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Abstract: In this article, we investigate some properties of some difference polynomials.

The results in this article improve some theorems of Liu and Laine. Several examples are

provided to show that our results are best possible.
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1. Introduction and results. In this pa-

per, we assume that the reader is familiar with the

fundamental results and the standard notations of

the Nevanlinna theory (see, e.g., [12,16]). In addi-

tion, we will use the notation �ðfÞ to denote the

order of the meromorphic function fðzÞ, and �ðfÞ
and �ð1fÞ to denote the exponent of convergence of

zeros and poles of fðzÞ, respectively.

Hayman [11] proved two classical theorems

which can be combined as follows:

Theorem A [11]. Let fðzÞ be a transcenden-

tal meromorphic function and a 6¼ 0; b be finite

complex constants. Then fnðzÞ þ af 0ðzÞ � b has in-

finitely many zeros for n � 5. If fðzÞ is transcenden-

tal entire, this holds for n � 3, resp. n � 2, if b ¼ 0.

Recently, a number of papers (see, e.g.,

[1–3,5–10,13–15]) have focused on complex differ-

ence equations and difference analogues of

Nevanlinna’s theory.

Liu and Laine [15] established partial difference

counterparts of Theorem A, and obtained the

following

Theorem B [15]. Let fðzÞ be a transcenden-

tal entire function of finite order, not of period c,

and let sðzÞ be a nonzero function, small compared to

f. Then fnðzÞ þ fðzþ cÞ � fðzÞ � sðzÞ has infinitely

many zeros, provided n � 3, resp. n � 2, if s ¼ 0.

In this paper, we consider the zeros of the

difference polynomial

FnðzÞ ¼
Xk
j¼1

ajðzÞfðzþ cjÞ � aðzÞfnðzÞ;

and obtain the following results which generalize

Theorem B. In Theorems 1.1 and 1.5, we con-

sider the case when the coefficients of FnðzÞ are

constants.

Theorem 1.1. Let fðzÞ be a transcenden-

tal entire function of finite order �ðfÞ, let

b; a; cj; ajðj ¼ 1; 2; � � � ; kÞ be complex constants. Set

FnðzÞ ¼
Pk

j¼1 ajfðzþ cjÞ � afnðzÞ, where n � 3 is

an integer. Then FnðzÞ have infinitely many zeros

and �ðFnðzÞ � bÞ ¼ �ðfÞ provided thatPk
j¼1 ajðzÞfðzþ cjÞ 6� b.

In the previous theorem, we consider difference

polynomial FnðzÞ with n � 3. The following theorem

is about the case n ¼ 2:

Theorem 1.2. Suppose that fðzÞ be a finite

order transcendental entire function with a Borel

exceptional value d. Let bðzÞ; aðzÞð6� 0Þ; ajðzÞðj ¼
1; 2; � � � ; kÞ be polynomials, and let cjðj ¼
1; 2; � � � ; kÞ be complex constants. If either d ¼ 0

and
Pk

j¼1 ajðzÞfðzþ cjÞ 6� 0, or, d 6¼ 0 andPk
j¼1 dajðzÞ � d2aðzÞ � bðzÞ 6� 0, then F2ðzÞ � bðzÞ ¼Pk
j¼1 ajðzÞfðzþ cjÞ � aðzÞf2ðzÞ � bðzÞ has infinitely

many zeros and �ðF2ðzÞ � bðzÞÞ ¼ �ðfÞ.
Example 1.3. For fðzÞ ¼ expfzg þ z; aðzÞ ¼

4; c1 ¼ 3�i; c2 ¼ �i; c3 ¼ 0; c4 ¼ 5�i; c5 ¼ 7�i; a1ðzÞ ¼
z; a2ðzÞ ¼ �3z; a3ðzÞ ¼ 6z; a4ðzÞ ¼ �1; a5ðzÞ ¼ 1;

a6ðzÞ ¼ � � � ¼ akðzÞ ¼ 0; bðzÞ ¼ 2�i, we have

F2ðzÞ�bðzÞ ¼
Pk

j¼1 ajðzÞfðzþ cjÞ�aðzÞf2ðzÞ�bðzÞ ¼
�4 expf2zg. Here fðzÞ has no Borel exceptional

values, but F2ðzÞ � bðzÞ has no zeros. Hence the

condition that fðzÞ has a Borel exceptional value

cannot be omitted in Theorem 1.2.

