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Abstract: Varagnolo-Vasserot and Rouquier proved that, in a symmetric generalized

Cartan matrix case, the simple modules over the quiver Hecke algebra with a special parameter

correspond to the upper global basis. In this note we show that the simple modules over the

quiver Hecke algebras with a generic parameter also correspond to the upper global basis in a

symmetric generalized Cartan matrix case.
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1. Introduction. Lascoux-Leclerc-Thibon

([8]) conjectured that the irreducible representations

of Hecke algebras of type A are controlled by the

upper global basis ([4,5]) (or dual canonical basis

([10])) of the basic representation of the affine

quantum group UqðAð1Þ‘ Þ. Then, S. Ariki ([1]) proved

this conjecture by generalizing it to cyclotomic

Hecke algebras. The crucial ingredient in his proof

was the fact that the cyclotomic Hecke algebras

categorify the irreducible highest weight represen-

tations of UðAð1Þ‘ Þ. Because of the lack of grading

on the cyclotomic Hecke algebras, these algebras do

not categorify the representation of the quantum

group.

Then Khovanov-Lauda and Rouquier intro-

duced independently a new family of graded algebras,

a generalization of affine Hecke algebras of type A,

in order to categorify arbitrary quantum groups

([6,7,11]). These algebras are called Khovanov-

Lauda-Rouquier algebras or quiver Hecke algebras.

Let UqðgÞ be the quantum group associated

with a symmetrizable Cartan datum and let

fRð�Þg�2Qþ be the corresponding quiver Hecke

algebras. Then it was shown in [6,7] that there

exists an algebra isomorphism

U�AðgÞ ’
M
�2Qþ

KðRð�Þ-projÞ;

where U�AðgÞ is the A-form of the half U�q ðgÞ of

the quantum group UqðgÞ with A ¼ Z½q; q�1�, and

KðRð�Þ-projÞ is the Grothendieck group of the

category Rð�Þ-proj of finitely generated projective

graded Rð�Þ-modules. The positive root lattice is

denoted by Qþ. By the duality, we have

U�AðgÞ
� ’

M
�2Qþ

KðRð�Þ-gmodÞ;ð1:1Þ

where U�AðgÞ
� is the direct sum of the dual of the

weight space U�AðgÞ�� of U�AðgÞ, and Rð�Þ-gmod is

the abelian category of graded Rð�Þ-modules which

are finite-dimensional over the base field k.

When the generalized Cartan matrix is a sym-

metric matrix, Varagnolo and Vasserot ([13]) and

Rouquier ([12]) proved that the upper global basis

introduced by the author or Lusztig’s dual canoni-

cal basis corresponds to the isomorphism classes of

simple Rð�Þ-modules via the isomorphism (1.1).

However, for a given generalized Cartan matrix,

associated quiver Hecke algebras are not unique and

depend on the parameters c. Varagnolo-Vasserot and

Rouquier have proved the above results for a very

special choice c0 of parameters (see (2.5)). Let us

denote by Rð�Þc0
the quiver Hecke algebra with the

choice c0, and by Rð�Þcgen
the quiver Hecke algebra

with a generic choice cgen of parameters. When a

simple Rð�Þcgen
-module is specialized at the special

parameter c0, it may be a reducible Rð�Þc0
-module.

The purpose of this note is to prove that the

specialization of any simple Rð�Þcgen
-module at c0

remains a simple Rð�Þc0
-module. In other words, the

set of isomorphism classes of simple Rð�Þcgen
-modules

also corresponds to the upper global basis.

2. Review on global bases and quiver

Hecke algebras.

