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Introduction

In this paper, we give a new proof of several relations among axial distances and products
of hook-lengths using a generalized version of Lagrange’s interpolation polynomial (Theo-
rem 0.1). Applying this method to another case, a new relation is obtained (Theorem 0.2).

To state the main theorems, we introduce some terminology and notation following the
books [4, 5]. Let A = (A1, A2, ..., A;) be a partition of n. The Young diagram or shape
of A is an array of n boxes having / left-justified rows with row i containing A; boxes for
1 < i < [. The box in row i and column j has coordinates (i, j), as in a matrix. The
conjugate of a partition A is the partition A* whose diagram is the transpose of the diagram A.
More precisely, for A, A* = (A], A5, ..., A;‘,) is defined by

M=z G=L2....0'=1).
The hook-length of A at (i, j) € X is denoted by &, (i, j) and defined by
PG, j) =di + 47 —i—j+1.
For a partition A, let 2(X) denote the product of all the hook-lengths in A, namely
ho) = [T mG. ).
(i, j)ex

For an indeterminate ¢, we define the g-integer [i] by

q' —q”'
T q—q
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Replacing each factor of #(A) with the corresponding ¢g-integer, we define h[A] as follows:

hial = [T that. )l

(i, j)exr

For each x = (i, j) € A, the content of x is defined by c¢(x) = j — i. For an ordered pair
(x, y) of coordinates in a Young diagram, the axial distance d(x, y) is defined by

d(x,y)=c(y) —cx).

Let A, u be partitions of n and n— 1 respectively. If i is obtained from A by removing one box,
then we write i <1 A. If there exists a 3-tuple of partitions (v, i, A) such thatv <1 u <1 A, then
the axial distance d (v, u, 1) is definedtobe d(v, i, A) = d(u\v, A\ ) = c(A\ ) —c(u\v).
For example, if . \ © = {(r1, c1)} and p \ v = {(ro, co)}, then

hu(ri,co)  if ro>ry,

dw, u, )y =ci—ri—(co—ro) =1 " .
—hy(ro,c1) if ro <ry.
Throughout this paper, we use “Young diagram A” instead of “the Young diagram of a

partition A”. Under these preparations, we state the following theorems.

THEOREM 0.1. Suppose that two Young diagrams p and A satisfy @ < A. Let
{)»:;)}rzlgzw)b(;\) be the set of all the Young diagrams which satisfy )L:;) > A and
{;L(;)}S:Lz)wb/(m the set of all the Young diagrams which satisfy ,u(;) < . Then the fol-

lowing relations hold:

b
) Z h[A] .q:tc(kz;)\)») —1.
h[X (,)]

b(A)
h[r 1
) Z 2 =0,
S RG] (. x0)]

b(n) qid(u,x,xg;))

h{A] hip]
3 =
¥ Z hIA)) [d(, a a1 A

bl

@ bf:) hlu] ) ic(,u\ﬂ(:)) Zqizc(x)
— h[“(;)] XEWR
b'(w)
M !
- 2 = [cO\ W],
Zh[ﬂ(s)] [d ks 1. 2] o
©) bfj) hl_gm VOt R g

hlpg)) [y, D2 hlud
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Further, let | be a Young diagram which differs from . and satisfies ;' <1 A, and \' a Young
diagram which differs from ) and satisfies \' > p. Then the following relations hold:

b() ic(x(t)\x)

h(A] q
0 Z 7 + 0
= RG] [d G, 2, AN (W Ay 2)]
b'(w) e(p\pg)
e\ +c(\w)

hlul q
®) : -
2 M) [dGig, e Ay )]

s=1

THEOREM 0.2. Let A, u, {)\E’;)}rzlgzw)b(;\) and {M(_S)}szl,z,...,b’(u) be as in the previ-

ous theorem. Then the following relation holds:

b () b()

1 1 1 1
hlul? : = hAP? . .
r 2 hlpg)) [d(pgy. 1 0P [] ;h[x(t)] [, 2, A0

s=1

Theorem 0.1(1) describes the branching rule from the irreducible representations of the
symmetric groups S,_1 to those of &, if we specialize the parameter g to 1. As for this
special case, we already have a proof by induction on the depth of A which utilize the equation
in [4],I,§1,Ex.1. As we mention later, as for the g-analogue version of this relation, we also
have another proof as well as the other relations in Theorem 0.1. In this paper, however,
we would like to propose the following new approach which utilize a generalized version of
Lagrange’s interpolation polynomial.

By direct calculations or using the equation in [4],I,§1,Ex.1 we find that the ratio A[u]
to h[A] (resp. h[A] to h[u]) has the following presentation by axial distances {d; =

d(iy)- 14 WY(= D) and fer = d(p, 2, A} = E):

hlu] |D| HdseD[ds]
12 Ml _ o yior Haepldsl
( ) h[)n] ( ) Hereﬁ[er]
(1.5) A _ (_1)|E|—1.M’

hipl [Ty, cplds]

where § = § \ {1, —1}. The important trick for the new proof is the fact that using the
same axial distances in D and E, we obtain the following presentations of A[A]/ h[kz;)] and

h{p)/ Al ]:

ha  gepler +ds]

(1.6) = ,
h[)»?;)] neieE\{er}[Er —¢]

(1.8) hpl Tl eplds +erl
' hlpgy) — Tiepyalds —dil”
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where Sy = SU {0} \ {1, —1}. Summing up both sides of the equations (1.6),(1.8), we find
these presentations are versions of Lagrange’s interpolation polynomial (The former is just
the classical one). Showing a generalized version of Lagrange’s interpolation polynomial, we
prove Theorem 0.1(1)—(6). Theorem 0.1(7) and (8) will follow them. Moreover, we obtain a
new relation in Theorem 0.2.

In the paper [6], Wenzl proved a more general version of Theorem 0.1(1) to show the
existence of a Markov trace for a series of the Iwahori-Hecke algebras {H,(g)}, of type
A, modifying A and )»(t) ingeniously so that the equation in [4],1,§3,Ex.3 can be applied.
His proof is, in other words, based on the Schur-Weyl reciprocity. By mimicking Wenzl’s
method, we can also prove the other relations in Theorem 0.1. In fact, the author used some of
the relations in Theorem 0.1 to construct irreducible representations of the generalized Hecke
algebra and those of the Hecke category [1, 3]. The relation in Theorem 0.2, on the other hand,
does not seem to be obtained from the Schur-Weyl reciprocity, even in the case ¢ = 1. Our
new method is, however, valid for the proof of Theorem 0.2 as well as Theorem 0.1(1)—(6).