Example 1.4. For fðzÞ ¼ expfzg þ 1; a ¼ 2;
c1 ¼ ln 2; c2 ¼ ln 4; c3 ¼ ln 3; a1 ¼ 3; a2 ¼ 1; a3 ¼ �2;
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a4 ¼ � � � ¼ ak ¼ 0, we have F2ðzÞ ¼
Pk

j¼1 ajfðzþ
cjÞ � af2ðzÞ ¼ �2 expf2zg. Here F2ðzÞ has no zero,

but fðzÞF2ðzÞ ¼ �2 expf2zgðexpfzg þ 1Þ has infi-

nitely many zeros. This shows that fðzÞF2ðzÞ is

different from F2ðzÞ.
What can we say about fðzÞF2ðzÞ when fðzÞ has

infinitely many multi-order zeros. For this question,

we obtain the following Theorem 1.5:

Theorem 1.5. Let fðzÞ be a finite order

transcendental entire function, and let

b; a; aj; cjðj ¼ 1; 2; � � � ; kÞ be complex constants. If

fðzÞ has infinitely many multi-order zeros, then

HðzÞ ¼ fðzÞð
Pk

i¼1 ajfðzþ cjÞ � af2ðzÞÞ � b has infi-

nitely many zeros.

Example 1.6. For fðzÞ ¼ expfexpfzgg; c1 ¼
ln 3; c2 ¼ ln 3; c3 ¼ 0; a ¼ 2; a1 ¼ 1; a2 ¼ 1; a3 ¼ 2;

a4 ¼ � � � ¼ ak ¼ 0, we obtain

F3ðzÞ ¼
X3

j¼1

ajfðzþ cjÞ � af3ðzÞ ¼ 2 expfexpfzgg:

Here F3ðzÞ 6¼ 0. This shows that Theorem 1.1 may

fail for entire functions of infinite order.

Example 1.7. For fðzÞ ¼ expfzg þ 2; a ¼ 2;

c1 ¼ ln 3; c3 ¼ ln 4; a1 ¼ 1; a2 ¼ 1; a3 ¼ �1; a4 ¼ � � � ¼
ak ¼ 0, we have F2ðzÞ ¼

Pk
j¼1 ajfðzþ cjÞ � af2ðzÞ ¼

�2 expf2zg � 6. Here F2ðzÞ 6¼ �6. This shows that

Theorem 1.1 may be fail for n ¼ 2 and that the

condition n � 3 in Theorem 1.1 is the best possible.

Example 1.8. For fðzÞ ¼ expfzg þ 1; a ¼ 1;

a1 ¼ 2; a2 ¼ 3; a3 ¼ �4; a4 ¼ � � � ¼ ak ¼ 0; b ¼ 0;

c1 ¼ ln 4; c2 ¼ ln 3; c3 ¼ ln 2, we have F2ðzÞ ¼
expfzgð7� expfzgÞ, which assume all finite values

infinitely often.

2. Preliminary lemmas. In order to prove

our theorems, we need the following lemmas.

The following lemma is a generalisation of

Borel’s Theorem on linear combinations of entire

functions.

Lemma 2.1 [16, pp. 79–80]. Let fjðzÞðj ¼
1; 2; � � � ; nÞðn � 2Þ be meromorphic function,

gjðzÞðj ¼ 1; 2; � � � ; nÞ be entire functions, and let

them satisfy

(i) f1ðzÞeg1ðzÞ þ � � � þ fkðzÞegkðzÞ � 0;

(ii) when 1 � j < k � n, then gjðzÞ � gkðzÞ is not a

constant.

