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Abstract. We shall give a representation formula of super-minimal J-holomorphic curves of a nearly Kihler
6-dimensional sphere and construct a deformation of such J-holomorphic curves.

1. Introduction

In 1982, R. L. Bryant ([Br1]) obtained the construction of super-minimal J-holomorphic
curves in the nearly Kihler 6-dimensional sphere S®. We explain this method (so-called
twistor theory) as follows. The exceptional Lie group G coincides with the principal SU (3)-
bundle over S = G>/SU(3), we take the SU (3)-connection on this bundle. Let 7 : Q5 =
G/UQ2) — S0 =G, /SU (3) be the associated PZ(C) bundle of the principal SU (3)-bundle
over S°, where 7 denotes the projection. Then we can define the holomorphic horizontal
distribution H on Q> with respect to the SU (3)-connection over S®. Next, we define the
exterior differential system £ of the holomorphic cotangent bundle 7*(1:9 05 (which is dual
to the subbundle £° of complex dimension 2 of H over S° on which 7, is complex linear with
respect to the canonical complex structure of Q3 and the almost complex structure of S®). If
we take a holomorphic map = from a Riemann surface M? to Q° which is an integral curve
of £, then we can obtain a J-holomorphic curve 7 o & : M — S°. Such a J-holomorphic
curve is called super-minimal (or null torsion). In particular, R. L. Bryant proved that the
corresponding differential equation of the integral curve can be reduced to a 1st order linear
differential equation of one complex variable. The differential equation always has a solution
which can be represented by an arbitrary holomorphic function. Also, this equation relates to
the differential system of E. Cartan ([Ca]). R. L. Bryant gave a representation formula of the
integral curves of £ in Q° with respect to super-minimal J-holomorphic curves of S almost
explicitly, but, to calculate the GauB3 curvature of such J-holomorphic curves, we need more
detailed information. In this paper, we write down the solution of the integral curves of £ in
Q°, more explicitly, in order to calculate the 1st fundamental form and the Gauf curvature.
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In ([H3]), we proved that the 1st fundamental form of super-minimal J-holomorphic curves
(without branch points) of S° is the only invariant under the left action of G, on S°. As an
application, we obtain the 1-parameter family of super-minimal J-holomorphic curves of §°
which are not Ga-congruent. The examples include a Boruvka sphere whose Gauf3 curvature
is identically 1/6. These examples will be useful to construct other invariant submanifolds,
for example, Lagrangian, CR 3-dimensional manifolds, and so on. (see [Ej], [HM], [DVV]).

The author wishes to express his sincere thanks to Professors K. Sekigawa, K. Mashimo,
K. Tsukada for their many valuable suggestions, discussions and encouragement, and to the
refree for suggestions which improved the first version of the present paper.

2. Preliminaries

2.1. Notations. We denote by M+, (C) the set of p x g complex matrices and [a] €
M3,3(C) is given by

0 ay —ax
[al=| —a3 0 al
a —a 0
ai
where a = | ap | € M341(C). Then we have
as

[alb + [bla =0

where a,b € M3x1(C). Let (,) be the canonical inner product of O. For any x € O, we
denote by x the conjugate of x. We remark that the octonions may be regarded as the direct
sum Q & Q where Q is the quaternions.

2.2. Structure equation of G;. We recall the structure equations of (ImO, G>) which
were established by R. Bryant ([Br1]). The Lie group G is defined by

Gy, ={g9g € GL3(R) : g(uv) = g(u)g(v) forany u, v € O}.