When the author was writing a paper concerning the announcement [2], he found a spe-
cial version (¢ = 1 version) of the relation in Theorem 0.2. In his study, in the case ¢ = 1,
the main theorems above were used to show the well-definedness of the irreducible repre-
sentations of a new algebra called the party algebra. The party algebra is obtained from the
group algebra of the symmetric group & by adding an element which satisfies > = Af and
some other relations. If we specialize the parameter 8 to a positive integer k, then we find
that the party algebra is isomorphic to the centralizer algebra of the unitary reflection group of
type G(r, 1, k) in the endomorphism ring End(V ®") of tensor space under the condition that
dim V =k > n,r > nand G(r, 1, k) acts diagonally on V®"_ The existence of a g-analogue
version of these relations indicates the existence of a g-analogue version of the party algebra.

This paper is organized as follows. In Section 1, we deduce the equation (1.6),(1.8).
Some other relations which will be used to prove the main theorems are also proved. In
Section 2, we prove the generalized version of Lagrange’s interpolation polynomial using the
Vandermonde determinant or the Schur function. Note that we do not do any calculation
concerning the Schur-Weyl reciprocity. Finally, in Section 3 and 4, we prove Theorem 0.1
and 0.2 respectively.

The author would like to thank Professor Masao Ishikawa who suggested his considering
a g-analogue version of the theorems. He also thanks Hideo Mitsuhashi who read carefully
the preliminary version of this paper and gave him useful advice.

1. Preliminaries

First we describe A[w]/ h[A] and A[A]/ h[w] in terms of axial distances dy = d(u(_s), w, A,
(s=1,2,...,b'(w) and e, =d(u, A, x(t)), (r=1,2,...,bQV)).

Let {kzj)}r:m,m b(v) and {,u(;)}szl 2,....b'(w) be the sets of all the Young diagrams which
satisfy )L(t) > A and Mgy < 1 respectively. We assume that they also satisfy c(ka) \A) <
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Vb'(w)
Xb()
Vb'(w-1
u T X1
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Vi1
X1
AN\ w={(r, co)}
Y2
A2
Vi

X

FIGURE 1. A\ p as an outer corner of .

+ —_ —_
R S C()‘(b(x)) \A)and c(u \ “(1)) <o <c(u\ /,L(b,(M))). In other words, the outer corners

of X are indexed by )\a) \NA, e, X(E(A)) \ A from left to right and so are the inner corners of
wby )\ Ky - I \ “(_b’(u)) from left to right.

Similarly, let {,u:;)}rzl,z,__,,b(m and {)»(;)}Szl,gw,b/(k) be the sets of all the Young dia-
grams which satisfy ,u:;) > u and )‘(;) <1 A respectively and assume that they also satisfy
c(A\Aq)) < -0 < e\ Agy,) and c(u(ﬁ) \u) < - < c(%w)) \ 1). We note that there
exist indices ¢ and u such that ,uz;) = A and X(_u) = U.

Using these notation we calculate a[ ]/ h[A]. First we regard A\ i as an outer corner of i
andputA\pu = ,uz;) \i = {(rr, cr)}. Letxq, ..., xp/(y) be the lengths of horizontal edges of u
and y1, ... , yp(u) the lengths of vertical edges of u as illustrated in Figure 1. More precisely,

xy and yy are defined by xx = c(u\ 1) — (i \ w) and yx = () \ ) — e\ )
respectively. Then we have the following:

hlpl [ jeplhnG, DI
hi Tl penlhaG, D]

=<Ci_[1 [y (e )] )X(
[y (e ) + 11

i1

re—1

l—[ (G, el )
[hu(,c) +1]

i=1

_<ﬁ [x1 4+ +x—1+y1+---+y-1—pl

s ey e = p ]

[24---+x-1+y2+---+y-1-pl
o+ - +x—1+y2+---+y-1—p+1]
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ﬁ [xi—1+ yi—1 — p] )
el [x—1+yr—1—p+1]

I (10)
X( 1—[ [t + -+ xpr () + e+ -+ Yo — Pl
et Xy Yt Yy — P+ 1

Y/ ()
bﬁ EETE I + Xp =1+ Y+ Yroy—1 — Pl
[

Xttt Xpgy—1t Y+ Vw1 — p + 1]

p=l

1’—[ Lxe + i — p] )
oy ety —p 4]

_<[x2+~'+xz1+y1+~'+yzl]

X1+ +x—1+y1 4+ yi-1l
3+ +x—1+y2+--+ -1l [yi-1l
ot Fuotntoo vl e +yt1]>
X([xt+"‘+xb/(u)+)’t+"'+)’b/(u)]]
[xe + -+ Xpy +ye -+ Y w]

a7 e W L S L7 ) I &) )
[+ -+ Xpry—1 + e+ + Yro—1] xi+y/)°
Here we find thatif 1 < s < ¢ then

Xstl o+ X1+ Y+ F v = e\ p) —elp\ w)
andift <s < b'(u) then

Xe Xyt d Yo = e\ fy) — e\ ).
Similarly, we find thatif 1 <r <1t

Xt Xty e = e\ ) = ey \ 0
andifr <r < b'(u) then

XA X F vy =gy V) — e\ )
Hence we have

hlul ([C(k \ ) = e\ i)l
AT \LeG\ 1) = c(uyy \ w)]
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fe@\ ) —clp\pp)l — e@\p) —c(u M(_,_l))]>
[\ 1) = c(uy \ W] [e\ ) = e(ui_y \ W]

X([C(M \ I’L(_b/(u))) —c(A\ W]
[C(I’L&(u))) —c(A\ W]

[e( \ iy —1y) = €A\ )] [e(u\ 1) — e\ M)])
[e(tpy—1) = €\ W] le(iiyr) — ¢\ w]

DO Le00 w) - e\ )
[h<rertimizrepgole(ad, \ w) — e\ w1

Since
feui\w —cG\wIl<r<t—11+1<r=<b)
(I.D ={cOj) \ A —cOAWIl <7 < b\ {1, —1)
={d(u, }, A5 )Ir =1,...,bOI\ {1, =1},

if we put
E={d(u. 2 rl) r=1,....b(0)), E=E\{l,-1)
and
D ={d(ugy, m, M) s =1,....0' W),
then we find
(1.2) % = (—1)'0-%.

