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Abstract: In this paper we extend to algebraic extensions of local and global fields and

their completions some classical results due to Borel-Serre, Tits, Conrad, Douai, Kneser and

Sansuc concerning the finiteness, the surjectivity of maps between Galois cohomology groups

and the obstruction to weak approximation and some related results of connected linear

algebraic groups.
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Introduction. Let k be a field, ks a separable

closure of k in an algebraic closure �k of k, and let

� :¼ Galðks=kÞ be the absolute Galois group of k.

Denote by V the set of all places (i.e., equivalent

classes of valuations) of k and let kv be the

completion of k at v 2 V . For an algebraic k-group

scheme G (see [17] for basic notions we use here), let

Hi
fppfðk;GÞ :¼ Hi

fppfð�k=k;Gð�kÞÞ be the flat cohomol-

ogy of G in degree i (which is � 1 if G is non-

commutative), which is isomorphic to the Galois

cohomology Hiðk;GÞ :¼ Hið�; GðksÞÞ in degree i if G

is smooth.

Along with finite extensions of the field Q and

Qp (resp. FpðtÞ and FpððtÞÞ (where Qp, Fp stand for

p-adic field and finite field of p elements, respec-

tively)), many important extensions of such fields

which appear in algebraic number theory are

infinite algebraic extensions, for example, the max-

imal abelian extensions of a given (local or global)

field k, or the maximal extension of a global k,

which is unramified outside a given set S, etc. and a

general study of such fields was started in [16].

When the infinite algebraic extensions k of local

fields and their completions kv enter, there are two

cases to consider. First is the case when the

valuation v is discrete. It seems that in this case,

the arithmetic of infinite algebraic extensions k of

local fields and their completions kv is close to that

of local fields. However, when v is non-discrete (i.e.,

the value group � is a dense subgroup of R), the

structure of such fields is more complicated. In fact,

many of kv become perfectoid fields in the sense of

P. Scholze [25]. Some of the fields k of fundamental

importance in number theory are perfectoid, such as

Qpðp1=p1Þ, Qpð�p1Þ, FpððtÞÞðt1=p
1Þ, and the comple-

tions of algebraic closures of above fields. It is

interesting to investigate further the arithmetic of

algebraic varieties in general and algebraic groups

in particular over such fields. The motivation for

the investigation of arithmetic of algebraic groups

over infinite algebraic extensions of local or global

fields is quite natural, which is to see which of the

main results in the case of local and global fields

hold in the general case (cf. e.g. [18], [19] and

reference there). In the present paper, we are

interested in answering the following question:

which of the classical results in Galois cohomology

theory of linear algebraic groups over local or global

fields still hold in the case of infinite algebraic

extensions of local and global fields?

We investigate here some results which are

related to the finiteness, the surjectivity (bijectiv-

ity) of a coboundary map in Galois cohomology

which are important in arithmetic of algebraic

groups over field. In particular, we extend Kneser’s

Theorem on the surjectivitiy of certain coboundary

maps in Galois cohomology and Conrad’s Theorem

(thus partially also Borel-Serre’s Theorem) on the

finiteness of Galois cohomology of pseudo-reductive

doi: 10.3792/pjaa.99.001
#2023 The Japan Academy

2020 Mathematics Subject Classification. Primary 11E08,
11E12, 11E39, 11E72; Secondary 20G25, 20G30.

No. 1] Proc. Japan Acad., 99, Ser. A (2023) 1

http://dx.doi.org/10.3792/pjaa.99.001


groups to the case of infinite algebraic extensions of

local and global fields. As an application, we apply

the finiteness of Galois cohomology to show the

finiteness of the obstruction to weak approximation

of connected reductive groups at finite set of places.

There are some obstacles to generalize the

classical results mentioned above to be noted here:

(a) Infinite algebraic extensions of local fields need

not be a field of type ðF Þ in the sense of [26, Chap.

III] in general, which is very important for the

finiteness results in Galois cohomology;

(b) The duality theory related with local class field

theory, namely Tate-Nakayama duality theory for

commutative algebraic group schemes of multipli-

cative type (Shatz’s theory [27]) in the case of

infinite algebraic extensions of local fields (or the

completions of such extension fields), which is

highly desirable, is not yet available;

(c) The valuation on the algebraic extensions of

local fields and their completions, which is extended

from the given one on the base local field may not be

discrete, whereas the Tits’ approach to the finite-

ness of Galois cohomology assumes the discreteness

of the valuation.