Now, we set a basis of CQg ImnOby e =(0,1) e Q& Q, E{ =iN, Ey = jN, E3 = —kN,
E| =iN,E; = jN and E3 = —kN, where N = (1 — /—1¢)/2, N = (1 + /—1¢)/2 €
C®g Oand {1, 1, j, k} is the canonical basis of Q. A basis (u, f, f)of C®g ImO is said to
be admissible, if there exists ¢ € G2 C M7x7(C) such that

w, f, )= (9(e), g(E), g(E)) = (¢, E, E)g.
We identify the element of G, with the corresponding admissible basis. Then we have

PROPOSITION 2.1. There exist left invariant 1-forms k and 0 on Ga; 6 = (6') with
values in M3« (C) and k = (K.,-"), 1 <i,j < 3, with values in the 3 x 3 skew Hermitian
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matrices which satisfy tr« = 0, and

i i 0 —J=119 J?}'e
du, f, f)= @, f, f) —2«/—_1_9 K [0]
2./—16 (6] e
2.1 =W, f, /).

Then @ satisfies d® = —® A @, or equivalently,
(2.2) do =—k AN O+[0] AO.

(2.3) dc=—k ANk +30 A0—(6 A DI3.

3. The exterior differential system £ of Q°

In this section, we shall define the exterior differential system £ of Q°. To define the
L, we need the complexification G (C) of the exceptional Lie group G, which is defined as
follows

G2(C) = {h € GL(8, O) | (h(u), h(v)) = (u, v},
h() h(V) = h(av) forany i,v € O ® C},
where (, ) and the product are the complex linear extension of the canonical Euclidean metric

and the product of O, respectively. Since G2 acts transitively on the 5-dimensional complex
quadrics Q° = G,/ U(2) in P®(C), so does G»(C). We use a moving frame method of G (C).

We remark that, if ¢ € G, then we have g(u + ~/—1v) = g(u — o/—1v) forany u, v € O.

However, if h € G2(C), then h(u + /—1v) # h(u — +/—1v) for any u, v € O in general.
For any 1 € G2(C), we set

(z, [, 9) = (h(e), h(E), h(E)) = (¢, E, E)p(h)

where p(h) is an element of GL(7, C). We call (z, f, g) a G2(C) admissible frame. If we
restrict the element 7 € G2(C) to G», we obtain the G»-admissible frame which is preserves
the exterior product and the complex conjugation. However, a G2(C)-admissible frame does
not preserve the complex conjugation, in general. We shall write p (%) to & for brevity. In this
case, we see that

(f1, f1) = (h(E1), h(E1)) = 0.

REMARK 3.1. We have
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but
(uv, uv) # (u, u)(v, v),
foru, v € ImO ® C, in general.

Next, we write down the structure equations of G,(C) which were obtained by R. L.
Bryant ([Br1]). Each element (z, f, g) of a G>(C) admissible frame can be considered as a
Im O ® C- valued function on G7(C). Then we have

d(Zv fv g) = (87 Es E)dh = (Zs fv g)¢ B

where @ = h~'dh is a left invariant g»(C)-valued 1-form. Then we have the integrability
condition d® 4+ @ A @ = (. Calculating the multiplication table of the complexified product
of ImO ® C, we have

PROPOSITION 3.2 (cf. Bryant [Brl]). The left invariant g;(C)-valued 1-form is given
by the following form
0 —i'n 1'6
b =|-2i0 K [n]
2in 0] -k
where 0, n are M3x1(C)-valued holomorphic 1-forms, « is a sl(3, C)-valued holomorphic
1-form on G2 (C) and 1 = +/—1. The integrability conditions can be rewritten as follows:
do+xk N0 —[nlAn=0,
dn—[01A0 — 'k An=0,
de +1x Ak —=20A"n+nIA[6]=0.

REMARK 3.3. If we restrict an element 7 € G(C) to G,, we have n = 0,k is a

su(3)-valued 1-form, z = z and g = f , but in this case, the forms are not holomorphic on
G;.

