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Abstract: In this article, we give a new lower bound for the dimension of the linear space

over the rationals spanned by 1 and values of polylogarithmic functions at a non-zero rational

number. Our proof uses Padé approximation following the argument of T. Rivoal, however we

adapt a new linear independence criterion due to S. Fischler and W. Zudilin. We also present an

example of the linear space of dimension > 3 over Q, which is generated by 1 and polylogarithms.
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1. Introduction. For s ¼ 1; 2; � � �, consider

the polylogarithmic function LisðzÞ defined by

LisðzÞ ¼
X1
k¼1

zk

ks
; z 2 C; jzj 6 1 ðz 6¼ 1 if s ¼ 1Þ:

The function satisfies Li1ðzÞ ¼ � logð1� zÞ ¼Z z

0

dt

1� t and Lisþ1ðzÞ ¼
Z z

0

LisðtÞ
t

dt. We restrict

ourselves to the case z 2 R, hence the values of

polylogarithmic functions (so-called polyloga-

rithms) are real numbers. Concerning known prop-

erties of the function, see for example [3]. E. M.

Nikišin [6] and M. Hata [2] investigated sufficient

conditions such that for a rational number �,

the values of polylogarithmic functions Li1ð�Þ;
Li2ð�Þ; � � � ;Lisð�Þ and 1 are linearly independent

over Q. In 2003, T. Rivoal [7] showed a linear

independence result of polylogarithms, stated as

follows.

Theorem A (Rivoal). Let s be an integer

> 2. Let � ¼ p=q 2 Q with p; q 2 Z; gcdðp; qÞ ¼ 1 and

0 < j�j < 1. For any " > 0, there exists an integer

Að"; p; qÞ > 1 satisfying the following property. If

s > Að"; p; qÞ, we have

dimQ QþQLi1ð�Þ þ � � � þQLisð�Þf g

>
1� "

1þ log ð2Þ
logðsÞ:

A simple corollary of Theorem A is given by:

Corollary B (Rivoal). For any � 2 Q with

0 < j�j < 1, the set fLisð�Þ : s > 1g contains infi-

nitely many irrational numbers.

In Rivoal’s works, it is remarkable that his

statements are valid for any � 2 Q with 0 < j�j < 1,

which differs from all the previous results. The

proof of Theorem A is based on an important linear

independence criterion due to Yu. V. Nesterenko [5].

In 2006, R. Marcovecchio [4] generalized Theorem A

for an algebraic number �.

S. Fischler and W. Zudilin [1] gave in 2010 a

refinement of Nesterenko’s criterion by means of

geometry of numbers, which is the next theorem.

Theorem C (Fischler-Zudilin). Let s > 1 be

an integer, and �0; � � � ; �s be real numbers. Let � > 0

and �1; � � � �s > 0. For i 2 f0; � � � ; sg and n ¼ 1; 2; � � �,
consider an integer sequence ‘i;n 2 Z. For i 2
f1; � � � ; sg and n ¼ 1; 2; � � �, let �i;n 2 Z be a positive

divisor of ‘i;n satisfying both of (i) and (ii):

(i) �i;n divides �iþ1;n for any n > 1 and for any

i 2 f1; � � � ; s� 1g,

(ii)
�j;n
�i;n

divides
�j;nþ1

�i;nþ1
for any n > 1 and for any 0 6

i < j 6 s with �0;n ¼ 1.

Assume moreover that there exists an increasing

sequence ðQnÞn>1 of integers such that all of the

following conditions are fulfilled as n!1:

Qnþ1 ¼ Q1þoð1Þ
n ;ð1Þ

max
06i6s

j‘i;nj 6 Q1þoð1Þ
n ;ð2Þ

Xs
i¼0

‘i;n�i

�����
����� ¼ Q��þoð1Þn ;ð3Þ

�i;n ¼ Q�iþoð1Þ
n for any i 2 f1; � � � ; sg:ð4Þ

Let M ¼ dimQðQ�0 þQ�1 þ � � � þQ�sÞ � 1. Then

we have
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M > � þ �1 þ � � � þ �M:

It should be noted that the right-hand side of

the conclusion of Theorem C also contains M. In [1],

it is also achieved to give explicit sufficient con-

ditions to show that at least 3 values of the

Riemann zeta funciton are linearly independent.