2.1. Global bases. Let I be a finite index set.

An integral square matrix A ¼ ðai;jÞi;j2I is called

a symmetrizable generalized Cartan matrix if it

doi: 10.3792/pjaa.88.97
#2012 The Japan Academy

2000 Mathematics Subject Classification. Primary 05E10,
16G99, 81R10.

No. 7] Proc. Japan Acad., 88, Ser. A (2012) 97

http://dx.doi.org/10.3792/pjaa.88.97


satisfies (i) ai;i ¼ 2 ði 2 IÞ, (ii) ai;j � 0 ði 6¼ jÞ, (iii)

ai;j ¼ 0 if aj;i ¼ 0 ði; j 2 IÞ, (iv) there is a diagonal

matrix D ¼ diagðdi 2 Z>0 j i 2 IÞ such that DA is

symmetric.

A Cartan datum ðA;P;�; P_;�_Þ consists of

(1) a symmetrizable generalized Cartan matrix A,

(2) a free abelian group P of finite rank, called the

weight lattice,

(3) P_ :¼ HomðP;ZÞ, called the co-weight lattice,

(4) � ¼ f�i j i 2 Ig � P , called the set of simple

roots,

(5) �_ ¼ fhi j i 2 Ig � P_, called the set of simple

coroots,

satisfying the condition: hhi; �ji ¼ ai;j for all i; j 2 I.
Since A is symmetrizable, there is a symmetric

bilinear form ( j ) on P satisfying

ð�ij�jÞ ¼ diai;j and ð�ij�Þ ¼ dihhi; �i

for all i; j 2 I, � 2 P . The free abelian group

Q ¼
L
i2I

Z�i is called the root lattice. Set Qþ ¼P
i2I Z�0�i � Q and Q� ¼

P
i2I Z�0�i � Q. For

� ¼
P

i2I mi�i 2 Q, we set htð�Þ ¼
P

i2I jmij.
Let q be an indeterminate. Set qi ¼ qdi for i 2 I

and we define ½n�i ¼ ðqni � q�ni Þðqi � q�1
i Þ
�1 and

½n�i! ¼
Qn

k¼1½k�i for n 2 Z�0.

Definition 2.1. The quantum algebra UqðgÞ
associated with a Cartan datum ðA;P;�;�_Þ is the

algebra over QðqÞ generated by ei; fi ði 2 IÞ and qh

ðh 2 P_Þ satisfying following relations:

(i) q0 ¼ 1, qhqh
0 ¼ qhþh0 for h; h0 2 P_,

(ii) qheiq
�h ¼ qhh;�iiei, qhfiq

�h ¼ q�hh;�iifi for

h 2 P_; i 2 I,

(iii) eifj � fjei ¼ �i;j
Ki �K�1

i

qi � q�1
i

, where Ki ¼ qhii ,

(iv)
X1�ai;j
r¼0

ð�1Þreð1�ai;j�rÞi eje
ðrÞ
i ¼ 0 if i 6¼ j, where

e
ðnÞ
i ¼ eni =½n�i!,

(v)
X1�ai;j
r¼0

ð�1Þrf ð1�ai;j�rÞi fjf
ðrÞ
i ¼ 0 if i 6¼ j, where

f
ðnÞ
i ¼ fni =½n�i!.

Let U�q ðgÞ be the QðqÞ-subalgebra of UqðgÞ
generated by the elements fi. We define the endo-

morphisms e0i and e00i of U�q ðgÞ by

½ei; a� ¼ ðqi � q�1
i Þ
�1ðKie

00
i a�K�1

i e0iaÞ for a 2 U�q ðgÞ:

Then e0i and the left multiplication of fj satisfy the

q-boson commutation relations

e0ifj � q
�ai;j
i fje

0
i ¼ �i;j:

Set A ¼ Z½q; q�1� and let U�AðgÞ be the

A-subalgebra of U�q ðgÞ generated by the ele-

ments f
ðnÞ
i . Then U�AðgÞ has a weight de-

composition U�AðgÞ ¼
L

�2Q� U
�
AðgÞ� where

U�AðgÞ� :¼ fa 2 U�AðgÞ j qhaq�h ¼ qhhi;�iag. Set

U�AðgÞ
� ¼

L
�2Q� HomAðU�AðgÞ�;AÞ and let ei,

f 0i 2 EndAðU�AðgÞ
�Þ be the transposes of fi; e

0
i 2

EndAðU�AðgÞÞ, respectively. Note that U�AðgÞ0 is a

free A-module with a basis 1, and hence U�AðgÞ
�
0 is

a free A-module generated by the dual basis of 1,

which is denoted by �.