Therefore, in order to achieve our goal in the

case of infinite algebraic extensions of local fields (or

their completions), one needs some further inves-

tigation and a new approach. A detailed version of

the paper will be published elsewhere.

1. Tate-Nakayama duality. For a k-torus

T , we denote its character module by T̂ :¼ X�ðT Þ
and its co-character module by X�ðT Þ.

1.1. Localization fields and their arithmet-

ic. Recall that if L0 � L1 � � � � � Ln � � � � � k is a

chain of finite field extensions, then one can

consider the generalized number, the Steinitz num-

ber ½k : L0�, which is the formal product
Q

i½Liþ1 :
Li� (cf. [26, Chap. I]). One denotes ½k : L0�1 the

Steinitz number
Q

p p
1, where p runs over all prime

numbers which occur infinitely many times in the

sequence ½Liþ1 : Li�, i ¼ 0; 1; . . . .

For an algebraic extension k of a local (resp.

global) field L, if its degree is infinite, we just call it

for short an infinite local (resp. global) field. If k is

an infinite global field which is equipped with a

place v, one may consider the localization field kðvÞ
of k (cf. [16]) Likewise, given any field L and an

infinite algebraic extension k=L equipped with a

place v, one may also consider the localization kðvÞ
of k (see [16], [18] and [19]). If k is an infinite global

field, then kðvÞ is an infinite local field and is

equipped with a non-archimedean place v. Then

kðvÞ is the same as an infinite algebraic extension of

a complete valued field with finite residue field.

Further, we denote by kv the completion at v of k,

which is also the completion of kðvÞ at v. Notice that

the extended place (or valuation) v on k may or may

not be discrete.

1.2. Tate-Nakayama duality for infinite lo-

cal fields. Next we discuss the Tate–Nakayama

duality theory for algebraic group schemes of

multiplicative type (Shatz’s theory) in the case of

infinite algebraic extensions of local fields (or the

completions of such extension fields). Let k be an

infnite local field over a local field L, C the set of

all prime numbers, which are co-prime with

½k : L�1, �Ck the Galois group of the maximal abelian

pro-C-extension S f;k of k, that is �Ck ¼
lim �K=k

GalðK=kÞ, where K=k runs over the set E

of all finite abelian extensions K=k having degree

co-prime with ½k : L�1. Thus from the definition and

from [24, Chap. VI, Sec. 11, Thm. 22], it follows

that H2ð�Ck;GmÞ ’ BrðkÞ. Let M be a torsion free

finitely generated (over Z) �Ck-module and let XM be

the diagonalizable group k-scheme with character

group M. Since M is torsion free, it follows that XM

is a k-torus and then the flat cohomology of XM is

isomorphic to its Galois cohomology. Denotes bydH0ð�Ck;MÞ (resp. dH0ð�Ck;XMÞ) the completion of

H0ð�Ck;MÞ (resp. H0ð�Ck;XMÞ) with respect to the

topology of subgroups of finite index (resp. of

open subgroups of finite index) co-prime with

½k : L0�1, that is, the pro-C-topology. There is a

natural pairing � : M �XM ! Gm, which induces

a cup-pairing �r : Hrð�Ck;MÞ �H2�rð�Ck;XMÞ !
H2

fppfð�Ck;GmÞ ’ BrðkÞ. Then the following state-

ments (Tate–Nakayama duality) hold.

1.1. Theorem (Tate-Nakayama duality).

Let k be an infinite local field.

ðaÞ The pairing � induces a perfect pairing �0 for

r ¼ 0 between the compact group dH0ð�Ck;MÞ and the

discrete group H2ð�Ck;XMÞ.
ðbÞ The groups H1ð�;MÞ and H1ð�; XMÞ are finite

and the pairing � induces a perfect pairing for r ¼ 1

between the finite groups H1ð�;MÞ and H1ð�; XMÞ,
where � is either �k or �Ck. The Tate–Nakayama

duality for H1 of tori holds. If T is an anisotropic k-

torus, then H2
fppfð�Ck; T ðS f;kÞÞ ¼ 1.
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ðcÞ The pairing � induces a perfect pairing �2 for

r ¼ 2 between the discrete group H2ð�Ck;MÞ and the

compact group dH0ð�Ck;XMÞ.
ðdÞ If ð½kab : k�; ½k : L�1Þ ¼ 1, then ðaÞ and ðcÞ also

holds for �k.