Theorem D (Fischler-Zudilin). Let s > 1 be

an integer, and �0; � � � ; �s be real numbers. Consider

real numbers 0 < A < 1; B > 1. For any n > 1, let

‘0;n; � � � ; ‘s;n 2 Z be integers such that

lim
n!1

Xs
i¼0

‘i;n�i

�����
�����
1=n

¼ Að5Þ

and

lim
n!1

sup ‘i;n
�� ��1=n 6 Bð6Þ

for any i 2 f0; � � � ; sg. For any n > 1, let �n be a

common positive divisor of ‘1;n; � � � ; ‘s;n. Assume

moreover

AB < lim
n!1

inf gcdð�n; �nþ1Þð Þ1=n:ð7Þ

Then

dimQðQ�0 þQ�1 þ � � � þQ�sÞ > 3:

2. Main theorems. We adopt the criterion

not to the Riemann zeta function but to the

polylogarithmc function. We rely on Theorem C

and Theorem D instead of Nesterenko’s linear

independence criterion, by following Rivoal’s argu-

ment of Padé approximation [7]. First we begin

with a simple statement.

Theorem 1. Le s > 356. Then for � ¼
p

q
2 Q; with p; q 2 Z, gcdðp; qÞ ¼ 1, 0 < j�j < 1,

1 6 jpj 6 49, 2 6 jqj 6 50, we have

dimQ QþQLi1ð�Þ þ � � � þQLisð�Þf g > 3:

The new part of the statement comes from the

refinement done in Theorem D and also our new

choice of parameters. A more general statement is

as follows.

Theorem 2. Let s be an integer > 2. Let

� ¼ p

q
2 Q with p, q 2 Z, gcdðp; qÞ ¼ 1 and

0 < j�j < 1. Put

M ¼ dimQ QþQLi1ð�Þ þ � � � þQLisð�Þf g � 1:

Let r 2 Z, 1 6 r < M defined by

r ¼ max 1;
M

ðlog maxf3;MgÞ�
� �� �

ð8Þ

where � > 0 arbitrarily chosen and fixed, with ½a� the

largest integer part 6 a (floor function). Then we

have

M >

log rþ
ðM � 1Þ

2
� log jpj

M
� r

M
log r

1þ log 2þ log jqj
M

þ
�
rþ 1

M

�
log 2þ

r

M
log r

:

We should note that the right-hand side of the

conclusion of Theorem 2 contains M as in the

statement of Theorem C. Indeed, when we substract
M�1

2 from the numerator of the right-hand side and

add this part on the left-hand side, then it gives

only an asymptotic formula for M.

3. Proof of Theorem 2. Now we start the

proof of Theorem 2. Let 1 6 r < s, r, s 2 Z,

1 6 n 2 Z. For z 2 C, jzj > 1, consider NnðzÞ as

follows.

NnðzÞ ¼ n!s�r
X1
k¼1

ðk� 1Þðk� 2Þ � � � ðk� rnÞ
ksðkþ 1Þs � � � ðkþ nÞs

z�k

¼ n!s�r
X1
k¼1

ðk� rnÞrn
ðkÞsnþ1

z�k

where ðaÞk is the Pochhammer symbol defined by

ðaÞ0 ¼ 1; ðaÞk ¼ aðaþ 1Þðaþ 2Þ � � � ðaþ k� 1Þ

ðk ¼ 1; 2; � � �Þ.
Next we recall Lemma 1 of [7] as follows.

Lemma 3.