To derive the differential equation of the integral curves of £ of 0, we set

gl nl ! ol ksl
0=16%, n=|n? and k= [ K12 K2 k3?2
PE 3 PE T R

From the above representation, we have [ fi] € Q° C P°(C). By the structure equation,
3
dfi = z(—n") + Y ficr' + (=0°) + g3(6%) .
i=1
From this, we may identify the holomorphic cotangent bundle 7*(1-9 03 with

spanc{n', k12, k13, —6°, 6%}
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Hence the distribution £” is given by
L=weTh0 ') =k*W) =1’ (v) =0}

We shall define the exterior differential system £ as the dual bundle of L, that is, £ =
spang {92, 93}. Since G7(C) acts transitively on QS, we can define the map u : G2(C) — Q5
as w(h) = [L(E1)] = [fi]l € Q° € P®(C). Then the pull back bundle x*7*(1:9 Q3 can be
considered as a subspace of g, (C)-valued 1-forms, as follows:

0 |—m* 0o 0 |0 62 163
0 0 0 o0 ]0 o0 0
2102 | k12 0 0 |0 O n'!
w10 93 — 2103 | k> 0 0 |0 —p! 0
2un! 0 6 —6%2|0 —ki®? —«°
0 6> 0 0 [0 O 0
0 2 0 0 |0 0 0
The integrability conditions imply that
do* =0,
do* =0,

dn' +26% A 63 =0,
dki? =302 Al =0,
dei> =363 Al =0.
From which, we see that (locally)
02 = dx,,
63 = dxs,
n' = dy — xadx3 + x3dx2 ,
i1 = dza + 3xady — (3/2)(x2)%dx3
k1> = dzz + 3x3dy + (3/2)(x3)%dx3,
where (x32, x3, ¥, 22, z3) can be considered as a local holomorphic coordinate system of
Q’ (see [Ca]). More precisely, by Frobenius theorem and the 3rd theorem of Lie,
(x2, x3, ¥, 22, z3) is the coordinate centered at the identity of the 5-dimensional Lie subgroup

H of G(C). Let & be an element of H near the identity, then /4 is given by the following form
with respect to the coordinate;
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h =
1 -1y 0 0 0 1X) 1X3
0 1 0 0 |0 0 0
—2ix2 | oy 1 0 0 x22 y + x2x3
—2ix3 | on 0 1 0 —(y — x2x3) x32
21y a3 x3 —x2 |1 —(z2+2x2y — x22x3/2) —(z3 + 2x3y + x32x2/2)
0 —x3 0 0 |0 1 0
0 x 0 0 |0 0 1

where o = 72 + x2y — x22x3/2, @2 = 73 + X3y + x3%x2/2, 03 = y* + X320 — X223 —

x22x32 . In order to write the above form, we need the complexification G, (C) of G».

LEMMA 3.4. The differential system of the integral curves of L can be reduced the
following form:

nl =dw; —w2d¢ =0,
/qz:dw—w]d{ =0,
K1® = (3/4)(dz — wa?dg) =0,

where w) =y — x2x3, wy = —2x3, w = (1/3)(z2+3x2y — (3/2) x2%x3), z = (4/3)(z3+
(3/2)x3%x2) , and x» = ¢.

4. Integral curves of £ of Q>
We shall give the explicit (local) solution of integral curves of £ of Q7 associated to the
super-minimal J-holomorphic curves of S°.

PROPOSITION 4.1. Let & : U — Q3 be the integral curve of L with Z(0) = E.
Then & : U — Q3 can be represented as follows, where U is a simply connected open set of
C which contains the origin 0 € C.

E(¢) =ea1(Q) + E1 - 1 + Exan(0) + Eze3 () + Eras(0) + Exas(0) + Est
where
@1 (¢) = (V=1/D[E(f" @) + f(0) = 2(f'(¢) = f'O)].
o (8) = (/DL F"(@) = ¢QF @) + f10) +3(f () — £(0)),
@3(2) = (1/2) f" @O (f'(0) = f'(£))

¢
+ [ OIA/2) @) = f1(©) + £1(0) + (/D O0)] + (3/4)/0 (f"(2)%dz.
as (@) = " OI=G/2) f (@) + (1/DLf @) + 1O + A/H(f"(0)¢%) + (3/2) £(0)]
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¢
+ /O Q) = 105 =2f0)+ G/Df"O0)f () —B/H ¢ /O (f"(2))’dz

— (1/2)(f/0) £"(0)) — B/2) £(O) f"(0) + (f(0))?,
as(&) = (1/2)(f" (&) = f"(0)),

for an arbitrary holomorphic function f(¢) on U.