(iii) when 1 � j � n, 1 � h < k � n, then

T ðr; fjÞ ¼ ofT ðr; egh�gkÞg ðr!1; r 62 EÞ;

where E � ð1;1Þ is of finite linear measure or finite

logarithmic measure. Then fj � 0ðj ¼ 1; � � � ; nÞ.

Let cj; j ¼ 1; � � � ; n, be a finite collection of

complex numbers. Then a difference polynomial

in fðzÞ is a function which is polynomial in

fðzþ cjÞ; j ¼ 1; � � � ; n, with meromorphic coeffi-

cients a�ðzÞ such that T ðr; a�Þ ¼ Sðr; fÞ for all �.

As for difference counterparts of the Clunie

lemma [4], see [8, Corollary 3.3]. The following

lemma due to Laine and Yang [14] is a more general

version.

Lemma 2.2 [14]. Let f be a transcendental

meromorphic solution of finite order of a difference

equation of the form

Uðz; fÞP ðz; fÞ ¼ Qðz; fÞ;ð2:1Þ

where Uðz; fÞ; P ðz; fÞ, and Qðz; fÞ are difference

polynomials such that the total degree degUðz; fÞ ¼
n in fðzÞ and its shifts, and degQðz; fÞ � n. More-

over, we assume that Uðz; fÞ contains just one term

of maximal total degree in fðzÞ and its shifts. Then

mðr; P ðz; fÞÞ ¼ Sðr; fÞ:

The following lemma is a difference analogue of

the logarithmic derivative lemma.

Lemma 2.3 [8,10]. Let fðzÞ be a meromor-

phic function of finite order and let c be a non-zero

complex number. Then we have

m r;
fðzþ cÞ
fðzÞ

� �
¼ Sðr; fÞ:

3. Proof of Theorem 1.1. The main idea of

this proof is from [15, case n � 3], while the details

are somewhat different. For the convenience of the

reader, we give a complete proof. Firstly, we prove

that �ðFn � bÞ ¼ �ðfÞ. Lemma 2.3 and FnðzÞ ¼Pk
j¼1 ajfðzþ cjÞ � afnðzÞ yield that

nT ðr; fðzÞÞ ¼ T ðr; afnðzÞÞ þOð1Þð3:1Þ

¼ T r;
Xn
j¼1

ajfðzþ cjÞ � FnðzÞ
 !

þOð1Þ

� m r; fðzÞ
Pk

i¼1 ajfðzþ cjÞ
fðzÞ

 !

þmðr; FnðzÞÞ þOð1Þ

� mðr; fðzÞÞ þ
Xk
j¼1

ajm r;
fðzþ cjÞ
fðzÞ

� �

þmðr; FnðzÞÞ þOð1Þ
¼ mðr; fðzÞÞ þmðr; FnðzÞÞ þ Sðr; fÞ
¼ T ðr; fðzÞÞ þ T ðr; FnðzÞÞ þ Sðr; fÞ:
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On the other hand, from Lemma 2.3 and FnðzÞ ¼Pk
j¼1 ajfðzþ cjÞ � afnðzÞ, we have

T ðr; FnðzÞÞ ¼ mðr; FnðzÞÞð3:2Þ

¼ m r;
Xk
j¼1

ajfðzþ cjÞ � afnðzÞ
 !

� mðr; fðzÞÞ þ
Xk
j¼1

ajm r;
fðzþ cjÞ
fðzÞ

� �

þmðr; afnðzÞÞ þOð1Þ
¼ ðnþ 1ÞT ðr; fðzÞÞ þ Sðr; fÞ:

(3.1) and (3.2) imply that �ðfÞ ¼ �ðFnÞ. Hence

�ðFn � bÞ ¼ �ðfÞ. We next discuss the following two

cases:

Case 1. �ðfÞ ¼ 0. By 0 � �ðFn � bÞ � �ðFn � bÞ ¼
�ðfÞ ¼ 0, we have �ðFn � bÞ ¼ �ðfÞ. Theorem 1.1

thus holds.