NnðzÞ

¼
ðrnÞ!
n!r

Z
½0;1�s

Qs
�¼1 x

r
�ð1� x�Þ

ðz� x1 � � �xsÞr
� �n

dx1 � � � dxs
z� x1 � � �xs

:

Proof. This function is a generalized nearly-

poised hypergeometric series. We do an iteration

of Euler’s identity of integral (see [9], page 108

(4.1.3)) for the function:

NnðzÞ ¼ z�rn�1 ðrnÞ!
n!r

�ðrnþ 1Þs�ðnþ 1Þs

�ððrþ 1Þnþ 2Þs

� sþ1Fs

rnþ 1; rnþ 1; � � � ; rnþ 1

ðrþ 1Þnþ 2; � � � ; ðrþ 1Þnþ 2

� ���� z�1

�
to obtain the statement. �

Lemma 4. Consider the differential operator

D	 ¼
1

	!

d	

dt	
. Define RnðtÞ by
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RnðtÞ ¼ n!s�r
ðt� rnÞrn
ðtÞsnþ1

:

Then for � 2 f1; 2; � � � ; sg; j 2 f0; 1; � � � ; ng, we have

RnðtÞ ¼
Xs
�¼1

Xn
j¼0

c�;j;n

ðtþ jÞ�

where c�;j;n ¼ Ds��ðRnðtÞðtþ jÞsÞjt¼�j 2 Q.

Proof. This is done by decomposition into

partial fractions. �

Lemma 5. Consider c�;j;n in Lemma 4 for

� 2 f1; 2; � � � ; sg, j 2 f0; 1; � � � ; ng. Write

P0;nðzÞ ¼ �
Xs
�¼1

Xn
j¼1

c�;j;n
Xj
k¼1

1

k�
zj�k

and

P�;nðzÞ ¼
Xn
j¼0

c�;j;nz
j:

Then for any z 2 C; jzj > 1, we have

NnðzÞ ¼ P0;nðzÞ þ
Xs
�¼1

P�;nðzÞLi�ð1=zÞ:ð9Þ

Proof. We use Lemma 4 to rewrite NnðzÞ.
We then obtain:

NnðzÞ ¼
Xs
�¼1

Xn
j¼0

c�;j;n
X1
k¼1

1

zk
1

ðkþ jÞ�

¼
Xs
�¼1

Xn
j¼0

c�;j;nz
j
X1
k¼1

1

zk
1

k�
�
Xj
k¼1

1

zk
1

k�

 !

¼
Xs
�¼1

Li�ð1=zÞ
Xn
j¼0

c�;j;nz
j

�
Xs
�¼1

Xn
j¼1

c�;j;n
Xj
k¼1

1

k�
zj�k:

Hence the lemma follows. �

Next, be means of the integral representation,

we show that jNnðzÞj1=n is small enough for suffi-

ciently large n.

Lemma 6. For any z 2 R; jzj > 1, the se-

quence jNnðzÞj1=n has a limit point. Write ’r;sðzÞ ¼
lim
n!1
jNnðzÞj1=n. Then we have

0 < ’r;sðzÞ 6
1

jzjrrs�r
:ð10Þ

Proof. Stirling’s formula implies

lim
n!1

ðrnÞ!
n!r

� �1=n

¼ rr:

Since z 2 R; jzj > 1, Lemma 3 in [7] implies

lim
n!1

NnðzÞj j1=n¼ rr
Qs

�¼1 v
r
�ð1� v�Þ

ðz� v1v2 � � � vsÞr
����

���� > 0:

We now give an upper bound for ’r;sðzÞ.
When k > rnþ 1, we get:

RnðkÞjzj�k

¼ n!s�r
ðk� rnÞrn
ðkÞsnþ1

jzj�k 6 nðs�rÞn
krn

ksðnþ1Þ jzj
�rn

¼
n

k

� �ðs�rÞn
jzj�rn

1

ks
6

1

jzjrrs�r

� �n 1

ks
:

