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1. Introduction

For positive integers k and & with ged(k, #) = 1, the classical Dedekind sum s(k, &) is
defined by

2. jay - (ka
ko =3 b (5) B (7> :

where B (x) is the first Bernoulli function. For x real, the n-th Bernoulli function B, (x) is
defined by

Bi({x}) if x ¢Z
0 if xeZ

’

B,(x) = B,({x}) if n>1 and Bl(x)z{

where {x} denotes the fractional part of x. The most famous property of Dedekind sum is the
reciprocity law

(kh)—i—(hk)—1 k—l—h—i-l :

B T N O S T A

(see [6]). Various people generalized this sum and obtained their reciprocity laws.
In [5] we focused on Apostol’s generalized sum

b1, ka
su(k, h) = Z _Bn <7) ,

a=1

=
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and gave another proof of the reciprocity law by using values at non-positive integers of
Barnes’ double zeta function 52 (s; (k, h)) defined by

e¢]

o k)= Y
m,n=0

(m,n)#(0,0)

1
(km + hn)s

By the same idea, we obtained the reciprocity laws for shifted Dedekind sums, Dedekind
sums with Dirichlet characters, and multiple Dedekind sums by using modified Barnes’ zeta
functions for each case.

In this paper, as another generalization, we obtain the reciprocity law for Dedekind sums
with roots of unity (Theorem 3.3 in Section 3). For positive integers k, 7 with gcd(k, h) = 1
and a real number y with y € ﬁ Z, Barnes’ zeta function &> (s ; (k, h), y) with parameters y
and (k, h) is defined by

o 6271[)/ (km+hn)

Oty = ), s

m,n=0

(m,n)#(0,0)

From the value 22(1 —n; (k, h), y), the reciprocity law for

k—1h—1
b

b ,_. _ /a
(kb)) = k! E :E :_ 2miyhat+kbyg (4 P
Si’l()/a ( )) he " k + h

a=0b=0

is obtained. This sum coincides with Apostol’s when y is an integer.

The Dedekind sum which involves roots of unity has been considered by Berndt in [2, 3],
where he proved his reciprocity law by two methods, one using the transformation formulas
of the generalized Eisenstein series

S 2mi(mhy+nhy)
e
G(z,s;r h) = E

m,n=—00

(m+r)z+n+nr)’’

and the other considering the contour integral of

F(z) = cot (n (z + kj_h>> cot(mwhz) cot(kz) .

His sum and ours are related by

1

J.
sa,ﬂ(kvh) =51 (Es (kvh)> - EBI g + B

ls
Lz

N =

> kh

so we can say that our sum is the extension of his to any positive integer n (see Section 4 for
details).



DEDEKIND SUMS WITH ROOTS OF UNITY 487

In Section 2 we review Barnes’ multiple zeta functions, and in Section 3 we prove our
reciprocity law for Dedekind sums with roots of unity. In Section 4, we relate our sums to
Berndt’s.

2. Preliminary results

In this section, we review some results which will be used in subsequent sections.

DEFINITION 2.1. The Bernoulli numbers B, and the Bernoulli polynomials B, (u) are
defined by

oo t o
r n n rett B,(x) ,
et_l—zﬁt and et_l_z AR 2.1)
n=0 n=0
The difference equation
By(x+ 1) =B,(x)+nx""! ifn>1 (2.2)

holds. Also it is well-known that for a positive integer N, the Bernoulli function Bn satisfies

= i\ B.(Nx)
B, | x+ N)= N (2.3)
i=0
Especially,
SIAL By 2.4
Y B\5) =gt (24)
i=0
where n = 1/2 when n = 1 and n = 0 otherwise.

DEFINITION 2.2. Letr be a positive integer and «, wy, - - - , @, be complex numbers
with positive real parts, and set @ = (w1, - - - , w,). Barnes’ r-ple zeta function ¢, (s; a, @)
with parameters « and @ is defined by

> 1
(s o, @) = for Re(s) > r, 2.5
& ( ) > T —— (5) (2.5)
myp,-,m=0
and Barnes’ r-ple zeta function , (s ; @) with parameters & by
> 1
&r(s; @) = : 2.6
5 (s @) Z P I p—— (2.6)

ICTRTS WAC)
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Here u® = exp(slogu) and logu = log|u| + i argu with —7 < argu < 7 for any complex
number u not on the non-positive real axis. Especially when r = 1,

[e.¢]

1 .
Si(s s a, (w1)) = w—ii <s, a%) and  Zi(s: (@) =)

m=1

1
(@im)y o} ¢

where ¢ (s , w%) and ¢ (s) are the Hurwitz zeta function and the Riemann zeta function, re-
spectively.

