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Abstract:

In this paper we extend to algebraic extensions of local and global fields and

their completions some classical results due to Borel-Serre, Tits, Conrad, Douai, Kneser and
Sansuc concerning the finiteness, the surjectivity of maps between Galois cohomology groups

and the obstruction to weak approximation and some related results of connected

algebraic groups.
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Introduction. Let k be a field, k; a separable
closure of k in an algebraic closure k of k, and let
I' := Gal(ks/k) be the absolute Galois group of k.
Denote by V the set of all places (i.e., equivalent
classes of valuations) of k and let k, be the
completion of k at v € V. For an algebraic k-group
scheme G (see [17] for basic notions we use here), let

topt (K, G) := Hi ;(k/k, G(k)) be the flat cohomol-
ogy of G in degree i (which is <1 if G is non-
commutative), which is isomorphic to the Galois
cohomology H'(k, G) := H (T, G(ky)) in degree i if G
is smooth.

Along with finite extensions of the field Q and
Q, (resp. Fy(t) and F,((t)) (where Q,, F, stand for
p-adic field and finite field of p elements, respec-
tively)), many important extensions of such fields
which appear in algebraic number theory are
infinite algebraic extensions, for example, the max-
imal abelian extensions of a given (local or global)
field k, or the maximal extension of a global k,
which is unramified outside a given set S, etc. and a
general study of such fields was started in [16].
When the infinite algebraic extensions k of local
fields and their completions k, enter, there are two
cases to consider. First is the case when the
valuation v is discrete. It seems that in this case,
the arithmetic of infinite algebraic extensions k of
local fields and their completions k, is close to that
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of local fields. However, when v is non-discrete (i.e.,
the value group A is a dense subgroup of R), the
structure of such fields is more complicated. In fact,
many of k, become perfectoid fields in the sense of
P. Scholze [25]. Some of the fields k of fundamental
importance in number theory are perfectoid, such as
Qp(p1/p°0)7 Q, (kp<), Fp((t))(tl/pm)a and the comple-
tions of algebraic closures of above fields. It is
interesting to investigate further the arithmetic of
algebraic varieties in general and algebraic groups
in particular over such fields. The motivation for
the investigation of arithmetic of algebraic groups
over infinite algebraic extensions of local or global
fields is quite natural, which is to see which of the
main results in the case of local and global fields
hold in the general case (cf. e.g. [18], [19] and
reference there). In the present paper, we are
interested in answering the following question:
which of the classical results in Galois cohomology
theory of linear algebraic groups over local or global
fields still hold in the case of infinite algebraic
extensions of local and global fields?

We investigate here some results which are
related to the finiteness, the surjectivity (bijectiv-
ity) of a coboundary map in Galois cohomology
which are important in arithmetic of algebraic
groups over field. In particular, we extend Kneser’s
Theorem on the surjectivitiy of certain coboundary
maps in Galois cohomology and Conrad’s Theorem
(thus partially also Borel-Serre’s Theorem) on the
finiteness of Galois cohomology of pseudo-reductive
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groups to the case of infinite algebraic extensions of
local and global fields. As an application, we apply
the finiteness of Galois cohomology to show the
finiteness of the obstruction to weak approximation
of connected reductive groups at finite set of places.

There are some obstacles to generalize the
classical results mentioned above to be noted here:
(a) Infinite algebraic extensions of local fields need
not be a field of type (F) in the sense of [26, Chap.
IIT] in general, which is very important for the
finiteness results in Galois cohomology;

(b) The duality theory related with local class field
theory, namely Tate-Nakayama duality theory for
commutative algebraic group schemes of multipli-
cative type (Shatz’s theory [27]) in the case of
infinite algebraic extensions of local fields (or the
completions of such extension fields), which is
highly desirable, is not yet available;

(¢c) The valuation on the algebraic extensions of
local fields and their completions, which is extended
from the given one on the base local field may not be
discrete, whereas the Tits’ approach to the finite-
ness of Galois cohomology assumes the discreteness
of the valuation.

Therefore, in order to achieve our goal in the
case of infinite algebraic extensions of local fields (or
their completions), one needs some further inves-
tigation and a new approach. A detailed version of
the paper will be published elsewhere.

1. Tate-Nakayama duality. For a k-torus
T, we denote its character module by 7" := X*(T)
and its co-character module by X, (7).