Case 2. �ðfÞ > 0. Suppose, contrary to the asser-

tion, that �ðFn � bÞ < �ðfÞ. By this and �ðFn � bÞ ¼
�ðfÞ, we can rewritten FnðzÞ � b as

FnðzÞ � b ¼
Xk
j¼1

ajfðzþ cjÞ � afnðzÞ � bð3:3Þ

¼ pðzÞ expfqðzÞg;
where qðzÞ 6� 0 is a polynomial, pðzÞ is an entire

function with �ðpÞ < �ðfÞ. Differentiating (3.3) and

eliminating expfqðzÞg, we obtain

fðn�1ÞðzÞðanpðzÞf 0ðzÞ � aðp0ðzÞ þ q0ðzÞpðzÞÞfðzÞÞð3:4Þ

¼ pðzÞ
Xk
j¼1

ajf
0ðzþ cjÞ þ bðp0ðzÞ þ pðzÞq0ðzÞÞ

� fp0ðzÞ þ pðzÞq0ðzÞg
Xk
i¼1

ajfðzþ cjÞ:

Suppose that

anpðzÞf 0ðzÞ � aðp0ðzÞ þ q0ðzÞpðzÞÞfðzÞ � 0:ð3:5Þ

Integrating (3.5), we have

fnðzÞ ¼ dpðzÞ expfqðzÞg;ð3:6Þ

where d is a nonzero constant. Hence (3.3) and (3.6)

yield that

FnðzÞ � b ¼
Xk
j¼1

ajfðzþ cjÞ � afnðzÞ � bð3:7Þ

¼ 1

d
fnðzÞ;

that is

d
Xk
j¼1

ajfðzþ cjÞ � b
 !

¼ ðadþ 1ÞfnðzÞ:ð3:8Þ

Since
Pk

j¼1 ajfðzþ cjÞ 6� b, we have adþ 1 6¼ 0.

Differentiating (3.8), we have

d
Xk
j¼1

ajf
0ðzþ cjÞ
f 0ðzÞ

 !
¼ nðadþ 1Þfn�1ðzÞ:ð3:9Þ

By using Lemma 2.3 we obtain from (3.9) that

ðn� 1ÞT ðr; fÞ ¼ ðn� 1Þmðr; fÞ ¼ Sðr; f 0Þ ¼ Sðr; fÞ;

which is a contradiction, since n � 3. Therefore

P ðz; fÞ 6� 0. Since n � 3, by Lemma 2.2 and (3.4),

we obtain that

T ðr; anpðzÞf 0ðzÞ � aðp0ðzÞ þ q0ðzÞpðzÞÞfðzÞÞð3:10Þ
¼ mðr; anpðzÞf 0ðzÞ
� aðp0ðzÞ þ q0ðzÞpðzÞÞfðzÞÞ
¼ Sðr; fÞ;

and

T ðr; fðzÞðanpðzÞf 0ðzÞð3:11Þ
� aðp0ðzÞ þ q0ðzÞpðzÞÞfðzÞÞÞ
¼ mðr; fðzÞðanpðzÞf 0ðzÞ
� aðp0ðzÞ þ q0ðzÞpðzÞÞfðzÞÞÞ

¼ Sðr; fÞ;
for all r outside of an exceptional set of finite loga-

rithmic measure. Thus, by (3.10) and (3.11), we have

T ðr; fÞ ¼ Sðr; fÞ;

for all r outside of an exceptional set of finite

logarithmic measure. This is a contradiction. Hence

�ðFnðzÞ � bÞ ¼ �ðfÞ. Theorem 1.1 is thus proved.

4. Proof of Theorem 1.2. Suppose that d

is the Borel exceptional value of fðzÞ. Then we can

write fðzÞ as

fðzÞ ¼ dþ gðzÞ expf�zkg;ð4:1Þ

where � is a nonzero constant, k � 1 is an integer,

and gðzÞ is an entire function such that

gðzÞð6� 0Þ; �ðgÞ < k. By (4.1), we have

fðzþ cjÞ ¼ dþ gðzþ cjÞgjðzÞ expf�zkg;ð4:2Þ
ðj ¼ 1; 2; � � � ; kÞ

where gjðzÞ ¼ expf�ðk1Þzk�1cj þ �ðk2Þzk�2c2
j þ � � � þ

�ckjg; �ðgjÞ ¼ k� 1. Suppose that F2ðzÞ � bðzÞ is a

polynomial. ThenXk
j¼1

ajðzÞfðzþ cjÞ � aðzÞf2ðzÞ � bðzÞ ¼ pðzÞ;ð4:3Þ
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where pðzÞ is a polynomial. By Lemma 2.3 and