2. Infinite algebraic extensions of local

and global fields are of Kneser type. Recall

that (see [14]) if S is a base scheme, ~G a semisimple

simply connected S-group scheme, with its center

Zð ~GÞ, AdðGÞ :¼ ~G=Zð ~GÞ, then S is called a scheme

of Douai type if the coboundary map of flat

cohomology � : H1
fppfðS;AdðGÞÞ ! H2

fppfðS; Zð ~GÞÞ
is surjective. We say that S is of Kneser type, if

for any subgroup S-scheme Z 	 Zð ~GÞ, the coboun-

dary map of flat cohomology � : H1
fppfðS; ~G=ZÞ !

H2
fppfðS; Zð ~GÞÞ is surjective. We have ‘‘Kneser

type’’ ) ‘‘Douai type’’ and apriori, the former

notion is stronger than the latter one. It is well-

known that if k is a local or global field (see

[15, Thm. 2, p. 60 and Thm. 2, p. 77] for char. 0

case, and [7, Prop. 2.1], [8, Corol. 5.3], [9] and

[29, Thm. A] for positive characteristic case), then

k is of Kneser type. Some other examples of fields

of Douai and/or of Kneser type are given in

[3, Sec. 2], [14, Example 5.4, pp. 250–251] and

[23, Corol. 1.7, Corol. 5.4]. We will show that any

(infinite) algebraic extension of a local or global

field or a completion of such extensions, is also of

Kneser type. For a sheaf of groups A over some site

S, the unit class �A in H2
fppfðS;AÞ is the equivalence

class of the gerbe TorsðAÞ of all A-torsors (cf.

[13, Chap. IV, Sec. 3]). We denote by H2
fppfðS;AÞ

0

the set of all neutral elements of H2
fppfðS;AÞ. First

we have

2.1. Theorem. If a field k is of one of the

following types:

ðaÞ an algebraic extension of either a local field or an

algebraic extension of a global field;

ðbÞ a completion of a field of type ðaÞ,
and ~G is a semisimple simply connected k-group,

then k is of Kneser type and any element of

H2
fppfðk; ~GÞ is neutral.

Next we consider some analogues of the well-

known bijectivity results (cf. [1], [10], [14]) in the

case of infinite local and global fields and also in the

case of henselian fields and their completions. We

refer to [1] and [14] for the definition and related

properties of cohomology of quasi-abelian crossed

modules, and in particular, of abelianized cohomol-

ogy groups Hi
abðk;GÞ and abelianization maps abi :

Hi
fppfðk;GÞ ! Hi

ab;fppfðk;GÞ of connected reductive

groups.

2.2. Corollary. Let k be an infinite algebra-

ic extension of either a non-archimedean local

field or a global field, with cd2ðkÞ � 2 if char.k ¼ 0

(or the same, k has no real places) and let G be a

connected reductive k-group. Then the correspond-

ing abelianization map ab1
G : H1

fppfðk;GÞ !
H1
ab;fppfðk;GÞ is bijective.

As analogues of [10, Prop. 3.5.3], we have the

following

2.3. Proposition. If a field k is a henselian

field with respect to a valuation v and kv the

completion of k at v, G a connected reductive

k-group, then the natural maps Hi
abðk;GÞ !

Hi
abðkv;GÞ are bijections for i 
 1.

2.4. Proposition (cf. [10, Prop. 3.5.3(3)] for

commutative case). Let k be a henselian field with

respect to a valuation v, kv the completion of k at

v, and let G be an affine k-group of finite type. Then

the natural map H2
fppfðk;GÞ ! H2

fppfðkv;GÞ is a

bijection, which induces a bijection H2
fppfðk;GÞ

0 !
H2

fppfðkv;GÞ
0.

