron-
Frobenius eigenvector of M (o) whose entries are all strictly positive and put u = Sv € R/,
Then, we have that

M(@)u = M(t)Sv = SM(0)*v = A*Sv = 2Fu.

It follows from the Perron-Frobenius Theorem that A¥ is the Perron-Frobenius eigenvalue of
M (7). O

PROPOSITION 6.4. Let o be a primitive substitution and ). be the Perron-Frobenius
eigenvalue of M (o). Then,
(1) when o is proper, it follows that

(W(E) : E C Xy is clopen) = (a,/(d-A") :a € A,n > 0),

where o is the unique T,-invariant probability measure and & = (0g)qeca € N° is a left
Perron-Frobenius eigenvector of M(c) and d =", 4 0a;
(2) when o is non-proper, it follows that

(W(E) 1 E C Xg is clopen) = (Bi/(d - 2*") :i € R,n > 0),

where k, R, B; and d are defined as follows: let k, {w1, --- , w,}, R and © be as in Section 3
and let B = (Bi)icr € N be a left Perron-Frobenius eigenvector of M (t). Then, we define
d= ZieR |w;|Bi.

PROOF. As the Bratteli- Vershik system associated with a properly ordered Bratteli di-
agram B, constructed in Section 4 is topologically conjugate to (X, 7,) and each clopen
subset of Xp_ is a finite union of cylinder sets, it is enough to know the measures of cylinder
sets of Xy evaluated by the unique Vp, -invariant probability measure in order to compute
(W(E) : E C X is clopen).

First, we shall consider the case when a given primitive substitution ¢ is proper. Let 5,
be as in Subsection 4.1, and put s = |A|. Suppose that there is a sequence p(l), p(z), p(3), .
of row vectors in R} which satisfies that

Z Pg(;l) =1 and p(kH)M(U) = p(k) forevery k> 1. (%)

acA
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It follows from these conditions that there exists a finitely additive probability measure v on
the algebra C generated by all the cylinder sets of X, which is exactly the algebra of clopen
sets, such that

(9]

v(ler, ez, - ,er]) = Pricy) for every cylinder set [er, ez, -, ex] C Xp, .
Since it holds that v([er,ez,---,ex]) = v(le],e5,---,¢e]) for any cylinder sets
ler,e2,--- ,ex] and [}, €}, -- -, e;] with r(ex) = r(e}), the finitely additive measure v is

VB, -invariant. Then, by the Hopf extension theorem, we can uniquely extend v to a Vp, -
invariant probability measure on the Borel o-algebra of Xp_. The observation in the first
paragraph shows that

(W(E) : E C X5 isclopen) = (v(E) : E C Xp, acylinder set). (%)

Now, we construct the so-called ‘Markov measure’ v on the Borel o-algebra of Xp_
which is invariant under V. Define an ‘initial distribution’ {p, : a € A} by p, = a,/d and
a ‘transition probability’ {p,p : a,b € A} by psp, = 1/A - ap/a,. Then, we define

v(ler, ez, - ,er]) = Pr(e))Pr(ey),r(ep) " Pr(eg—1),r(ex)
_ Yr(en _Yr(e) %r(en) . %r(en)

d h-Oriepy A Crey) A Qg
()
- d - k=1

for every cylinder set [er, ez, - ,ex] C Xp, .

The sequence { p(k)}kzl of row vectors defined by pék) = a,/(d-2\*1) foreacha € Aand k >
1 satisfies Property (x) and, as we observed above, we consequently obtain a Vp_-invariant
probability measure v such that v([eq, e2, - -+, ex]) = (¢ /(d - Ak_l) for every cylinder set
le1, e, -+, ex] C Xp, . It follows from () that

(L(E) : E C X, isclopen) = <daa)J' i >0,a € A>.
This completes the proof for the case when a given substitution o is proper.

Next, we consider the case when o is non-proper. Let B, be as in Subsection 4.2 and
k > 1 be as in Section 3. Define an initial distribution {p; : i € R} by p; = Bi/d and a

transition probability {p; ; : i, j € R} by p;j = 1/2F. Bj/Bi. Then, we define

v([e1, ez, -, e1]) = Prie)) Pre),r(e) "~ Priei—1),r(en

Pren :
= k=D for every cylinder set [eq, ez, ---,e/] C Xp, .
The sequence {p"};> of row vectors defined by pfl) = Bi/(d - *¥0=D) for each i € R and
[ > 1 satisfies that

Z |wi|P;1) =1 and p(l+1)M(t) = p(l) forevery [ > 1
ieR
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because of Lemma 6.3 and, by the same argument as in the above case when o is proper, we
hence obtain a Vp, -invariant probability measure v on the Borel o-algebra of Xp_ such that

v(ler, ez, - ,er]) = Brey/(d - A=y for every cylinder set [e1, ez, -, €] C X, .
Finally, we have that

Bi
d -k

(M(E):ECXgisclopen)=< :iER,nzO>.