Proposition 2.2 ([4,5]). There exists a

unique basis fGupðbÞgb2B of the A-module U�AðgÞ
�,

called the upper global basis, which satisfies the

following conditions:

(i) � 2 fGupðbÞ j b 2 Bg,
(ii) for any b 2 B, GðbÞ belongs to ðU�AðgÞ�Þ

� for

some � 2 Q�, which is denoted by wtðbÞ,
(iii) Set "iðbÞ ¼ maxfn 2 Z�0 j eni GupðbÞ 6¼ 0g. Then

for any b 2 B and i 2 I, there exists ~ffib 2 B
such that, when writing

f 0iG
upðbÞ ¼

X
b02B

Fi
b;b0G

upðb0Þ with Fi
b;b0 2 A;

we have
(a) Fi

b;~ffib
¼ q�"iðbÞi ,

(b) "ið~ffibÞ ¼ "iðbÞ þ 1,
(c) Fi

b;b0 ¼ 0 if b0 6¼ ~ffib and "iðb0Þ � "iðbÞ þ 1,
(d) Fi

b;b0 2 qq
�"iðbÞ
i Z½q� for b0 6¼ ~ffib.

(iv) for b 2 B such that "iðbÞ > 0, there exists

~eeib 2 B such that, when writing

eiG
upðbÞ ¼

X
b02B

Ei
b;b0G

upðb0Þ with Ei
b;b0 2 A;

we have

(a) Ei
b;~eeib
¼ ½"iðbÞ�i,

(b) "ið~eeibÞ ¼ "iðbÞ � 1,

(c) Ei
b;b0 ¼ 0 if b0 6¼ ~eeib and "iðb0Þ � "iðbÞ � 1,

(d) any Ei
b;b0 is invariant under the automor-

phism q 7! q�1,

(e) Ei
b;b0 2 qq

1�"iðbÞ
i Z½q� for b0 6¼ ~eeib.

(v) ~ffi~eeib ¼ b if "iðbÞ > 0, and ~eei ~ffib ¼ b.
Note that B has the weight decomposition

B ¼
G

�2Q�
B� with B� :¼ fb 2 B j wtðbÞ ¼ �g:

There exists a unique involution (called the bar

involution) �:U�AðgÞ
� ! U�AðgÞ

� such that
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(a) ðquÞ� ¼ q�1u for any u 2 U�AðgÞ
�;

(b) � � ei ¼ ei � � for any i;ð2:1Þ
(c) � ¼ �:

We have

GupðbÞ ¼ GupðbÞ for any b 2 B:

2.2. Quiver Hecke algebras. In this sub-

section, we recall the construction of the quiver

Hecke algebras associated with a Cartan datum

ðA;P;�; P_;�_Þ. For i; j 2 I such that i 6¼ j, set

Si;j ¼ fðp; qÞ 2 Z2
�0 j dipþ djq ¼ �ð�i; �jÞg:

Let kðAÞ be the commutative Z-algebra generated

by indeterminates fti;j;p;qg and the inverse of

ti;j;�ai;j;0 where i; j 2 I such that i 6¼ j and

ðp; qÞ 2 Si;j. They are subject to the defining rela-

tions: ti;j;p;q ¼ tj;i;q;p.
Let us define the polynomials ðQi;jÞi;j2I in

kðAÞ½u; v� by

Qi;jðu; vÞ ¼
0 if i ¼ j;X

ðp;qÞ2Si;j
ti;j;p;qu

pvq if i 6¼ j:

8<:
They satisfy Qi;jðu; vÞ ¼ Qj;iðv; uÞ.

We denote by Sn ¼ hs1; . . . ; sn�1i the symmet-

ric group on n letters, where si :¼ ði; iþ 1Þ is the

transposition of i and iþ 1. Then Sn acts on In.