REMARK 4.2. We note that the quadric Q5 C P°(C) is defined as follows
0% ={[wo 1wy - : wel € PO(C)(wo)* + wi wa + waws + wiwe = 0}

where [ ] denotes the homogeneous coordinate system of P°(C).
From Theorem 4.1, we can easily prove the following

PROPOSITION 4.3. Ifthe function f () is a polynomial of the degree not greater than
3, then the corresponding immersions are totally geodesic.

PROOF. If we put f(¢) = ag + a1 + ax¢? + az¢3, then we have o] = an = a3 =
a4 = 0, and os = 3a3¢, then the map

(1/2) {1 = Ola3> + 1) [¢]*)}
0
1 —i¢

) 1+ QP+ e O E 00

g
—1(3az¢)

| @
X
Q)

O]

E> (— E31(3
is the corresponding J-holomorphic curve of S°. If we put v = 2 (0 Bl a3), the

VOlas?+1)
above J-holomorphic curve is contained in R3? N $° where R? = Re(spanc(e, v, v)). Hence
we get the desired result. O

5. Proof of Proposition 4.1

By Lemma 3.4, we obtain the solution of the integral curve of £ in Q7 as follows:

¢
(wy, w2, w, z,8) = <f’(€), @), f(é“),/ £ (w)*dw, C) .

From this representation, we can get the integral curves of £. However, if we want to calculate
the J-holomorphic curves from M? to S® more explicitly, we need to solve the following 1st
order linear differential equation of one complex variable. (The reason for the ambiguity is
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the choice of the local coordinate system of Q° and the G, (C)-frame on M 2y, We may put

(z, f, 9) = (e, E, E)h

where b = (hij)i<i,j<7 = (h1, ha,---,h7) is a G2(C)-valued function and each £;
is a M741(C)-valued function for 1 < i < 7, respectively. By Lemma 3.4, we have
x3 = —(1/2) f”. From this, in order to obtain the holomorphic horizontal curves, we may
solve the following:

0 0 0 0l0 ¢« —@2f
0 0 0 00 0 0
i —%/l/ 0 0 010 0 0
E:h of 0 0 010 0 0
0 0 —(1/2f" =1]0 0 0
0 | 1/2)f" 0 010 0 0
0 1 0 010 0 0

We can solve the above differential equation with the initial condition 2(0) = I77, and from
the relation & = (¢, E , E ) hy, we get the desired result. O

REMARK 5.1. (1) We note that = coincide with fj. f is one element of the G, (C)-
admissible frame but not G;-frame, we need the normalization of the length of f1, to construct
a J-holomorphic curve.

(2) We shall write down the above differential equation more precisely, as follows:

(5.1 CZ—h; =1(=2h3+ f" hy),
(5.2) cil_h; = (1/2) f"he + h7,
dhs »
(5.3) Vi3 =—(1/2)f"hs,
5.4 dha = —hs,
d¢
(5.5) dhs _ .
d¢
(5.6) dhs _ thy,
d¢
(5.7 dhy =—@/2)f"hy.
d¢

We can solve these equations in the following order, (5.5), (5.3), (5.4), (5.1), (5.6), (5.7) and
(5.2).
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If the map & : M — Q is given as above, then the map

&)
Q)

l
( )

is a super-minimal J-holomorphic curve of S°. For later use, we represent (5.8) more explic-
itly. Weput & = (¢, E, E) (a1, 1, a2, a3, a4, a5, ¢ ). Then

X

(5.8) ‘M — S°

6]
Gy

3

L/ + Joa]? + les|?) — (Jaal? + las? + (1))}
(a0 — o) —1(asaz — ¢ a2)
(15 —ax o) —1(8 — s a3)
(5.9) = —(s,E,E) (1 ¢ —a3ay) — t(aay — ats)
) (1@ —an) — 1(as oz — L @)
(15 —apop) —1(8 — g a3)