(4.3), we have

2T ðr; fðzÞÞ ¼ 2mðr; fðzÞÞ
¼ mðr; aðzÞf2ðzÞÞ þ Sðr; fÞ

¼ m r;
Xk
j¼1

ajðzÞfðzþ cjÞ � bðzÞ � pðzÞ
 !

þ Sðr; fÞ

� mðr; fðzÞÞ þ
Xk
j¼1

m r;
fðzþ cjÞ
fðzÞ

� �
þmðr; bðzÞÞ

þmðr; pðzÞÞ þ
Xk
j¼1

mðr; ajðzÞÞ þ Sðr; fÞ

¼ T ðr; fðzÞÞ þ Sðr; fÞ þOðlog rÞ;
which is a contradiction. Therefore, F2ðzÞ � bðzÞ is

transcendental. By (4.1) and (4.2), we have

F2ðzÞ � bðzÞð4:4Þ

¼
 Xk

j¼1

ajðzÞgðzþ cjÞgjðzÞ � 2daðzÞgðzÞ
!

	 expf�zkg � aðzÞg2ðzÞ expf2�zkg

þ
Xk
j¼1

dajðzÞ � d2aðzÞ � bðzÞ:

Since gðzÞ 6� 0, we have �ðF2ðzÞ � bðzÞÞ ¼ �ðfÞ ¼ k.
Next, we prove �ðF2ðzÞ � bðzÞÞ ¼ k. Suppose, con-

trary to the assertion, that �ðF2ðzÞ � bðzÞÞ < �ðfÞ.
Then

F2ðzÞ � bðzÞ ¼ lðzÞ expf�zkg;ð4:5Þ

where � is a nonzero constant, lðzÞ is an entire

function such that �ðlÞ < k.

(i) Suppose that d ¼ 0. (4.1), (4.2) and (4.5)

imply thatXk
j¼1

ajðzÞgðzþ cjÞgjðzÞ expf�zkgð4:6Þ

� aðzÞg2ðzÞ expf2�zkg � bðzÞ ¼ lðzÞ expf�zkg:
Since gðzÞ 6� 0, by comparing the growth of both

sides of (4.6), we have � ¼ 2�. Hence (4.6) can be

rewritten as

Xk
j¼1

ajðzÞgðzþ cjÞgjðzÞ expf�zkgð4:7Þ

� ðaðzÞg2ðzÞ þ lðzÞÞ expf2�zkg � bðzÞ ¼ 0:

By Lemma 2.1 and (4.7), we obtain thatPk
j¼1 ajðzÞgðzþ cjÞgjðzÞ � 0, a contradiction, since

Pk
j¼1 ajðzÞfðzþ cjÞ 6� 0. Hence, we obtain that

�ðF2ðzÞ � bðzÞÞ ¼ k.
(ii) Suppose that d 6¼ 0. (4.1), (4.2) and (4.5)

yield that

Xk
j¼1

ajðzÞgðzþ cjÞgjðzÞ � 2daðzÞgðzÞ
 !

expf�zkgð4:8Þ

� aðzÞg2ðzÞ expf2�zkg � lðzÞ expf�zkg

þ
Xk
j¼1

dajðzÞ � d2aðzÞ � bðzÞ ¼ 0:

If � 6¼ � and � 6¼ 2�, By Lemma 2.1 and (4.8),

we get
Pk

i¼1 dajðzÞ � d2aðzÞ � bðzÞ � 0, which con-

tradicts our assumption that
Pk

i¼1 dajðzÞ �
d2aðzÞ � bðzÞ 6� 0.