Definition 2.3 ([6,11]). The quiver Hecke

algebra RðnÞ of degree n associated with a Cartan

datum ðA;P ;�; P_;�_Þ is the Z-graded algebra

over kðAÞ generated by eð�Þ ð� 2 InÞ, xk
ð1 � k � nÞ, �l ð1 � l � n� 1Þ satisfying the follow-

ing defining relations:

eð�Þeð�0Þ ¼ ��;�0eð�Þ;
P

�2In eð�Þ ¼ 1;

xkxl ¼ xlxk; xkeð�Þ ¼ eð�Þxk;
�leð�Þ ¼ eðslð�ÞÞ�l; �k�l ¼ �l�k if jk� lj > 1;

�2
k eð�Þ ¼ Q�k;�kþ1

ðxk; xkþ1Þeð�Þ;
ð�kxl � xskðlÞ�kÞeð�Þ

¼
�eð�Þ if l ¼ k, �k ¼ �kþ1,

eð�Þ if l ¼ kþ 1, �k ¼ �kþ1,

0 otherwise,

8><>:
ð�kþ1�k�kþ1 � �k�kþ1�kÞeð�Þ

¼ Q�k;�kþ1
ðxk; xkþ1; xkþ2Þeð�Þ if �k ¼ �kþ2,

0 otherwise.

�
Here Qi;jðu; v; wÞ ¼ ðQi;jðu; vÞ�Qi;jðw; vÞÞðu�wÞ�1.

The Z-grading on RðnÞ is given by assigning

deg eð�Þ ¼ 0, deg xkeð�Þ ¼ ð��k j��kÞ, deg �leð�Þ ¼
�ð��l j��lþ1

Þ.
Note that RðnÞ has an anti-involution  that

fixes the generators xk, �l and eð�Þ.
For n 2 Z�0 and � 2 Qþ such that htð�Þ ¼ n,

we set

I� ¼ f� ¼ ð�1; . . . ; �nÞ 2 In j ��1
þ 	 	 	 þ ��n ¼ �g:

We define

eð�Þ ¼
P

�2I� eð�Þ;
Rð�Þ ¼ RðnÞeð�Þ ¼

M
�2I�

RðnÞeð�Þ:ð2:2Þ

The algebra Rð�Þ is called the quiver Hecke

algebra at �.

Similarly, for �; 	 2 Qþ with m ¼ htð�Þ and

n ¼ htð	Þ

eð�; 	Þ ¼
P

� eð�Þ 2 Rðmþ nÞ
where � ranges over the set of � 2 Imþn such

that
Pm

k¼1 ��k ¼ � and
Pmþn

k¼mþ1 ��k ¼ 	:

Then Rðmþ nÞeð�; 	Þ is a graded ðRð� þ 	Þ; Rð�Þ 

Rð	ÞÞ-bimodule. For a graded Rð�Þ-module M and

a graded Rð	Þ-module N , we define their convolu-

tion M �N by

M �N ¼ Rð� þ 	Þeð�; 	Þ 

Rð�Þ
Rð	Þ

ðM 
NÞ:

For ‘ 2 Z�0, we define the graded Rð‘�iÞ-
module Lði‘Þ by

Lði‘Þ ¼ q‘ð‘�1Þ=2
i Rð‘�iÞ

� X‘
k¼1

Rð‘�iÞxk

 ! !
:

Here q: ModðRð�ÞÞ ! ModðRð�ÞÞ is the grade-shift

functor:

ðqMÞk ¼Mk�1;ð2:3Þ

and qi ¼ qð�ij�iÞ=2.

For a commutative ring k and a ring homo-

morphism c: kðAÞ ! k, we denote by Rð�Þk the

algebra k
kðAÞ Rð�Þ.
Let us denote by XðAÞ the scheme SpecðkðAÞÞ.