1.1. Localization fields and their arithmet-
ic. Recallthatif LoCcL;C---CL,C---Ckisa
chain of finite field extensions, then one can
consider the generalized number, the Steinitz num-
ber [k: Ly], which is the formal product [[,[Li1 :
L;] (cf. [26,Chap. I]). One denotes [k: Ly|,, the
Steinitz number Hp p™, where p runs over all prime
numbers which occur infinitely many times in the
sequence [L;q: L;], i=0,1,....

For an algebraic extension k of a local (resp.
global) field L, if its degree is infinite, we just call it
for short an infinite local (resp. global) field. If k is
an infinite global field which is equipped with a
place v, one may consider the localization field k(v)
of k (cf. [16]) Likewise, given any field L and an
infinite algebraic extension k/L equipped with a
place v, one may also consider the localization k(v)
of k (see [16], [18] and [19]). If k is an infinite global
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field, then k(v) is an infinite local field and is
equipped with a non-archimedean place v. Then
k(v) is the same as an infinite algebraic extension of
a complete valued field with finite residue field.
Further, we denote by k, the completion at v of k,
which is also the completion of k(v) at v. Notice that
the extended place (or valuation) v on k may or may
not be discrete.

1.2. Tate-Nakayama duality for infinite lo-
cal fields. Next we discuss the Tate-Nakayama
duality theory for algebraic group schemes of
multiplicative type (Shatz’s theory) in the case of
infinite algebraic extensions of local fields (or the
completions of such extension fields). Let k be an
infnite local field over a local field L, C the set of
all prime numbers, which are co-prime with
[k: L], T{ the Galois group of the maximal abelian
pro-C-extension .%;; of k, that is I¢=
leK/k’ Gal(K /k), where K/k runs over the set &

of all finite abelian extensions K /k having degree
co-prime with [k : L] _. Thus from the definition and
from [24,Chap. VI, Sec. 11, Thm. 22], it follows
that H*(I'(, G,,) ~ Br(k). Let M be a torsion free
finitely generated (over Z) I'{-module and let X be
the diagonalizable group k-scheme with character
group M. Since M is torsion free, it follows that X,
is a k-torus and then the flat cohomology of X, is
isomorphic to its Galois cohomology. Denotes by
Hm) (res HO/C\, i

b p. (I';, Xar)) the completion of
HY(T¢, M) (vesp. HY(I'{, X5/)) with respect to the
topology of subgroups of finite index (resp. of
open subgroups of finite index) co-prime with
[k: Ly],, that is, the pro-C-topology. There is a
natural pairing 6 : M x Xy — G,,, which induces
a cup-pairing 6, : H'(I'Y, M) x H*"(I'¢, X)) —
H%ppf(I‘g,Gm) ~ Br(k). Then the following state-
ments (Tate-Nakayama duality) hold.

1.1. Theorem (Tate-Nakayama duality).
Let k be an infinite local field.
(a) The pairing 0 induces a perfect pairing 6y for

—_—

r = 0 between the compact group HO(Fi, M) and the
discrete group H2(T$, Xpy).

(b) The groups HY(T', M) and HY(T', X,/) are finite
and the pairing 0 induces a perfect pairing forr =1
between the finite groups HY(T', M) and HY(T', Xy;),
where T is either T, or 1"‘,5. The Tate—Nakayama
duality for H* of tori holds. If T is an anisotropic k-
torus, then H?ppf(Fi,T(yM)) =1.



No. 1]

(¢) The pairing 0 induces a perfect pairing 6y for
r = 2 between the discrete group H*(I, M) and the
—_—

compact group HO(I“,i7 Xur).
(d) If (K : k), [k: L)) =1, then (a) and (c) also
holds for T'y.

2. Infinite algebraic extensions of local
and global fields are of Kneser type. Recall
that (see [14]) if S is a base scheme, G a semisimple
simply connected S-group scheme, with its center
Z(@), Ad(G) := G/ Z(@G), then S is called a scheme
of Douai type if the coboundary map of flat
cohomology A prpf(S, Ad(G)) —>H?ppf(S7Z(C~r'))
is surjective. We say that S is of Kneser type, if
for any subgroup S-scheme Z C Z(G’) the coboun-
dary map of flat cohomology A : Htppf S, G/Z) —