This completes the proof. O

DEFINITION 6.5. Let o be a primitive substitution on an alphabet A whose composi-
tion matrix M (o) has a rational Perron-Frobenius eigenvalue .. We define a subset " (o) of
N by

I’ (o) = {factor of d - A" for some n > 1},

where a natural number d is defined as in Proposition 6.4.

REMARK 6.6. Obviously, there is no ambiguity for the definition of d in the case when
a given substitution o is proper in the above definition. On the other hand, in the case when a
given substitution ¢ is non-proper, it is verified from the following corollary that I" (o) does
not depend on choices of a, b € A and k > 1 although d depends on them.

COROLLARY 6.7. Let o be a primitive substitution whose composition matrix M (o)
has a rational Perron-Frobenius eigenvalue A. Then,

(W(E) : E C X5 isclopen)y ={n/m:neZ,me I'(0)},
where  is the unique Ty -invariant probability measure.

PROOF. First, suppose that o is proper. Let o and d be as in (1) of Proposition 6.4.
Since A is an integer, it follows from Proposition 6.4 that

(WL(E) : E C Xy isclopen) = (ay/m:a € A,m € I'(0)).

Since the greatest common divisor of {a, : @ € A} is one, there exists an integer n, for each

a € A, such that ) nqa, = 1. We have therefore that

acA
(dg/m:ac Amel'(c))y={n/m:neZ,me (o)},

and that
(W(E): E C Xy isclopen) ={n/m:neZ,me I'(0)}.

In the same way, we can obtain a proof for the case when o is non-proper. O

LEMMA 6.8 ([5, Lemma 2.4]). Let (X, ¢) be a Cantor minimal system. Suppose that
f e C(X,Z) satisfy 0 < ffdu < 1 forevery u € My. Then, there exists a clopen subset A
in X such that ffdu = u(A) for every i € My. In other words f — xa € Inf(X, ¢).
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COROLLARY 6.9. Let o be a primitive substitution whose composition matrix M (o)
has a rational Perron-Frobenius eigenvalue A and | be the unique invariant regular Borel
probability measure for (Xq, Ty). Then,

{w(E) : E C Xy isclopen} ={n/m:0<n<m,meI'(0)}.

PROOF. To see that {u(E) : E C X, isclopen} = {n/m : 0 <n <m,m € I'(0)},
suppose that n/m € {n/m : 0 < n < m,m € I'(c)}. We may assume without loss of
generality that 0 < n/m < 1. As it is the map [f] — [fdu that implements the order
isomorphism between IZO(XU, T,) and (u(E) : E C X, isclopen), there exists an f €
C(Xs, Z) such that f fdu =n/m. From Lemma 6.8, we conclude therefore that there exists
a clopen set E C X, such that u(E) = [fdu = n/m. The converse inclusion holds from
Corollary 6.7. O

6.2. Invariant for orbit equivalence.

DEFINITION 6.10. We say that two Cantor minimal systems (X1, ¢1) and (X2, ¢»)
are (topologically) orbit equivalent if there exists a homeomorphism F : X|; — X» such that
F(Orbg, (x)) = Orbg, (F(x)) for each x € Xj.

The next theorem is a portion of the theorem in [4].

THEOREM 6.11 ([4, Theorem 2.2]). Let (X;, ¢;) be Cantor minimal systems (i =
1, 2). The following are equivalent:

(1) (X1, ¢1) and (X2, ¢2) are orbit equivalent.

(2) The dimension groups (IZO(X,', bi), I%_?_(X,-, ¢i)), i = 1,2, are order isomorphic
under an order isomorphism preserving the distinguished order units.

THEOREM 6.12. Let o and o' be primitive substitutions both of whose composition
matrices have rational Perron-Frobenius eigenvalues. Then,

(1) (Xo,Ty) and (X4, Tyr) are orbit equivalent if and only if I' (o) = I'(¢');

(2) (Xs, Ty) is orbit equivalent to a stationary odometer system.