(@1 ¢ —a3a) — 1(0q 07 — as)

where A = |12+ (1/2) {1 + |o2]? + |a3]? + |oa|® + |es]? + €12}
6. The case of monomial of degree 4

We apply the function f(¢) = (+/15¢/36)e'?¢* to Proposition 4.1, and, after that we

change the parameter ¢ to +/6z. Then the corresponding integral curve Z, : P'(C) — Q3 of
L is given by

14/101e'9 73
1
15t 7*
5/(x) = (e, E, E) | =61 ¥72°
teZI(-?Zﬁ
15t¢'9 72

V62

wherez € C,60,t € Randt > 0. From this and (5.9), we obtain super-minimal J-holomorphic
curves of S0 as follows (also see [H2]):

18(z) x By (2)

(2) = G
M e, B Q)
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(1/2)(1 — 6p — 15tp* + 15tp* 4+ 612 p> — 12 p)
1e79/10123(1 4 3p + 3tp? + 1p?)
—14/62(1 — 51p% — 5tp> + 12p)

1 _
=—————(e. £, E) 1151 22(1 +2p — 2tp3 — tp*)
(A'—"zt(Z): Dt(Z)) _1610 /lotZ3(l+3p+3tp2+tp3)

1v/62(1 — 5tp% — 5tp3 + 12 p)
—1/15te™972(1 +2p — 2tp® — tp*)

where p = zz = |z|? and
(81 (2), Ei(2)
= (1/2)(1 4 6p + 15tp* 4+ 20tp> + 15tp* + 61> p° + 12 p®) = (1/2)1:(p) = 1/2.
We shall show that these maps are immersions. To prove this we shall prepare the following:

LEMMA 6.1. Let 5 : M — Q3 be a integral curve of L. The map

is an immersion X from M to S° if and only if

(') x E(©),1E'(@) x E(©) = HE'(©), E@)I?

— — >0,
(E(), E())?

here E'(¢) = d& i &)

where & =dE | — .
a¢
PROOF. Since (x, x) = 1, we have
(') x B@).x) = ('), EQ)).

From this, and calculate the metric (dx(%) , dx(%)), we get the desired result. O

By direct calculation, we get
LEMMA 6.2.
1B/ (2) x B (2),1E/(2) x E1(2)) — {E/(2), Br (@)
= 3(1 + 10tp + 45tp> + 120tp> + 15¢ (5t + 9) p* + 252:2 p°
+ 15t (5t +9) p° + 12063 p7 + 453 p + 103 p° + 1*p'%) =3 f,(p) > 0.

REMARK 6.3. (1) Ift = 0andt = 1, then we have fy(p) = 1 and fi(p) = (1 +
'O, respectively.
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(2) Since

4280+ 100p + -+ 14p'0) {2/3 if t=0

. =
ZLrgolzl (4 6p+--+12p5)72 24 ift>0,

then the map x;(z) is an immersion at oo for any ¢ > 0.
By Lemma 6.1, 6.2 and (2) of Remark 6.3, we obtain

PROPOSITION 6.4. The 1-parameter family X;(z) of super-minimal J-holomorphic
curves does not have any branch point, for any t > 0.

Next, to prove the l-parameter family x; is a deformation of the super-minimal J-
holomorphic curves up to the action of G2, we calculate the Gauf3 curvature of the x,. We
may put the 1st fundamental form as follows:

pP(dx® +dy?)
where z = x 4 1y is a conformal coordinate of C. Then we have
(6.1) 2 _olax( 2 ax( 2
’ p= dz )’ 9z )|

The Gaul} curvature K is given by

2 [0 (0logp?
o =)

By Lemmas 6.1 and 6.2, we have

) 240+ 10tp + --- 4+ t*p1)

6.3
09 P (1+6p+---412pb)?
) 24
REMARK 6.5. If r+ = 0 and r = 1, then we have p° = —, K = 1 and
(1+6p)
) 24 .
e K = 1/6 respectively.