If � ¼ 2� or � ¼ �, using the same method as

above, we also get
Pk

i¼1 dajðzÞ � d2aðzÞ � bðzÞ � 0, a

contradiction. Hence �ðF2ðzÞ � bðzÞÞ ¼ k.
5. Proof of Theorem 1.5. Suppose that

fðzÞ has infinitely many multi-order zeros. If

b ¼ 0, then HðzÞ has infinitely many zeros. Next

we suppose that b 6¼ 0. If HðzÞ � b has only finitely

many zeros, then we can rewrite HðzÞ as

HðzÞ ¼ fðzÞ
Xk
i¼1

aifðzþ ciÞ
 !

� af2ðzÞ
 !

� bð5:1Þ

¼ pðzÞeqðzÞ;
where pðzÞ; qðzÞ are polynomials. Suppose that HðzÞ
is a polynomial. Then

HðzÞ ¼ fðzÞ
Xk
i¼1

aifðzþ ciÞ
 !

� af2ðzÞ
 !

� bð5:2Þ

¼ P ðzÞ;

where P ðzÞ is a polynomial. By (5.2), we have

3T ðr; fðzÞÞ ¼ 3mðr; fðzÞÞ
¼ mðr; af3ðzÞÞ þOð1Þ
� mðr; P ðzÞÞ þmðr; f2ðzÞÞ

þ
Xk
j¼1

ajm r;
fðzþ cjÞ
fðzÞ

� �
þOð1Þ

¼ 2T ðr; fÞ þ Sðr; fÞ;

a contradiction. Hence HðzÞ is transcendental, and

so pðzÞ 6� 0; deg qðzÞ � 1. By this, we have p0ðzÞ þ
pðzÞqðzÞ 6� 0. Differentiating (5.1) and eliminating

eqðzÞ, we have
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3afðzÞf 0ðzÞPk
i¼1 aifðzþ ciÞ

� ðfðzÞ
Pk

i¼1 aifðzþ ciÞÞ
0

fðzÞ
Pk

i¼1 aifðzþ ciÞ
ð5:3Þ

¼
p0ðzÞ þ pðzÞqðzÞ

pðzÞ

� ��
af2ðzÞPk

i¼1 aifðzþ ciÞ
� 1

þ b

fðzÞ
Pk

i¼1 aifðzþ ciÞ

�
:

Since fðzÞ has infinitely many multi-order zero,

there exists a sufficiently large point z0 such that

the multiplicity of the zero of fðzÞ at z0 is kð� 2Þ,
and p0ðz0Þ þ pðz0Þqðz0Þ 6¼ 0; pðz0Þ 6¼ 0.

If
Pk

i¼1 aifðz0 þ ciÞ ¼ 0 with the multiplicity

k1ð� 1Þ, then the multiplicity of

ðfðz0Þ
Pk

i¼1
aifðz0þciÞÞ0

fðz0Þ
Pk

i¼1
aifðz0þciÞ

¼ 1 is 1, the multiplicity of

3afðz0Þf 0ðz0ÞPk

i¼1
aifðz0þciÞ

¼ 1 is k1 � 2kþ 1, the multiplicity of

af2ðz0ÞPk

i¼1
aifðz0þciÞ

¼ 1 is k1 � 2k, but the multiplicity of

b

fðz0Þ
Pk

i¼1
aifðz0þciÞ

Þ ¼ 1 is k1 þ k. By (5.3), we get a

contradiction.

If
Pk

i¼1 aifðz0 þ ciÞ 6¼ 0, then the multiplicity of

ðfðz0Þ
Pk

i¼1
aifðz0þciÞÞ0

fðz0Þ
Pk

i¼1
aifðz0þciÞ

¼ 1 is 1, 3afðz0Þf 0ðz0ÞPk

i¼1
aifðz0þciÞ

¼ 0;

af2ðz0ÞPk

i¼1
aifðz0þciÞ

¼ 0, but the multiplicity of

b

fðz0Þ
Pk

i¼1
aifðz0þciÞ

Þ ¼ 1 is kð� 2Þ. By (5.3), we also

get a contradiction. Hence HðzÞ takes every value b

infinitely often.
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