Thus we also have

hpt _ aepldl®
hDP - Tleeplel?®

(1.3)

REMARK 1.1. Comparing the cardinality of the sets in the equation (1.1), we have

|E| = b(n) — 1 =0'(n) = |D|.

Similarly, we can calculate 2[A]/ h[w]. This time we regard A \ u as an inner corner of A
andput A\pp = A\%,) = {(r],c))}. Letzy, ..., zp () be the lengths of horizontal edges of A
and wi, ... , wy(y) the lengths of vertical edges of A as illustrated in Figure 2. More precisely,

we define zx and w by zx = ¢(A \ Ag)) — c(hfy \ A) and wi = ¢y ) \ V) — i\ Ag,)
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Wb
<h'(n)
b'(M)-1

L o1

;u+1
y+l

1«
Zu

T A s ()
= ’

<1

FIGURE 2. A\ p as an inner corner of A.

respectively. Then we have the following:

h[A] _ H(,’J)E)\[hk(ia ]
hlp] B l_[(i,j)ep,[hlb(i’ D]

-

:( [ ) )X (1—[‘ [ G, )] )
Himonn-T L i e — 1

_(ﬁ 21+ +zu+w +- - +wy—1 —p+1]

ol 21+ F+zu+wi+ -+ wy—1 — p]

22

l—[ 2+ -+zu+wr+ -+ wy—1 —p+1]
2+ +z+wr+ -+ w1 — pl

p=l

Zu—1 Zu

-1
T1 [zu—1 + 2u + Wyt —p+ 11 I [zu—p+1])

p=1 [Zu—1 + 2y + wy—1 — pl p=I [zu — Pl

Wy
( T [Zus1 + -+ 2oy +wu+ - +wp) — p+ 1]
<( T1

oot Rurr et zoy Fwet e Fwypg) = pl

Wy (3)—1

l_[ [Zug1 + -+ 2yy—1 Fwy + - Fwpry—1 — p+ 11
[zu+1 + -+ zprgy—1 + Wy + - +wWppy—1 — Pl

p=1

Wy 41 Wy —

1
) H[Zu+l+wu+wu+l_l7+1]'l—[[wu_l’+1]>
[Zus1 + wy + wyp1 — pl [wy — p]

p=1 p=1
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(lattztwi o+ wy—]

_([zz+m+zu+w1+m+wu1]
2+ -+ zu+wr+ -+ wy—1]
a3+ +zu+twr+-- +wy—1]
o [Zu—1+ Zu +wul]’[Zu]>

[z + wu—1] (1]

x( [Zut+1+ -+ 2oy +wy + -+ wppyl
[Zug1 + - Fzyoy Fwu + - +Fwppy—i1]

[Zut1+ -+ 2poy—1 + Wy + -+ wppy—1]
[Zus1 + -+ 2yoy—1 + Wy + -+ + wppy-2]
= [zu+1 + wy + wu+l].[wu]>
[zu+1 + wyl (1]

(LG ) = O\ DT [\ ) = ey \ )]
- ([e(x \ 1) = cON\ AT [eG\ i) — G\ Ayl
[e(A\ ) = c(f_yy \ W]
e\ ) — O\ gyl
5 ( [cCripop \ D) = cON W (G \ D) = cG A )]
[cO N\ Agyi)) = €N DT [N Agry_y) — ¢\ ]
Gl \ W) —cGA I
[cON\ g yy) — e\ ]

L EDPOE G \ W) — O\ W]
" ThzsmuturizsmpooleG\ ) = cGA AT

TeO\ ) = cGhgy, \M])

TeG gy \ W) = e\ u)])

Since
{cA\ W) —cON\ADII <s <u—Lu+1<s=<bH)
(1.4) ={c\w) —cu\ ng)ls = L., bW\ {1, =1}
={d(ngyy, Vs = 1,..., '\ {1, =1} (= D\ {1, ~1}),

if we put D=D \ {1, —1}, then we obtain

hiA] _1 [eeglel
1.5 T (—)EI-T LlecE )
4 el = Ll

Further, we find that

WA Tlecplel?

1.3/ = .
(13 WAl Tlyepld?
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This is consistent with the equation (1.3).
REMARK 1.2. Comparing the cardinality of the sets in the equation (1.4), we have
ID|=b' M) —1=b(r)—2=|E|-2.
Now we prove a formula among the axial distances in the sets D and E.
LEMMA 1.3. Let D, D, E and E be sets of axial distances previously defined:
D={dy=d(ugy . 2) [s=1.....0'w)}. D=D\{l, -1},
E ={e, =d(u,k,kz;)) lr=1,....,b)}, E=E\{l,—-1}.

Then the following identity holds:

Dods+ ) e=) dit ) e=—cO\p.

dseb er€E dseD erck
PROOF. Put ﬁo =Du {0}. By the equation (1.4), we have
ﬁo ={cA\ n) —cA\ )»(;)) |s=1,...,b' (L)} (recall that )\(;) = W)
and
E={c()»:;)\)»)—c()»\u)|r= L,...,b(A)}.

Hence we obtain

Yodi+ Y e=) dit+ > e

dsef) er€eE dsEBO er€E
b'(x) b(})
=c(\ @) b)) = Y eG\ag) + Y ey \ b = e\ p) - b()
s=1 r=1
b(r) b (L)
=—cO N\ + Y cOf\ ) =Y c\Ag).
r=l1 s=1
Let A\, \ A = {(rr. )}, = 1,....b(V) and let A \ A7) = {(rl. )} (s = 1,... . b'(Q)).
Then we find that (r}, ¢}) = (rs — 1, c541 — 1) fors = 1, ..., b'(). Hence we find
b(A) b () b(h) b (L)
D e\ =Y e\ =Y (e —r) = Y (ch—rh)
r=I s=1 r=l1 s=1
b(L) b ()

:Z(cr — 1) — Z(CSH —ry)
r=1 s=1

=C1 —Ipn)
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=1-1
=0.
Thus we obtain
Dods+ ) er=—cl\w.
dy eh er€E
Similarly, using the equation (1.1) we can check that

st—i—Zer:—c(k\M).