¢r(s; o, @) and - (s ; @) are analytically continued to the whole complex plane, and for
a positive integer n we have

(=1)" (Bwi + -+ - + Boy + )"

l—n;a, o) = , 2.7
H(l—n;a,0) M Dt — 1) 2.7
and
~ —1' (B B rn+r71
Gl —n;0) = (1) (Bex + + Bor) -4, (2.8)
nn+1)---(n+r—1)-IT_ o
where § = 1 forn = 1, § = 0 otherwise, and
— 1 . .
(Bwi+- -+ Bo,+a)" 7 = > e - DY Bjw)' - Bj,wya'! (2.9)
) £ il i lig!
i +etir iy =ntr—1
ity 20
(see [4]).
Especially when r = 1, these values are well-known:
B B
td—na)=-2"9 d ca—m=-21_s (2.10)
n

In the next section we treat {(s) and ¢ (s, o) simultaneously, so we use the following
notation :

@2.11)

g*(s7a):{§(s,a) if Re(a) >0 .

cs) ifa=0

3. Reciprocity law for Dedekind sums with roots of unity

Throughout this section and the next section, k and /4 are relatively prime positive inte-
gers.
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DEFINITION 3.1. Let! be a positive integer and [’ be an integer with ged(/, ") = 1,
and y = ll—/ Then B, is defined by

! e
Z Z (3.1)

Then for any multiple L of /,

By, = L"" IZeZNIyaB ( ) (3.2)

We note that B, ,, is connected with the periodic Bernoulli functions 2, (x, A) in [3], p. 288.
For a real number x and a sequence of complex numbers A = {a,}_co<n<co With period k,
Py (x, A) is given by

=l x+j
f@n(x,A)zk"IZa_jBn( . )

j=0

When we take a, = e 27V = e rn , A has a period [ and
By = %$,(0,A) + 1,
where 7 is the same as in (2.4).
DEFINITION 3.2. Let y be areal number with y € kLhZ. Barnes’ double zeta function
&2(s; (k, h), y) with parameters (k, #) and y is defined by
_ X 2wy (km+hn)
os:kh)y)= Y Ton i or Re©) > 2.

m,n=0

(m,n)#(0,0)

This function is analytically continued to the whole complex plane.
Also Dedekind sum s, (y; (k, h)) with y is defined by

k—1h—1

b b
sn(ys Gk, ) = K71y 0y 7 et et g, (Z + h) :

a=0 b= 0
We note that if y is an integer, by using (2.3) for the sum over a,

k—1h—1 h—1

sa(y; (k, h) = K"~ ‘Zzb' (a ) Z% n(—>=sn(k,h>,

a=0b=0 b=0

where s, (k, i) is Apostol’s sum.
Then the following reciprocity law holds:
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THEOREM 3.3. For a positive integer n and y € kLhZ not in Z,

1 B, B
_ hnfl . k, h kl”l*l : h, k — n+1,y ny
n{ sn(y; (k. h)) + sn(y; (b, K))} Wkt 1) ;
k—1h—1
: (B kh + Bkh + ha + kb)"*!
33 + e2my(ha+kb) -5 ,
(3-3) ;};} n(n + 1)(kh)?

where 8§ = 1 forn = 1 and § = 0 otherwise, and we expand (B kh + B kh + ha + kb)"*! as
in (2.9). Especially whenn = 1,

B,
s1(y; (kb)) +s51(y; (h, k) = =~ + B

2hk
k lB 1 fye IZ
2% Ba yk — ) 1yk > if vy ?
+1 4 1 1 . 1 (3.4)
5By — 5Biyn — 3 e -Z
2% 2,yh ) Lyh 2 if vy X
Bi,ykBi,yn — Bi,yk — B1,yn otherwise.

PROOF. By settingm = b+ hm’ and n = a + kn’, and varying a from 0 to k — 1 and
b from 0 to & — 1, respectively, we have

_ ©,  p2miy(km+hn)  k=lhzl 0 p2miy (ha+kb)
5 ka h 5 - s
fa(s5 (k. ). v) 20 “km + hn) ngig > o (ha + kb + Rk + n))*
(;)1’,71’)”#7(0,0) “ m n

where >’ means that we sum over all pairs of non-negative integers (m’,n’) except for
(m’,n") = (0,0) whena = b = 0. Setm’ +n’ = N, and we have

k—1h—1 00,/ eZmy(ha+kb)(N+1)

Ez(s;(k,h),y) ZZZ (kh)s h"+kb+N)

a=0b=0 N=0

k=1h=1"oxiy(ha+kb)
e ha + kb
(3.5) =>> —;*( —1,—)

=i (kh)s kh
+kilhil L g B é eZm’y(ha—i—kb){* ; ha + kb
parbart ) (kh)* T kh )

where 3" means that we sum over all non-negative integers N except for N = 0 when
a =b =0, and ¢* is the function defined in (2.11).



DEDEKIND SUMS WITH ROOTS OF UNITY 491

We put s = 1 — n into (3.5) and use (2.10). Then

k—1h—1 271[V(ha+kb) h
a+kb
~ ; k7 , —B T

kh
=0b=0
(3.6) ¢
’S’S (1 a b) iy hasth) (ha +kb) 5
_ _*_Z — ., _
= k h (kh)l=nn kh
For the values of a and b in the sums of (3.6), we have 0 < % = % + % < 2 and
% # 1. Also we note that
h kb j
AR i beZ O<a<k O<b<hle=lljo<i<hk—1}. @37
kh kh

Let S denote the set
2 a b
S = (a,b)€Z|O§a<k,O§b<h,%+%>l .