PrOOF. (1) If (X4, 7T,) and (X4, T,) are orbit equivalent, then it follows from
Lemma 5.3 and Theorem 6.11 that (u(E) : E C X, is clopen) and (1 (E) : E C X, is
clopen ) are order isomorphic by a group isomorphism preserving 1. It also follows from
Corollary 6.7 that (u(E) : E C X, is clopen) and (/(E) : E C X, is clopen) are sub-
groups of Q. A group isomorphism ¢ from a subgroup of Q to a subgroup of Q such that
v (1) = 1 turns out to be only the identity map. We hence have the equality

(W(E) : E C X, isclopen) = (u/(E) : E C X4 is clopen) .
Therefore, Corollary 6.7 shows that

n/m:neZmel(©@)={n/m:neZ,mel(c)}.



232 HISATOSHI YUASA

Therefore, for an arbitrary m € I' (o), there exist integers 0 < n’ < m and m’ € I' (') such
that 1/m = n’/m’. This implies that m = m’/n’ € I'(c¢’) because m’ € I'(¢”). Finally, we
conclude that ' (o) = I' (¢”).

To show the converse implication, suppose that I'(¢) = I'(c’). Then, it follows that
{n/m:neZ,mel () ={n/m:ncZ me I'(c’)}. This together with Corollary 6.7
shows that

(W(E) : E C X, is clopen) = (u/(E) : E C X, is clopen) .

This together with Lemma 5.3 shows that K%X,, T,) and K°(X,, T,') are order isomorphic
by an isomorphism preserving the distinguished order units. From Theorem 6.11, we conclude
therefore that (X, T,) and (X,/, T,/) are orbit equivalent.

(2) It follows from Lemma 5.3 and Corollary 6.7 that K%X,, T,) is order isomorphic
to {n/(d - AX) : n € Z,k > 1} for some integers d, A > 1 by an isomorphism sending the
distinguished order unit of K°(X,, Ty) to 1. On the other hand, the dimension group modulo
the infinitesimal subgroup of the stationary odometer system (X, ¢) with base (d, A, A, -+ -)
is order isomorphic, by an isomorphism mapping the distinguished order unit of K°(X, ¢) to
1,to{n/(d -2 :n e Z,k > 1}. These together with Theorem 6.11 imply that (X, T) is
orbit equivalent to the stationary odometer system (X, ¢). |

COROLLARY 6.13. [Ifo is a primitive substitution of constant length, then (X, Ty)
is orbit equivalent to a stationary odometer system.

PROOF. By the assumption, A := |0 (a)]| is constant for any a € A. Since the Perron-
Frobenius eigenvalue of M (o) is not less than the smallest row sum and not bigger than the
largest row sum, A is the Perron-Frobenius eigenvalue of M (o). By (2) of Theorem 6.12,
(X¢, Tw) turns out to be orbit equivalent to a stationary odometer system. a

EXAMPLE 6.14. There exist non-proper, primitive substitutions o and ¢’ such that

(1) M(o)=M(@");

(2) the Perron-Frobenius eigenvalue of M (o) is rational;

3) (X4, Ts) and (X, T,) are not orbit equivalent.
We define two non-proper substitutions o and o’ on the alphabet {a, b} by o(a) = abb,
o(b) = aaa; o'(a) = bab, o'(b) = aaa. Then it follows that T, is orbit equivalent to
the stationary odometer system with base (5, 3, 3,---) and so is T, to the one with base
2,5,3,3,---).

THEOREM 6.15. For arbitrary integers d > 1 and » > 1, there exists an aperiodic,
proper and primitive substitution o of constant length such that

I' (o) = {factor of d - A" for some n > 1} .

PROOF. Take an integer m > 1 such that A" > d. Take the d-dimensional integral
vector v =" (A", A, .. A (A" — d + 1)A™). Let M be the integral d x d matrix whose
(i, j)-entry is the x/~1(i)-th entry of v for 1 < i, j < d where « is the permutation on
{1,2,---,d} defined by k(d) = land « (i) =i + 1if 1 <i < d. Every row sum of M is
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A", Let o be one of substitutions on the alphabet {1, 2, - - - , d} which satisfy the following
conditions:
i) M) =M,
(i) 1 is the first letter of o (i) foreachi € {1,2,--- ,d};
(iii)  d is the last letter of o (i) foreachi € {1,2,---,d};

(iv) each of the words 11 and 12 occurs in some o ().
It is easily seen that the substitution o is proper, primitive and of constant length. It also
follows from Theorem 6.12 that

I'(0) = {factor of d - A*™" for some n > 1} = {factor of d - \"" for some n > 1}.