dseD erek

Next we calculate h[A]/ k[ z;)] and h[u]/h[u(;)].
Replacing u and A with A and k(r) respectively in the calculation of 2[w]/ h[A], we have

the following:
i DOl \ D) = 0\ ag)]
WA Ticizr—tr=i<pooleGy \ 2) = ¢y \ W]
(=YD TP e A\ W) = e\ ) + e\ ) — e\ Ag)]
(—Dbe)-1 Hlsisr—l,rﬂsisb(/\) et \ 1) = GGy \ V)]
M %1d(. 1, M)+ e\ ) — e\ Ag))]
 Thisizrtriispld @ A 45) = d(u. 3246

Since A \ )»(;) = A \ W, using the equation (1.4) we have

O\ ) = cONAGls = 1. D ()
={d(p gy i D5 = 1o BGOYULOR\ {1, =1},

Hence putting

Do = {dy = d(pgyy, . Wls = 1. b0} U (O} {1, 1)

and

={e; =d(u, A, A(l))li =1,...,b(A)}
we have

h[A 5 Ler +d ]
16 (1 Tlaepler +s

h[kz;)] [eiervie, ler — el
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By Remark 1.2, we find that | Dg| = |E| — 1. Hence we have

Myepgler sl Tlyep, @t —q %)
[le;ereler —eil a [eicr\ie,) (@4 —qi—er)
~ Myeny@ )@ —q72%)
" eer\e @) (g — gi)
q—|ﬁ0‘er.qzd:ef)o ds [Myen, @ —a
T E e g e e [Lyepy e @ — q%)

ey 72d5)

2er _ g2y

,e,.qZ,,Se,A)O ds+X ek @i ndseﬁo(q
]‘[eiGE\{er}(qur — g2ei)

(Zd:eﬁo ds + 3 pcp €i = —c(k\ p) by Lemma 1.3)

=q

~ 2er _ ,—2ds
_ G\, g ep, @™ =47

HeiEE\{er}(qzer - qu,-) .

Thus we have obtained

2e, —2d
hA] ot aep, @™ —a%)
) ey = g
h[)\(r)] ne,eE\{er}(q "—q )

Similarly, replacing A and p with p and /L(:) respectively in the calculation of A[A]/ k1],

we have the following:

(=DY O T e, \ ) — e\ 1))

hlu] _
Al Theiss—1sri<isoole\ 1) = e\ pg)]
T2 Te(uEy \ 1) — O\ ) +d (g 1, )]

(_1)17/(10 HlSifsfl,SJr]SiSb’(M)[_d('u‘(_s)’ W, A) + d(ﬂ&): W, A)]

r=1

b _
[T ey \ 1) = e\ w) + d (). 12 )]
[licics—tst1=ipold gy, o 2) —d gy, 1, 2]

Since ,uz;) \ 4 = A\ K, using the equation (1.1) we have

fe@uiy \ ) = cOAWIr =1,....b(w)}

={d (. 1 A5)lr = 1. b} U {0} \ {1, 1}

Hence putting

Eo = e, =d(u, 1, A5)Ir =1, bG)} U0} \ {1, —1)
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and

D ={d; =d(ug, u, Mli = 1,...,b'(w)
we have
(1.8) hul Il eplds +er]

h[,ll«(;)] B Hd;eD\{dS}[dS —d;] .

By Remark 1.1, we find that | Eg| = |D| + 1. Hence we have

1_[ ~ [ds + er] 1 1_[ ~ (qu“l‘er _ q_ds_er)
e,€Ep _ e,€Ep
[lg,ep\aglds —dil (g — q1)? [la.en\a, (qh=di — gdi=ds)
\{ds} \{ds}
o [T, ez, @)@ —q7>)
@ =9 Tlgepyay@ %4 (g — q%)
I P R

B (g —q=1? Hd,eD\{dS} g=di  g=(PI=Dds
. (n2ds _ ,—2er
5 IL.cz,(a q-=")
[aepria,y @ — g2%)
Lpety ot igen di=ds | (—|EolIDI=1)-ds

q

(g —q="?
[1,,cz,@* —a7%)
X
[aep\iay@* — >

(Lemma 1.3)
qfc()h\,u)fds 'q72d5 HerEEO (qus _ q—Zer)
(g—q71? Hd,-e[)\{d:}(qzds — %)
B B e D P e s
(¢—qH? [4,cp\(a,) (@*% — q%%)

Hence we have obtained the following:

! q720(k\u)+c(u\u<})) .q*% 1 2ds _ q*2er)

1.9 = -
(49 Al )] (¢ —q

erEEO (q
2dg _ qzd,‘)

—1)?2 [lien\ia,) (@

Before concluding this section, we show an identity among the contents of the outer
corners and the inner corners of a Young diagram p.

PROPOSITION 1.4. Let {;L(t) \ W)r=1,...b(w) be the set of all the outer corners of a

Young diagram . and {/L\,u(;)}szl .....b/ () the set of all the inner corners of the Young diagram
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Jo i Jo Ji

ty ly

H A

FIGURE 3. {Contents in H} = {Contents in A}.

(D (2)

FIGURE 4. ({Contents in (1,1) hook of 1} = {Contents in the rim of A}.

. Then the following identity holds.

b(w) b'(w

(q + q —1 _ 2) ch(x) ch(ﬂ(r)\ﬂ) Z qC(M\M(;)) — 1

XEN

To prove this proposition, we use the following lemma.

LEMMA 1.5. Let A = (o1,...,0:B1,...,Br) be a Young diagram by the notation
due to Frobenius. Namely, let ¢j = X; — i [resp. Bi = )Lf — 1] be the number of nodes in
the i-th row [resp. column] of A to the right [resp. below] of (i, i), for | <i < r. Here, we
suppose that the main diagonal of the diagram A consists of r nodes (i,i) (1 <i <vr). Then
contents in (1, 1) hook of A coincide with contents in the rim of A, i.e.

{c()] x € (1181}
={c®|xe(ar,...,oB1,..., )\ (@2, ..., 00|82, ..., Br)}.

PROOF. It is easy to check that two sets of contents in a hook and in the corresponding
arm coincide (See Figure 3).