fppf(S Z(@)) is surjective. We have
type” = “Douai type” and apriori, the former
notion is stronger than the latter one. It is well-
known that if k is a local or global field (see
[15, Thm. 2, p. 60 and Thm. 2, p. 77] for char. 0
case, and [7,Prop. 2.1], [8,Corol. 5.3], [9] and
[29, Thm. A] for positive characteristic case), then
k is of Kneser type. Some other examples of fields
of Douai and/or of Kneser type are given in
[3,Sec. 2], [14,Example 5.4, pp. 250-251]  and
[23, Corol. 1.7, Corol. 5.4]. We will show that any
(infinite) algebraic extension of a local or global
field or a completion of such extensions, is also of
Kneser type. For a sheaf of groups A over some site
S, the unit class €4 in H?ppf(S, A) is the equivalence
class of the gerbe Tors(A) of all A-torsors (cf.
[13, Chap. IV, Sec. 3]). We denote by H%ppf(S, AY
the set of all neutral elements of Hf-ppf(S, A). First
we have

2.1. Theorem.
following types:

(a) an algebraic extension of either a local field or an

algebraic extension of a global field;

(b) a completion of a field of type (a),

and G is a semisimple simply connected k-group,

then k is of Kneser type and any element of
fppf(k G) is neutral.

Next we consider some analogues of the well-
known bijectivity results (cf. [1], [10], [14]) in the
case of infinite local and global fields and also in the
case of henselian fields and their completions. We
refer to [1] and [14] for the definition and related
properties of cohomology of quasi-abelian crossed
modules, and in particular, of abelianized cohomol-

“Kneser

If a field k is of one of the
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ogy groups sz(k, G) and abelianization maps ab’ :
fppf(k: G) — abfppf(k, G) of connected reductive
groups.

2.2. Corollary. Letk be an infinite algebra-
ic extension of either a non-archimedean local
field or a global field, with cdy(k) <2 if char.k=0
(or the same, k has no real places) and let G be a
connected reductive k-group. Then the correspond-

ing  abelianization — map  abf; : Hflppf(k, G) —
H}, fopt (K, G) is bijective.

As analogues of [10, Prop. 3.5.3], we have the
following

2.3. Proposition. If a field k is a henselian
field with respect to a wvaluation v and k, the
completion of k at v, G a connected reductive
k-group, then the natural maps H.,(k,G) —
H,(k,, G) are bijections fori > 1.

2.4. Proposition (cf. [10, Prop. 3.5.3(3)] for
commutative case). Let k be a henselian field with
respect to a valuation v, k, the completion of k at
v, and let G be an affine k-group of finite type. Then
the natural map prpf(k G) — prpf(kv,G) is a
bijection, which induces a bijection prpf(k G) —
prpf(kl’ G)

For abelianized cohomology of connected re-
ductive groups over infinite local or gobal fields, we
have

2.5. Proposition. Let k be a field which is a
henselian field with respect to a valuation v and let
k, be the completion of k at v. Then for any quasi-
abelian crossed module (F — G) over k, the natural
maps H',(k, F — G) — H',(k,, F — G) are bijec-
tions fori > 1.

3. Finiteness of Galois (flat) cohomology
for pseudo-reductive groups. A k-group G is
called pseudo-reductive (cf. [5], [6]) if G is affine,
smooth, connected and the unipotent k-radical
(that is, maximal, smooth, normal unipotent k-sub-
group) R, (G) is trivial. The general classification
of pseudo-reductive k-groups is shown in [5], [6] to
be reduced to the case of generalized standard
pseudo-reductive groups, basic exotic pseudo-re-
ductive k-groups, p € {2,3} and basic non-reduced
pseudo-simple k-groups. By [5, Prop. 7.1.3], if k is
a local field, G a pseudo-reductive k-group, which
is generated by its maximal tori, then the flat
cohomology set H%ppf(k, G) is finite. A natural
question arises about the finiteness of this set when
k is an infinite algebraic extension of a local field
and when £k is or a completion of such a field (or the
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same, the completion of an infinite algebraic
extension of a global field L). We have the following

3.1. Proposition. Let k be a field such that
for any semisimple simply connected k-group G, the
flat cohomology H%ppf(k, é) is finite. Consider the
following statements:

(1) For any connected reductive k-group G, the set
HE (K, G) is finite;

(2) For any finite k-group scheme M of multi-
plicative type, the group H?ppf(k, M) is finite.

Then we have (2) = (1). Also, if k is of Kneser
type, then we have (1) = (2).