For x 2 XðAÞ, let us denote by kðxÞ the residue field

of the local ring ðOXðAÞÞx and denote by Rð�Þx the

kðxÞ-algebra kðxÞ 
kðAÞ Rð�Þ.
Let us take a commutative field k and a

homomorphism kðxÞ ! k. For � 2 Qþ, let us denote

by Rð�Þk-gmod the abelian category of graded

Rð�Þk-modules finite-dimensional over k. Then the

set of isomorphism classes of simple objects in
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Rð�Þk-gmod is isomorphic to the one for Rð�Þx-
gmod by S 7! k
kðxÞ S (see [6, Corollary 3.19]).

For i 2 I and x 2 XðAÞ we have functors

Rð�Þx-gmod�
Ei

Fi
Rð� þ �iÞx-gmod:

Here these functors are defined by

FiM ¼M � LðiÞ;
EiN ¼ eð�; �iÞN

for M 2 Rð�Þx-gmod and N 2 Rð� þ �iÞx-gmod.

Then we have

0! id! EiFi ! q�2
i FiEi ! 0;

EiFj ’ q�ð�i;�jÞFjEi for i 6¼ j;

which immediately follows from [3, Theorem 3.6].

Let KðRð�Þx-gmodÞ denote the Grothendieck

group of the abelian category Rð�Þx-gmod. Then,

it has a structure of a Z½q; q�1�-module induced by

the grade-shift functor on Rð�Þx-gmod.

Then the following theorem holds.

Theorem 2.4 ([6]). There exists a unique

Z½q; q�1�-linear isomorphismM
�2Qþ

KðRð�Þx-gmodÞ �!� U�AðgÞ
�ð2:4Þ

such that

(i) the induced actions ½Ei� and ½Fi� by Ei and Fi
correspond to ei and f 0i,

(ii) � 2 U�AðgÞ
� corresponds to the regular repre-

sentation of Rð0Þx.

Let D:Rð�Þx-gmod! ðRð�Þx-gmodÞopp be the

duality functor M 7!M� induced by the antiauto-

morphism  of Rð�Þx. We can easily see by the char-

acterization (2.1) of the bar involution that the in-

duced endomorphism ½D� of
L

�2Qþ KðRð�Þx-gmodÞ
corresponds to the bar involution � of U�AðgÞ

�.
The Grothendieck group KðRð�Þx-gmodÞ is a

free Z-module with the basis consisting of ½S� where

S ranges over the set of isomorphism classes of

simple graded Rð�Þx-modules. Khovanov-Lauda

([6]) proved that for any simple graded Rð�Þx-
module S, there exists r 2 Z such that DðqrSÞ ’
qrS. Let IrrðRð�ÞxÞ be the set of isomorphism classes

of simple graded Rð�Þx-modules S such that

DðSÞ ’ S. Then KðRð�Þx-gmodÞ is a free Z½q; q�1�-
module with f½S� j S 2 IrrðRð�ÞxÞg as a basis.

For a simple graded module S, let us denote by

"iðSÞ the largest integer k such that Ek
i S 6¼ 0. Recall

that q denotes the shift-functor and qi ¼ qð�ij�iÞ=2.

Proposition 2.5 ([6,9]). Let x 2 XðAÞ, � 2
Qþ and S a simple graded Rð�Þx-module.

(i) The cosocle of FiS is a simple module. Its

image under q
"iðSÞ
i is denoted by eFFiS.

(ii) If "iðSÞ > 0 then the socle of EiS is simple. Its

image under q
1�"iðSÞ
i is denoted by eEEiS.

(iii) eFFi eEEiS ’ S if "iðSÞ > 0, and eEEi
eFFiS ’ S.

(iv) If S is invariant by the duality D, then so areeFFiS and eEEiS.

(v) The set
F
�2Qþ IrrðRð�ÞxÞ is isomorphic to B,

and eEEi and eFFi correspond to ~eei and ~ffi by this

isomorphism.

Hence, the cosocle of FiS is isomorphic to

q
�"iðSÞ
i

eFFiS, the socle of EiS is isomorphic to

q
"iðSÞ�1
i

eEEiS and the cosocle of EiS is isomorphic to

q
�"iðSÞþ1
i

eEEiS.