Iterative use of this fact shows that the contents in (1,1) hook of A and the contents in the
rim of A coincide (See Figure 4(1)(2)). O

PROOF OF PROPOSITION 1.4, LetS =3 ¢ Then

xeuq
L) L)

(1.10) (g—1DS= ch(x)-i-l ch(x) _ ch((l wi+1) ch((l 1))

XEN XEN
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- e

++ +

FIGURE 5.

+ + + +
+

+ +
(1) N )

Interpretation of the equation (1.10) and (1.11).

+ HE +
+
o+ o+ o+ + +
+ + -]
o+ o+ +
+ + ]
+ + -]
+ + + (1) + + + (2) - (3)
FIGURE 6. Interpretation of Proposition 1.4.
where {(i, u; + 1)|i = 1,...,1(n)} is the union of outer vertical rims of w and {(i, 1)[i

1,...,I(w)} is the first column of u (See Figure 5(1)). Similarly,

(1.11) @' =DS=D g3 g =

XER

XER

1, ..., u1} is the first row of u (See Figure 5(2)).

Hence we obtain

I(w)

1
_ i i L 4+1,j [
(q+q 1_2) 2 :qC(X) — 2 :qc((t,m+l)) + § :qC((uﬁ n_ ch((z,l)) _
1 i=1 i

XEU i=1

1)

Iz 1)

j=

!

- ZqC((i,Mi-i-l)) + Z qc((u’j+1,j))

i=1

j=1

Z qC(X) _ qC((LI)) .

xe{the rim of )

zl: C(( ! )) 21
I 1: 1,j
q J ! qC(( ])) ’

where {(;L’j +1, )Ij=1,..., u1}1is the union of outer horizontal rims of x and {(1, j)|j

By Lemma 1.5 and Figure 6(1)—(3), we will find that the last term is equal to

b(p)

This completes the proof.

. B (1) B
Z qc('“(r)\'“) _ Z qc(“\“(s)) _ 1 .
r=1 s=1

213

M1
qC((l,j))
=1
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2. Lagrange’s interpolation polynomial

In this section we show a version of Lagrange’s interpolation polynomial.

For an arbitrary integer sequence y = (yi, ... , ¥,) of size n on which the symmetric
group &, acts by transposition of the components, we define a,, (x1, ... , x,) by
Vi
ay(x1,...,x,) =detlx;’] = Z (sgn w)x™? .
wesS,

The Schur function s, is defined by

ay+5(X1, ...y Xp)
S)/(.x],... an) = M?
aﬁ(xl, cee xl’l)
where § is the sequence (n — 1,n —2,...,1,0).
LEMMA 2.1. Let X = {x1,...,x,} be a set of indeterminates whose cardinality is
equal to n. Then the following identity holds:
x}
m R =S(j—n+1,0,...,00(X1, ..., Xp) .
xrex L lxieX\{x} Xr =X
PROOF. Let A,(z1, .. ,zn) be the simplest alternating function in the variables z, . . . ,
Zn:
Atz =[G —2).
i<j
As is well known, this is equal to as(z1, ... , 2»). Using this notation, the lemma is verified
by the following direct calculation:
S(j=n+1,0,...,0)(X1, X2, X3, ... , Xp)
J n—2 n-3
xXpox ) x| ; -eeoooxp 1
J n— n—
x) x22 )c23 ceeoxp 1
J n— n— —1
=X3 X3 X3 o3 A (e, X, X3, 000, X))
xi x,’ffz x,g”3 x, 1
xg_z x§_3 e oxp 1 x;’_z xf_3 ceeooxp 1
-2 -3 -2 -3
i x5 x5 ceeoxz 1 ; x5 xj x3 1
— xl . . — _x'2 . .
n—2 -3 n—2 n-3

n
X Xy s x| X, Xy e x|
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-3
xl ) f R X1 1
n— n—
nel X5 X5 X2 1
-2 -3
Xooi X Xp—1 1
X{An(x17x21 X3, 000, -xl’l)}_l
_xj Anfl(x27-x37-x41"' 7-xn) _xj Anfl(x17x37-x41"' 7-xn)
! Ap(X1,x2,X3, ..., Xp) 2 Ap(x1,x2,X3, ..., Xp)
i Ap_1(X1,Xx2, X3, ..., Xp—
e (e n—1(X1, X2, X3 n—1)
An(-xls x2’ -x37 ey -xl’l)
o An—1(x2,x3, X4, ..., xn) | j Ap—1(x1, X3, X4, ..., Xp)
:xl . +x2 .
An(x11x27x31"' 7-xn) An(x27x17x31"' 7-xn)
i Ap—1(X1, X2, X3 ..., Xp—1
gl B am1)
Ap(Xn, X1, X2, ooy Xn—1)
o
xreX nxiex\{xr}(xr = Xi)
O
EXAMPLE 2.2. If0 < j <n—1=|X]|— 1, then we have
xJ
2.1) > =0
xeX HXiGX\{Xr}(xr = Xi)
If | X]—1=n—1 < j, then we have
J
Xr
~ = S(j—n+1,0,...,00(X1 ... Xp) = hjpyp1(xX1, ... x0).
X, eX nxiex\{xr}(xr = Xi)
Here h,(x1, ..., x,) is the r-th complete symmetric function. In particular, if j = n = |X|
then we have
N
(2.2) =G ) = ) X,
xeX Hx,-eX\{xr}(xr —Xi) xieX

andif j =n — 1 = |X| — 1 then we have
1X|—1
xr

(2.3) =ho(x1,...,xn) = 1.
Z nx,eX\{x,}(xr —Xi) "

xreX
On the other hand, if j is negative, then putting j = —k we have
x

[T ex ) Gor — x0)

xreX
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=S(—k—n+1,0,...,0,00 (X1, - .. , Xp)

=01 X) ™ Sk k) (X1 Xn)

=D o) T S k10 (LX)
In particular, if j = —1 then we have
2.4 Z x7 ! =D s oG xy) (= DX

xeX Hx,-eX\{x,}(xr = Xi) X1 Xn X1 Xy
and if j = —2 then we have
X CED" s (LX)
o ey @r = x0) (132
X|-1

(2.5) — DY ex T exy o )

2
HXI'EX xi

3. Proof of Theorem 0.1

In this section, we prove Theorem 0.1 one by one using Example 2.2. Throughout this
section we follow the notation in Lemma 1.3. We note that although the equations (1), (3),
(4), (6), (7) and (8) contain both plus and minus signs in the exponents of the parameter g, if
we prove the equations hold for either sign then replacing g with ¢! we find that they also
hold for the other sign.