For abelianized cohomology of connected re-

ductive groups over infinite local or gobal fields, we

have

2.5. Proposition. Let k be a field which is a

henselian field with respect to a valuation v and let

kv be the completion of k at v. Then for any quasi-

abelian crossed module ðF ! GÞ over k, the natural

maps Hi
abðk; F ! GÞ ! Hi

abðkv; F ! GÞ are bijec-

tions for i 
 1.

3. Finiteness of Galois (flat) cohomology

for pseudo-reductive groups. A k-group G is

called pseudo-reductive (cf. [5], [6]) if G is affine,

smooth, connected and the unipotent k-radical

(that is, maximal, smooth, normal unipotent k-sub-

group) Ru;kðGÞ is trivial. The general classification

of pseudo-reductive k-groups is shown in [5], [6] to

be reduced to the case of generalized standard

pseudo-reductive groups, basic exotic pseudo-re-

ductive k-groups, p 2 f2; 3g and basic non-reduced

pseudo-simple k-groups. By [5, Prop. 7.1.3], if k is

a local field, G a pseudo-reductive k-group, which

is generated by its maximal tori, then the flat

cohomology set H1
fppfðk;GÞ is finite. A natural

question arises about the finiteness of this set when

k is an infinite algebraic extension of a local field

and when k is or a completion of such a field (or the
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same, the completion of an infinite algebraic

extension of a global field L). We have the following

3.1. Proposition. Let k be a field such that

for any semisimple simply connected k-group ~G, the

flat cohomology H1
fppfðk; ~GÞ is finite. Consider the

following statements:

(1) For any connected reductive k-group G, the set

H1
fppfðk;GÞ is finite;

(2) For any finite k-group scheme M of multi-

plicative type, the group H2
fppfðk;MÞ is finite.

Then we have ð2Þ ¼) ð1Þ. Also, if k is of Kneser

type, then we have ð1Þ ¼) ð2Þ.
As a consequence, we derive the following

3.2. Corollary. If k is either an infinite

algebraic extension of a local field L, or a completion

of such an extension, then for any connected

reductive k-group G, H1
fppfðk;GÞ is finite.

Now we arrive at another main results of the

paper.

3.3. Theorem (cf. [26, Chap. III] for reduc-

tive groups and [5, Prop. 7.1.3] for pseudo-reductive

groups over local fields). Let k be

(1) Either an infinite algebraic extension F (equip-

ped with a valuation v) of a local field L, or

(2) A completion of such an extension.

Then for any pseudo-reductive k-group G, which is

generated by its maximal k-tori, the set H1
fppfðk;GÞ is

finite.

4. Some applications to the obstruction

of weak approximation. Let k be a number field

(resp. global function field) and let G be a connected

linear algebraic (resp. connected reductive) k-

group. It is known (see [22, Sec. 3] for number field

case and [30, Sec. 2] for function field case), that

there is a finite set of places S0 � V such that G

has weak approximation outside S0. Also, for any S,

the obstruction to weak approximation AðS;GÞ :¼
ð
Q

v2S GðkvÞÞ=GðkÞ in S and the global obstruction

to weak approximation AðGÞ :¼ ð
Q

v GðkvÞÞ=GðkÞ
over k are finite abelian groups.

In the case of an infinite algebraic extension k

of a global field L, we may consider the localization

field kðvÞ of k at v and consider the notion of weak

approximation with respect to localizations instead

of completions. We say that the weak approxima-

tion in the new sense at a subset S of places of k

holds for a k-variety X, if XðkÞ is dense inQ
v2S XðkðvÞÞ. If X ¼ G is a k-group, then, as usual,

we may consider the factor set A0ðS;GÞ :¼
ð
Q

v2S GðkðvÞÞÞ=GðkÞ, resp. A0ðGÞ :¼ ð
Q

v GðkðvÞÞÞ=

GðkÞ, which is called the obstruction to weak

approximation at S in the new sense and the

obstruction to weak approximation over k in the

new sense, respectively. If W 	 V , we set GW :¼Q
v2W GðkvÞ and G0W :¼

Q
v2W GðkðvÞÞ.

We refer the readers to [2] for the notion of

z-extension and of flasque resolution used below. As

an application of the results obtained in previous

sections, we have the following

4.1. Theorem. Let k be an infinite global

field, S a finite set of places of k and let G be a

connected reductive k-group.