For b 2 B��, let us denote by LxðbÞ the corre-

sponding simple graded Rð�Þx-module in IrrðRð�ÞxÞ.
Now assume that A is symmetric and consider

a k-valued point c0 of XðAÞ given by

Qi;jðu; vÞ ¼ bi;jðu� vÞ�ai;j for i 6¼ j where

k is a field of characteristic 0 and bi;j 2 k�:
ð2:5Þ

Then the following theorem is proved by Varagnolo-

Vasserot ([13]) and Rouquier ([12]).

Theorem 2.6. Assume that the generalized

Cartan matrix A is symmetric. Then the

basis f½Lc0
ðbÞ�gb2B corresponds to the upper

global basis fGupðbÞgb2B by the isomorphismL
�2Qþ KðRð�Þc0

-gmodÞ �!� U�AðgÞ
�.

For M 2 Rð�Þx-gmod, let us define its charac-

ter chðMÞ by

chðMÞ ¼
X

�2I�; k2Z

dimðeð�ÞMÞkqkeð�Þ

as an element of
L
�2I�

Z½q; q�1�eð�Þ. Then we have

chðLc0
ðbÞÞ ¼

X
�2I�
ðe�1
	 	 	 e�nGupðbÞÞeð�Þð2:6Þ

for b 2 B��.

3. Main results. Let cgen be the generic

point of XðAÞ. For � 2 Qþ and b 2 B��, let us

consider the simple graded Rð�Þcgen
-module Lcgen

ðbÞ.
Proposition 3.1. The set

Ub :¼ fx 2 XðAÞ j chðLxðbÞÞ ¼ chðLcgen
ðbÞÞg

is a Zariski open subset of XðAÞ and there exists a

graded OUb 
kðAÞ Rð�Þ-module LðbÞ defined on Ub
such that it is locally free as an OUb-module and the

stalk of LðbÞ at any x 2 Ub is isomorphic to LxðbÞ.

100 M. KASHIWARA [Vol. 88(A),



Proof. We shall prove it by induction on htð�Þ.
We may assume � 6¼ 0. Take an i 2 I such that

‘ :¼ "iðbÞ 6¼ 0. Set �0 ¼ � � ‘�i and b0 ¼ ~ee‘ib. For any

x 2 XðAÞ, the graded Rð�Þx-module LxðbÞ is a

simple cosocle of Lxðb0Þ � Lði‘Þ. Moreover the kernel

of Lxðb0Þ � Lði‘Þ� LxðbÞ is fs 2 Lxðb0Þ � Lði‘Þ j
eð�0; ‘�iÞRð�Þs ¼ 0g.

By the induction hypothesis, there exists an

OUb0 
kðAÞ Rð�0Þ-module Lðb0Þ as above. Set R ¼
OUb0 
kðAÞ Rð�Þ and we shall denote by M the R-

module Lðb0Þ � Lði‘Þ. Let f be the composition

M!HomOXðAÞjUb0 ðR;MÞ
!HomOXðAÞjUb0 ðR;M=ð1� eð�0; ‘�iÞÞMÞ:

Then the kernel of f coincides with the sheaf

fu 2M j eð�0; ‘�iÞRu ¼ 0g:

The homomorphism f factors through

M �!f HomOUb0
ðR=R�m;M=ð1� eð�0; ‘�iÞÞMÞ

�HomOUb0
ðR;M=ð1� eð�0; ‘�iÞÞMÞ

for a sufficient large integer m. Here R�m ¼
L
k�m
Rk.

Therefore f is a morphism of vector bundles on Ub0 .

On the other hand, Ub is the set of x 2 Ub0 such that

the rank of f at x is equal to its rank at the generic

point. Hence Ub is an open subset of XðAÞ and the

image of �ffjUb satisfies the condition for LðbÞ. �

For x 2 XðAÞ and b 2 B, let us consider the

condition

LxðbÞ corresponds to the upper global

basis GupðbÞ by the isomorphism (2.4).
ð3:1Þ

We shall prove the following theorem.