First we prove (1)-(3).

PROOF OF (1). Using the equation (1.7), we find

b®) (26 _ o —2ds

ch(x(t)\x). hlA] [gen (@™ —a—%)
1 2e, _ 2ey

r=1 hirg)l =% [1e;cevie, (@ — g%

By Remark 1.2 we find |ﬁo| = |ﬁ| + 1 = |E| — 1. Hence using the equations (2.1),(2.3) we
obtain the following:

2e, —ZdS)

—q 3
2e, _ q2e,-) -

Myen,@ 2er) | EI]

o Neerven@

(q
ot Heerven@

2er _ q2e,-) =

Thus (1) holds. d

PROOF OF (2). Similarly, using the equation (1.7) we have

—eOF\a B
% 1 h[X] _bff q— qfl q e\ )Hdseﬁo(qur —q st)
ler] AIA()] qer —q=¢ [Licr\ (e (@ — a4

+
r=I1 (r) r=I1
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bY  —cGE \W)te . o4,
D g oWt g — g7l Tlgep, @ —a7*)
g% —q° He,-eE\{er}(qze’ —q>)

72d5)

r=1

2e,

[T, cp @ —q
— ,—cO\w) -1 dseDy

=q g —-q7) 911 :
Z (qu, _ qZ 0) e[_EE\{er}(qu, _ qu,)

ereE

(Do =DU{0})

(200 o —=2ds
:q—c(x\u)(q _q—l) Z HdseD(q q )
e €E He,-eE\{er}(qzer — qui)

=0.

Here we applied the equation (2.1) using the fact that |13| =|E| —-2. O

PROOF OF (3). Similarly as in the proof of (1) and (2), using the equation (1.7) we
have

b  _ e 1o —c(AE\L) (2 —2d,
iq o A _i(q—q D2 a0 T gen, (@™ —a™)
r=1 Ler1? h[)‘z)] = @ - q-)? [Lcr\ie,) @ — q%)
—c(AT A\ _
_% (q _ q—l)qu, q e( (r)\ )Hdseﬁo(qzer —q zd:)
ot (qu, — qO)Z ]‘[qEE\{er}(qu, — q2e,-)
1499

_ . 2e, —2dy
-y (¢ —q"%q~0W Tlyep, @™ a7
ot (qu, _ q2-0)2 neiEE\{er}(qu, _ q2e,-)

(Dy=DU{0})

- - Hd f)(qur _ q72d5)
:(q —q I)Zq c(A\p) Z s €

(qur _ q2~0) l_[e,'EE\{(:’r}(qzer _ qu;)

er€E
2er —2d;
=(q — q_l)zq—c(?»\u) Z ndseﬁ((q r—1)—(q —1)
e ek (qzer - 1) Hé’iEE\{er}((qzer — 1) - (qzei — 1))

(|D| = |E| — 2 by Remark 1.2 and apply the equation (2.1),(2.4) )

=(q - q‘)zq“(““)-((—l)m' [Tw? - 1)).&
dseD HereE(qzer -1
nd:eﬁ(l - q72d5)

=—(q—q ")qg*\W. :
[L,cs(1 —q%)
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On the other hand, by the equation (1.5) we have

) _ Tlaeplds]
AWl (=DIEF], cpler]

(|1D| = |E| — 2 by Remark 1.2)

dy —ds
7])2' ndseﬁ(q _q )

=—(q—q
(—1)|E| nereE(qe, —qger)
=—(qg—q ") [Tg,ep@®) (1 —g™>%)
(—DIE,, cxl@) (> — 1)
N _ ., —2ds
= —(6] - q_1)2 . qzdsEﬁ ds+zerel;‘ er . ]_[dsED(l q )
[,ce (1 — g%
(Lemma 1.3)
N _ ., —2d;
=—(q— q—1)2 . q—c(A\M) ) ndseD(l q ) .
l_[e,eE(l - qze’)
Hence (3) holds. .

Next we prove (4)—(6).

PROOF OF (4). Using the equation (1.9) we have

b'(w) - —2d; L (g2ds _ =2
3 gctegy, Ml g 20 g Ty ey @™ a7

hlp ] g —g7)? deD nd,eD\{ds}(‘]% —q%)

s=1

Since Eg = E U {0}, we have |Eol = |D| 4+ 1 by Remark 1.1. Thus applying the equa-
tions (2.1),(2.2),(2.3),(2.4) we find

g2 M.z, (g% — g=2er)
i Taepyay @ — >

(g*)"! Ly COPTE g a0
2ds _ qu,-) h 2dy _ qu,-)

iop Haep\ian @

@', ep,(—a7%)

= Maepviay @ — 4>

_ Zqzds_ Z g2 4 (—1)/PI-! 1—[ g2 1—[ (—g~2¢)

dgseD erEEO dseD erel%o

= [lgepvay@

(1Eo| = |D| + 1 by Remark 1.1)
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=3 = Y g g B ey )

dSeD erEEO
(Lemma1.3)
2ds —2e, 2¢(
ZZqA_qu_FqC(\M).
dSED ereﬁo

Thus we obtain

b'(w)

—2¢(h
Zq*“(“\“fw). hlpl c(\w) (Z g% — Z q 2er+q2¢(x\ﬂ))
- —1)2
s=1 h[“(s)] (q )\ h ereo
1 b'(w) el b(u) et
c(u\pg e\
=— q ® q ® +1>
) -y

r=1

On the other hand by Proposition 1.4 we have

1 W 2e(ui\w) ‘& 2c(u\pgy)
—2c(x) _ e(ud\m c(u\ g
S0 = (e - e ).

XEN (q 4q s=1
Hence we obtain (4). O
PROOF OF (5). Similarly using the equation (1.9), we have
"ff 1 Al ”ff ggl g XODNG) g MT (g2 — g )
[ds] hlpg,] g —q=4  (q—q71)? [4,cp\(a,) (@ — q%%)
—c(k\u)—ds q72d: He,eéo (qzd: _ q—ze,)

-1 dXe:D —ds (qzds - q ) nd,eD\{ds}(‘Ist - qzd’)

(Eo=EU{0})
qfc(x\u) q—st He EE(quS _ q—Ze,)
9-a7" = Tlaepruy@® — >

( |E| = |D| by Remark 1.1 and apply the equation (2.1) )

LW @O EDEL @ T g

q—a7"' i [aepvay @ — 4>

( apply the equations (2.3),(2.4) )

—c(\w) .
= _qi_l(l + (=) EHIDI=T .q*Zd:eDZd:q*Ze ek 2"’*)

q9—4
( |E| = |D| by Remark 1.1 and use Lemma 1.3 )
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—c(A\p)
=-1 — (1 —q
q9—49
=[c(A\ W].