By noting RnðkÞ ¼ 0 when k ¼ 0; � � � ; rn, we have

NnðzÞj j 6
X1

k¼rnþ1

RnðkÞjzj�k

6
1

jzjrrs�r

� �n X1
k¼rnþ1

1

ks

which implies the statement. �

Lemma 7. For any � 2 f0; 1; � � � ; sg and

z 2 C; jzj > 1, we have

lim sup
n!1

P�;nðzÞ
�� ��1=n6 rr2sþrþ1jzj:ð11Þ

Proof. Cauchy integral formula allows us:

c�;j;n ¼
1

2
i

Z
jzþjj¼1=2

RnðzÞðzþ jÞ��1dz:

On the circle z 2 fz : jzþ jj ¼ 1=2g, we have

jðz� rnÞrnj 6 ðjþ 2Þrn
and jðzÞnþ1j > 2�3ðj� 1Þ!ðn� j� 1Þ!.

Therefore (with a correction of Lemma 4 in [7])

we get:

jc�;j;nj 6 n!s�r
ðjþ 2Þrn

ð2�3ðj� 1Þ!ðn� j� 1Þ!Þs
� 1��1

¼
rnþ j
j

� �
n

j

� �sðrnÞ!
n!r

�
jsðn� jÞsðrnþ jþ 1Þ

jþ 1
� 8s:

Since we have

rnþ j
j

� �
6 2rnþj;

n

j

� �
6 2n;

ðrnÞ!
n!r
6 rrn;

we then obtain

jc�;j;nj 6 2rnþj2nsrrn
jsðn� jÞsðrnþ jþ 1Þ

jþ 1
� 8s

6 ðrr2sþrþ1Þnðjðn� jÞðrnþ jþ 1ÞÞs

158 N. HIRATA-KOHNO and H. OKADA [Vol. 88(A),



which yields

lim sup
n!1

jc�;j;nj1=n 6 rr2sþrþ1:

We finally have, for � 2 f1; � � � ; sg,

jP�;nðzÞj ¼
Xn
j¼0

c�;j;nz
j

�����
����� 6 ðnþ 1Þ max

06j6n
jc�;j;nznj

therefore we have lim sup
n!1

jP�;nðzÞj1=n 6 rr2sþrþ1jzj.

Similarly, for P0;n ¼ �
Xs
�¼1

Xn
j¼0

c�;j;n
Xj
k¼1

zj��

k�
, we

have

Xj
k¼1

zj��

k�

�����
����� 6 jzjn

Xj
k¼1

1

k�
6 n � jzjn:

Hence

lim sup
n!1

P0;nðzÞ
�� ��1=n6 rr2sþrþ1jzj:

The statement is achieved. �

3.1. Divisors. Put dn ¼ lcmð1; 2; � � � ; nÞ,
d0 ¼ 1. Now we start an arithmetical argument.

Lemma 8. For any � 2 f0; 1; � � � ; sg, we have

ds��n P�;nðzÞ 2 Z½z�:ð12Þ

Proof. Fix n and j. Setting F�ðtÞ as follows,

we have by decomposition into partial fractions:

F�ðtÞ ¼
ðt� n�Þn
ðtÞnþ1

ðtþ jÞ ¼ 1þ
Xn
p¼0
p 6¼j

ðj� pÞfp;�
tþ p :

Similarly, by noting HðtÞ as below, we have:

HðtÞ ¼
n!

ðtÞnþ1

ðtþ jÞ ¼
Xn
p¼0
p6¼j

ðj� pÞhp
tþ p :

Here, we denote by fp;� and by hp:

fp;� ¼
ð�p� n�ÞnYn

h¼0;h 6¼p
ð�pþ hÞ

¼
ð�1Þnðð�� 1Þnþ pþ 1Þn

ð�1Þpp!ðn� pÞ!