In the rest of the proof, we have to see the aperiodicity of . We have to show that
lim,— o0 |[Ln(0)] = 4+o00. Since A # (A" —d + DA™, i # j implies o (i) # o(j)
and also implies crk(i) * crk(j) for every integer k > 1. Since 0"(2) #* ak(l) and

|c7k(1)crk(1)| = Iak(l)crk(2)| for every integer k > 1, there exists a strictly increasing se-
quence {n;}7°, of positive integers such that |, (0)| < |Ly,,,(0)]| for every integer i > 1.
This completes the proof. O

The following is the converse of Corollary 6.13.

COROLLARY 6.16. For arbitrary integers d > 1 and A > 1, there exists a proper,
primitive and aperiodic substitution of constant length whose associated substitution system
is orbit equivalent to the odometer system with base (d, A, A, - - ).

PROOF. It follows from Theorem 6.15 that there exists a proper, primitive and aperiodic
substitution o of constant length such that

I'(0) = {factor of d - A" for some n > 1}.

Then, the same argument in the proof of (2) of Theorem 6.12 shows that (X, T,) is orbit
equivalent to the odometer system with base (d, A, A, - --). O

COROLLARY 6.17. For any primitive substitution o whose composition matrix M (o)
has a rational Perron-Frobenius eigenvalue, there exists a proper, primitive substitution o’ of
constant length whose associated substitution system (X5, T,) is orbit equivalentto (X, Ty ).

PROOF. Denote by A the Perron-Frobenius eigenvalue of M (o). Then, I" (o) = {factor
of d - \* for some n > 1} for some integer d > 0. It follows from Theorem 6.15 that there
exists a proper, primitive and aperiodic substitution ¢’ of constant length such that I'(¢) =
I" (o). Therefore, Theorem 6.12 shows that (X, Ty ) and (X, T,) are orbit equivalent. O

Therefore, at least at the level of orbit equivalence, the class of substitution systems
whose associated composition matrices have rational Perron-Frobenius eigenvalues coincides
with the class of substitution systems arising from substitutions of constant length. In general,
we cannot say that for a primitive substitution o whose composition matrix has a rational
Perron-Frobenius eigenvalue, there exists a primitive substitution of constant length whose
associated substitution system is topologically conjugate to (X, T5). This is verified from the
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following example: Let o be a primitive substitution on the alphabet {a, b} defined by o (a) =
ababa, o (b) = abb. If there exists a primitive substitution ¢ of constant length with length
A whose associated substitution system (X, 1) is topologically conjugate to (X, 75 ), then
the set of eigenvalues in the measurable sense of 7, is necessarily Z/hZ x Z[A~'] for some
integer h > 1, [9, Theorem VI. 15]. But the only eigenvalue of 7, is 1, i.e., T, is weakly
mixing, [9, Corollary VI. 23] and so this is a contradiction because weak mixing is invariant
for measurable conjugacy, thus topological conjugacy. However, the author does not know
whether at the level of strong orbit equivalence the counterpart to Corollary 6.17 holds, or
not.

6.3. Invariant for Kakutani orbit equivalence.

DEFINITION 6.18. Let (X;, ¢;) be Cantor minimal systems (i = 1,2). We say that
(X1, ¢1) and (X2, ¢2) are Kakutani orbit equivalent if there exist two Kakutani equivalent,
i.e., having conjugate induced systems, Cantor minimal systems (Y;, ¥;) (i = 1, 2) such that
(Xi, ¢;) is orbit equivalent to (¥;, ¥;), respectively fori = 1, 2.

THEOREM 6.19 ([4, Proposition 2.7]). Let (X;, ¢;) be Cantor minimal systems (i =
1,2). Then (X1, ¢1) is Kakutani orbit equivalent to (X2, ¢) if and only if the dimension
groups KO(X;, ¢;), i = 1,2, are order isomorphic by an order isomorphism not necessarily
preserving the distinguished order units.

LEMMA 6.20. If (X1, ¢1) and (X2, ¢2) are Kakutani orbit equivalent Cantor mini-
mal systems, then there exist clopen subsets A1 C X1 and Ay C X, such that the induced
transformations (¢1) o, and (¢2) o, are orbit equivalent.