26()»\#))

O

PROOF OF (6). Similarly as in the proof of (4) and (5), using the equation (1.9) we have
the following:

g% hlul B g% (g —q 2 q—ZC()»\M)'FC(M\M(_S)) g% ]‘[ereEO(qus — g 2er)
AP hlug,]l @ =4 @-a 9 Tl @ — a9
qerC(k\MHC(M\M(})) q*Qd: He ety (qu: _ que,)
g 245 (q2ds — 420)2 ' ndieD\{ds}(qzds — g2dy)
(Eo=EU{0})
AP B [, s - q‘ze’)l |
(@ —q*9) g epyag @ —a**)
Hence we have
&gt hipl g0 3 M,,c6((@* =D — (@ 1)

doeD (q2d5 -1 Hd,eD\{dS}((q 2ds — 1) — (‘IZd’ - 1))

( |E| = |D| by Remark 1.1 and apply the equation (2.3), (2.1),(2.4) )

_CW)( (D' TT @™ -1 ))-—(_l)lm_1 )
et Moo — 1)
~ _ g 2er
—c(x\m(l MM,.:01—q ))
]_[ ep (1 —g2d)
_C()‘\M)(l C cE qier(qer — qer))
[Tyep q%(q=4 —q%)

:_q—cu\m(l _ g Taei e Laends, [T, cela” - 7 )
(=PI deeD(qd’ —q~%)
(Lemma 1.3 and Remark 1.1)
[, czler]
Hd,-eD[di]
(the equation (1.2))

_q*C()»\li) + (_1)\D|,

. h\]
— _gew 4 AL
1 hlp]
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This completes the proof of (6). O

PROOF OF (7). First we note that it is easily checked that the following identity holds
for an arbitrary pair (d, ¢) of non-zero distinct integers:

1 <ﬁ_q_">
[dlle] [e—dl\[d] [el)"

Puttingd = d(u, A, kzj)) ande =d(u/, A, )»:;)), we have the following:

qfcu(t)w

[d(p, 2y AEDN (W 2 1))

1 g—c\m g e\
TG\ ) = O\ 1] ([d(u, A1 G, x(t)n) '

Hence using the result of (2), we have the following:

b() PR h[]
; [d (e, 2y AGDNA (W, 1y )\(t))]'h[k(t)]
| b(x) g e\ q—c(k\u’) Al
TG\ ) — O\ )] = ([d(u, AT 1AW, *?r))])'h%]
~ g—c\w b®) 1 h[}]
T LeG\ ) = cON W] = [d(u, 2 )] B
g e\ b@) 1 h[A]
TTe\ ) — e\ D] & TG e 2] RG]
=0.
This proves (7). .

PROOF OF (8). In the same way as in the proof of (7), we have the following partial
fraction:

qC(u\u(}))

1 qc()»\ll.) qc‘(k’\u)
T le\ ) = e\ W] <[d(u(s), w1 ldug, i, x/)]) '
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Hence using the result of (5), we have the following:

b’ () qC(M\M(Z)) h[/L]

" [dGag), o DI Gig,, 0] g

o gtw W
€O\ ) = O\ T & [dug,y. 0] hlag,)

gco\w b 1 ~hlp]
[c/\ ) = A\ W] = [duggy, 1, A1 Al
g“P\W e\ )] — <L\ )

[eV\ u) —c(A\ W]
—gCO\+GAW)

This completes the proof of (8).

4. Proof of Theorem 0.2

Finally, we prove Theorem 0.2. By the equation (1.3) our goal is to show the following:

b () b(x) 1 h[A]
(4.1) <n[d])2[ds]3h[u | (]‘[m)Z —

3 + 17
dseD ercE Ler] h[)L(r)]

In the proof of the equation (6) in the previous section, we have calculated that

2d, _ —2e
e, _a7t Meep@™ —a7)
dy)? hlp )] 7> =1 Ty epyay @ — %)

Using this, we can calculate the left hand side of the equation (4.1) as follows:

(Tr) S
A p [d;]3 —

dseD hip )]

-1 —dy 1—[ A(qus_q—Ze,)
Z_QC(A\M)<H[ds]2> Z 9—-49 4 Al ek

dy _ ,—ds 2dy __ 2dy _ ,2d;
dyeD depd” —4 7 4 U Tgenvian (@ q=)

(n2ds _ ., —2er
= —(q — q_l)q_c()t\ll)< l_[ [ds]z) Z He’rEE(q q )

dyeD i @ = D*[yepyay @ — 2>

qfc()‘\ll) HdSED(qu — q*d:)z
(q —gq~")2IPI=1
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Z (qus B 1)_2 Hereg((qz"s -D+{- q—2€r))
X
Hd,-eD\{dS}((qz‘lS —1) — (g% — 1))

dseD

( |E| = |D| by Remark 1.1 and apply the equation (2.1) )
qfc()‘\ll) HdSED(qu — q*d:)z
(g —gq—hHPI!
2d, -1 R . —2¢;
x ) <(q D7 2 eiTleeien -4
Hdl-eD\{ds}((Qst -1 - (‘IZdi - 1))

dseD

. (qus _ 1)—2 nerelf(l _ q—Ze,) )
Hd,-e[)\{d:}((q% -1 - (‘]Mi - 1)
( apply the equations (2.4),(2.5) )
qfc()\\ﬂ)qudsen 2d HdSED(q2dS _ 1)2
—1)2ID[-1

(a—q
x ((—1)|D—1,2@65(1_[6,.65\{@}(1 —q7%)
HdseD(Qst —1)
(L, (0 =472 N X g epTaepyiay @ — 1)))
[yen(@®s — 12

g\ g~ Lasen 245 (_1)I1DI-1

+(=DIPI

(g —gq~H2PI-
x(( [Tw@* - 1)) > ( [T a —q%)
dseD ercE eieE\{e}
+( [Ta —q%) > ( [T @- 1)))
erek dseD “dieD\{ds}