¼ ð�1Þn�p
n�þ p
n

� �
n

p

� �
;

hp ¼
n!Yn

h¼0;h 6¼p
ð�pþ hÞ

¼
ð�1Þp � n!

p!ðn� pÞ!
¼ ð�1Þp

n

p

� �
:

For an integer 	 > 0, let �0;0 ¼ 1 and �0;	 ¼ 0 if

	 > 0. Then we have

ðD	F�ðtÞÞjt¼�j ¼ �0;	 þ
Xn

p¼0;p 6¼j
ð�1Þ	

ðj� pÞfp;�
ðp� jÞ	þ1

;

ðD	HðtÞÞjt¼�j ¼
Xn

p¼0;p 6¼j
ð�1Þ	

ðj� pÞhp
ðp� jÞ	þ1

:

Thus for any integer 0 6 	 2 Z, we have shown for

dn ¼ lcmð1; 2; � � � ; nÞ:

d	nðD	F�ðtÞÞjt¼�j 2 Z; d	nðD	HðtÞÞjt¼�j 2 Z:

For � 2 Ns with �1 þ � � � þ �s ¼ s� �, we ob-

tain by Leibniz formula:

Ds��ðRðtÞðtþ jÞsÞ
¼
X
�

ðD�1
F1Þ � � � ðD�rFrÞðD�rþ1

HÞ � � � ðD�sHÞ:

We get ds��n c�;j;n 2 Z namely ds��n P�;nðzÞ 2 Z½z�. �
Recall � ¼ p=q 2 Q, 0 < j�j < 1. We set

p�;n ¼ dsnpnP�;nðq=pÞ; � 2 f0; � � � ; sg;ð13Þ

‘n ¼ dsnpnNnðq=pÞ ¼ p0;n þ
Xa
�¼1

p�;nLi�ð�Þ:

Putting

A ¼ esjpj’r;sð1=�Þ;ð14Þ
B ¼ esjqj2sþrþ1rr;ð15Þ

we have A > 0 and B > 1. By writing ½Bn� the

largest integer 6 Bn (floor function), we set

Qn ¼ ½Bn� þ 1:ð16Þ

Lemma 6 shows that the quantity A is small

enough. On the other hand, by an explicit version

of Prime Number Theorem in [8], we have estimates

for dn.

Theorem E (Rosser and Schoenfeld).

LetR ¼ 515

ð
ffiffiffiffiffiffiffiffi
546
p

�
ffiffiffiffiffiffiffiffi
322
p

Þ2
and

"ðnÞ ¼ ðlognÞ1=2 expf�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlognÞ=R

p
g:

Then for any n > 2, we have

nf1� "ðnÞg 6 log dn 6 nf1þ "ðnÞg:ð17Þ

3.2. Parameters. Theorem E gives us

together with (10), (11) and (17):

log jp�;nj1=n 6 logBþ oð1Þ;ð18Þ
log j‘nj1=n ¼ logAþ oð1Þ;ð19Þ

on the other hand, by definition of ½��, we have
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Qnþ1 ¼ Q1þoð1Þ
n ;ð20Þ

jp�;nj 6 Q1þoð1Þ
n :ð21Þ

Moreover, Lemma 8 says ds��n P�;nðzÞ 2 Z½z�, hence

by definition of p�;n in (13), we have

p�;n ¼ dsnpnP�;nðq=pÞ ¼ d�n � ds��n pnP�;nðq=pÞ

namely

p�;n

d�n
2 Z:ð22Þ

Here, oð1Þ is defined with respect to n.

By the fact (22), the Fischler-Zudilin criterion

gives a contribution which allows us to obtain the

final lower bound below in the forthcoming part of

our proof:

� þ �1 þ � � � þ �M ¼ � þ
XM
�¼1

�

logB
:

If we use Nesterenko’s criterion, then the final lower

bound is � .

We now choose the parameter � .

Proposition 9. Put

� ¼ �
logA

logB
:ð23Þ

Then we have

j‘nj ¼ Q��þoð1Þnð24Þ

where oð1Þ is defined with respect to n.