PROOF. Let (Y1, ¥1) and (Y2, ¥») be Kakutani equivalent Cantor minimal systems
such that (X;, ¢;) is orbit equivalent to (Y;, ;) for each i = 1, 2. There exist clopen sub-
sets B; of ¥; for each i = 1, 2 such that the induced transformations (v1) g, and (¥2) , are
topologically conjugate. Since ¢; and ¥ are orbit equivalent, there exists a homeomorphism
Fi : X1 — Y; such that F;(Orbg, (x)) = Orby, (Fi(x)) forall x € X;. Put A| = F; '(B)
and define a homeomorphism Fl’ : A1 — By byx — Fi(x). Then, forall x € Ay,

F{(Orbg,),, (x)) = F1(Orbg, (x) N Ay)
= F1(Orbg, (x)) N F1 (A1)
= Orby, (F1(x)) N B}
= Orby,), (F1(x))
= Orby,), (Fj(x)),

which shows the orbit equivalence between (¢1) 4, and (1) g,. The same procedure as above
shows the existence of a clopen set A» C X such that (¢2) 4, and (y2) , are orbit equivalent.
We conclude therefore that ¢4, and ¢4, are orbit equivalent. o
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LEMMA 6.21. Let (X, ¢) be a Cantor minimal system, i be a ¢-invariant probability
measure and A be a nonempty clopen subset of X. Then,

(WL(E) : E C X is clopen) = (W(E) : E C A is clopen) .

PROOF. It is enough to show that u(E) € (u(E) : E C A isclopen) for any clopen
set E C X. Let E be an arbitrary clopen subset of X. Since ¢ is minimal, there exists an
no > 1 such that X = U:’gl d'(A). Put Ag = A, A; = ¢(A) \ Ag, Ay = ¢%(A) \ (AgU
A1), Apgm1 = q)”ofl (A)\ Ufﬁgz A;, which compose a partition of X into clopen sets
and it follows that £ = U:’igl (A; N E) is a disjoint union. Put E; = ¢~"(A; N E) for each
0 < i < ng which is a clopen subset of A. It follows from the above argument that

no—1 no—1
W(E) =Y wANE) =Y u(E).
i=0 i=0
This completes the proof. |

COROLLARY 6.22. Let (X, ¢) be a uniquely ergodic Cantor minimal system with a
unique invariant probability measure |1. Let A be a nonempty clopen subset of X and 4 be
the unique ¢ A-invariant probability measure. Then,

(La(E) : E C Ais clopen) = ,l,L(A)_1</,L(E) : E C X is clopen) .

PROOF. The unique ¢4-invariant probability measure w4 is defined by was(E) =
W(E)/u(A) for a measurable set E C A. Therefore, we have that

(ua(E) : E C Aisclopen) = (u(E)/n(A) : E C A is clopen)
= uw(A)"Yw(E) : E C X is clopen) .
The last equality follows from Lemma 6.21. a

LEMMA 6.23. Let M be a nonnegative, integral and primitive matrix and A be the
Perron-Frobenius eigenvalue of M. Then, there exists a right Perron-Frobenius eigenvector
of M whose entries are all rational if and only if ) is rational.

PROOF. Suppose that v is a right Perron-Frobenius eigenvector of M whose entries
are all rational. Since Mv = Av, Zi v; € Q and (Mv); € Q for each i, we see that A =
Y i(Mv)i/ > v €Q.

Conversely, suppose that A is rational. A right Perron-Frobenius eigenvector v of M
is exactly a vector satisfying (A\/ — M)v = 0. Since the eigenspace corresponding to the
eigenvalue A is one dimensional, we obtain that rank(Al — M) = s — 1 where s is the size of
M. At last, there exist rational numbers r;, 1 < i < s — 1, such that v; = r; v, and it follows
that v ='(ry, - - - , ry—1, 1) is a right Perron-Frobenius eigenvector of M whose entries are all
rational. O

THEOREM 6.24 ([7, Theorem 4.5.12]). Let M be a nonnegative, primitive matrix
with Perron-Frobenius eigenvalue ). Let v, w be right, left Perron-Frobenius eigenvectors
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of M, i.e., vectors v, w > 0 such that Mv = Av, wM = Aw, and normalized so that wv = 1.
Then, for eachi and j,

(M"™)ij = [(iw;) + p;i,j(W)]A",
where p; j(n) — 0asn — oo.

From this theorem, it is verified that the vector (lim,— oo D j (M™); j/A"); is a right
Perron-Frobenius eigenvector of M.

COROLLARY 6.25. Let M be a nonnegative, primitive matrix with Perron-Frobenius
eigenvalue A. If strictly positive vector v satisfies that M¥v = A*v for some k > 1, then
Mv = \v.