Theorem 3.2. Let c0 be a point of XðAÞ
satisfying (3.1) for any b 2 B. Then c0 belongs

to Ub for any b 2 B. Hence (3.1) holds also for any

x 2 Ub.
Proof. It is enough to show that cgen satisfies

(3.1). W shall take a triple ðK;O;kÞ such that

K ¼ kðcgenÞ, O is a discrete valuation ring, K

coincides with the fraction field of O, k is the

residue field of O, ðOXðAÞÞx0
� O and ðOXðAÞÞx0

�
O! k factors through kðx0Þ. Such a triple exists

(see [2, (7.1.7)]).

We have the reduction map

RedK;k: KðRð�ÞKÞ �! KðRð�ÞkÞ

by assigning ½K 
O L� 2 KðRð�ÞKÞ to ½k
O L� 2
KðRð�ÞkÞ for a graded Rð�ÞO-module L that is

finitely generated and torsion-free as an O-module.

The homomorphism RedK;k commutes with the

duality D. Also it is compatible with the corre-

spondence (2.4), namely we have a commutative

diagram:

β∈Q+
K⊕ ⊕R(β)K -gmod

Red K, k

∼

K R(β)k-gmod

∼

U−
A ( )∗

β∈Q+

For b 2 B, set LðbÞK :¼ Lcgen
ðbÞ and LðbÞk :¼

k
kðc0Þ Lc0
ðbÞ. Take b 2 B��, and let LðbÞO be an

Rð�ÞO-lattice of LðbÞK , i.e., a finitely generated

graded Rð�ÞO-submodule Lð�ÞO of LðbÞK such that

K 
O LðbÞO ¼ LðbÞK . In order to see the theorem,

it is enough to show that k
O LðbÞO ’ LðbÞk.

We shall prove it by induction on htð�Þ. Take

an i 2 I such that "iðbÞ > 0 and set b0 ¼ ~eeib. Then

½Lðb0ÞK � corresponds to Gupðb0Þ by the induction

hypothesis. We take an Rð�0ÞO-lattice Lðb0ÞO of

Lðb0ÞK . Then by the induction hypothesis, we have

Lðb0Þk ’ k
O Lðb0ÞO. The image of q
"iðb0Þ
i FiLðb0ÞO

by q
"iðb0Þ
i FiLðb0ÞK � LðbÞK is an Rð�ÞO-lattice of

LðbÞK , and we can take it as LðbÞO. Since

q
"iðb0Þ
i FiLðb0Þk ’ q

"iðb0Þ
i k
O FiLðb0ÞO � k
O LðbÞO,

the simples in a Jordan-Holder series of k
O LðbÞO
appears in the one of q

"iðb0Þ
i FiLðb0Þk.

Now assume that qrLðb1Þk appears in

RedK;kLðbÞK ¼ ½k
O LðbÞO� for r 2 Z and b1 2
B��. Then qrGupðb1Þ appears in q

"iðb0Þ
i f 0iG

upðb0Þ by

the assumption that c0 satisfies (3.1). In particular,

LðbÞk appears in ½k
O LðbÞO� exactly once by (iiia)

in Proposition 2.2. Now assume that ðr; b1Þ 6¼ ð0; bÞ.
Then (iiia) and (iiid) in Proposition 2.2 imply

that r > 0. Since LðbÞK is stable by the duality

functor D, q�rLðb1Þk ’ DðqrLðb1ÞkÞ also appears in

RedK;kLðbÞK . Hence �r > 0. It is a contradiction.

This shows the desired result: k
O LðbÞO ’ LðbÞk.