Y

Next we shall give the representation of the Gaul} curvature K;(z) of x;(z). We set

10

(6.4) > biph = fi(p) = 14 100p+ -+ 1p'0,
k=0
6

(6.5) Zakpkzl';(p)z1+6p+"‘+t2p6.

k=0
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Then we have
10
243 by pt
k=0
6 2
(Zar)
k=0

(6.6) pi’ =

By (6.2) and (6.6), we have
6 2 10 10 10 2
(Zakpk> > kzbkp"‘> ( szpl> - (Zkbkp"‘) p
k=0 k=1 =0 k=1
10 10 2
IZ(Zkak> (Zbkpk)
k=0 k=0

N

K (z) = —

6 6 6 2
(Zkzakpk ])(Zblpl) - (Zkakpk]> p
B k=1 1=0 k=1
6 2
(Zar')
k=0

REMARK 6.6. (1) The metric ,0,2 and the GauR curvature K, (z) have a S’ -symmetry
centered at the origin 0 € C.
(2) From above, we have the following

St 5
(6.7) K:(0)=1- 3 and K;(oc0)=1-— &

for r > 0. It is known that if the Gauf} curvature K is constant, then K = 1,1/6 or O (see
[Se]). Therefore, if r # 0 or # 1, K; is not a constant function. By (6.7), we have

lim K;(00) = —00.
t—0
The 1-parameter family of the J-holomorphic curves f; : M — S is called a deforma-
tion up to the action of G, if they are not G-congruent. More precisely, two J-holomorphic

curves f; : M — S and frh : N — SO are G»-congruent if there exist a ¢ € G; and a
diffeomorphism ¢ : M — N such that

goflzfgo(p.

Then ¢ is an isometry, since Go C SO(7).

LEMMA 6.7. There exists a g € Gy such that g o x;(z) = x1/,(1/z).
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PROOF. The corresponding holomorphic horizontal curve with respect to xy,,(1/z) is
given by

lm619z3
Z6
WEIHZZ
E1:(1/2) = (e, E. E) | —V/6(1/0)e*?z | € 0° C PO(C).
(1/[)6‘2’9
«/T/tewz“
V67

We see that the 1st fundamental forms of 7= o &y,,(1/2) = x1/,(1/2z) and of x,(z) coincide.
By (2) of Theorem 6.5 in ([H3]), we get the desired result. a

By Lemma 6.7, we may take the parameter 0 <7 < 1.

THEOREM 6.8. Letx; : P1(C) — S° be a 1-parameter family of super-minimal J-
holomorphic curves of a 6-dimensional sphere defined as above. Then X; is a deformation up
to the action of G, for0 <t < 1.

PROOF. We may show that gox; # X;o¢ ift # sandt,s € [0, 1]. If K,(0) = K, (00),
we have rs = 1. Therefore t = s = 1, this case does not occur. By Lemma 6.7, we may
assume 0 < rs < 1. We suppose the contrary, and deduce the contradiction. We identify
C U {oo} with P1(C).

We may assume that the Gaull curvature K, is not constant on C U {oo} = M, and
gox, =xs0¢fort # 5,0 <ts < 1, where ¢ : M — N be an isometry from M to
N = CU {o0}. By (6.7), we see that ¢(0) # 0 € N and ¢(0) # oo € N, since ts # 1. Then
there exist a circle S' ¢ N which includes ¢(0). We can take another point w # ¢(0) and
w € S'. Then (p’l (w) € M is different from O € M, so the Gaul} curvature is not a constant
function (more precisely, the Gaul} curvature is a rational function with respect to p = zz),
and (1) of Remark 6.6, K, (¢~ (w)) # K,(0).

On the other hand, since ¢ is an isometry, which preserve the Gaul} curvature,
K: (¢~ (w)) = Ky (w) = Ky(¢(0)) = K,(0), which is a contradiction. O
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