PROOF.  Suppose that M¥v = A¥v for some k > 1. It follows from Theorem 6.24 and
the Perron-Frobenius Theorem that there exists a constant ¢ > O such that
X j M kn)i,j .
v; =c¢ lim ———— foreveryi.
n—oo )Lk"

It is easily seen that

i > (MM . oM™
i Akn = % A ’

We conclude therefore that v is a right Perron-Frobenius eigenvector of M. a

PROPOSITION 6.26. Let o, o' be primitive substitutions, A and )\ be the Perron-
Frobenius eigenvalues of M (o) and M(c'), respectively. If (Xs,Ty) and (X, Ty) are
Kakutani orbit equivalent, then A and )" are both rational or both irrational simultaneously.

PROOF. Suppose that (X, T) and (X, T,/) are Kakutani orbit equivalent and A is
rational. Let u and u’ be the unique invariant probability measures of T, and T, respectively.
Lemma 6.20 shows that there exist clopen sets A C X, and A" C X, such that the induced
transformations (75 )4 and (7,/) 4 are orbit equivalent. It thus follows that

(na(E) : E C Aisclopen) = (u'y,(E) : E C A’ is clopen) ,

where 14 and ,u/A, are the unique invariant probability measures of (T4 ) 4 and (T,) 4/, respec-
tively, which are defined by ua(E) = u(E)/u(A) for a measurable E C A and ,u/A/(E) =
w(E)/u(A") for a measurable E C A’. It thus follows from Corollary 6.22 that

w(A) "N (W(E) : E C Xg is clopen) = u/(A) "' (W (E) : E C X, is clopen) .

It follows from the assumption that u'(A") "' (u/(E) : E C X, isclopen) C Q. Since
Proposition 6.4 shows the existence of real numbers r’,d’ > 0, integers k > 0 (k = 1 if o
is proper; k is as in (2) of Proposition 6.4 if o is non-proper.) and n’ > 0 with u/'(A’) =
r'/d - )Jk”/), it follows also from Proposition 6.4 that there exist real numbers «;, 1 < i < i,
such that

W (AN YW (E) 1 E C X, is clopen) = (oq/)»’kn 1l <i<ig,n>-—n').
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Since (oq/)»/k" 1 < i <igp,n > —n') C Q, we have that o; € Q for every
1 < i < iy and therefore that AK€ Q. It follows from Lemma 6.23 that there exists a
right Perron-Frobenius eigenvector v > 0 of M(c’)* whose entries are all rational. Then,
Corollary 6.25 shows that v is a right Perron-Frobenius eigenvector of M(c’). Finally, it
follows again from Lemma 6.23 that A’ is rational. a

LEMMA 6.27. Let (X1, ¢1) and (X2, ¢2) be Cantor minimal systems with unique in-
variant probability measures (1 and [, respectively. If there exist nonempty clopen sets
A; C X;, i = 1,2, such that the induced transformations (¢1)a, and (¢2)a, are orbit
equivalent, then (X1, ¢1) and (X2, ¢2) are Kakutani orbit equivalent.

PROOF. Assume that there exist nonempty clopen sets A; C X;, i = 1,2, such that
(¢1)4, and (¢2) 4, are orbit equivalent. Let v;, i = 1,2, be the unique invariant probabil-
ity measures of (¢1)4, and (¢2)a,, respectively, defined by v; (E) = u;(E)/ui(A;) for a
measurable E C A;, fori = 1, 2. It follows from the assumption that

(vi(E) : E C Ayisclopen) = (v (E) : E C A isclopen) . (k%)

Here, we have from Lemma 6.21 that
(vi(E) : E C A;isclopen) = [,L,'(A,')_l</,L,'(E) : E C X, is clopen),
for each i = 1, 2. Therefore, it follows from () that
wi(AD "N ui(E) - E C X is clopen) = ua(A2) "' (u1(E) : E C X5 is clopen) .

Hence, we conclude that there exists an » > 0 such that

(u1(E) : E C Xy isclopen) = r{(ua(E) : E C X» is clopen)
and that (u1(E) : E C X1 isclopen) and (u>(E) : E C X3 is clopen) are order isomorphic.