Then we can simplify the sums in (3.6) by separating the sum Zﬁ;g) Z;(l) into »_, 44 and

" (a.pyes» and using (2.2), (3.2), and

kilhilezmy(h”kb)Bn ({ha;kb}) _ %ezmﬂgn <kj_h> _5= (k]:;’ny_l -8
a=0b=0 j=l
Namely,
lihii <1 B % B %> o2iy (ha+kb) ' (ha +kb)
a=0b=0 (khy'= i
S ()
a=0b=0 kit~ “
Ly Sy
(a,b)eS COM koh

=By, — 8§ —h""Ls,(y, (k, ) — K" Lsu(y, (h, k)

2miy (ha+kb) b n
> ekh—ln(%*z”) '
(a,b)eS ( )

We can also calculate the first term in the right hand side of (3.6), and finally (3.6) becomes

i . _ B’H‘LV _B’lv)’ l n—1 n—1
a1 = ), y) = = = 2 s o) K (k)]
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On the other hand, by (2.7) and (2.8)

k—1h—1
¢ ; Bkh + Bkh + ha + kb)™!
1—n;k,h),y) = 2my(ha+kb)( s
Ol —n;kh),y)=Y Y e .

a=0 b=0

and therefore (3.3) is obtained.
When n = 1, the sums over a and b in the right hand side of (3.3) becomes

k—1h—1 2 2
33 erivthatin S _a_b e jab TN,

2k h 22 kh 2
a=0b=0

Now we use the following identities : For a primitive n-th root of unity ¢,

|
—_
3

|
—_

n n—1

2c—-1)—2n¢
f—o0, Y= d poo - Do2nd
4 4 an g 4 =17

(3.8)

I
[}
-

I
(=]

o~
|
—_

l

When y € }Z, from (3.2)

k—1h—1 - b 1 -
SO pedrivhatit) _ g {Z (z - 5) 2rirkh 1} — kh(B1yi— 1.

a=0 b=0 b=1

Similarly we have

k—1h—1
Z szezn'i]/(ha-i-kb) — kh(BZyk + hBl,yk _ h) ,
a=0 b=0
k—1 h—1
: hk(k — 1
Zzabezmy(ha+kb) _ %(Bl,yk —1).
a=0 b=0
and

k—1h—1 k—1h—1 k—1h—1

Z Ze2niy(ha+kb) _ Z Zae2niy(ha+kb) _ Z Za2e2niy(ha+kb) —0.

a=0 b=0 a=0 b=0 a=0 b=0

Therefore when y € %Z, (3.4) is obtained. We can prove other cases of (3.4) in the same way.
O

4. Relations to Berndt’s Reciprocity law for Dedekind sums with roots of unity
In [2, 3] Berndt defined modified Dedekind sums s, g(c, d) and sg o(d, ¢) which involve
roots of unity, and proved their reciprocity law.

DEFINITION 4.1 ([2], p. 187 and [3], p. 303). Let «, B, c and d be integers with
¢>0,d #0,and (c,d) = 1. Defined~! € Zbyd~'d = 1 (mod c). Then sg4(d, c) is



DEDEKIND SUMS WITH ROOTS OF UNITY 493

() (=0 N

v mod cd

defined by

where ((x)) = Bj(x) and 50,0(d, ¢) = s(d, c). Then Berndt obtained the following :

THEOREM 4.2 ([2], p. 190 and [3], p. 304). Let o and B be integers such that (o, k) =
(B, h) = 1. Then

- = 1 1 ] wah Bk
Spar(lt. k) + sap(k, ) = —— 2< <ah +,3k)) _Z< +°°t(T> C"t(T)) '
4khsin“ [ | ————

kh
4.2)
In this section, we derive the above theorem by using Theorem 3.3.
PROOF. From (3.7),
k—1h-1 h—1
2711 kbﬁ ha + kb a 1 opi. kb8 = b
h, k Bi| - = TR B - ). (4.3
spalh k)= > e 1< m ) 1<k)+2 e 1<h> 4.3)
a=0 h=0 b=0
Then by setting j = ha + kB, we have
k—1h—1 h—1
_ dwid(hatkb) 5. (ha+kb\ (a1 1 wiibp (P
s,g,a(h,k)_ZZe i Bl( o T3 +2Z€ #’ By .
a=0 h=0 =0
1 1
=51 (l’l k) —E l'klh—i_EBl’{_;’
where s1 (ﬁ, (h, k)) is our Dedekind sum. Thus
J
sgal(h, k) + sa,plk, h) = s1 <kh’ (h, k)) + 51 e (k, h))
44 1 1
@4 Bt Pt by
B, i 1 1
= i TP TR TR

where for the second equality, we used the third case of our reciprocity law (3.4). This is
because j and kh are relatively prime when («, k) = (8, h) = 1. Now from (3.2) and (3.7),
we obtain

fl==-—"Lcotln, (4.5)



494 CHIZURU SEKINE

and
20270 1
B, j =— — = - (4.6)
ki (™ —1)2 2sin”fw
From (4.4)—(4.6), we complete the proof. O
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