As a consequence, we derive the following

3.2. Corollary. If k is either an infinite
algebraic extension of a local field L, or a completion
of such an extension, then for any connected
reductive k-group G, H%ppf(k‘, G) is finite.

Now we arrive at another main results of the
paper.

3.3. Theorem (cf. [26, Chap. III] for reduc-
tive groups and [5, Prop. 7.1.3] for pseudo-reductive
groups over local fields). Let k be
(1) Either an infinite algebraic extension F (equip-
ped with a valuation v) of a local field L, or
(2) A completion of such an extension.

Then for any pseudo-reductive k-group G, which is
generated by its mazimal k-tori, the set H%ppf(k, G) is
finite.

4. Some applications to the obstruction
of weak approximation. Let kbe a number field
(resp. global function field) and let G be a connected
linear algebraic (resp. connected reductive) k-
group. It is known (see [22, Sec. 3] for number field
case and [30, Sec. 2] for function field case), that
there is a finite set of places Sy C V such that G
has weak approximation outside Sj. Also, for any S,
the obstruction to weak approximation A(S,G) =
(IT,es G(ky))/G(k) in S and the global obstruction
to weak approximation A(G):= ([[,G(k,))/G(k)
over k are finite abelian groups.

In the case of an infinite algebraic extension k
of a global field L, we may consider the localization
field k(v) of k at v and consider the notion of weak
approximation with respect to localizations instead
of completions. We say that the weak approxima-
tion in the new semse at a subset S of places of k
holds for a k-variety X, if X(k) is dense in
[[es X(E(v)). If X = G is a k-group, then, as usual,
we may consider the factor set A'(S,G):=

(ITues G(k(v))) /G k), resp. A'(G) := ([T, G(k(v)))/
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w, which is called the obstruction to weak
approximation at S in the new sense and the
obstruction to weak approrimation over k in the
new sense, respectively. If W CV, we set Gy :=
HUEVV G(kv) and Gﬁ = H’UEVV G(k(’l)))

We refer the readers to [2] for the notion of
z-extension and of flasque resolution used below. As
an application of the results obtained in previous
sections, we have the following

4.1. Theorem. Let k be an infinite global
field, S a finite set of places of k and let G be a
connected reductive k-group.

(1) If1l - F — Hy — G — 1 is a flasque resolution
of G, then we have

A(S, @) ~ Coker (ngpf(k, F) B [Tk (R, F)),

veS

A(G) ~ Coker (Hg.ppf(k, F) = T HE (R, F)).

(2) For any z-extension1 — Z — H — G — 1 of G,
T =H" = H/[H, H], we have canonical isomor-

phisms of finite abelian groups
A(S,G) ~ A(S,H) ~ A(S,T),
A(G) ~ A(H) ~ A(T).

(3) The set A(S,G) is finite and has a natural
structure of an abelian group. There ezists a well-
defined set Sy of places of k, which may not be finite,
such that for any finite set S of places of k, we
have A(S,G) = A(SN Sy, Q). In particular, for any
S D8y, we have A(S,G) = A(Sy,G), and G has
weak approximation property with respect to any
finite set S outside 5.
(4) For any finite separable extension L/k, let
G =G xy 1, Sp the extension of S to L. Then we
have natural norm homomorphisms of finite abelian
groups Ng s A(S,Gr) — A(S,G), and Ny :
A(GL) — A(G), which are functorial in G, and for
a tower of finite separable extensions E/K/k, the
norm homomorphisms satisfy Ns, g = Nsg ik ©
Ns,5/K-
(5) The statements (1)—(4) also hold if we replace
A(-,-) by A'(-, ), that is, k, by k(v) for all v.

The structure of G(k) is given by the folowing

4.2. Theorem. Let k be an infinite global
field, G a connected reductive k-group and let W be
any non-empty subset of V. Then
(1) The closure G(k) of G(k) in Gy (resp. Gw) is a
normal subgroup of Gy, (resp. Gw), which contains
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the derived subgroup (G, Giy] (resp. [Gw, Gw)).
(2) The following statements are equivalent:

(a) The closure G(k) of G(k) in Gy, (resp. Gw) is an
open subgroup of Gy, (resp. Gw).

(b) G has almost weak approzimation in W (or weak
weak approximation), i.e., G has weak approzima-
tion outside a finite subset Wy C W.

(c) A(W,G) is finite.