At last, it follows from Lemma 5.3 and Theorem 6.19 that (X1, ¢1) and (X3, ¢>) are Kakutani
orbit equivalent. O

THEOREM 6.28. Let o and o' be primitive substitutions both of whose composition
matrices have rational Perron-Frobenius eigenvalues ) and ), respectively. Then, (X, Ty)
and (X1, T,r) are Kakutani orbit equivalent if and only if {prime factor of A} = {prime factor

of M'}.

PROOF. Suppose that (X4, Ty) and (X, T,/) are Kakutani orbit equivalent. It follows
from Lemma 6.20 and Corollary 6.22 that there exist nonempty clopen sets A C X, and
A’ C X, such that

w(A) "N (W(E) : E C Xg is clopen) = u/(A) "' (W (E) : E C X, is clopen) .
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It follows from Corollary 6.7 that there exist integers mg, ng, m and n such that
1 A om
w(A)"(u(E) : E C X4 is clopen) = {—— mel,n> O} ,

mo A"
A m }

W:mEZ,nEO
mi

Since uw(A)"Yu(E) : E C Xy isclopen) = u/'(A) YW/ (E) : E C X, is clopen), it

follows that
A0 )\‘/Vll
—ﬂ:meZ,nzO = Kn:meZ,nzO .
moy A" mp A

Therefore, for every integer n > 0 there exist integers m(n) and k(n) such that
1 A0 m(n)

N mg Ak
We hence have that moAX" = 370 . m(n) - A" for every n > 0 and that A”" |[moA*™ for every
n > 0. Let p > 1 be a prime factor of A’ and take n > 0 so that my < p". Then, we neces-
sarily have that p divides A, which concludes that {prime factor of A"} C {prime factor of A}.
The converse inclusion can be shown in the same way.
To show the converse implication of the theorem, suppose that {prime factor of 1} =
{prime factor of A'}. From Corollary 6.7, there exist integers d, d’ > 0 such that

(uw(E) : E C Xy isclopen) = {n/(d-A"):n€Z,m >0},
(W(E): E C X, isclopen) = {n/(d -\™):m e Z,n > 0}.

W (AN "YW (E) : E C X, is clopen) = {

It follows from Corollary 6.9 that there exist clopen sets A C X, and A’ C X, with w(A) =
1/d and /(A" = 1/d’. Tt follows from Corollary 6.22 that

(na(E) : E C Aisclopen) = {n/A" :n€Z,m > 0},
(W (E): E C Alisclopen) = {n/A" :n e Z,m >0},

where 4 and w4 are the unique invariant probability measures of the induced transforma-
tions (Ty)a and (T,) 47, respectively. It follows from the assumption that (ua(E) : E C
A is clopen) = (;/A/(E) : E C A’isclopen). This shows the orbit equivalence between
(T5) 4 and (T,/) 4- and it finally follows from Lemma 6.27 that T,; and 7, are Kakutani orbit
equivalent. O

EXAMPLE 6.29. There are two proper and primitive substitutions whose composition
matrices have a common irrational Perron-Frobenius eigenvalue but their associated substi-
tution systems are not Kakutani orbit equivalent. We shall define substitutions o and o’ by
o(a) = abac, o (b) = ca, o(c) = aaccc; o'(a) = aaabb, o’ (b) = aab respectively. Their
composition matrices are respectively

2 1 1 3 9
Mo)=|1 0 1 and M(o') = (2 1) ,
2 0 3
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whose common Perron-Frobenius eigenvalue is 2 + +/5. The left Perron-Frobenius eigen-
vectors of M(c) and M(o”) are given by ((+/5 — 1)/2, (—+/5 + 3)/2) and (+/5/5, (5 —
25)/5,v/5/5), respectively. A direct computation shows that

3.5
«/—Z
2

~ 5 ~
KO(XU,TU)EZ+%Z and KX, ,T,)=Z+

whose order structures and order units are both inherited from (R, R4, 1). We suppose that
G =7+ «Z and H = Z + BZ for irrational numbers « and 8. The necessary and sufficient
condition for G and H to be order isomorphic is that « is equivalent to 8, i.e., for the continued
fraction expansions [ag.ai, az, - - - ] of « and [bg.b1, by, - - - ] of B there exist integers m, n > 1
such that a; 4, = b;, for every integeri > 0 where the dot means the separation between the
integral part and the fractional part, see [2, Theorem 3.2]. The continued fraction expansions
of \/5/5 and (3— \/5)/2 are respectively [0.2, 4,4, ---1and [0.2, 1, 1, - - - ]. So the dimension
groups Z + +/5/5Z and Z + (3 — +/5)/2Z are not order isomorphic and T, and T, are not
Kakutani orbit equivalent from Theorem 6.19.