(1) If 1! F ! H1 ! G! 1 is a flasque resolution

of G, then we have

AðS;GÞ ’ Coker H1
fppfðk; F Þ !

�S
Y
v2S

H1
fppfðkv; F Þ

 !
;

AðGÞ ’ Coker H1
fppfðk; F Þ !

�V
Y
v

H1
fppfðkv; F Þ

 !
:

(2) For any z-extension 1! Z ! H ! G! 1 of G,

T ¼ Htor ¼ H=½H;H�, we have canonical isomor-

phisms of finite abelian groups

AðS;GÞ ’ AðS;HÞ ’ AðS; T Þ;
AðGÞ ’ AðHÞ ’ AðT Þ:

(3) The set AðS;GÞ is finite and has a natural

structure of an abelian group. There exists a well-

defined set S0 of places of k, which may not be finite,

such that for any finite set S of places of k, we

have AðS;GÞ ¼ AðS \ S0; GÞ. In particular, for any

S � S0, we have AðS;GÞ ¼ AðS0; GÞ, and G has

weak approximation property with respect to any

finite set S outside S0.

(4) For any finite separable extension L=k, let

GL ¼ G�k l, SL the extension of S to L. Then we

have natural norm homomorphisms of finite abelian

groups NS;L=k : AðSL;GLÞ ! AðS;GÞ, and NL=k :
AðGLÞ ! AðGÞ, which are functorial in G, and for

a tower of finite separable extensions E=K=k, the

norm homomorphisms satisfy NSE;E=k ¼ NSK;K=k �
NSE;E=K.

(5) The statements (1)–(4) also hold if we replace

Að�; �Þ by A0ð�; �Þ, that is, kv by kðvÞ for all v.

The structure of GðkÞ is given by the folowing

4.2. Theorem. Let k be an infinite global

field, G a connected reductive k-group and let W be

any non-empty subset of V . Then

(1) The closure GðkÞ of GðkÞ in G0W (resp. GW ) is a

normal subgroup of G0W (resp. GW ), which contains
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the derived subgroup ½G0W;G0W � (resp. ½GW;GW �).

(2) The following statements are equivalent:

ðaÞ The closure GðkÞ of GðkÞ in G0W (resp. GW ) is an

open subgroup of G0W (resp. GW ).

ðbÞ G has almost weak approximation in W (or weak

weak approximation), i.e., G has weak approxima-

tion outside a finite subset W0 �W .

ðcÞ AðW;GÞ is finite.

4.3. R-equivalence and weak approxima-

tion. For connected reductive algebraic groups,

there is a very close relation between some expres-

sion of the defect (obstruction) to the weak

approximation and that of the R-equivalence. We

refer to [3], [4], [11], [12], [28] and [31] for the notion

of R-equivalence after Manin and some related

results used here.

Let X be a smooth algebraic variety over a field

k. We say that x; y 2 XðkÞ are R-equivalent if there

is a sequence of points zi 2 XðkÞ, x ¼ z1; y ¼ zn,

such that for each pair zi; ziþ1 there

is a k-rational map fi : P1 ! X, regular at 0 and

1, with fð0Þ ¼ zi; fð1Þ ¼ ziþ1; 1 � i � n� 1. X is

called rationally connected over k, if any two points

x; y 2 XðkÞ are R-equivalent. We then write x R y
and denote by XðkÞ=R the set of R-equivalent

classes of XðkÞ. Then X is rationally connected over

k, if XðkÞ=R ¼ ð1Þ. It is known (cf. [4, Sec. 4,

Prop. 10]), that if char.k ¼ 0, then XðkÞ=R is a

birational invariant of smooth complete algebraic

varieties X defined over k. If G is a smooth affine

k-group, then GðkÞ=R has a natural group structure,

which is compatible with the group structure on

GðkÞ, i.e., the projection GðkÞ ! GðkÞ=R is a group

homomorphism. Moreover, RGðkÞ :¼ fg 2 GðkÞ j
g R 1g is a normal subgroup of GðkÞ and we have

canonically GðkÞ=R ’ GðkÞ=RGðkÞ (cf. [11, Lem.

II.1.1(a)]). We have the following (cf. [3], [28]

and [31] for geometric and global fields).