This completes the proof of Theorem 3.2. �

Example 3.3. Let us give an example of a

simple Rð�Þ-module which does not correspond to

any element in the upper global basis. Let g ¼ Að1Þ1

with I ¼ f0; 1g, ð�0j�0Þ ¼ ð�1j�1Þ ¼ �ð�0j�1Þ ¼ 2,

and Q0;1ðu; vÞ ¼ u2 þ auvþ v2. Here k is an arbitrary

field and a 2 k. Set � ¼ �0 þ �1, b0 ¼ ~ff1
~ff0� and

N ¼ Lðb0Þ. Then N ¼ kv with x1v ¼ x2v ¼ �1v ¼ 0
and v ¼ eð01Þv. Set M ¼ N �N , and u ¼ v

v 2M. Then chðMÞ ¼ 2eð0101Þ þ ½2�2eð0011Þ. Here

eð0101ÞM ¼ ku
 kw with w :¼ �2�3�1�2u. By the

weight consideration, �keð0101ÞM ¼ 0 for k ¼ 1; 3
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and xkeð0101ÞM ¼ 0 for 1 � k � 4. Easy calcula-

tions show that �2w ¼ �a�2u. Hence y :¼ wþ au is

annihilated by all xk’s and �k’s and ky is an Rð2�Þ-
submodule of M. Set M0 ¼M=ky. Then ½M0�
corresponds to GupðbÞ with b :¼ ~ff2

1
~ff2
0�. It is easy to

see that M0 is a simple Rð2�Þ-module if a 6¼ 0. When

a ¼ 0, eð0011ÞM0 is a simple Rð2�Þ-submodule of

M0 and LðbÞ ¼ eð0011ÞM0. Note that the case (2.5)

is when a ¼ �2.

Example 3.4. Let us give another example of

a simple Rð�Þ-module which does not correspond to

any element in the upper global basis. Let g ¼ Að1Þ2

with I ¼ Z=3Z ¼ f0; 1; 2g with ð�ij�iÞ ¼ 2 and

ð�ij�jÞ ¼ �1 for i 6¼ j and Qi;iþ1ðu; vÞ ¼ aiuþ
biþ1v (i 2 I) with ai; bi 2 k�, where k is an arbitrary

field. Set � ¼ �0 þ �1 þ �2, b
0 ¼ ~ff2

~ff1
~ff0� and N ¼

Lðb0Þ. Then N ¼ kv with xkv ¼ �‘v ¼ 0 and v ¼
eð012Þv. Set M ¼ N �N and u ¼ v
 v 2M. Then

chðMÞ ¼ 2eð012012Þþ ½2�3eð001122Þþ ½2�2eð001212Þþ
½2�2eð010122Þ þ ½2�eð010212Þ. Here eð012012ÞM ¼
ku
 kw with w :¼ �3�4�5�2�3�4�1�2�3u. By the

weight consideration �keð012012ÞM ¼ 0 for k 6¼ 3
and xkeð012012ÞM ¼ 0 for 1 � k � 6. By calcu-

lations, we have �3w ¼ �	�3u where 	 ¼ a0a1a2 �
b0b1b2. Hence y :¼ wþ 	u is annihilated by all xk’s

and �k’s and ky is an Rð2�Þ-submodule of M. Set

M0 ¼M=ky. Then ½M0� corresponds to GupðbÞ with

b :¼ ~ff2
2

~ff2
1

~ff2
0�. It is easy to see that M0 is a simple

Rð2�Þ-module if 	 6¼ 0. When 	 ¼ 0, S :¼ ð1�
eð012012ÞÞM0 ¼ Rð2�Þ�3u is a simple Rð2�Þ-module

and LðbÞ ¼ S and chðM0=SÞ ¼ eð012012Þ. Note that

the case (2.5) corresponds to a0a1a2 þ b0b1b2 ¼ 0.

Remark 3.5. If we assume

the simple modules of Rð�Þcgen
correspond

to the upper global basis;
ð3:2Þ

then GupðbÞ 2
P

S2IrrðRð�ÞxÞ
Z�0½q; q�1�½S� for any x 2

XðAÞ and b 2 B. We can ask if this positivity

assertion still holds without the assumption (3.2).
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