6.4. Examples.

(1) (Thue-Morse sequence) Put A = {a, b} and define a primitive substitution o on
Aby o(a) = ab, o (b) = ba. It follows that a is the first letter of o2 (a), b is the last letter of
02(b) and ba € L,(o). Then, the return words to b.a are wy = abb, wy = ab, w3 = aabb
and wqg = aab. Put R = {1, 2, 3, 4} and define a proper primitive substitution 7 as in Section 3
by 7(1) = 1234, 7(2) = 124, t(3) = 13234 and t(4) = 1324. The composition matrix of t
is given by

M(t) =

—
—
—_— N O =
—_ =

whose left Perron-Frobenius eigenvector 8 € N* defined as in (2) of Proposition 6.5 is given
by (1,1, 1, 1). We have that d = 12, where d is defined as in (2) of Proposition 6.5. Since the
Perron-Frobenius eigenvalue of M (o) is 2, we have that

r@)={(3"-2":me{0,1},n>0}.

(2) (Rudin-Shapiro sequence) Put A" = {a, b, ¢, d} and define a primitive substitu-
tion o’ by ¢'(a) = ab, o’ (b) = ac, 6'(c) = db and 0'(d) = dc. It follows that a is the
first letter of o 2(a) and b is the last letter of o’ 2(b) and ba € L;(o”). Then, the return words
to b.a are w; = ab, wy = acabdb, w3 = acdcacab, wy = acabdbdcdb, ws = abdb,
wg = acdcacdcdbdcacab, w7 = abdbdcdbdcacdcdb, wg = acdcacdcdbdcacdcdb and
w9 = abdbdcdbdcacab. Put R = {1,2,3,4,5,6,7, 8,9} and define a proper and primitive
substitution T on R’ as in Section 3 by t(1) = 12, 7(2) = 1345, t(3) = 1632, t(4) = 13475,
7(5) = 145, 1(6) = 168932, t(7) = 147985, t(8) = 168985 and 7(9) = 147962. The
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composition matrix of t is given by

110000000
101110000
1 11001000
101110100

M@m=]1 0011000 0],
1 11001 0 1 1
100110111
100011021
1 11100101

whose left Perron-Frobenius eigenvector 8 € N° defined as in (2) of Proposition 6.5 is given
by 4,2,2,2,2,1,1, 1, 1). Therefore, we have that d = 128 = 27, where d is defined as in
(2) of Proposition 6.5. Since the Perron-Frobenius eigenvalue of M (o) is 2, we have that

Ie)=1{2":n>0}.

We hence conclude that (X, 7T,) and (X,, T,/) are not orbit equivalent but Kakutani orbit
equivalent.

References

[1] F. DURAND, B. HOST and C. SKAU, Substitution dynamical systems, Bratteli diagrams and dimension
groups, Ergod. Th. & Dynam. Sys. 19 (1999), 953-993.

[2] E. G. EFFRrOSs and C. L. SHEN, Approximately finite C*-algebras and continued fractions, Indiana Univ.
Math. J. 29 (1980), 191-204.

[3] A.H.FORREST, K-groups associated with substitution minimal systems, Israel J. Math. 98 (1997), 101-139.

[4] T.GIORDANO, I. PUTNAM and C. SKAU, Topological orbit equivalence and C*-crossed products, J. Reine
Angew. Math. 469 (1995), 51-111.

[5] E.GLASNER and B. WEISS, Weak orbit equivalence of Cantor minimal systems, Internat. J. Math. 6 (1995),
559-579.

[6] R.H.HERMAN,I. F. PUTNAM, and C. F. SKAU, Ordered Bratteli diagrams, dimension groups and topolog-
ical dynamics, Internat. J. Math. 3 (1992), 827-864.

[7] D. LIND and B. MARCUS, An introduction to symbolic dynamics and coding, Cambridge university press
(1999).

[8]1 I.F.PUTNAM, The C*-algebras associated with minimal homeomorphisms of the Cantor set, Pacific J. Math.
136 (1989), 329-353.

[9]1 M. QUEFFELEC, Substitution Dynamical Systems—Spectral Analysis, Lecture Notes in Math. 1294 (1987),
Springer.

Present Address:

DEPARTMENT OF MATHEMATICS, KEIO UNIVERSITY,
HivyosHI, KOHOKU-KU, YOKOHAMA, 223-8522 JAPAN.
e-mail: hisatoc @math.keio.ac.jp