4.4. Theorem. Let k be a field, S a finite set

of places of k and let G be a connected reductive k-

group. Assume that for we have

½GS;GS � 	 RGS 	 GðkÞ;ð�Þ

where the closure is taken in GS. Then the quotient

AðS;GÞ has a natural abelian group structure and

we have the following exact sequence of groups

GðkÞ=R!’S ðGSÞ=RGS ! AðS;GÞ ! 1:ð��Þ

If k is an infinite global field, then ð�Þ and ð��Þ hold

for kv and Að�; �Þ ðresp. for kðvÞ and A0ð�; �Þ Þ.

4.5. The Kneser–Tits conjecture for alge-

braic groups. Recall the following regarding the

Kneser–Tits conjecture (see [20, Chap. VII, Sec.

7.2] and [12]). For a field F and a F -isotropic

semisimple F -group G, we say that the Kneser–Tits

conjecture holds for GðF Þ if we have GðF Þ ¼ GþðF Þ,
where GþðF Þ denotes the subgroup of GðF Þ gen-

erated by F -points of the unipotent radicals of all

parabolic F -subgroups of G. If F is a non-archime-

dean local field, then by [20, Sec. 7.2, Thm. 6], the

Kneser–Tits conjecture holds for all isotropic al-

most simple simply connected F -groups. The meth-

od of the proof is based on a detailed analysis of the

Tits index of G combined with a reduction to

groups of F -rank 1 due to Prasad and Raghunathan

[21, Sec. 1.6].

4.6. Proposition. Let k be an infinite global

field, and let v be a place of k.

(1) If an almost simple simply connected group G is

defined and isotropic on kðvÞ (resp. kv) then we have

GþðkðvÞÞ ¼ GðkðvÞÞ (resp. GþðkvÞ ¼ GðkvÞ).

(2) With G as in ð1Þ, we have GðkðvÞÞ=R ¼ 1,

GðkvÞ=R ¼ 1.

4.7. The infinitude of global obstruction to

weak approximation. In contrast to the global

field case, the global obstruction to the weak

approximation AðGÞ in the case of infinite global

field may be infinite. Here we construct some

examples of connected reductive groups G defined

over an infinite global field k such that the

obstruction AðGÞ is infinite.

Let L be a global field, R=L a Galois extension

such that � :¼ GalðR=LÞ ’ ðZ=2ZÞ � ðZ=2ZÞ, and

there are at least two places v of L with decom-

position group �v ¼ �. (For example, we may take

L ¼ Qð ffiffiffiap ;
ffiffiffi
b
p
Þ for suitable a; b 2 N as in

[4, p. 207].)

Let L ¼ L0 � L1 � � � � � Ln � � � � � k be an

infinite tower of finite field extensions with union

equal to k such that for all i 
 0:

(1) ½Liþ1 : Li� is odd,

(2) the cardinality of the set Siþ1ðvÞ of extensions

of v to Liþ1 is strictly greater than that of SiðvÞ. In

particular, the set SkðvÞ of extensions of v to k is

infinite.

Then we have

4.8. Proposition. With above notation, as-

sume that L, k satisfy the conditions (1), (2). Then

for the k-torus Tk :¼ Rð1ÞR=LðGmÞ �L k, the global

obstruction to weak approximation AðT Þ of T over
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k is infinite.
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sur les courbes définies sur les corps quasi-finis
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de nombres, J. Reine Angew. Math. 327 (1981),
12–80.

[ 23 ] C. Scheiderer, Hasse principles and approximation
theorems for homogeneous spaces over fields of
virtual cohomological dimension one, Invent.
Math. 125 (1996), no. 2, 307–365.

[ 24 ] O. F. G. Schilling, The Theory of Valuations,
Mathematical Surveys, No. 4, American Math-
ematical Society, New York, 1950.

[ 25 ] P. Scholze, Perfectoid spaces, Publ. Math. Inst.
Hautes Études Sci. 116 (2012), 245–313.

[ 26 ] J.-P. Serre, Cohomologie galoisienne, 5th ed.,
Lecture Notes in Mathematics, Springer-Ver-
lag, Berlin, 1994.

[ 27 ] S. S. Shatz, Profinite groups, arithmetic, and
geometry, Annals of Mathematics Studies, No.
67, Princeton University Press, Princeton, NJ,
1972.
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