4.3. R-equivalence and weak approxima-
tion. For connected reductive algebraic groups,
there is a very close relation between some expres-
sion of the defect (obstruction) to the weak
approximation and that of the R-equivalence. We
refer to [3], [4], [11], [12], [28] and [31] for the notion
of R-equivalence after Manin and some related
results used here.

Let X be a smooth algebraic variety over a field
k. We say that z,y € X(k) are R-equivalent if there
is a sequence of points z; € X(k), x = 21,y = 2z,
such  that for each pair 2,z  there
is a k-rational map f; : P! — X, regular at 0 and
1, with f(0) =2z, f(1)=2i11,1 <i<n—-1. X is
called rationally connected over k, if any two points
x,y € X(k) are R-equivalent. We then write © ~p y
and denote by X(k)/R the set of R-equivalent
classes of X (k). Then X is rationally connected over
k, it X(k)/R=(1). It is known (cf. [4,Sec. 4,
Prop. 10]), that if char.k =0, then X(k)/R is a
birational invariant of smooth complete algebraic
varieties X defined over k. If G is a smooth affine
k-group, then G(k)/R has a natural group structure,
which is compatible with the group structure on
G(k), i.e., the projection G(k) — G(k)/R is a group
homomorphism. Moreover, RG(k) :={g€ G(k) |
g ~g 1} is a normal subgroup of G(k) and we have
canonically G(k)/R ~ G(k)/RG(k) (cf. [11,Lem.
II.1.1(a)]). We have the following (cf. [3], [28]
and [31] for geometric and global fields).

4.4. Theorem. Letk be a field, S a finite set
of places of k and let G be a connected reductive k-
group. Assume that for we have

(*) [Gs,Gs] € RGs C

(k)a

where the closure is taken in Gg. Then the quotient
A(S,G) has a natural abelian group structure and
we have the following exact sequence of groups

(+x) G(k)/RZ (Gs)/RGs — A(S,G) — 1.

If kis an infinite global field, then (x) and (xx) hold
for k, and A(-,-) (resp. for k(v) and A'(-,-) ).
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4.5. The Kneser—Tits conjecture for alge-
braic groups. Recall the following regarding the
Kneser-Tits conjecture (see [20,Chap. VII, Sec.
7.2] and [12]). For a field F and a F-isotropic
semisimple F-group G, we say that the Kneser—Tits
congecture holds for G(F) if we have G(F) = G*(F),
where G*(F) denotes the subgroup of G(F) gen-
erated by F-points of the unipotent radicals of all
parabolic F-subgroups of G. If F' is a non-archime-
dean local field, then by [20, Sec. 7.2, Thm. 6], the
Kneser—Tits conjecture holds for all isotropic al-
most simple simply connected F-groups. The meth-
od of the proof is based on a detailed analysis of the
Tits index of G combined with a reduction to
groups of F-rank 1 due to Prasad and Raghunathan
[21, Sec. 1.6].

4.6. Proposition. Letk be an infinite global
field, and let v be a place of k.

(1) If an almost simple simply connected group G is
defined and isotropic on k(v) (resp. k,) then we have
Gt (k(v)) = G(k(v)) (resp. G (k,) = G(ky)).

(2) With G as in (1), we have G(k(v))/R=1,
G(k,)/R=1.

4.7. The infinitude of global obstruction to
weak approximation. In contrast to the global
field case, the global obstruction to the weak
approximation A(G) in the case of infinite global
field may be infinite. Here we construct some
examples of connected reductive groups G defined
over an infinite global field %k such that the
obstruction A(G) is infinite.

Let L be a global field, R/L a Galois extension
such that I := Gal(R/L) ~ (Z/2Z) x (Z/2Z), and
there are at least two places v of L with decom-
position group I', =T. (For example, we may take
L=Q(ya,vb) for suitable a,beN as in
[4,p. 207].)

Let L=LycCcLiC---CL,C---Ck be an
infinite tower of finite field extensions with union
equal to k such that for all ¢ > 0:

(1) [Li+1 : LJ is Od.d7

(2) the cardinality of the set S;11(v) of extensions
of v to Ly is strictly greater than that of S;(v). In
particular, the set Si(v) of extensions of v to k is
infinite.

Then we have

4.8. Proposition. With above notation, as-
sume that L, k satisfy the conditions (1), (2). Then
for the k-torus Ty := Rg/)L(Gm) xr k, the global
obstruction to weak approzimation A(T) of T over
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k is infinite.
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