Proof. By (19) and by definition of Qn, we

have

log j‘nj
logð½Bn� þ 1Þ

>
log j‘nj

ðnþ 1Þ logB

¼ 1� 1

nþ 1

� � ð1=nÞ log j‘nj
logB

¼ logA

logB
þ oð1Þ:

On the other hand, we see:

log j‘nj
logð½Bn� þ 1Þ 6

log j‘nj
n logB

¼
logA

logB
þ oð1Þ:

The definition of � yields the statement. �

Proposition 10. Put

�� ¼
�

logB
:ð25Þ

Then we have

d�n ¼ Q��þoð1Þ
n :ð26Þ

Proof. Since "ðnÞ ¼
ffiffiffiffiffiffiffiffiffiffi
logn
p

e
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlognÞ=R
p ¼ oð1Þ, we have

� log dn

logð½Bn� þ 1Þ
>
�f1� "ðnÞgn
ðnþ 1Þ logB

¼ � 1� 1

nþ 1

� �
1� "ðnÞ

logB
¼ �

logB
þ oð1Þ:

Similarly,

� log dn

logð½Bn� þ 1Þ 6
�f1þ "ðnÞgn

n logB
¼

�

logB
þ oð1Þ:

Therefore

�� ¼
�

logB
) �� þ oð1Þ ¼

log d�n
logð½Bn� þ 1Þ

which is the statement. �

Proposition 11. Let dn ¼ lcmð1; 2; � � � ; nÞ.
Then

d�n divides d�þ1
n for any n > 1;

d�
0��
n divides d�

0��
nþ1 for any n > 1; 0 6 � < �0 6 r:

Proof. Obvious. �

3.3. Choice of r. We start our proof of

Theorem 2. We may suppose M > 3 since when

M ¼ 1 and M ¼ 2, the statement is trivial.

By writing ½a� the largest integer part 6 a (floor

function), we recall the choice of r 2 Z in (8) given

by

r ¼ max 1;
M

log max 3;Mf gð Þ�
� �� �

with � > 0 arbitrarily chosen and fixed, ½a� the

largest integer part 6 a (floor function).

Then thanks to (18) (19) (20) (21) (22) (24)

(26) with Proposition 11, the hypothesis of

Theorem C are satisfied with respect to �i;n ¼ d�n
(here, we understand i ¼ �). The relations (14) (15)

(23) (25) yield

M > � þ �1 þ � � � �M

>
�M � log jpj þ ðM � rÞ log rþ MðMþ1Þ

2

M þ log jqj þ ðM þ rþ 1Þ log 2þ r log r
:

Hence the conclusion follows.

4. Proof of Theorem 1. Our Theorem 1 is

a consequence of Theorem D whenever

AB < lim
n!1

infðgcdð�n; �nþ1ÞÞ1=nð27Þ

where �n is a common divisor of p1;n; � � � ; ps;n. In our

case, we take �n ¼ dn.
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Choose r 2 Z, 1 6 r < s for example with

� ¼ 3=2:

r ¼ max 1;
s

log max 3; sf gð Þ3=2

" #( )
:ð28Þ

Our construction of the sequence p�;n satisfies

the hypothesis (5) (6) (7). Define the function

T ðs; r; p; qÞ :¼ s log rþ 1� 2s� ðsþ rþ 1Þ log 2

� 2r log r� log jpj � log jqj:

Let r be as chosen in (28). The function

T ðs; r; 49; 50Þ is discontinuous (because of the floor

function in r), however it has a zero at s ¼
355:99 . . . and T ðs; r; 49; 50Þ is increasing when

s > 300. Then for all 1 6 jpj 6 49 and 2 6 jqj 6 50,

we have T ðs; r; p; qÞ > 0 if s > 356. For such p; q, the

condition (27) is verified by our definition of A;B.

The statement of Theorem 1 is therefore

achieved.
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[ 6 ] E. M. Nikišin, Irrationality of values of functions
F ðx; sÞ, Mat. Sb. (N.S.) 109(151) (1979), no. 3,
410–417, 479, English translation: Math. USSR
Sbornik 37 (1980), no. 3, 381–388.
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