(|D| = |E| by Remark 1.1)
g0\ g~ Tasen ds g~ Lepei o (—1)IDI-1

(¢ =g~ HIPHE
X(( 1_[ (qu _qu)> Z (qer 1_[ (q% — qei))
dseD e ek eiEE\{er}
+( l_[ (qer — q_er)> Z <q_ds l_[ (qdz _ q—dt)))
el dyeD dieD\{ds)

(Lemma1.3)
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=(—1>D'<< I1 [ds]> > (qe' [1 [a])

dseD erck eicE\{e,}

+( I1 [er]) > (qu I1 }[di]>>

e,eé dgseD d;e D\{d;

=(—1>D'< I1 [f])( Ly qu)
‘ [er] D [ds] ’

feDuUE ercE dse

On the other hand, using the equation (1.7) we can calculate the right hand side of the
equation (4.1) as follows:

b))
1 h[A]
[erlz) o
<“ 2 Tl i)

b _ —c(AE ) (2 —2ds
()52 O Mt 2
r 3 : 3 O

(qer _ qfc,)3 He,-eE\{e,}(qz" _ qzc,)

,])3 q—er—c(k\u) Hdseﬁo (qu, _ q_ZdS)

_ 2 (q_q X
_(IIM])Z:q%WWW—U3 [lecren @ —a*9)

er€E er€E

er€E r=1

- (q - q_l)?’q_cu\u)( l_[ [er]z) Z qzer ndSEﬁ(qzer - q_ZdS)

ereE o @ = D2 [eepyen @ — a7

(—c\w) =2y cpds+ 2, cper by Lemmal3)
r —er)2
3 T bt e er leee@ =07
(g — g2l

< Z : Hd:eﬁ(qzer —q7%)
X .
a* =1 leepye,y @ —a*)

er€E

=(@q—q

1 cp@*r — g7
+Z [ls,en >

(qur _ 1)2 He,-eE\{er}(qzer _ q2e,)

nereE(qzer — 1)2
(q — g~ H2E]
(qzer - ! ]_[dseﬁ((qze' -1+ (1- q—zds))
HeieE\{e,}((qze’ -1 - (qui —-1)

er€E

— (q _ q*1)3 . qzdsef)ds . q_ZereEe’ .

X<Z

erckE
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I Z (qZé’r — l)—2 Hdseﬁ((qur — D+ (- q—st))>
[Lcevfe,) ((@% — 1) — (g% — 1))

er€E

(|D|=|E| -2 by Remark 1.2 and apply the equations (2.1),(2.4),(2.5) )

i | WU

- (4 —q DAF
x <(—1)|E|1 Maep—a7>™)
HeiEE(qZEi - 1)

~2d,
2aenUgepayd—a7%)

+(—1)IEI-L.
oY [eier(@® = 1)
+(=DIE=L. (HdsEﬁ(l —q %)) Ze,eE(HeieE\{er}(qzei - 1)))
[Teer (@i = 1?
pds— ercE €r
:(_1)|E|—1 ) q dseD ™ Z
(g — g DH2E3
X<( l_[ (q2€r _ 1)>< 1_[ (1 _q2ds)>
ercE dgeD

(T -0) 5 (1T a-)

erek dsEﬁ d,-eﬁ\ds
+< [Ta _q—st)> 3 < M @ - 1)>>
dseD er€E NeieE\{er)

(2|E| =3 =|E|+ |D| — 1 by Remark 1.2)
1

—eplE- 979
(g — g~ "IEHIDI

x(( []@ —q"f))( []@* —qu)>
er€E dseﬁ

+< l_[ (qer — q_er)) Z (qu l_[ (qdz _ q—d,)>
erek dyeD dieD\(ds}

+< 1_[ (qdf — qd:)) Z <q€r 1_[ (q% — qe;)))
dseb er€E ei€E\{er)

= (—1)'E'—1((q - q—1)< [1 [m)( I1 [ds]>

er€E dseﬁ
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() E 0 11 )

er€k eD dieD\d,
(M) X (o T1 1))
dseﬁ er€E e;€E\{e,}
=(—1)'E'—1( 1 [f])((q q‘1>+2 i Z o )
feDUE d;

Hence it is suffice to prove the following:

(4.2) 0PI rr=EnEEt I .
feDuE feDUE
dv dy —e,
’ q -1 q
4.3) —q'+ ) .
dieD [ds i deh [ds] ecE [er]

First we verify the equation (4.2). Since the right hand side of the equation (4.2) contains no

zero factor, we have the following:
DE T epupl/T - DT U] ey 2]
(=PI [Trepuel/] ~(=DIPI [ epuel/ M repplS]

— (—1)/E-IDI- Ulyenpl/]
[T sl/]

= (- 1)|E\E\ 1nf€D\D f]

Here we used the fact that | D| = |1§"| and that E contains E. Although D\ﬁ (resp. E\E)
varies depending on the position of A \ © (See Figure 7 and Table 1), it is easily checked that
the last term of the equation above is identically equal to 1. Thus the equation (4.2) is verified.

Finally we find that the equation (4.3) holds as follows:

—ey —dy er
g+ q% q < . q )
Z ; ]\ /o 1dd] %[er]

S
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HX/M k/u ?)Ju j X/“

case (1) case (2) lcase 3) case (4)

FIGURE 7. Possible positions of 1 \ u.

TABLE I. D\DandE\E

D\D | E\E
case (1) | {+1, -1} ]
case (2) {+1} {+1}
case (3) {—1} {—1}
case (4) @ {+1, -1}

=q—q '+ (@—q¢ =) (a—q"

dseﬁ e,eé
—d —e,
q % q
- +
ZA [ds] ZA [er]
dseD\D e, eE\E
| A n g~ q
=(q@—q )1 +|D|—|E|) — +
774 2wt X

dseD\D er€E\E

(|D| =|E|—2byRemark 1.2and E D E )

—ds —e,
—@-q HENE-D- Y T4 Y 1

« [ds] . ler]
dseD\D er€E\E
@—g D D= ' —g)+0 (case (1))
@—qH0—g+47! (case (2))
@ —-gH0—(—9)+ (—9) (case (3))
@—g H1-0+(@ ' -9 (case (4))

=0.

Thus we have completed the proof of Theorem 0.2.
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